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The use of a transverse gradient undulator (TGU) is viewed as an attractive option for free-electron lasers
(FELs) driven by beams with a large energy spread. By suitably dispersing the electron beam and tilting the
undulator poles, the energy spread effect can be substantially mitigated. However, adding the dispersion
typically leads to electron beams with large aspect ratios. As a result, the presence of higher-order modes in
the FEL radiation can become significant. To investigate this effect, we study the eigenmode properties of a
TGU-based, high-gain FEL, using both an analytically-solvable model and a variational technique.
Our analysis, which includes the fundamental and the higher-order FEL eigenmodes, can provide an
estimate of the mode content for the output radiation. This formalism also enables us to study the trade-off
between FEL gain and transverse coherence. Numerical results are presented for a representative soft X-ray,

TGU FEL example.
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I. INTRODUCTION

Using a transverse gradient undulator (TGU) [1-2] in a
free electron laser (FEL) is considered a promising
approach for those concepts which aim to utilize an
electron beam with a relatively large energy spread, such
as the beam from a laser-plasma accelerator (LPA) [3—4].
By dispersing the electron beam and canting the undulator
poles, both the electron energy and the undulator parameter
acquire a linear transverse dependence. A suitable selection
of the dispersion and the field gradient minimizes the
impact of the energy spread upon the FEL resonance
condition, leading to substantially improved gain. On the
other hand, a drawback of the TGU is the increased size of
the electron beam in the direction of dispersion (typically
the horizontal direction). Such an increase in the horizontal
size results in a large aspect ratio and provides sufficient
transverse space for the higher-order modes to couple
efficiently to the beam. Thus, the higher-order growth rates
can become comparable to the fundamental, which reduces
the transverse coherence of the output FEL radiation. The
aim of this paper is to provide a theoretical framework for
understanding this effect, which has also been observed in
simulations of soft X-ray, TGU-based FELs [3].

As is well known, the operation of a a high-gain FEL can
be described in an accurate and self-consistent manner in
the context of the Vlasov-Maxwell formalism [5]. This is
particularly useful in the linear regime of the interaction,
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where the solution of the initial value problem can be
expressed in terms of the guided eigenmodes of the FEL
[6]. In a previous publication [7], we presented a Vlasov-
Maxwell theory for a TGU FEL and studied the properties
of the fundamental eigenmode through a variational tech-
nique, being mostly concerned with gain length optimiza-
tion studies. Here, we seek to extend our analysis to the
higher-order FEL modes. In particular, the present paper is
organized as follows: Sec. II contains the main theoretical
results. Starting from the mode equation already derived in
[7], we introduce a convenient scaling which also high-
lights the influence of the various effects (diffraction,
energy spread, detuning, etc.) upon the mode growth rate
and profile. Next, we develop a simplified model which is
valid when the radiation size is smaller than the electron
beam size. This model admits exact analytical solutions,
which allows us to fully determine the mode properties
even for arbitrary mode order. These analytical solutions,
valuable in their own right, are also quite useful in
facilitating the proper choice of variational trial functions
for the fundamental and the first few higher-order modes.
Making use of this combination of exact and variational
solutions, we can obtain the spectrum of the FEL growth
rates, identify the modes that are important for a given
configuration and provide an estimate of the degree of
transverse coherence. Relevant numerical results are given
in Sec. III, using the parameters of an LPA-driven, soft
X-ray TGU FEL as an example. The principal conclusions
and results of this study are summarised in Sec. IV.

II. THEORY

To begin with, we point out that the development
to be presented here relies considerably on many of the
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theoretical results derived in [7]. We shall merely state these
results and use them as the starting point for our treatment,
referring the reader to our earlier paper for more details.
As has already been mentioned, our study is based on an
analysis of the eigenmodes of the FEL, i.e., the solutions of
the form A(x)e™* for the amplitude of the radiation field
(where x = (x,y) is the transverse position vector and z is
the position along the undulator). Each FEL eigenmode is
thus characterized by a z-invariant transverse profile A(x)
and a constant, complex growth rate . As has been shown
in [7] for a TGU FEL driven by a Gaussian beam, when the
emittance and focusing effects in both transverse dimen-
sions are negligible (the so-called parallel beam case), the
equation satisfied by the profile and the growth rate of a
growing mode (i.e., one with Im(u) < 0) is

( _ %)A(x) — U(x. w)A(x). (1)

where

2y
U(x, p) = =8pyk; exp <—g - F)
T y

« / O deceiitk)E 2oy PR
. x
X exp (—ZZkMCp—é‘). (2)
n

Here, V2 = §?/0x? = §?/0x*> + 0?/0y” is the transverse
Laplacian, k, = 2z/4, and k, = 2x/A,—where 4, is the
resonant wavelength and 4, is the undulator period-Av is a
dimensionless detuning variable while 67 and o, are the
rms electron beam sizes in the x and y directions. The
former of the last two parameters includes the contribution
of the constant dispersion # and is given by
or = (62 +n*c2)'/2, where o, is the nondispersive hori-
zontal beam size and o; is the rms energy spread.

Moreover, p; and agf are, respectively, the effective
Pierce parameter and energy spread of the FEL, quantities
that are expressed by pr=p(1+n?63/62)~"/% and
6/ = 65(1 + nPo%/02)71/2, where p is the Pierce param-
eter for # = 0. The nondispersive FEL parameter is in turn
given by p = (K3[JJ)*1,/(1614730.0,k2))'/3, where  is
the average electron energy in units of its rest mass
moc?, K, is the on-axis undulator parameter, [JJ]=
Jo(K3/(4+2K3)) —J (K3/(4+2K3)), I,~1T7 KA is
the Alfven current and /,, is the peak current of the electron
beam. On the other hand, C, = o2/or+an—1=an—
n*o2/o% with @ = K3a/(2 4+ K3), a being the transverse
gradient of the undulator field. Finally, we should also note
that the expression for C,, given above is a generalization of
the one contained in [7], which only covered the case with

a = 1/n. The latter is usually referred to as the TGU
resonance condition.

To proceed further, we introduce the scaled quantities
X=x/or, §= y/O'y» = u/(2prk,), &=2prk,&, U=
Av/(2py) and aef = agf /pr» in which case the eigenmode
equation is cast into a fully dimensionless form:

0? o2 N
(1= Pac gz = pas g JAR) = DR AR, (3
where R = (%,9), pux = (4prk.k.o3)™!
(4prk,k,c%)~" are the diffraction parameters (defined in
a way analogous to [8]),

and pg, =

X /0 dééei(ﬁ—ﬁ)gg—(5§‘f)2§2/2e—2i1“70$,% (4)
and

N or Cp or <_ ’75§>
Do = =—|a-— 5
2o 2pp o7 ®)

is a scaled TGU resonance factor. From a physical
point of view, pg ~ (AX/A,)rcu/pr, Where (AA/A)rqu &
(an — 1)oy/n is the typical wavelength spread due to the
transverse gradient and the dispersion. By inspecting
Egs. (3)-(4), an interesting property of the FEL modes
can be deduced: if A(%, ) and ji is the mode profile and the
growth rate for a given value of p, then A(—%, $) and ji are,
respectively, the mode profile and growth rate for —p, all
other parameters being the same. This implies that the
growth rate is an even function of p, i.e., i(—pg) = f(po).
We will return to this important result in the next section.

A. Exactly solvable model

For small values of the beam diffraction parameters
(Pax» Pay < 1), the radiation size in both the x and y
directions is smaller than the corresponding size of the
electron beam (this assertion will be verified later on).
Thus, we have |%|, |[J| < 1 and we can expand the Gaussian
term in the right-hand side of Eq. (4) according to

Moreover, when |po| < 1, the E-integral in the definition of
U can be approximated by Ty — 2ipol,% — 2p31,32, where

~ (VNN
= [ et (6)
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and ¥ = i(j — D)& — (Aef) &2 /2. Thus, by expanding U up
to second order in X and y, the mode equation is written in a
simplified form as

. 0? o? .
(ﬂ — Pax R Pay 8_§;2)A(X>
= (Fo+ Fi& + F,8% + Go3?)A(%), (7)

—jo, Fl = 2l.ﬁoj], F2 = 20/2 + 2[3%}2, and
G, = I,/2. The above result resembles the mode equation
for an electron beam with a parabolic transverse profile.
However, since we have neglected the transverse cutoff that
makes the parabolic distribution a physically rigorous one,
our simplified model will only be meaningful when the
FEL radiation is contained well within the electron beam.
On the other hand, its main strength lies in the fact that
Eq. (7) admits exact analytical solutions. In order to
determine them, we try an ansatz of the form

where Fy =

A(R) = P(3)Q(§)e b Hhio=ar", (8)

the separable character of which is justified by the absence
of any coupling between X and y in Eq. (7). Substituting, we
obtain

, b-2a,k + b - 2a,
H = Dax |:P d'%z + ( axx)P d,\
—4da.bx +4a§;5c2]
1d*’Q . . 1d o
— pdy |:Q dj\]2 - 4ayyé d'\ - Za + 4ay
:F0+F15\C+F2.%2+G2572. (9)
If we select —4pgai=F, —4p,;a;=G, and

4deflx1; = Fy, the above result reduces to

1P - 1dpP
B = pae| =0 1 2(b—2a,3) 4 B - 24
1 d*0 . 1do .
— pdy |:§—d5}2 - ayyé_dj} - Zay:| = Fo. (10)

Since the quantity inside the first bracket is a function of X
only while its counterpart inside the second bracket is a
function of ¥, both must be equal to constants. Thus, we
could write

1 &P

;WJFZ(B 20,8)—— = —

and

—4ayn, (12)

where m and n are—at this stage—real numbers. However,
the requirement for A(X) to be bounded necessitates that m

and n be positive integers, i.e., m,n = 0,1,2,3,.... In this
case, the solutions for P and Q are given by
%) = Ha{V2a,[% - b/(22,)]} (13)
and
0(9) = H,(4/24,9), (14)

where H are the Hermite polynomials, while the dispersion
relation is i — p g [b* — (4m+2)a,] + (4n+ 2)payaty = F.
Summarizing, it has been established that the solutions for
the mode profiles are given by

= H,{\/2a,[x —b/(2

H,(y/2a,9)e™%, (15)

}e—& x2+bx

where m and n are positive integers or zero. The growth rate

ft and the mode parameters a,, a,, b satisfy the relations

i+ pacl(4m+2)a, - b1+ (4n+2) pga,=—-1,  (16)

and

2 _70 +4pgl

El

8pdx
L x by 5
b= 1,
ax 2pdx !
1
Q% =~ 17
Cly 8pdy’ ( )

where we recall that the 7, quantities are functions of ji
defined by Eq. (6). In general, the modes described by
Eq. (15) are characterized by an asymmetric intensity profile
(given by |A(%)|?) which is not invariant under the reflection
x — —x, though it is still invariant under y — —y. For
example, the fundamental mode (for which m =0,
n=0) has a Gaussian profile centered at X = X, =
b,,/(2a,,),9 =0 and is characterized by the scaled rms
modes sizes &,, = (4a,,)”"/? and &,, = (4a,,)”"/?, where
Ay, Ay, bxr are, respectively, the real parts of a,, av and b.In

the limit of vanishing effective energy spread (05 — 0), we
can readily show that Jo=1/W?, T, =2i/W* and I, =—6/W",
where W = ji—0. Moreover, Eq. (17) then yields
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a,=—i(v/8paW) ™ (1-24p5 /W) /%,  ay=~i/(\/8pay)
and b= —(8/pay)/?(ipo/W*)(1 = 24p5/#?)~"/2 for the
mode parameters. These expressions—when substituted
back into Eq. (16)—result in the dispersion relation

i 2413(%)1/2
p——|2m+ 1) /a1 -=
H \/§VAV |:( ) pd( W2
8p3 (24p8\1 _ 1
+(2I’l+ l)w/pdy:| +W 1 - v’i}z = _ﬁ' (18)

AS Day. Pays Do — 0, Eq. (18) reduces to fi = —1/W* =
—1/(f — D)2, which is the familiar cubic dispersion relation
from 1D FEL theory. Furthermore, since the mode para-
. N -1/2 4 -1/2
meters scale according to a,~ p,'", a,~p,’'", and

2 oA o o 1/4 A 1/4
b/a, ~ py, we also have a,x~pdf(, a,y~pd;, and

X. ~ Py for the fundamental mode. This supports our earlier
assumption that the radiation lies within the electron beam
for small values of p,, psy, and py.

As a final remark, we briefly comment on the depend-
ence of the growth rate upon p,. The previously discussed
fact that /i is an even function of p, can be readily verified
by an inspection of Eq. (18)—or its more general counter-
part for 8§f # 0—which is quadratic with respect to p.
This suggests that the power growth rate (given by
—2Im(u)) is stationary at py=0. In fact, a simple
numerical study verifies that the power growth rate attains
a maximum at that point. Thus, in order to optimize the
gain, one should choose py=0 or, equivalently,
an = 1—0%/c%. When this condition is satisfied, the
modes also become fully symmetric i.e., they regain their
invariance under the reflection x — —x. It is essential to
point out that the above conclusions are, in fact, a general
property of the FEL eigenmodes stemming from the
particular structure of Eqgs. (3)—(4). Thus, their validity is
not merely a feature of the approximate solution presented
here. On the other hand, even though the condition for
optimum gain is different from the TGU resonance con-
dition an = 1, the actual increase in the growth rate is
typically very small because the TGU operates in a regime
where o7 > o,.

B. Variational calculation

The analytical results of the previous section where
derived as the exact solution to an approximate, simplified
model described by Eq. (7). We now employ a different
approach, which aims to approximately calculate the
growth rates and the profiles of the FEL eigenmodes for
the exact model of Eqgs. (1)—(2), without resorting to any
truncated expansion of the U function. The method under
consideration is based on a well-established variational
technique [8]. In this case, we start by constructing a
so-called variational functional, given by

o2 ?
/ d*RA(R) (ﬁ — Dax Froin Day a—yz)A(ﬁ)
_ / PRAXR) VR, ). (19)

Given a trial function for the mode profile A(X), this
functional yields an estimate of the growth rate ji. The basic
feature of this variational approach is that a first order
variation in the mode profile only results in a second order
error in the growth rate, a fact which enhances the accuracy
of the method. Here, we seek to derive variational solutions
for the first few eigenmodes. In order to make a judicious
choice of the trial function for a specific mode, we each
time try a form which has the same functional dependence
on X and y as the exact solution given by Eq. (15).
For example, we select a trial function of the form
A(R) = e ¥ +03=09" for the fundamental mode while
our choice for the 01 mode (i.e., m =0 and n=1) is
A(R) = Pe~axt+hio-a,5" Substituting these into Eq. (19),
we obtain the result

AA DA ~ A~ A Al/2 /A —
F(axvayvbuu> :,u—"_pdxax"i_pdyay—’—ax/ (ax+ 1/4) 1/2
x ay*(a, +1/4)71/2

x / ° dEE ei(0)E o= (35 V)2

s oxp| L iPo)” P
2a,+1/2  2a,

} =0 (20)
for the 00 mode and

F(@4, 2y, b, ) =+ pasity +3payiay + (@, + 1/4)71/2
x &)/ (a, +1/4)73/2
X / 0 dEE oii—0) = (6782

cexp|BmiPod)’ _ B
2a,+1/2 2a,

} =0 (21)

for the 01 mode. Equation (20) is a scaled—and slightly
generalized—version of the variational dispersion relation
included in [7]. Using the stationary condition dji/da, =
op/oa, = op/ db = 0, we also obtain the additional rela-
tions OF(a,,ay,b,j1)/0a, =0, OF(a,, a,,b,jr)/0a, =0
and OF (a,,a,, b.ft)/db = 0. These three derivative rela-
tions have to be solved simultaneously along with Eq. (20)/
Eq. (21) in order to determine the properties of the 00/01
mode. As far as the 10 mode is concerned (m = 1, n = 0),
we now use a trial function of the form A(X) =
(& + /Al)e‘axf‘z*i’ ¥~ while, for the 11 mode, we choose
AR) = (& 4+ A)Pe @ +b%e=05"  These
yield the relations

manipulations
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b

oAy ~
2a,

oo

) = (A + payary) Kﬂ +

_I_

b —ipyé

2 1 n
) +-— :| +pdxflx[</1+
4a,

a*(a,+ /4720 (a, + 1/4)—1/2/

b

2a,

3

4a,

2
A
0 .. o aef\2%52

dE & eh=2)so=(657)°C°/2

1

. Km >2+4

2a,+1/2
and
b

y)
b 9 ~
2a,

oo

) = (A +3paay) [(ﬂ +

_I_

b —ipoé

)

a*(a, + /4728 (@, +1/4)72 /

(22)

vy

(-ipd B
2
) +a

2a,+1/2  2a,
0 .. o ~ef\252
dE & ei=0)so=(657)°C°/2

o]

1 ~
T:| + pdx&x |:(/1 +
4a,

a,+ 1

~

b
24,

3

4a,

1

. Km >2+4

respectively. In this last two cases, the variational solution
is completed by the relations OF/0a, = 0F/da, =

OF /8b = OF /04 = 0.

2a, +1/2

III. NUMERICAL RESULTS

The main practical application of the eigenmode analysis
presented in the previous section is to facilitate the
optimization of a given TGU-based FEL configuration
and to provide an estimate of the mode content in the output
radiation. The parallel beam formalism developed in this
paper is particularly suitable for describing FELs driven by
low emittance electron beams, which is often the case for
LPA-based concepts [9-10]. An interesting example of
such a concept was first discussed in [3] (its parameters are
also listed in Table I). It refers to a machine which would
utilize a 1 GeV/10 kA LPA beam with the aim of
producing radiation within the so-called water window
wavelength region (in particular, the resonant wavelength is
3.9 nm). More specifically, this scheme involves a short

TABLE I. Undulator and electron beam parameters.
Parameter LPA
Undulator parameter K|, 2
Undulator period 2, 1 cm
Beam energy yonoc> 1 GeV
Resonant wavelength A, 3.9 nm
Peak current /, 10 kA
Energy spread o 1072
Normalized emittance (e, 0.1 ym
Normalized emittance yye, 0.1 ym
Horizontal size o, ' 11.3 ym
Vertical size o, 11.3 ym
FEL parameter p 6x1073

a,+ 1 @)

-] o

(b—ipod)® ¥

2a,+1/2  2a,
period, SC undulator with 4, =1 cm and K, = 2, while
the normalized emittance of the LPA beam is as low as
0.1 pm. The listed value for the nondispersive rms beam
sizes 6, and o, (~10 um) is based on a 2.5 m value for the
electron beta functions in the center of the undulator (which
is about half the projected undulator length). This results in
a p value of approximately 6 x 1073, which is smaller than
the beam energy spread oz = 0.01. This raises the pos-
sibility of using a TGU to improve the FEL gain. This
parameter set was also used in [7] in order to demonstrate
the optimization of the dispersion # using a variational
calculation for the fundamental FEL mode (for the case
with @ = 1/n). The main results are summarized in the
graph of the frequency-optimized gain length vs the
dispersion, which is shown in Fig. 1 (blue curve). In terms
of our present scaling, the power gain length L is given by

0.3

0.25f
g
>
~
0.2
0.15 : . : . : .
0.005 0.01 0.015 0.02 0.025 0.03
n(m)
FIG. 1. Frequency-optimized gain length of the fundamental

mode as a function of the dispersion for the LPA parameters. The
data shown were obtained using the variational solution (blue)
and the 1D fitting formula mentioned in the text (red).

010701-5



BAXEVANIS et al.

Phys. Rev. ST Accel. Beams 18, 010701 (2015)

L,= —V/3L;/(2Im()), where Ly = A,/(47/3p7). The
optimization scenario involves varying the dispersion while
keeping the other parameters fixed (except, of course, the
TGU gradient, which satisfies the condition @ = 1/5) and
maximizing the power growth rate with respect to the
detuning for each dispersion value. Also included are
gain length values based on the 1D formula L, =

L[l + (&f;f/ pr)?] (red curve). Introduced in [3], the above
formula can also be rewritten as

Ly = Lo[(or/0)"* + (05/p)*(01/0:) 7], (24)

where Ly = ,/(47\/3p). Apart from the obvious increase
in the gain length due to the added 3D effects (namely,
diffraction), both curves show that there is some optimum
value of the dispersion which minimizes the gain length. In
the case of the 1D results, this optimum point can be
determined analytically. After some manipulation of the
fitting formula, we find that the (detuning-optimized) gain
length attains a minimum value of

Lg,min ~ 1.75L0(65//))1/2 (25)
when 6;/0, ~2.28(c5/p)*?, or, equivalently, when
n~2.286.04"/p¥2. (26)

These analytical results where first reported in [11], using a
slightly different notation. For our LPA parameters, these
simple formulas yield an optimum gain length of 16 cm for
a 5 mm dispersion. From a physical point of view, the
optimum results from balancing the competing influences
of the effective FEL parameter and energy spread on the
gain length. Specifically, as #—and with it, the horizontal

beam size oy—increases, pr and 6§f both decrease

-1/3

(according to o7 '~ and ¢3!, respectively). We note that

. . . . . —2/3 .

their ratio also decreases, this time like o / . Since a
. ~ef .

decrease in pr (65 ) causes L, to increase (decrease), a

stationary point ensues somewhere. For dispersion values
smaller than the optimum, the dominant effect is the energy

spread (6§f /pr is still rather large), which results in a
drastic reduction of L, with increasing 5. On the other
hand, for 7 larger than the optimum, the influence of energy
spread becomes smaller and smaller and the variation of L,
is dominated by py, resulting in a more gradual increase of
the gain length. For the 3D results, one needs to also take
into account the variation of the diffraction parameters p,,

-5/3

and p, (they scale like 677~ and JIT/ , respectively) as well

as pPg, which also varies like 6;5/ 3, Thus, p,. and pg
decrease while p,, slowly increases as 7 is increased, which
is why the 3D results do not converge to the 1D values in
the limit of large dispersion. In any case, the optimum gain
length is now about 20 cm, for a 7 mm dispersion.

In practice, it may actually be desirable to select a
dispersion value appreciably larger than the optimum. By
thus moving away from the steep part of the optimization
curve, the sensitivity of the gain length with respect to
variations of 7 is reduced at a modest cost in terms of FEL
gain. However, operating at or to the right side of the
optimum typically creates an electron beam with a large
ratio of horizontal to vertical size. As has been shown in
simulation studies [3], such a configuration can favor the
growth of multiple FEL modes in the exponential-gain
regime, degrading the transverse coherence of the output
radiation. To study this effect from a theory perspective, we
first select a dispersion # =1 cm (quite close to the
optimum) and employ the variational solution in order to
ascertain what the ordering of the various FEL modes is
with respect to the power growth rate. For this dispersion
value, pge = 0.008, pgy = 0.64, py = 0.02 and the e-beam
aspect ratio or/c, is about 9. The main results are
presented in Fig. 2, which shows the negative imaginary
part of the scaled growth rate as a function of the detuning
for the 00, 10, 01, and 11 modes. For each mode, the power
growth rate attains a maximum for some negative detuning
value. The corresponding frequency-optimized gain
lengths are, respectively, L)’ = 20.4 cm, L}° = 21.2 cm,
L' =30.5 cm, and L)' = 32.3 cm. The other important
observation is that modes with the same n-index (and,
therefore, similar vertical profiles) form groups with
closely spaced growth rates. As expected, most favored
are the modes with n =0, which are characterized by
Gaussian-like profiles and maximum overlap with the
electron beam.

To check whether or not this pattern holds when more
higher-order modes are included, we use the truncated,
parabolic-like model to obtain equivalent detuning curves

0.65}

0.351

>

FIG. 2. Negative imaginary part of the FEL growth rate u (in
units of 2p7k,) as a function of the detuning Av (in units of 2p7)
for various FEL modes (variational data for the # = 1 cm case).
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0.7

0.2f—01

FIG. 3. Negative imaginary part of the FEL growth rate x (in
units of 2prk,) as a function of the detuning Av (in units of 2p;)
for several FEL modes (data from the analytical solution, for the
n =1 cm case).

for the modes already considered plus some additional ones
(namely the 20 and 30 modes, see Fig. 3). We note that the
data from the analytical solution are not identical to the
variational results, as the detuning curves in the former case
are shifted towards the left (i.e., the region of negative D).
This is due to the fact that, even though p,, and p, are
much smaller than unity, p,, is not quite so, with the result
that the present parameters probably near the limit of the
exact model’s applicability. However, we can still verify
that the mode spectrum has the same structure as in the
variational case. Moreover, even though the detuning
curves differ for the two approaches, both the variational
and the exact solution actually give very similar estimates
for the optimized gain lengths. For comparison, we now
obtain LY =204 cm, L)®=21.2cm, L2 =221 cm,
L} =23.1cm, L)' =302 cm, and L;! = 31.8 cm. The
transverse profiles of some of these modes—calculated for
their respective optimized detuning values—are given
in Fig. 4.

Our objective is to arrive at a qualitative estimate of
transverse coherence from the growth rate data presented
above. To begin with, we define the quantities
Fomn = exp(Lgy/Ly™)/ exp(Lgy /LY). These express the
ratio of the gain factor for the mn higher-order mode vs
that of the fundamental at the saturation length L.
Since SASE—which is the operating mode assumed
here—excites a range of frequencies, all the gain lengths
associated with this calculation are optimized with
respect to the detuning 2. For an estimate of the saturation
length, we use the relation Ly, = N,L)°, where N, ~ 20 or,
more precisely, N, = 10g[Pg,/(Psase/9)], where Py~
L.6pryomoc*(I,/e)(Ly/LY")* is the saturation power
and Pgagg ~ pFyomoc® /A, is the SASE power [12]. For
n=1cm, this calculation yields Ly~ 4.4 m, which

y(pm)

-0 0 -200 -100 0 100 200
x(pm) 2(pm)
(a) 00 mode (b) 10 mode

L

-200 -100 0 100 200
z(pm)
(d) 01 mode

2(pm)
(c) 20 mode

FIG. 4. Mode profiles from the analytical solution (7 = 1 cm).
Each profile is calculated for the optimum detuning of the mode.
Since py # 0, the intensity profiles are asymmetric in the
x-direction.

agrees with the simulated saturation within a 5 m undulator
shown in [3]. Using the values for the mode gain lengths
derived via the analytical solution, we obtain [y ~ 0.43,
f20 ~ 019, f30 ~ 85 x 10_2, fm ~9.7 x 10_4, and
f11 ~4.7 x 107*. For comparison, the variational values
yleld fl() N043, f01 ~ 8 X 10_4, and fll ~3.6 x 10_4.
The f,,, values—for this as well as subsequent cases—
are summarized in Table II. We clarify that when two values
are listed in an entry, the first one refers to results from the
analytical solution while the second one corresponds to
variational data. When only a single value is listed, it only
refers to results from the exactly-solvable model. Since the
latter approach is the easiest to implement numerically, we
focus on that and use the variational method in order to
validate its results.

The next step is to consider the total power P, of the
FEL radiation. This quantity can be expressed as

TABLE 1II. Saturation and transverse coherence parameters
(single/first entry refers to data from the exact model while
second entry contains variational results).

n =4 mm n=1cm n=2cm
o7/0x 3.7 8.9 17.7
LY 21.9/21.5 cm 20.4/20.4 cm 23.3/23.3 cm
Ly 45/4.4 m 4.4/44 m 5.1/5.1 m
fio 0.04/0.05 0.43/0.43 0.68/0.68
f20 14 %1073 0.19 0.47
f30 5.6x 1073 0.085 0.32
for (2.3/2.6) x 1075 (9.7/8) x 10™*  (2.0/1.7) x 107
fu (1.1/1.3) x 107 (4.7/3.6) x 10™* (1.5/1.2) x 1073
oo 0.78 0.24 0.13
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Po =Y P; +Z’>’ P;;, where P; —P( exp(z/L;) are
terms which give the power due to the individual FEL
modes—temporarily labeled here by the index i—and

0
Moreover, L; is the gain length of the ith mode while

% and Pf- ) are constants. We note that P ;é 0 unless the
ith and jth mode happen to be power—orthogonal.
As a measure of transverse coherence, we define the
quantity (.o, = P/Pio» Which corresponds to the ratio
of the power due to the fundamental mode
(for which i = 1) to the total power. Following [12], we
assume that PE()) and Pl(.;))
magnitude. This is a significant overestimate of the amount
of power associated with the higher-order modes but it
allows us to simplify the analysis by expressing ¢, solely
in terms of the gain factor ratios introduced previously. In
light of this fact, we expect the resulting estimate of the
degree of transverse coherence to be a rather conservative
one. A more rigorous approach would require the calcu-
lation of the power coefficients through the solution of
the initial value problem [13—16]. Given our approxima-

tions, we can write (.~ 1/(1+A), where A=

>i>1(9i/91) +Zl>] \/M\/M and g; = e¥/Li are

the gain factors.

As a specific example, let us assume that we wish
to consider only 3 modes, namely 00, 10, and 20.
Switching to our previous notation, we have
Ly > LY, Ly —>LP Ly— LY and z > Ly so A=

S0+ fa0 —I—f1/2 fl/2 fl/2 12 Similar expressions
can be derived when more modes need to be retained. In
our case, we only keep modes of the form m0, as it is the
members of this group which predominantly determine the
transverse coherence (this is justified by the much smaller
values of f,, for n>0). For 5 retained modes
(0 <m <4), the data from the analytical solution yield
Ceon ~ 0.24 (this figure remains practically unchanged
even when more modes are added). These results would
lead us to expect that at least one or two higher-order
modes (10 and 20) would be present in the radiation profile
at saturation. A pattern similar to the one described above
was indeed observed in the TGU simulations of [3] for a
1 cm dispersion.

If we increase the dispersion to 2 cm, the aspect ratio of
the electron beam becomes ~18. The new detuning curves
are given in Fig. 5. It is evident that the spacing between
modes with the same n-index has decreased. Moreover,
the saturation length increases to 5.1 m (L)’ = 23.3 cm)
and we have [f;0~0.68, fy0~047, f3y~0.32,
for ~20x 1073, f;; ~1.5x 1073 (analytical data, see
Table II), so we expect the transverse coherence to be
further degraded. In fact, we obtain { ., ~ 0.13. To see if
this effect can be mitigated, we next select a dispersion
value smaller than the optimum, in particular # = 4 mm.

Cross terms.

are all of the same order of

0.3 —30
—o1
— 11
02} ‘ ‘ 1
-1.5 -1 . -0.5 0
14
FIG.5. Negative imaginary part of the scaled FEL growth rate /i

as a function of the scaled detuning & for various FEL modes
(data for the # = 2 cm case, derived from the analytical solution).

The aspect ratio for this reduced dispersion is ~3.7. This
time, the spacing between the modes is clearly larger than
before, as can be seen in Fig. 6. Furthermore, we have
LY =219 cm, Ly, = 4.5 mand the gain factor ratios now
satisfy f,.,, < f10~0.04, yielding .., ~0.78. Thus, it
would appear that the transverse coherence of the output
radiation could be improved with little loss in terms of gain
by choosing a dispersion lower than the optimum value.
The drawback is that this places the operating point at the
steep part of the optimization curve and may increase the
sensitivity of the gain length with respect to n-variations
(not to mention technical issues in realizing the stronger
TGU gradient).

Using the simpler solution from the parabolic-like
model, it is also possible to calculate both the f,,

—00
—10
0.6 ——201
—30
—01

FIG. 6. Negative imaginary part of the scaled FEL growth rate /i
as a function of the scaled detuning & for various FEL modes (data
for the # = 4 mm case, derived from the analytical solution).
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0.8+
* — f1o

0.005 0.01 0.02

n(m)

(a) Gain factor ratios and degree of transverse coherence.

5.5

Lsat (m)

0.605 0.61 0.615
n(m)

(b) Saturation length.

0.02

FIG. 7. Gain factor ratios, degree of transverse coherence
(calculated using modes of the form m0, with 0 < m < 4) and
saturation length as a function of the dispersion (data from the
analytical solution).

quantities and ., as continuous functions of the
dispersion, which allows us to link the three separated
cases discussed above. The results are shown in Fig. 7(a),
where the gain ratios for the first few modes with n = 0 and
the degree of transverse coherence are plotted in terms of 7.
Again, the observed tendency is that f,,, are significantly
reduced for smaller dispersion (i.e., smaller aspect ratio),
which leads to an improvement in the degree of transverse
coherence, as is evident from the substantial increase
of {..n- The corresponding gain loss is relatively modest
(see Fig. 1 or the fundamental gain length values of
Table II) while the saturation length exhibits only a weak
dependence upon the dispersion [Fig. 7(b)]. As a final
remark, we also note that the correlation between radiation
mode content and aspect ratio of the electron beam has also
been observed in simulations of storage ring-based TGU
schemes [17], where making the dispersed beam approx-
imately round caused the output radiation to be dominated
by a single, Gaussian-like mode at saturation, resulting in
good transverse coherence.

IV. CONCLUSIONS

In this paper, we have developed a theoretical formal-
ism that is suitable for investigating the higher-order mode
properties of a TGU-based, high-gain FEL when emit-
tance and focusing effects are negligible (parallel beam
regime). We employ a variational approach along with an
exactly solvable, parabolic-like model in order to obtain
approximate solutions to the eigenmode equation, both for
the fundamental and for the higher-order FEL modes.
These solutions are then used in a study of the transverse
coherence of the radiation from an LPA-based, TGU FEL
example. Specifically, using data about the growth rates of
the various modes, we arrive at a qualitative estimate of
the degree of transverse coherence and study its depend-
ence on the dispersion 7. Verifying earlier observations
based on simulation, it is established that a stronger TGU
gradient (i.e., a smaller dispersion and thus a less
excessive horizontal beam size) enhances transverse
coherence. Moreover, it is shown that the dispersion that
yields the minimum gain length typically also results in a
rather degraded transverse coherence. To improve the
latter, dispersion values smaller than the optimum may
have to be considered. This tradeoff between gain and
transverse coherence is likely to be important in determin-
ing the operating parameters of a TGU-based FEL.
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