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Beam steering in superconducting quarter-wave resonators (QWRs), which is mainly caused by

magnetic fields, has been pointed out in 2001 in an early work [A. Facco and V. Zviagintsev, in

Proceedings of the Particle Accelerator Conference, Chicago, IL, 2001 (IEEE, New York, 2001),

p. 1095], where an analytical formula describing it was proposed and the influence of cavity geometry

was discussed. Since then, the importance of this effect was recognized and effective correction

techniques have been found [P. N. Ostroumov and K.W. Shepard, Phys. Rev. ST Accel. Beams 4,

110101 (2001)]. This phenomenon was further studied in the following years, mainly with numerical

methods. In this paper we intend to go back to the original approach and, using well established

approximations, derive a simple analytical expression for QWR steering which includes correction

methods and reproduces the data starting from a few calculable geometrical constants which characterize

every cavity. This expression, of the type of the Panofski equation, can be a useful tool in the design of

superconducting quarter-wave resonators and in the definition of their limits of application with different

beams.

DOI: 10.1103/PhysRevSTAB.14.070101 PACS numbers: 29.20.Ej, 29.27.�a

I. INTRODUCTION

Quarter-wave resonators (QWRs), used to accelerate ion
beams with approximately 0:001<�< 0:2, are cylindri-
cal and coaxial cavities working in TEM mode which have
an up-down asymmetry with respect to the beam axis. To
obtain a symmetric accelerating field it is necessary to
provide them with axisymmetric beam ports and short
accelerating gaps. Along the beam axis, in addition to the
usual accelerating field, QWRs have always additional
transverse field components, in the vertical direction y
parallel to the main resonator axis (electric, Ey) and in

the horizontal one x (magnetic, Bx), which both deflect the
beam in the vertical direction y. This steering effect
strongly depends on synchronous phase, beam velocity,
accelerating gradient, and resonator geometry [1–6]. This
is usually not critical in normal conducting resonators; in
superconducting ones, due to the very high gradient and to
special constraints in the cavity design, the magnetic com-
ponent can be very strong and steering could become
intolerable, especially for acceleration of high q=A beams
[7]. We want to derive a formula, valid for any realistic Ea,
�, and �, which describes QWR steering as a function of

calculable geometrical constants and transit time factors in
the form of simple analytical expressions. This formula
should put in evidence the important parameters of this
undesirable effect and the suitable correction methods. We
will show that, under reasonable approximations, the for-
mula is an extension of the one that was proposed, without
derivation, in Ref. [1]. In this paper (differently from
Ref. [1]), we will use the standard beam dynamics refer-
ence frame, applied to the usual vertical orientation of
QWRs with the beam axis located at the lower side of
the cavity, and with the origin located on the drift tube axis
at the cavity middle.

II. ANALYTICAL DERIVATION OF
STEERING IN QWRS

To derive an expression for the QWR steering, we will
take advantage of the fact that, for symmetry reasons, only
three field components are significant along the drift tube
axis and in its proximity (see Fig. 1): (1) the accelerating
field Ezðz; tÞ ¼ EzðzÞ cosð!tÞ, with EzðzÞ antisymmetric
with respect to the cavity center; (2) the transverse electric
field Eyðz; tÞ ¼ EyðzÞ cosð!tÞ, with EyðzÞ symmetric; this

component is created by the up-down QWR asymmetry;
(3) the transverse magnetic field Bxðz; tÞ ¼ BxðzÞ sinð!tÞ,
with BxðzÞ antisymmetric; this is the unavoidable magnetic
component of the fundamental TEM mode which is used
for acceleration in QWRs, which are essentially coaxial
transmission lines.
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The strength of the transverse components usually in-
creases with the cavity aspect ratio (horizontal/vertical
dimensions). An example is shown in Fig. 2, where the
strengths of the transverse field components normalized to
the accelerating one (as defined below) are plotted as a
function of their optimum velocity �o, for 12 QWRs of the
type used at INFN-LNL and TRIUMF. These modular
cavities, designed for heavy ions acceleration, have all
the same active length and similar geometry, and different
values of �o were obtained by changing their frequency
(see Fig. 3). Some of them, up to �o ¼ 0:13, are in
operation.

Since the QWR vertical length is ��=4 and the cavity
diameter is typically ��0�, the QWR aspect ratio is
typically �4�0. Thus, BxðzÞ and EyðzÞ tend to increase

linearly with �0. We can also see that the transverse
magnetic force is always 1 order of magnitude larger
than the electric one.

The beam deflection �y0 can be expressed as the ratio
�py=pz, where �py is the transverse momentum kick

given by the cavity and pz is the longitudinal momentum
of the beam particle.

The deflecting force of the horizontal magnetic field
component Bxðz; tÞ, perpendicular to the particle velocity,
is vertical. Its momentum kick is

�py ¼ qe�c
Z tðL=2Þ

tð�L=2Þ
Bxðz; tÞdt; (1)

where q is the charge state of the ion, e is the electron
charge, L is the active length of the cavity along the beam
axis, and z the particle position at the time t. To calculate
(1), we can use the classical approximations of a constant
beam velocity � and of a rectangular field distribution
along the beam axis (see, e.g., [8]) which give a simple,
but rather precise in the � range of interest, analytical
solution.
In this case the field inside each gap has a constant

amplitude EzðzÞ ¼ Ezo, EyðzÞ ¼ Eyo, BxðzÞ ¼ Bxo for

z > 0, and EzðzÞ ¼ �Ezo, EyðzÞ ¼ Eyo, BxðzÞ ¼ �Bxo

for z < 0. Outside the gaps, EzðzÞ ¼ EyðzÞ ¼ BxðzÞ ¼ 0.

In our standard reference frame we have Ezo > 0 and
Bxo > 0, while the sign of Eyo could be either positive or

negative, depending on the cavity geometry. Assuming that
the particle velocity � can be considered constant, we can
substitute z ¼ zo þ �ct in the integral and find

�y0Bx ¼
2qegBxcBxo sin�

��Amoc
2

sin

�
�dBx
��

�
Tgð�; gBxÞ; (2)

where

Tgð�; gBxÞ �
sinð�gBx�� Þ
ð�gBx�� Þ (3)

is the single gap transit time factor [8].
Here gBx is the effective gap length of the BxðzÞ distribu-

tion, dBx is the gap-to-gap distance (center to center), and
� ¼ �!zo=�c is the synchronous particle phase. This
approximation is usually rather effective and, for real cav-
ities, it is always possible to reproduce the measurements
data by properly choosingBxo and ‘‘effective’’values ofdBx
and gBx, whichmight be slightly different from the physical
ones (called d and g in this paper, see Fig. 1).

FIG. 1. Left: Typical shape of the field distributions along the
beam axis in QWRs. Blue: EzðzÞ; red: EyðzÞ � 10; yellow:

cBxðzÞ. Right: Sketch of the beam port section of a QWR,
with the reference frame used in this paper. L is the cavity
active length; g and d are the physical gap length and gap-to-gap
distance.
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FIG. 2. Relative strength (on axis) of the average transverse
electric and magnetic field components in a gap, normalized to
the accelerating one (see definition in the text), Eyo=Ezo (blue)

and cBxo=Ezo (red), as a function of the QWR optimum �,
calculated for 12 coaxial QWRs of the INFN-TRIUMF type.

FIG. 3. Examples of INFN-TRIUMF type QWR design for
cavities with different frequency and �o. Cavities with similar
geometry, from �o ¼ 0:047 to �o ¼ 0:13, are in use in several
superconducting heavy ion linacs.
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In the case of the transverse electric field component
Eyðz; tÞ, we have

�py ¼ qe
Z tðL=2Þ

tð�L=2Þ
Eyðz; tÞdt: (4)

Again, dividing the result by the particle momentum
pz ¼ ��Amoc we find the vertical electric deflection:

�y0Ey ¼
2qegEyEyo sin�

�2�Amoc
2

cos

�
�dEy
��

�
Tgð�; gEyÞ; (5)

where gEy and dEy are defined as before, but referred to the

EyðzÞ distribution.
It should be noted that magnetic and electric deflection,

due to the opposite symmetry of the field distributions
which are causing them, are proportional to sinð�d=��Þ
and cosð�d=��Þ, respectively.

Until now we have assumed that all field distributions do
not change their sign inside the gap and can be approxi-
mated by just a square function. In real QWRs this is true
for EzðzÞ and BxðzÞ, which are related to the normal TEM
modes of the resonators, but not always for EyðzÞ which
distribution depends on the cavity geometry in the beam
port region. EyðzÞ may contain two peaks (or even more)

with opposite sign inside the gap, and sometimes these
peaks are introduced artificially by cavity designers with
the aim of canceling the total steering (see below in Fig. 10,
top right). Each one of these peaks gives to the total
steering a contribution �y0Eyj that can be expressed with

Eq. (5); thus the total electric steering can be better repre-
sented by the sum of n contributions

P
n
J¼1 �y

0
Eyj, in most

practical cases with n ¼ 1 or n ¼ 2.
The constant � and the rectangular field approximations

are commonly used also to calculate the ion beam energy
gain per nucleon in a cavity (see, e.g., [8]), in the
well-known formula (a variant of the Panofsky equation)
valid for two-gap cavities working in � mode:

�UðEa;�;�Þ ¼ qe

A
EaLTð�Þ cos�: (6)

The above approximations allow expressing the transit
time factors in an analytical form:

Ea ¼ 2gEzEzo

L
TEzð�oÞ (7)

TEzð�Þ¼ sin

�
�dEz
��

�sinð�gEz�� Þ
ð�gEz�� Þ

¼ sin

�
�dEz
��

�
Tgð�;gEzÞ (8)

Tð�Þ ¼ TEzð�Þ
TEzð�0Þ ; (9)

where gEz, dEz are the usual effective gap length and gap-
to-gap distance for the accelerating field distribution EzðzÞ,

Ea is the average accelerating field, Tð�Þ is the normalized
transit time factor, and�o the cavity optimum velocity. It is
easy to see that the quantities EzogEz, cBxogBx, and
EyojgEyj have the dimension of a voltage and they are all

proportional to the momentum kick given to the particle
by the field distributions EzðzÞ, BxðzÞ, and EyjðzÞ, respec-
tively. Thus, defining the new dimensionless geometrical
constants

GBx � cBxogBx
EzogEz

GEyj �
EyojgEyj
EzogEz

; (10)

we can express all the transverse kicks as functions of the
accelerating voltage in the gap, EzogEz. Using (7) and (10)
we can combine (2) and (5) and find an expression which
describes beam steering in QWRs as a function of Ea, �,
�, where all the time dependence of the different fields is
concentrated in the transit time factors:

�y0ðEa;�;�Þ¼ qeEaLsin�

Amoc
2TEzð�oÞ

�
GBx

��
Tgð�;gBxÞsin

�
�dBx
��

�

þXn
j¼1

GEyj

�2�
Tgð�;gEyjÞcos

�
�dEyj
��

��
: (11)

All geometrical constants in this formula must be calcu-
lated along the real particle trajectory.
Steering is maximum in bunching conditions (� ¼

�90 deg) and disappears at the phase of maximum accel-
eration (� ¼ 0). Magnetic steering is proportional to 1=�
and disappears at � ¼ dBx=�� �o=2, i.e., near half the
optimum velocity; electric steering is proportional to 1=�2

and disappears at � ¼ 2dEy=�� �o, near optimum veloc-

ity. For a given value of �, steering is proportional to the
energy gain in the resonator. In Fig. 4 the curves calculated
with (2), (5), (6), and (11) for a 106MHz,� ¼ 0:075QWR
are plotted together with data calculated by means of
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FIG. 4. Energy gain and steering curves �y0ð�Þ caused by
transverse magnetic and electric fields, as well as the total
steering, calculated on axis for a 106 MHz, � ¼ 0:075 QWR
at 1 MV=m, q=A ¼ 1, and � ¼ �30�, by means of the analyti-
cal model (11) (lines), and numerically by means of particle
tracking (diamonds).

BEAM STEERING IN SUPERCONDUCTING QUARTER-WAVE . . . Phys. Rev. ST Accel. Beams 14, 070101 (2011)

070101-3



particle tracking in the low field limit (thus at constant �),
showing very good agreement.

Although this general expression was based on the as-
sumption of constant � in the resonator, it gives a
very good approximation whenever the relative change of
velocity inside the resonator is small, i.e., if ��=� � 1
(see Figs. 4–6), which applies in most practical cases
except for very low-� cavities working at high gradient
with a high q=A beam. When comparing the results
of (11) with the steering data calculated with 3D simulation
codes, or with the ones obtained from experiments, one
should take into account the change of beam velocity
in the cavity by assigning to each data point an average
value of �. For ��=� � 1, good agreement can be
obtained, for example, by defining � � 1

2 ð�in þ �outÞ
(see Fig. 5, diamonds).

When n ¼ 1 (i.e. when Ey consists of only one peak per

gap), if the effective gap lengths and gap-to-gap distances
are approximated with the purely physical ones d and g,
this expression becomes particularly simple:

�y0ð�Þ ¼ qeEaLTð�Þ sin�
Am0c

2

�
GBx

��
þ GEy

�2�Tanð�d��Þ
�
: (12)

Taking into account the rotated reference frame and
reintroducing the effective distance dEy, (12) is equivalent

to the formula of Ref. [1].
A mechanism which is always present in a cavity

is rf defocusing, which deflects the beam by an amount
which is proportional to the distance r of the beam from
its canonical axis (see e.g. [9]). In Eq. (11) rf defocusing
is already included if the parameters are calculated along
the real beam trajectory; in this case, also when the beam
has a vertical offset y � 0 the steering is reproduced cor-
rectly. However, it is often desirable to characterize the
cavity only with one set of parameters calculated along
its geometrical axis, where rf defocusing is absent. This
can be obtained by adding to (11) a term describing rf
defocusing:

�y0rfð�Þ ¼ � !

2�3�3m0c
3

q

A
eEaLTð�Þy sin�: (13)

This is a good approximation if y � R, where R is the
beam port aperture radius.
Since �y0rfð�Þ is proportional to EaLTð�Þ sin� and the

longitudinal transit time factor depends on the effective
lengths gEz, dEz of the accelerating field distribution, the
term (13) can be included in (11) in a very natural way.
Defining

DBxð�Þ ¼ GBx

��
Tgð�; gBxÞ sin

�
�dBx
��

�

DEyjð�Þ ¼
GEyj

�2�
Tgð�; gEyjÞ cos

�
�dEyj
��

�

Drfð�; yÞ ¼ � !

2�3�3c
Tgð�; gEzÞ sin

�
�dEz
��

�
y

(14)

and using (7)–(9), we find a formula of the desired form
which can represent, when y � R, the beam steering in
QWRs, with all constants calculated along the resonator
geometrical axis:

�y0ðEa;�;�;yÞ¼ qeEaLsin�

Amoc
2TEzð�0Þ

�
�
DBxð�Þþ

Xn
J¼1

DEyjð�ÞþDrfð�;yÞ
�
:

(15)
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FIG. 6. On-axis steering vs � in the 12 INFN-TRIUMF type
QWRs of Fig. 2 with �o from 0.043 to 0.25, at 1 MV=m,
A=q ¼ 1, and � ¼ �30�, calculated with particle tracking
(diamonds) and by means of expression (11) (lines), in the range
from 0:75�o to 2�o.
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FIG. 5. Proton beam steering and energy gain at 1 MV=m,
� ¼ �30� in a �o ¼ 0:047, 80 MHz QWR calculated with
analytical model (15) (lines), with particle tracking at constant �
(crosses), and with the 3D beam dynamics code TRACEWIN [11]
(diamonds), on axis (red) and with 0.3 mm beam offset (green)
which provides steering compensation. The � values used for
the TRACEWIN data are the average particle velocities in the
resonator.
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III. CALCULATION OF THE
GEOMETRICAL CONSTANTS

The main advantage of (15) is that steering is completely
defined by a few geometrical constants which are related to
different field components, and can be eliminated by
optimizing one or two of them. In order to do it with
real cavities, it is necessary to have a consistent and
reliable way to extract the necessary parameters from
the field distributions EzðzÞ, BxðzÞ, EyjðzÞ calculated

along the beam port axis by means of a simulation
code. One way is making a best fit of all parameters in
order to reproduce �y0ð�Þ obtained with a 3D beam dy-
namics simulation code with realistic fields. However,
good results can be obtained by a simple weighted mean
of the field distributions data. The following formulas
can be used (for sake of simplicity, when possible, all
indexes are represented by � and all fields EzðzÞ, BxðzÞ,
EyjðzÞ by F�ðzÞ).

(a) Geometrical constants GBx, GEyj:

GBx ¼ c
RL=2
0 BxðzÞdzRL=2
0 EzðzÞdz

GEyj ¼
RL=2
0 EyjðzÞdzRL=2
0 EzðzÞdz

: (16)

(b) Gap-to-gap distance dEz, dEyj, dBx:

d� ¼ 2

RL=2
0 zF�ðzÞdzRL=2
0 F�ðzÞdz

: (17)

(c) Gap length gEz, gEyj, gBx:

g� ¼ 4

RL=2
0 jz� d�

2 jF�ðzÞdzRL=2
0 F�ðzÞdz

: (18)

Once defined the gap length, the field amplitudes Ezo, Eyjo,

Bxo can be calculated:

F�o ¼ 1

g�

Z L=2

0
F�ðzÞdz: (19)

Starting from the cavity simulation data, Ezo and Eyjo must

be calculated at the phase in which EzðzÞ is maximum, in
order to preserve the right sign of Eyjo, while Bxo must be

calculated with 90� delay and must be positive. In the case
of the transverse electric field EyðzÞ, when it consists of

more than one peak (e.g. due to the beam port tilting,
see below), every single peak should be used indepen-
dently (nulling all points out of the peak) to calculate
GEyj, dEyj, and gEyj in order to be consistent with the

used approximation. This is not difficult, however, since
the contributions of the wall tilting are very well defined
in space [2].

Definitions (17) and (18) have been chosen in order to
obtain the exact values of gap length g� in the case of ideal
square field distribution [thus, in case of a Gaussian-like

field distribution F�ðzÞ ¼ F�oe
�½ðz�d=2Þ2=2�2�=ð� ffiffiffiffiffiffiffi

2�
p Þ, the

gap length would become g� � 4�]. This choice, dictated
by analytical simplicity, could appear somehow arbitrary
but it works rather well in real cases because expressions
(11) and (15) are not very sensitive to the shape of the
single gap distributions (provided that it consists of a single
peak), except for � � �o, thus out of the usable range of
the QWR.
In Figs. 5 and 6 the steering curves �y0ð�Þ, at q=A ¼ 1,

Ea ¼ 1 MV=m, and � ¼ �30�, are shown for a set
of cavities with 0:043 	 �o 	 0:25 and frequency from
72 to 352 MHz. The curves, calculated with (15), show
good agreement with the particle tracking data (diamonds)
and also with data calculated with a 3D beam dynamics
code (Fig. 5). All geometrical constants have been
calculated as described in this paragraph. Around optimum
�, if no correction is applied, steering is around
0:2
 0:3 mrad=½ðq=AÞðMV=mÞ� for all cavities of this
particular type, and increases fast at decreasing of �.

IV. DISCUSSION OF THE
CORRECTION METHODS

The analytical model which was previously described
allows a simple discussion and numerical evaluation of the
correction methods applied in QWRs.

A. Axisymmetric drift tube

The addition of a ‘‘donut-shaped’’ axisymmetric drift
tube at the inner conductor of a coaxial cavity has
the main effect of reducing the magnetic field in the gap
(see Fig. 7), and consequently the total steering [1,3]. In
expression (15) this is shown by the reduction of the
geometrical constant GBx value from 0.25 to 0.16 in the
cavity of Fig. 7.

B. Beam offset

By means of a proper vertical offset of the beam, rf
defocusing (13) can be used to counteract the transverse
electric and magnetic steering [2]. The net effect of all
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FIG. 7. Left: Magnetic steering in a � ¼ 0:11, 141 MHz co-
axial QWR at 1 MV=m, A=q ¼ 1, and � ¼ �30�. Blue line:
Normal cavity with GBx ¼ 0:25; red line: the same cavity after
the addition of an axisymmetric ‘‘donut’’ shaped drift tube,
leading to GBx ¼ 0:16. Right: Sketch of the resonator with the
modified drift tube.

BEAM STEERING IN SUPERCONDUCTING QUARTER-WAVE . . . Phys. Rev. ST Accel. Beams 14, 070101 (2011)

070101-5



steering components results just in the displacement of the
optimum electromagnetic axis of the cavity (one of the
reasons why QWRs steering was not observed for a long
time in heavy ion linacs is probably that it was mistaken for
rf steering caused by misalignment).

For a given offset y, the reduction factor varies with �
but it is the same for any cavity gradient or synchronous
phase. This correction method is very effective in a
rather wide range of � (see Figs. 5 and 9, green lines,
and Fig. 10, light blue line) and can be applied with any
QWR. Because of its inverse dependence on �3, however,
the required offset is moderate only in low-� cavities,
while in high-� ones it could become comparable to the
beam port aperture, i.e. y� R (see Fig. 8). This would be
hardly acceptable due to reduction of the effective
aperture and to possible field distortion. It should be noted
that, in this case, the beam port edge effect becomes
significant and the rf defocusing term in (15) is not any-
more a good approximation, while formula (11) still gives
an accurate description of the steering if the parameters
(16)–(18) are calculated along the real beam trajectory
(Fig. 9).

C. Beam port tilting

The geometrical constants GEyj and GBx, which deter-

mine the steering strength, can be reduced to some
extent by modifying the cavity shape [1,3], but usually
the magnetic component cannot be eliminated completely.
A smart correction method developed at ANL [2],
which can be applied also in high-� QWRs [10], is based
on the creation of artificial Ey components able to counter-

act the steering; this can be done by properly shaping
the cavity walls at the beam ports positions, both at the
outer and inner conductors. By tilting the surface with
respect to the plane perpendicular to the beam axis it is
possible to create new EyðzÞ components, of either positive

or negative sign (see an example in Fig. 10, right top,
red curve).
Each one of the two symmetric pairs of tilted beam ports

(i.e. the pair on the inner conductor and the pair on the
outer conductor) gives an extra kick �y0Eyjð�Þ represented
in (15) by the two parameters GEy1 and GEy2 (produced by

the inner and outer conductor tilted beam ports, respec-
tively). Optimizing them it is usually possible to obtain
very good cancellation in the range which is useful
for acceleration (approximately 0:7�o < � & 2�o), while
steering becomes rapidly intolerable while moving below
�o (Fig. 11, yellow line).
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FIG. 9. Energy gain and steering in a 160 MHz, �o ¼ 0:11
QWR. Red line: analytical model, beam on axis; green line:
analytical model, with the parameters calculated with expression
(11) along the real beam axis after cavity vertical displacement
of 1.7 mm for steering correction. Diamonds: Results obtained
by the code TRACEWIN and realistic 3D field maps.
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Fig. 6, calculated with formula (15). At higher �o the required
offset approaches the beam port aperture radius.

-8

-4

0

4

8

-200 0 200

F
ie

ld
 (

M
V

/m
)

z (mm)

-0.6

-0.4

-0.2

0

0.2

0.08 0.18 0.28

y'
 (

m
ra

d)

β

FIG. 10. Example of � ¼ 0:16, 161 MHz prototype cavity
with tilted beam ports for steering correction [12]. Right top:
field distributions Ez (blue), cBx (yellow), and Ey � 10 (red line)

with the correcting bumps generated by 9 degrees beam port
tilting. Right bottom: steering at 1 MV=m, � ¼ �30� for pro-
tons in the QWR with beam port tilting. Blue diamonds: total
steering calculated by TRACEWIN and realistic 3D field maps.
The lines represent the model results: electric (red), magnetic
(yellow), and total steering (blue), fitting rather well the 3D
simulation results.
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This method is applicable when jEyjoj � Ezo, otherwise

the correcting field would be comparable to the accelerat-
ing one, requiring a very large tilting angle and conse-
quently loss of acceleration efficiency and field distorsion.
In the example of Fig. 10, a complete cancellation of
the steering would have required a significant increase
of the inner conductor tilting angle.

The optimum values of the two correcting fields Ey1o

and Ey2o (normalized to the longitudinal one Ezo), created

by the beam port tilting for steering compensation and
calculated with (15) for the usual 12 coaxial cavities, are
shown in Fig. 12.

In order to compare the data in cavities with different �,
but with similar geometrical characteristics, we have ap-
proximated the effective gap lengths of the correcting field
gEy1, gEy2 with the same value of 20 mm (half the gap

length). The best cancellation was usually obtained with

Ey1o � Ey2o. However, the optimum Ey2o values increase

fast with �o, showing in the �o ¼ 0:25 cavity a required
transverse correcting field comparable to the accelerating
one. This makes also this correction method hardly appli-
cable in that particular resonator.
Although probably unnecessary in traditional low-�

heavy ion linacs, the combination of drift tube shaping,
beam offset, and beam port tilting allows significant ex-
tension of the QWR capabilities to high � and low A=q
beams. The above calculations based on the analytical
model suggest that steering can be efficiently reduced
just by beam offset in cylindrical QWRs up to about
�o � 0:1, while beam port tilting and drift tube shaping
can extend this range to about �o � 0:15. Correction
methods are increasingly more difficult to apply at
higher �o.

V. CONCLUSIONS

Beam steering in quarter-wave resonators can be calcu-
lated with good approximation for any �, � of the beam
and for any cavity gradient Ea by means of the relatively
simple analytical formula that was derived in this paper.
This formula is conceptually equivalent, but related to
beam steering in QWRs, to the classical formula of the
energy gain in a resonator which includes the analytical
expression of the transit time factor, and utilizes the same
approximations. Any cavity can be described with a set of
constants which can be easily extracted from EM simula-
tion data. Each constant is related to a particular field
component, including the ones artificially introduced for
steering correction, allowing a straight comprehension of
the effect on the beam produced by any change in the
cavity geometry. We have discussed the characteristics of
the QWR steering and the range of applicability of the
correction techniques by means of this analytical model.
This tool can be useful for cavity design and for cavity
characterization, and in the choice of the cavity type for
different applications.
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