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Robust stripes in the mixed-dimensional t − J model
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Microscopically understanding competing orders in strongly correlated systems is a key challenge in modern
quantum many-body physics. For example, the origin of stripe order and its relation to pairing in the Fermi-
Hubbard model remains one of the central questions, and may help to understand the origin of high-temperature
superconductivity in cuprates. Here, we analyze stripe formation in the doped mixed-dimensional (mixD) variant
of the t − J model, where charge carriers are restricted to move only in one direction, whereas magnetic SU(2)
interactions are two-dimensional. Using the density matrix renormalization group at finite temperature, we find
a stable vertical stripe phase in the absence of pairing, featuring incommensurate magnetic order and long-range
charge density wave profiles over a wide range of dopings. We find high critical temperatures on the order
of the magnetic coupling ∼J/2, hence being within reach of current quantum simulators. Snapshots of the
many-body state, accessible to quantum simulators, reveal hidden spin correlations in the mixD setting, whereby
antiferromagnetic correlations are enhanced when considering purely the magnetic background. The proposed
model can be viewed as realizing a parent Hamiltonian of the stripe phase, whose hidden spin correlations lead
to the predicted resilience against quantum and thermal fluctuations.
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Introduction. The interplay of spin and motional degrees
of freedom is at the heart of many strongly correlated quan-
tum materials, leading to a plethora of interacting many-body
phases. Microscopically understanding the competition be-
tween hole pairing and inhomogeneous stripe order in the
paradigmatic Fermi-Hubbard (FH) model constitutes one of
the central challenges in modern many-body physics, which
may help to reveal the origin of high-temperature super-
conductivity [1–5]. In early experiments of cuprates and
modern numerical studies of the FH model, the emergence of
stripe order at low temperatures has been widely established
[6–15]. However, it remains an open question whether pairing
competes with stripes or if the two effects are different mani-
festations with a common origin [16–19].

Analog quantum simulation, e.g., via ultracold atoms,
can help unveil the microscopic mechanisms underlying
such strongly correlated phases [20–29]. In particular, recent
advances allow for an implementation and experimental ex-
ploration of the FH model in ultracold atom setups [30–38].
However, studying stripe order with quantum simulators
remains an open challenge, partly due to low critical temper-
atures [39] and close degeneracies of different stripe fillings
and paired states [40].
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Here, we propose a parent Hamiltonian whose ground
state forms a robust stripe phase over a wide range of
dopings. The model assumes mixed dimensionality (mixD),
whereby motional degrees of freedom are restricted to be
one-dimensional (1D), but spin-superexchange interactions
are two-dimensional (2D). As a result, a similar pairing mech-
anism as proposed recently in mixD bilayer antiferromagnets
(AFMs) [41] allows holes to form stable vertical stripes.

In this letter, we focus on general physical aspects of stripe
order in the mixD setting. In particular, we analyze the order
for various hole densities and map out the phase diagram.
We predict high critical temperatures for stripe formation,
rendering the stripe phase readily observable in ultracold atom
experiments with optical lattices.

Our results shed new light on the long-standing question
about the interplay of pairing and stripe formation. We find
that the origin of stripes are hidden AFM correlations, mak-
ing the stripe phase remarkably robust against thermal and
quantum fluctuations. At the same time, intraleg pairing of
two holes—the analog of a superconducting state—is strongly
suppressed. The model is closely related to the celebrated 2D
t − J model, offering an adiabatic route to gain new insights
into stripes and their related phases in the FH model.

We use finite temperature density matrix renormalization
group (DMRG) methods via symmetry conserving purifica-
tion schemes to predict thermal properties of the system with
high accuracy.

Model. The proposed mixD t − J model [42] describes
mobile fermions whose motion is restricted to be along one
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dimension, while their spin is coupled through 2D SU(2)
invariant superexchange interactions. The Hamiltonian reads

Ĥ = −t
∑

σ,〈i,j〉x

P̂GW (ĉ†
i,σ ĉj,σ + H.c.)P̂GW

+ J
∑
〈i,j〉

(
Ŝi · Ŝj − n̂in̂j

4

)
, (1)

where ĉ(†)
i,σ , n̂i, and Ŝi are fermionic annihilation (creation),

particle density, and spin operators on site i, respectively;
〈i, j〉(x) denotes nearest-neighbor (NN) sites on the 2D square
lattice (with subscript x indicating NN sites along the x di-
rection only), and P̂GW is the Gutzwiller operator projecting
out states with double occupancy. The mixD t − J model
Hamiltonian, Eq. (1), features a global SU(2) spin and indi-
vidual U(1) particle conservation symmetries in each chain,
� = 1 . . . Ly.

The mixD setup in Eq. (1) can be realized by simulating
the Fermi-Hubbard model in the large U/t limit with a strong
onsite linear potential along y, i.e., Vtilt(y) = �y [43–45]. The
potential gradient � effectively suppresses resonant tunneling
along y, whereas virtual particle exchanges (and hence spin
superexchange) remain intact – hence realizing the mixD t −
J setting, see Ref. [46] for a more detailed discussion.

Ground state properties. Using DMRG [47–51], we calcu-
late ground state properties of the doped mixD t − J model
Eq. (1) on ladder geometries by explicitly implementing the
U(1) particle conservation symmetry in each leg separately.
The explicit use of tensors with the Hamiltonian’s enhanced
symmetry greatly decreases computational costs, whereby
speedup factors of �10 for bond dimensions χ ∼ 10 000 are
reached.

From now on, we use an equal number of holes in each
leg, i.e., N� = Nh for all, � = 1 . . . Ly, and choose t/J = 3.
The color coded background in Fig. 1(a) shows spin-spin
correlations 〈Ŝz

i0
Ŝz

j 〉 with fixed reference site i0 in the center
of the second leg for a system of size Lx × Ly = 40 × 4 with
open (periodic) boundaries along x (y). Grey filled lines depict
local hole densities 〈n̂h

i 〉 in each leg. In the ground state, we
see clear indications for the formation of fully filled stripes,
by observing (i) a periodic modulation of hole densities, and
(ii) the appearance of AFM domain walls at positions of
maximum hole density.

The latter is further underlined in the lower left panel of
Fig. 1(a), where the spin-spin correlations are shown for the
central y = 2 region. Correlations are observed to be incom-
mensurate with the lattice, i.e., the total number of peaks in
the spin-correlation function in each ladder leg – given by
Np = 18 in Fig. 1(a) – is incommensurate with the length
of the system Lx = 40. This corresponds to a modulation of
spin correlation with wavelength λ = (1 − nh)−1, where nh =
Nh/Lx. Emerging incommensurate antiferromagnetic order is
further revealed in the static spin structure factor along leg y:

Sy(qx ) = 1

Lx

∑
x1,x2

〈
Ŝz

[x1,y]Ŝ
z
[x2,y]

〉
exp[iqx(x1 − x2)], (2)

which features a double-peak structure at points qmax
x =

π (1 ± nh), depicted in the lower right panel of Fig. 1(a). When
increasing the doping level, incommensurate magnetic order

FIG. 1. Ground state properties. (a) Spin-spin correlations
〈Ŝz

i0
Ŝz

j 〉 with reference site i0 = [x0 = 21, y0 = 2] for a 40 × 4 sys-
tem with nh = 0.1. Boundaries are open (closed) in x (y) direction.
Correlations are color coded using a symmetric logarithmic scale,
with linear scaling between −10−4 . . . 10−4. Average hole densi-
ties 〈n̂h

i 〉 are shown in grey. Lower left panel: correlation functions
4 〈Ŝz

i0
Ŝz

[x,y0]〉, 〈Ŝ+
i0

Ŝ−
[x,y0] + H.c.〉, which are indistinguishable on the

scale of the plot. Dot-dashed grey lines connecting the data points
underline the incommensurate peak structure of spin correlations.
Lower right panel: static spin structure factor along y = 2, Eq. (2),
with peaks located at qx = π (1 ± nh ). (b) Left panel: Spin structure
factor of the central leg as a function of doping nh for a 40 × 3
system. A narrower system size is chosen to keep numerical costs
reasonable. Open boundaries are taken to avoid magnetic frustration
of the ladder. Right panel: Peak height S2(qmax

x ) at qmax
x = (1 − nh )π

as a function of doping nh.

and stripes persist, however with overall decreasing mag-
netic order due to the enhanced disturbance by the holes, cf.
Fig. 1(b). Beyond nh � 0.5, no clear signs of stripe formation
are visible anymore.

We note that charge-density wavelike correlations are also
expected in purely 1D systems with open boundaries. The
oscillation amplitudes of such Friedel oscillations away from
the edges decay as r−K , with K the Luttinger exponent [52].
In contrast, in the mixD setting the amplitude of the charge
modulations quickly converges towards a constant plateau,
i.e., they are present even deep in the bulk. We explicitly
compare the density oscillations in long 1D and mixD systems
in [46].

On cylinders of width Ly = 4, we evaluate the intraleg
binding energy of two holes Eb = [E (2) − E (0)] − 2[E (1) −
E (0)], where E (Nh) is the ground state energy of a mixD
cylinder with Nh holes doped into a single ladder leg. We find
almost vanishing binding energies of order Eb/t ∼ O(10−3)
in our finite-size simulations, strongly supporting the absence
of hole-pairing in the mixD t − J model. This is further
underlined by features of connected hole-hole correlators,
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FIG. 2. Finite temperature properties. (a) Lower panel: Phase diagram of the mixD t − J model for a 40 × 2 system (OBC). In the stripe
phase, charge- and spin-density waves are present, whereas in the chargon gas phase holes can move freely and AFM spin correlations are
short-range. We define the critical temperature Tc(nh ) as the point where the double peak of the spin structure factor washes out into a single
broad peak, illustrated for nh = 0.15 in the upper panel of (a) and marked by an asterisk. Temperatures T/J = 1.25, 0.83, 0.4, 0.35, 0.25, 0.1
are shown, ranging from yellow to dark red upon lowering the temperature. (b) Peak split �T /�T =0, with �T = S(qmax

x ) − S(π ), as a function
of temperature. (c) Hole density profiles 〈n̂h

[x,y=1]〉T
for nh = 0.1, 0.3 at constant temperature T/J = 0.4 [solid dots connected by dashed line

in (a)]. In the stripe phase, clear charge oscillation signals in the hole density profile are visible, whereas in the chargon gas the profile is flat.
(d) Full counting statistics of hole distances along a single ladder leg for nh = 0.1 and T/J = 0, 2 (notation i − j corresponds to the distance
r between hole i and hole j along x). In the stripe phase (upper panel), the probability distributions are symmetric, whereas in the chargon gas
(lower panel), hole-hole distance probability distributions acquire long tails. We use 20,000 snapshots of the (thermal) MPS.

revealing how at short distances, holes strongly repel each
other, whereas binding in stripes is favored [46].

Finite temperature. In order to estimate critical temper-
atures for stripe formation, we use mixed-state purification
and imaginary time evolution schemes while conserving the
system’s symmetries [46,53–55]. In particular, during the time
evolution we conserve the particle number in each physical leg
N�, � = 1..Ly, the total particle number in the auxiliary system
N tot

aux., as well as the total spin Sz,tot
phys.+aux. (the latter allowing

for finite total magnetizations of the physical system at finite
temperature). This results in a total of Ly + 2 symmetries
employed by the finite temperature implementation.

Utilizing the enhanced symmetry, we are able to accurately
evolve the system down to low temperatures, allowing us to
evaluate convergence towards the ground state [46]. Due to the
effective doubling of the width of the system after purification,
we restrict the following discussion to systems with Ly = 2.
Numerical results for wider systems are presented in [46].
For the time evolution schemes, we again use maximal bond
dimensions χ ∼ 10, 000.

Results for a 40 × 2 physical system with open boundary
conditions (OBC) are shown in Fig. 2. Starting from high tem-
peratures, we measure the static spin structure factor, localize
its peak position ±qmax

x and calculate the peak split param-
eter defined by �T = Sy(qmax

x ) − Sy(π ). The upper panel of
Fig. 2(a) shows the structure factor for various temperatures.
At high temperatures, correlations are short-range and in par-
ticular commensurate with the lattice, i.e., the structure factor
is characterized by a broad peak around qx = π and �T >Tc

is strictly zero. Upon lowering the temperature to the critical
value Tc, a finite split in the structure factor is observed,
i.e., incommensurate magnetic features emerge. The transition
point is marked by an asterisk in the upper panel of Fig. 2(a).

Figure 2(b) underlines the definition of the critical temper-
ature, where the peak split becomes finite, i.e., �T <Tc > 0.
The corresponding critical temperatures as a function of hole
doping are plotted in the lower panel of Fig. 2(a), for hole
densities ranging from nh = 0.1...0.3. Note how critical tem-
peratures are of the order of magnitude ∼J/2, rendering the
stripe phase significantly more robust against thermal fluctua-
tions in the mixD setting compared to its analog in 2D [39,40].

We illustrate the emergence of stripes further by showing
the average hole density profile for two different doping levels
while keeping the temperature constant, Fig. 2(c). For T/J =
0.4 and nh = 0.1, the hole density forms a flat plateau, i.e.,
there is no charge order and holes are in a deconfined chargon
gas phase (i.e., holes are not confined within stripes and move
freely through the magnetic background) [56]. In contrast,
clear charge oscillations are visible for nh = 0.3, underlining
how in the stripe phase both charge and spin density waves
are present. By computing the charge structure factor, we have
checked that charge order is present over the whole range of
temperatures T < Tc(nh), in fact setting in at slightly higher
temperatures than incommensurate magnetic order. This is
characteristic for a crossover driven by the charges [2,57], as
is the case for the chargon gas to stripe transition observed
here.

Note that the Néel temperature of the SU(2) symmetric 2D
Heisenberg model is strictly zero, however with a magnetic
correlation length scaling as ∼eT0/T. Akin to the cold atom
antiferromagnet realized in Ref. [29], we argue that stripe
features—that is, the emergence of charge- and spin-density
wave patterns—become visible on the length scale of the
system size for temperatures below Tc. For sufficiently strong
magnetic correlations, we expect that true long-range charge
order (breaking the discrete translational symmetry of the
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system) is stabilized at finite temperatures also in the thermo-
dynamic limit Lx, Ly → ∞.

Snapshots and hidden correlations. In quantum gas mi-
croscopy experiments, projective measurements are taken in
the Fock basis of the many-body state. These snapshots
contain a plethora of information about the system beyond av-
erages and local observables, allowing for further insights into
the quantum many-body wave function [58]. Using (thermal)
matrix product states, we sample independent snapshots via
the perfect sampling approach [59,60].

Figure 2(d) illustrates the stripe-chargon gas crossover by
full counting statistics of hole-hole distances within a single
ladder leg. In the stripe phase, probability distributions for
hole-hole distances are symmetrically peaked around a max-
imal distance probability. On the other hand, in the chargon
gas phase the discrete probability distributions develop long
tails, i.e., mean and maximum are far separated from another.
These kind of rare event distributions often govern the physics
of the system [61], here indicating a phase of freely moving,
deconfined holes through the magnetic background.

A further major advantage of the restricted hole motion is
that we can uniquely define squeezed space [35,62], where
holes are removed (i.e., “squeezed out”) from each snap-
shot before measuring observables, cf. Fig. 3(a). Spatially
separating occupied and unoccupied sites by squeezing allows
to analyze the interplay between hole motion and magnetism
in more detail, explicitly utilizing nonlocal information con-
tained in snapshots of the many-body wave function.

Figure 3(b) shows the spin structure factor along y = 1 of a
40 × 2 mixD t − J model in the ground state (i.e., in the stripe
phase) in real (black circles) and squeezed (red squares) space
after removing holes from the snapshots. When transform-
ing ground state snapshots to squeezed space, hidden AFM
correlations are revealed, i.e., the double peak structure turns
into a sharp peak around qx = π . Indeed, when comparing
to the pure Heisenberg model [63] with J = 1, both structure
factors agree on a quantitative level, showing how the holes
confined within the stripes leave the underlying magnetic state
in squeezed space almost undisturbed.

In the chargon gas phase, on the other hand, the movement
of the holes distorts the magnetic background in a more no-
table manner. Black circles in Fig. 3(c) show S1(qx ) evaluated
via the thermal MPS at T/J = 5/7 ≈ 0.71. When transform-
ing snapshots to squeezed space, the initially broad peak
around qx = π again becomes significantly sharper, show-
ing how AFM correlations are reduced due to the holes’
motion through the Mott insulator. Compared to the Heisen-
berg model with J = 1 at T/J = 5/7 ≈ 0.71 [blue circles
in Fig. 3(c)], the squeezed mixD system has shifted weight
from AFM (qx = π ) to more FM (qx = 0, 2π ) correlations.
Enhanced FM signals in squeezed space emerge due to the
frustrating effect of hole motion on spins in squeezed space,
which is analyzed and quantified in detail by some of us in
Ref. [64].

Discussion. In this letter, we presented numerical DMRG
results that demonstrate the formation of stable stripes in the
t − J model of mixed dimensionality. Above critical tempera-
tures Tc on the order of J , we find commensurate, short-range
antiferromagnetic correlations together with deconfined holes.
Below the critical temperature, incommensurate order as well

FIG. 3. (a) Illustration of squeezed space. Left panel: Snapshot of
holes moving through a Néel background. Right panel: Upon squeez-
ing out the holes, Néel order is restored in the magnetic background.
(b) Spin structure factor S1(qx ) for a mixD t − J system in the
striped ground state with nh = 0.1, featuring a double-peak structure
in real space (black circles). Squeezing snapshots reveals hidden
AFM correlations (red squares), being in quantitative agreement
with the J = 1 Heisenberg ground state (blue circles). (c) The same
for the chargon gas phase at T/J = 5/7 ≈ 0.71, nh = 0.15. Upon
squeezing, the peak around qx = π becomes considerably sharper.
Compared to the pure Heisenberg model with J = 1 and T/J =
5/7 ≈ 0.71 (light blue circles), the spin structure in the chargon gas
phase has a shifted weight towards FM correlations. For both cases
above, the mixD system is of size 40 × 2.

as charge density waves emerge on long length scales of
the numerically accessible system size, i.e., stripes form in
the system. Our work extends the strong pairing mechanism
proposed in bilayer Hubbard models [41] and realized in
mixD ultracold atom setups [37], to stabilize stripes at high
temperatures.

Observations of strong AFM correlations in three dimen-
sional (3D) realizations of the FH model [30] motivate the
existence of resilient sheets of stripes in a possible general-
ization of the mixD t − J model to 3D, where —in contrast
to 2D —true long-range magnetic order appears also at finite
temperature.

Recently, the mixD t-Jz model including solely Ising-type
interactions has been analyzed [56]. There, an exact mapping
revealed an emergent Z2 lattice gauge structure, which al-
lowed to draw analogies with gauge theories and distinguish
phases by emergent properties. The mixD t-Jz model has been
shown to exhibit a rich phase diagram when restricted to
a single gauge sector (i.e., a fixed AFM Néel background),
including stripes, a deconfined chargon gas as well as a meson
gas, where in the latter holes form pairs at low hole concen-
trations and temperatures slightly above Tc. It remains to be
analyzed whether a confined phase of mesonic character exists
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also in the mixD t-J model (including spin fluctuations as well
as gauge mixing in comparison to [56]), and if any conclusive
connections can be drawn in the context of Z2 lattice gauge
theories.
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