
PHYSICAL REVIEW RESEARCH 4, 033049 (2022)

Isotope shift factors for the Cd+ 5s 2S1/2 → 5p 2P3/2 transition and determination
of Cd nuclear charge radii
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The accuracy of atomic isotope shift factors limits the extraction of nuclear charge radii from isotope shift
measurements because determining these factors is experimentally and theoretically challenging. Here, the
isotope shift of the Cd+ 5s 2S1/2 → 5p 2P3/2 transition is measured precisely using laser-induced fluorescence
from a sympathetically cooled large Cd+ ion crystal. A King-plot analysis is performed based on the new
measurement to obtain accurate atomic field shift F and mass shift K factors that have been cross-checked by
state-of-the-art configuration interaction plus many-body perturbation theory. The nuclear charge radii (Rch) of
100–130Cd extracted using these F and K values demonstrate a near fivefold precision increase in the neutron-rich
region. This work proves that accurate extraction of Rch from isotope shifts is possible. New Rch values reveal
hidden discrepancies with previous density functional predictions in the neutron-rich region and pose strong
challenges to advancements in nuclear models.

DOI: 10.1103/PhysRevResearch.4.033049

I. INTRODUCTION

As a fundamental property of an atomic nucleus, nu-
clear charge radius (Rch) serves as an important probe in
various nuclear phenomena, such as occurrence of magic
numbers [1–3], shape staggering [4] and evolution [5,6],
shape coexistence [7], proton [8] and neutron [9,10] halos, and
neutron skins [11]. Moreover, the subtle evolution of Rch along
isotopic chains provides a stringent test and challenge for
nuclear models. Therefore, highly accurate extraction of Rch

is paramount for experimental and theoretical nuclear physics.
With the development of the laser spectroscopy technique,
the differences in mean-square charge radii δ〈r2〉 and Rch

can be precisely determined through the isotope shift (IS)
measurement by using the laser spectroscopy [12,13]. How-
ever, the determination of Rch requires knowledge of the
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values of the field shift F and mass shift K factors. The
accuracy of the F and K factors has become the critical
limiting reason in extracting the nuclear charge radii from the
IS measurement, highlighting the importance of accurate F
and K values.

The Cd nuclei have attracted much attention because of
their unique attributes: (i) The Cd nuclei contains 48 protons,
with only one pair of the magic proton number Z = 50, and
the Cd isotopes have rich nuclear properties like the subshell
effect that provides an excellent test case for nuclear model
calculations [14,15]; (ii) the radioactive ion beam facility
provides Cd isotopes with mass numbers ranging from 100
to 130 [13], which provides a considerably large amount of
sample information regarding changes in nuclear properties
with neutron number; and (iii) Cd/Cd+ systems have many
optical transitions that are suitable for the IS measurements,
and the Cd+ microwave clock and the sympathetic cooling
technique [16,17] can further improve the accuracy of IS mea-
surement. In the past, many groups have measured the IS of
Cd, whereas their extracted δ〈r2〉 are not consistent [13,15,18–
21], and the accuracy of Rch is relatively low when the neutron
numbers are close to magic numbers 50 and 82 [13].

This work presents the latest results from a reevaluation of
100–130Cd Rch and δ〈r2〉 with the currently highest precision
based on accurate atomic IS factors. The laser-induced fluo-
rescence (LIF) spectroscopy from the sympathetically cooled
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FIG. 1. (a) Experimental setup for the measurement of the IS of
Cd+ 214.5-nm transition. (b) The LIF spectrum of the Cd+ 214.5-nm
transition with the measurement points (blue dot), the fitting line (red
line), the residuals (red dot) between the measurement points and the
fitting line, and the adjusted R−squared (Adj. R2) value of fitting.

Cd+ ions is used to measure the IS of the 5s 2S1/2 → 5p 2P3/2

(214.5-nm) transition of Cd+ ions. A King-plot analysis is
conducted to extract F and K values that are more accurate
when compared with values obtained from the configuration
interaction plus many-body perturbation theory (CI+MBPT).
These accurate F and K values can be used to determine
δ〈r2〉 and Rch of 100–130Cd with higher precision, especially
for the Cd nuclei with neutron numbers approaching magic
numbers N = 50 and 82. The more accurate Cd+ IS factors
and subsequent determination of Rch for 100–130Cd will prompt
further testing of the current nuclear theory.

II. EXPERIMENT

The IS of the Cd+ 214.5-nm transition is measured through
LIF spectroscopy using a Cd+-Ca+ sympathetic cooling sys-
tem [17,22]. The experiment is conducted in a linear Paul
trap [17] and the schematic of the setup is shown in Fig. 1(a).
The Cd+ ions are prepared from Cd atoms photoionized by a
228.8-nm (Cd 5s2 1S0 → 5s5p 1P1) laser beam. The 423-nm
(Ca 4s2 1S0 → 4s4p 1P1) laser and 374-nm (Ca 4s4p 1P1 →
ionized continuum) laser are used to photoionize Ca. We begin
the experiment with 1 s of Doppler cooling of the Ca+ ions

that uses a 397-nm (Ca+ 4s 2S1/2 → 4p 2P1/2) laser beam and
an 866-nm (Ca+ 4p 2P1/2 → 3d 2D3/2) repumping laser beam
during the cooling cycle. The Coulomb interaction between
Ca+ and Cd+ ions induces sympathetic cooling of the Cd+

ions. A sympathetically cooled system containing approxi-
mately 4 × 105 Cd+ ions and 2 × 105 Ca+ ions is obtained.
The temperature of Cd+ ions is estimated to be less than 1 K
using the method given in Ref. [17]. The frequency of the
secular motion of the trapped ions can be calculated from [23]

ωs =
√

a + q2

2

�

2
, (1)

where a and q are the parameters of the Mathieu function [23]
of the linear Paul trap, and � represents the driving frequency
of the trap. In the experiment, a = 0, q = 0.065, � = 2 MHz,
and ωs for the Cd+ ions is estimated to be about 0.045 MHz.
The natural linewidth γ of the Cd+ 214.5-nm transition is
60.13 MHz [22]. When ωs � γ , it is known that the Cd+ ions
are under a weakly bound condition.

The IS of the Cd+ 214.5-nm transition is probed by scan-
ning the laser frequency from red detuned 1000 MHz to
blue detuned 3500 MHz centered on the 114Cd+ transition
frequency. The LIF spectrum is measured using a photo-
multiplier tube (Hamamatsu H8259-09) located at the top of
the linear Paul trap [see Fig. 1(a)]. The probe laser power
is maintained at less than 5 μW/mm2 (saturation intensity
7.96 mW/mm2 [24]), which avoids heating generated by the
laser probe and through power broadening of the linewidth
during the IS measurement. The resonance frequency of the
214.5-nm line is measured using a high-precision wavemeter
(HighFinesse WS8-2), calibrating against an optical fre-
quency comb referenced to a hydrogen maser.

The LIF spectrum of the Cd+ 214.5-nm transition
[Fig. 1(b)] displays six peaks that correspond to isotopes of
Cd of nucleon mass numbers A = 116, 114, 112, 110, 108,
and 106. Each data point is the average of five measurement
results. The height of every peak is proportional to the nat-
ural abundance of Cd except for the low-abundance isotopes
A = 106 and 108. The ionization laser frequency is adjusted
to increase the abundance of 106,108Cd+ in the linear Paul
trap. The spectra of odd isotopes of 111,113Cd+ are outside
our measurement window and therefore do not appear in the
LIF spectrum [Fig. 1(b)]. In addition, the odd isotopes such as
111,113Cd have nonzero nuclear spins. The IS measurements
of odd isotopes are different from those of even isotopes. The
additional lasers are needed to repump the multiple transitions
occurring at the hyperfine sublevels of the odd isotope. Thus,
this work focuses on the isotope spectrum measurement of
the even isotopes for which the hyperfine structure is absent.
Under weakly bound conditions, as discussed above, the line
shape of the fluorescence spectrum complies with a Voigt
profile, formulated as the convolution of a Lorentz function
and a Gaussian function [25–27]. Without loss of generality,
we consider only centered profiles which peak at zero. The
Voigt profile is then

V (x; σ, γ ) ≡
∫ ∞

−∞
G(x′; σ )L(x − x′; γ )dx′, (2)
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TABLE I. Isotope shift of the Cd+ 214.5-nm transition line mea-
sured using LIF spectroscopy from the sympathetically cooled Cd+

ions and comparisons with Ref. [13]. Numbers in parentheses are
spectrum measurement uncertainties. In Ref. [13] the uncertainty due
to their beam energy determination is given in brackets, which is
absent in our measurement.

(A, A′) This work Ref. [13]

(106,114) 2984.2(7) 2991.1(22)[62]
(108,114) 2188.2(19) 2194.0(22)[46]
(110,114) 1428.8(11) 1432.2(23)[30]
(112,114) 673.6(8) 674.6(22)[15]
(116,114) −520.7(14) −526.5(22)[15]
(108,106) −795.9(19)
(110,108) −759.4(20)
(112,110) −755.2(11)

where x is the shift from the line center, G(x; σ ) is the centered
Gaussian profile,

G(x; σ ) = e−x2/(2σ 2 )

σ
√

2π
, (3)

and L(x, γ ) is the centered Lorentz profile,

L(x; γ ) = γ

π (x2 + γ 2)
, (4)

where σ denotes the Gaussian linewidth, and γ is the
Lorentzian linewidth, which equals the natural linewidth
60.13 MHz and is fixed during fitting. The multiple-peaks
Voigt function is used to fit the LIF spectrum and determines
both the center position and corresponding σ value for each
peak. The σ value corresponds to the Gaussian linewidth,
which has an average of 83 MHz for all the peaks. The
Gaussian linewidth arises from the thermal motion of approx-
imately 105 Cd+ ions in the linear Paul trap. The spectra of
the ions exhibit considerable Doppler broadening even un-
der laser cooling due to the Coulomb repulsion of ions and
radio-frequency heating of the trap. The fitted curve displays
an excellent overlap with the data samples, the adjusted R-
squared value of the fit being 0.987. The residuals of the
measured and fitted values are low, as denoted by red circles
at the bottom of Fig. 1(b). The fit uncertainty for the center
peak of the ACd+ 214-nm transition line is 0.4, 1.8, 0.9, 0.5,
0.3, and 1.2 MHz for A = 106, 108, 110, 112, 114, and 116,
respectively.

The IS of the isotope pair (A, A′) is determined by the
position of each peak, as summarized in Table I. The dominant
systematic uncertainties in the frequency of the IS caused
by the Zeeman and Stark shifts are common for all isotopes
that can be canceled out for the IS of the (A, A′) pair. The
Doppler shift depends on the mass of the different isotopes.
However, the differential IS value resulting from the mass
difference is about kilohertz, which is far less than the mega-
hertz accuracy of our experiment. The possible instrumental
uncertainty stems mainly from drifts in the wavemeter, which
we estimate to be less than 0.5 MHz. The total measurement
uncertainty of the IS for the (A, A′) pair is determined by the
square root of the sum of the squares of the fit uncertainties
of the center peak positions of A and A′ and the instrumental
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FIG. 2. King-plot analysis of the modified IS μδν214.5 of the Cd+

214.5-nm transition and the modified nuclear size parameter μλCd.
The red regression line is obtained by the York regression [30] of
the least-squares estimation considering the uncertainties of both
μδν214.5 and μλCd. The red shadow region denotes the 1σ confidence
intervals (CI) of the regression line. The degree of freedom (DoF), re-
duced chi-square (RCS), residual sum of squares (RSS), and Pearson
correlation coefficient (PCC) of the fit line are given.

uncertainty, which are given in the parentheses in Table I. This
accuracy is better than the previous best results [13]. The sym-
pathetic cooling technique enhances the signal-to-noise ratio
and is advantageous in trapping different isotopes, including
the low-abundance isotopes 106 and 108.

III. KING-PLOT ANALYSIS

The energy shift δνA,A′
of a transition frequency ν in an

isotope A with respect to another isotope A′ is expressed as

μδνA,A′ = FμλA,A′ + K, (5)

where μ = mAmA′
/(mA − mA′

) is calculated based on the nu-
clear mass in Ref. [28], and λ is the nuclear size parameter
obtained by muonic atom spectroscopy and electron scattering
experiments. Based on Eq. (5), the values of F and K can be
estimated by the King-plot analysis [29] that is constructed
by using μλA,A′

and μδνA,A′
to be the X and Y variables. The

intercept a and the slope b of the best fitting straight line of
μδνA,A′

versus μλA,A′
are F and K , respectively.

We perform a King-plot analysis (Fig. 2) based on seven
isotope pairs of (A, A′) = (108, 106), (110,108), (112,110),
(114,112), (116,114), (111,110), and (113,112). The μδνA,A′

214.5
values for (108,106), (110,108), (112,110), (114,112), and
(116,114) are obtained adopting our measurement results
given in Table I, whereas those for (111,110) and (113,112)
are taken from Ref. [13]. Isotope pairs in Ref. [13] that have
no λ values available are not included in the King-plot analysis
(input data are given in Table IV of Appendix 1). Here, “York
regression” [30] is used to evaluate a and b and their errors
σ 2

a and σ 2
b . The regression algorithm considers the correlation

between the uncertainties of the X and Y variables based on
the least-squares method. The parameters a, b, σ 2

a , and σ 2
b for

033049-3



J. Z. HAN et al. PHYSICAL REVIEW RESEARCH 4, 033049 (2022)

the regression are expressed as [30]

F ≡ b =
∑

WiβiVi∑
WiβiUi

(6)

and

K ≡ a = μδν − Fμλ, (7)

where

Wi = ω(μλi )ω(μδνi )

ω(μλi ) + b2ω(μδνi ) − 2briαi
, (8)

βi = Wi

[
Ui

ω(μλi )
+ bVi

ω(μδνi )
− (bUi + Vi )

ri

αi

]
, (9)

and the weights ω(μλi ) and ω(μδνi ) for each data point
are determined by ω(μλi ) = 1/σ 2(μλi ) and 1/ω(μδνi ) =
σ 2(μδνi ), where σ (μλi ) and σ (μδνi ) are the uncertainties
of μδνi and μλi, and αi = √

ω(μλi )ω(μδνi ) is the weight
parameter, and

ri =
∑

[σ (μλi) − σ (μλ)][σ (μδνi ) − σ (μδν)]√∑
[σ (μλi ) − σ (μλ)]2

∑
[σ (μδνi ) − σ (μδν)]2

(10)
is the correlation coefficient between σ (μλi ) and σ (μδνi ).
The mean values μδν and μλ are

μδν =
∑

Wiμδνi∑
Wi

, (11)

μδλ =
∑

Wiμδλi∑
Wi

(12)

and

Vi = μδνi − μδν, (13)

Ui = μλi − μλ. (14)

By iterating, we can calculate the F and K parameters and
their corresponding uncertainties σ (F ) and σ (K ). The σ (F )
and σ (K ) are written as

σ 2(F ) ≡ σ 2
b = 1∑

Wiu2
i

. (15)

σ 2(K ) ≡ σ 2
b = 1∑

Wi
+ x2 1∑

Wiu2
i

, (16)

where ui = xi − x is defined on the regression-adjusted
points (xi, yi ) falling on the regression best straight line
and the mean value x = ∑

Wixi. The regression yields
F = −6621(530) MHz/fm2 and K = 2199(507) GHz u for
the Cd+ 214.5-nm transition, which is consistent with the
previous results [13] but has a much lower uncertainty. Note
that the (108,106) data point lies outside the regression line
which may have arisen because of missing electron scattering
data.

IV. ATOMIC STRUCTURE CALCULATION

The atomic structure calculation starts from a self-
consistent Dirac-Fock-Breit (DFB) calculation in the potential
of a closed-shell Pd-like core. The one-electron Dirac-Fock

(DF) operator in atomic units h̄ = e = me = 1 (h̄ is Plank
constant, e is electron charge, and me is electron mass) is

hDF = c α · p + (β − 1)c2 − Z

r
+ V NDF , (17)

where α and β are the Dirac matrices, c is the light speed,
Z is the atomic number, and r is the position of electron.
V DF includes the direct and exchange parts of the Dirac-Fock
interaction with the Pd-like core. The DF operator at this stage
is modified to include the Breit interaction

Bi, j = − 1

2ri j

[
αi · α j + (αi · ri j )(αi · ri j )

/
r2

i j

]
. (18)

Next, a large valence basis of one-particle orbitals is generated
by diagonalizing a set of B splines over the one-electron
DFB operator. Many-electron configurations for the CI ex-
pansion are constructed with these orbitals. For Cd+, we
need to access the hole states, so we employ a particle-hole
CI+MBPT [33], for which the core 4d shell is unfrozen and
included in the CI configurations. The configuration set is
generated from all single and double excitations up to 10spdf
from leading configurations 5s, 5p, 5d , and 4d−1 5s2. Corre-
lations with core shells not included in the CI expansion use
the MBPT for both Cd and Cd+. This includes excitations
to virtual orbitals up to 30spdf g. For neutral Cd, the CI
configurations include all valence excitations from the leading
configuration 5s2 and 5s5p up to level 20spdf , but hole cor-
relations are less important and are only included in MBPT.
In addition to the Cd+ 214.5-nm transition, we also calculate
the IS factors of three important transitions in Cd/Cd+ that
are Cd+ 5s 2S1/2-5p 2P1/2 (226.5 nm), Cd 5s5p 3P2-5s6s 3S1

(508.6 nm), and Cd 5s2 1S0-5s5p 3P1 (326.1 nm) transitions.
The CI+MBPT calculation reproduces the transition energies
of the Cd+ 214.5-nm and 226.5-nm transitions and the Cd
508.6-nm and 326.1-nm transitions within a 2% accuracy
for the calculation of the F and K factors, such accuracy is
sufficient.

The normal mass shift and the field shift are calculated
by modifying the Dirac-Fock operator. The normal mass shift
constant can be expressed in atomic units as

kNMS = 1

2mu

∑
i

p2
i , (19)

where mu = 1823 is the ratio of the atomic mass unit to the
electron mass and the sum is over all electron momenta pi.
A scaling factor λ ahead of the kNMS operator is added in the
finite field scaling calculation. The specific mass shift constant
is

kSMS = 1

mu

∑
i< j

pi · p j, (20)

and in order to calculate kSMS in the finite-field scaling
method, a rescaled two-body SMS operator is added to the
Coulomb potential everywhere that it appears in an energy
calculation,

Q̃ = 1

r1 − r2
+ λp1 · p2. (21)

Note that we use a relativistic formulation of the mass shift
that reduces to the equations above in the nonrelativistic limit.
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TABLE II. F and K factors for Cd+ and Cd obtained from the
King-plot analysis and the CI+MBPT calculations and comparisons
with the early King-plot and semiempirical theoretical results.

F (MHz/fm2) K (GHz u) Sources

Cd+ 5s 2S1/2-5p 2P3/2 (214.5 nm)
−6621(530) 2199(507) King plot
−6144(300) 1667(300) CI+MBPT
−6260(1860) 1860(1920) King plot [13]

Cd 5s5p 3P2-5s6s 3S1 (508.6 nm)
1300(110) −112(105) King plota

1228(60) −63(400) CI+MBPT

Cd+ 5s 2S1/2-5p 2P1/2 (226.5 nm)
−6067(300) 1770(300) CI+MBPT
−6077(734) 1468(734) Semiempirical [31]
−6174(778) 558(385) Semiempirical [32]

Cd 5s2 1S0-5s5p 3P1 (326.1 nm)
−4559(230) 1865(400) CI+MBPT
−4420(340) 1717(330) King plot [18]
−3910(460) 876(230) Semiempirical [21]
−3900(460) 809(407) Semiempirical [20]

aKing plot is made by using the IS data of Ref. [13].

We perform multiple almost identical CI+MBPT calculations
which differ only in λ, and the KNMS or KSMS are extracted by

KNMS,SMS = dν

dλ

∣∣∣∣
λ=0

. (22)

The field shift component of the IS is given by

δνA′,A = Fδ〈r2〉A′,A = F
(〈

r2
A′
〉 − 〈

r2
A

〉)
, (23)

where 〈r2〉 is the mean-square charge radius. The field shift
constant, F , is extracted by varying the nuclear radius in the
code (in AMBIT the nuclear charge has a Fermi distribution)
and taking the derivative

F = dν

d〈r2〉 , (24)

at the physical point.
Table II summarizes the values of the F and K factors.

For the Cd+ 214.5-nm transition, the CI+MBPT results for F
are consistent with our King-plot results and Ref. [13] within
an 8% deviation. The CI+MBPT results for K are lower
than the King-plot data by 30%, where the 30% difference
is well within the combined uncertainty. For the isotopes of
A = 117, 118, 119, 120, 122, the IS measurement of the Cd
5s5p 3P2 → 5s6s 3S1 (508.6-nm) transition has relatively high
accuracy [13]. A King-plot analysis adopting the IS values
of Ref. [13] is performed to extract the Rch in 117–120,122Cd,
and the results are compared with the CI+MBPT results;
an agreement within the uncertainties is obtained. For the
Cd+ 226.5-nm transition, the F factor calculated by the
CI+MBPT is in excellent agreement with early semiempirical
data, whereas the K factor calculated by the CI+MBPT seems
to support the result of Bishop and King [31] and differs from
the result of Bauche et al. [32]. For the Cd 326.1-nm tran-
sition, the F and K factors calculated by the CI+MBPT are
consistent with the King-plot results [18], indicating that the

early semiempirical work [20,21] may have underestimated
the F and K values.

Accurate calculations of F and K factors are a substan-
tial challenge for many-body atomic theory. Although the
CI+MBPT method was checked for accuracy and reliabil-
ity in calculations of the atomic factors of other monovalent
ions and neutral atom systems (see, e.g., Ca+ [12,34,35] and
Yb+ [36]), for the specific mass shift, with the CI+MBPT
method it is hard to achieve a result better than 20%–30%
accuracy [37], and the CI+MBPT calculation also showed a
difference with another theoretical method [38]. In this work,
the uncertainties in F and K are estimated according to the
influence of the more extensive configuration expansion and
higher-order correlations, and they are given in parentheses in
Table II.

V. NUCLEAR CHARGE RADII OF 100–130Cd

On the basis of the above King-plot analysis, δ〈r2〉 and
Rch of 100–130Cd can be extracted with higher accuracy. The
values for F and K are obtained based on seven isotope pairs
that have available measured values of λ. Then the values of
λ for all isotopes can be determined in terms of Eq. (5) for
given measured values of δνA,A′

. An individual linear trans-
formation μλCd → (μλCd − α) [13,35] is used to simplify the
correlation between F and K , where α denotes a parameter of
the linear transformation. We then perform a linear transfor-
mation for individual isotopes to obtain F and Kα . Finally, the
δ〈r2〉 value is determined using

λA,A′ = δνA,A′ − Kα/μA,A′

F
+ α

μA,A′

= δ〈r2〉A,A′ + C2

C1
δ〈r4〉A,A′ + C3

C1
δ〈r6〉A,A′

≈ 0.973 δ〈r2〉A,A′
, (25)

where C1,2,3 denote the coefficients associated with contri-
butions from higher radial moments [39]. The higher-order
terms have −2.7% contribution to the determination of the
δ〈r2〉 [18], therefore we choose a parameter 0.973 to take into
account the role of the higher-order terms [13].

The values of δ〈r2〉A,114 and Rch for 100–130Cd are sum-
marized in Table III. The difference in δ〈r2〉A,114 between
this work and Ref. [13] increases from 0 to 0.012 when A
changes from 114 to 100 and from 0 to 0.008 when A changes
from 114 to 130. The uncertainties in δ〈r2〉A,114 have three
sources that arise from δνA,114, F , and Kα . Specifically, the
uncertainty in δ〈r2〉A,114 arising from F and Kα is estimated to
be

√
σ (δ〈r2〉A,114)|2F + σ (δ〈r2〉A,114)|2Kα

, for which

σ (δ〈r2〉A,114)|F =
∣∣∣∣−(δνA,114 − Kα/μA,114)σ (F )

0.973F 2

∣∣∣∣,
σ (δ〈r2〉A,114)|Kα

=
∣∣∣∣ −σ (Kα )

0.973FμA,114

∣∣∣∣. (26)

The extracted Rch of this work and Ref. [13] are compared
in Fig. 3. The more accurate F and K factors yield a pre-
cise determination of Rch, especially for isotopes from the
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TABLE III. The δ〈r2〉A,114 (fm2) and Rch (fm) values of 100–130Cd extracted from δνA,114, as taken from our Cd+ 214.5-nm line measurement
results (*), the Cd 508.6-nm line (†), and the Cd+ 214.5-nm line (untagged) measurement results in Ref. [13]. The linear transformation
parameters, α (fm2 u) and Kα (GHz u), are individually for each isotope. For δ〈r2〉A,114 and Rch, uncertainties caused by the errors in δνA,114,
and the errors in F and Kα are given in the first and second parentheses. The measurement uncertainty of Rch in 114Cd is given in the third
parentheses. The column under “Difference” compares δ〈r2〉A,114 of this work and Ref. [13]. For explanations for the numbers in parenthese
and brackets in δνA,114 see the caption of Table I.

A δνA,114 α Kα δ〈r2〉A,114 δ〈r2〉A,114 [13] Difference Rch

100 6371.6(31)[114] 1030 −4621(85) −1.409(5)(18) −1.421(5)(43) 0.012 4.4567(6)(21)(10)
101 5859.9(22)[105] 1031 −4627(86) −1.295(4)(17) −1.307(4)(40) 0.012 4.4694(4)(19)(10)
102 5037.2(24)[87] 1007 −4468(80) −1.135(3)(14) −1.144(3)(25) 0.009 4.4873(3)(15)(10)
103 4621.6(24)[79] 1011 −4495(81) −1.038(3)(13) −1.046(3)(24) 0.008 4.4981(3)(14)(10)
104 3922.7(24)[79] 990 −4356(77) −0.897(2)(10) −0.904(2)(16) 0.007 4.5137(2)(12)(10)
105 3608.7(22)[70] 1001 −4429(78) −0.817(2)(10) −0.823(2)(16) 0.006 4.5225(2)(11)(10)
106 2984.2(7)∗ 979 −4283(75) −0.690(1)(8) −0.695(2)(12) 0.005 4.5366(1)(9)(10)
107 2730.9(23)[54] 998 −4409(78) −0.620(2)(7) −0.625(2)(12) 0.005 4.5443(2)(8)(10)
108 2188.2(19)∗ 977 −4270(75) −0.506(1)(6) −0.510(1)(9) 0.004 4.5568(1)(6)(10)
109 1958.3(22)[38] 1006 −4462(80) −0.442(1)(5) −0.445(1)(9) 0.003 4.5639(1)(6)(10)
110 1428.8(11)∗ 976 −4263(75) −0.331(1)(4) −0.334(1)(6) 0.003 4.5760(1)(4)(10)
111 1314.3(22)[23] 1057 −4799(94) −0.285(1)(4) −0.288(1)(12) 0.003 4.5810(1)(4)(10)
112 673.6(8)∗ 963 −4177(73) −0.158(1)(2) −0.159(1)(4) 0.001 4.5948(1)(2)(10)
113 555.2(23)[8] 1178 −5601(143) −0.113(1)(2) −0.114(1)(10) 0.001 4.5998(1)(2)(10)
114 0 0 0 0 4.6120(0)(0)(10)
115 −110.4(29)[7] 748 −2753(128) 0.043(1)(2) 0.043(1)(12) 0.000 4.6167(1)(2)(10)
116 −520.7(14)∗ 898 −3747(77) 0.134(1)(2) 0.134(1)(8) 0.000 4.6264(1)(2)(10)
117 192.9(11)[21]† 841 982(19) 0.172(1)(4) 0.171(1)(8) 0.001 4.6306(1)(4)(10)
118 275.5(20)[14]† 867 1016(17) 0.244(3)(5) 0.243(3)(22) 0.001 4.6384(3)(5)(10)
119 319.0(10)[32]† 844 986(19) 0.285(3)(6) 0.283(3)(33) 0.002 4.6428(3)(7)(10)
120 386.5(10)[21]† 850 994(18) 0.344(3)(7) 0.342(3)(37) 0.002 4.6492(3)(8)(10)
121 −1309.3(40)[50] 833 −3316(94) 0.377(4)(9) 0.375(4)(49) 0.002 4.6527(4)(9)(10)
122 484.9(11)[27]† 835 974(19) 0.434(5)(10) 0.431(5)(54) 0.003 4.6588(5)(11)(10)
123 −1551.5(37)[65] 821 −3237(98) 0.461(6)(12) 0.457(6)(67) 0.004 4.6617(6)(13)(10)
124 −1748.2(22)[72] 825 −3263(97) 0.514(6)(13) 0.510(6)(72) 0.004 4.6674(6)(14)(10)
125 −1757.3(35)[79] 810 −3164(102) 0.537(7)(15) 0.533(7)(86) 0.004 4.6699(7)(16)(10)
126 −1957.6(22)[86] 815 −3197(101) 0.590(8)(16) 0.585(8)(90) 0.005 4.6755(9)(17)(10)
127 −1912.3(30)[94] 799 −3091(107) 0.604(9)(18) 0.599(9)(106) 0.005 4.6771(10)(20)(10)
128 −2171.6(23)[100] 809 −3157(103) 0.666(9)(19) 0.660(9)(107) 0.006 4.6836(10)(20)(10)
129 −1911.1(55)[108] 780 −2965(114) 0.646(12)(23) 0.638(12)(133) 0.008 4.6815(13)(24)(10)
130 −2208.1(33)[115] 793 −3051(109) 0.713(11)(23) 0.705(11)(132) 0.008 4.6886(12)(24)(10)

neutron-deficient (N < 60) and neutron-rich (N > 70) re-
gions. The linear transform for the individual isotope has Kα

and σ (Kα ) values specific to each isotope, which should be
advantageous for the decrease of the uncertainties of δ〈r2〉A,114

caused by uncertainties of the F and K factors. Our Rch values
agree with Ref. [13], lying well within their uncertainties but
with much-improved accuracy. For the neutron-rich region,
the Rch accuracy has been improved nearly five times. The
improved accuracy highlights the odd-even staggering (OES)
of Rch in Cd isotopes for N > 70, the phase of which is
uncertain in previous works.

The present high-precision results of Rch in 100–130Cd set a
formidable benchmark for the latest advances in nuclear the-
ory. In Fig. 3, we include two modern theoretical predictions
for comparison: Fayans functional Fy(�r) [13,40] and one
of the best fits of Skyrme-Hartree-Fock-Bogoliubov mass for-
mula, HFB-24 [41] (values are given in Table V of Appendix
2). Note that other predictions from different density func-
tional calculations have been compared in Ref. [13], but most
fail to reproduce the isotopic trend as a whole and OES in de-

tail. The Fy(�r) model, which includes gradient terms in sur-
face term and pairing functional [40,42], reproduces satisfy-
ingly the experimental data. This functional is tuned with the
Ca chain [40] and performs well for the Cd chain, capturing
not only the isotopic trend but also the correct phase of OES.

Nevertheless, the Fy(�r) results for neutron-rich Cd nu-
clei near N = 82, which are within the errors of previous
experimental data, are now beyond the high-accuracy results
obtained in this work. The amplitudes of OES are gener-
ally overestimated by Fy(�r), similar to its description for
potassium isotopes [1]. The HFB-24, in which the strength in
contact pairing for neutrons (protons) depends on the neutron
and proton densities, provides a remarkable quantitative de-
scription of the experimental data. However, some apparent
discrepancies exist in the OES, e.g., the opposite phase near
N = 80. Other best Skyrme HFB mass formulas [41,43,44]
show similar performances as HFB-24. Therefore, the present
100–130Cd Rch, with improved accuracy, particularly for the
neutron-rich region, is set to provide stringent tests and chal-
lenges for advanced nuclear models.
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FIG. 3. (a) Rch of 100–130Cd, as compared with Ref. [13] and
theoretical predictions obtained using Fy(�r) and HFB-24. The red
and blue shaded regions denote the uncertainty range for this work
and Ref. [13]. (b) The uncertainties σ (Rch ) of the Rch.

VI. CONCLUSION

In this work, the δ〈r2〉A,114 and Rch of 100–130Cd are ex-
tracted with improved precision by adopting more-accurate
atomic IS factors. The IS of the 214.5-nm transition in Cd+

is measured with higher accuracy using the ion trap and the
sympathetic cooling technique. Given the new IS value, a
systematic King-plot analysis is performed to determine the
atomic IS factors. The accuracy of the determined factors
improves nearly fourfold compared with that of previous
results [13]. Furthermore, the CI+MBPT calculations are
performed to cross-check the accuracy and reliability of the
extracted atomic IS factors. New δ〈r2〉 and Rch of 100–130Cd are
then extracted using the atomic IS factors given in this work.
In the neutron-rich region, the accuracy of Rch is improved
nearly fivefold. The Rch values reported in this work reveal
hidden discrepancies with the previous density functional pre-
dictions [40,41,41–44] and set stringent constraints to current
nuclear theories, in which newly developed density functional
calculations, HFB-24 [41] and Fy(�r) [40], fail to repro-
duce the present results perfectly. In addition, the accurate
nuclear charge radius will be helpful in the investigation of

TABLE IV. Input data of the York regression. μδνA,A′
214.5 and

σ (μδνA,A′
214.5) are the modified IS and its uncertainties of the Cd+’s

214.5-nm transition, in GHz u units. μλA,A′
Cd and σ (μλA,A′

Cd ) are the
modified nuclear size parameter and its uncertainties, in fm2 u units.

(A, A′) μδνA,A′
214.5 σ (μδνA,A′

214.5) μλA,A′
Cd σ (μλA,A′

Cd )

(108,106) −4550.7 10.7 985.7 24.0
(110,108) −4503.4 12.0 1034.2 24.9
(112,110) −4642.5 7.0 1041.9 25.8
(111,110) −1393.6 40.9 531.8 51.1
(114,112) −4289.5 5.1 986.4 26.7
(113,112) −1492.5 32.3 563.6 53.0
(116,114) −3433.0 9.1 853.2 27.7

the shell closure of Cd when expanding to the magic number
of N = 82.
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APPENDIX

1. Input data of the York regression

The input data of the York regression are given in Table
IV. The correlation coefficient r between σ (μδνA,A′

214.5) and
σ (μλA,A′

Cd ) is 0.95.

2. Theoretical predicted Rch values in Cd

The theoretical predicted Rch values in 100−130Cd of the
Skyrme–Hartree–Fock–Bogoliubov mass formulas HFB-24
and Fayans functioncal Fy(�r) in Fig. 3 are given in
Table V.

TABLE V. Theoretical predicted Rch values in 100−130Cd of the
HFB-24 and Fy(�r) in Fig. 3. Values of the Fy(�r) are obtained
from [13].

A N HFB-24 Fy(�r)

100 52 4.458 4.448
101 53 4.474 4.454
102 54 4.487 4.479
103 55 4.500 4.485
104 56 4.514 4.511
105 57 4.522 4.516
106 58 4.536 4.538
107 59 4.539 4.541
108 60 4.558 4.565
109 61 4.566 4.564
110 62 4.581 4.586
111 63 4.580 4.586
112 64 4.595 4.604
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TABLE V. (Continued.)

A N HFB-24 Fy(�r)

113 65 4.605 4.604
114 66 4.614 4.621
115 67 4.616 4.619
116 68 4.628 4.634
117 69 4.637 4.630
118 70 4.630 4.646
119 71 4.634 4.640
120 72 4.645 4.655
121 73 4.641 4.651

TABLE V. (Continued.)

A N HFB-24 Fy(�r)

122 74 4.650 4.664
123 75 4.655 4.659
124 76 4.658 4.671
125 77 4.666 4.665
126 78 4.667 4.675
127 79 4.675 4.667
128 80 4.672 4.676
129 81 4.686 4.668
130 82 4.685 4.673
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