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Hamiltonian engineering of general two-body spin-1/2 interactions
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Spin Hamiltonian engineering in solid-state systems plays a key role in a variety of applications ranging
from quantum information processing and quantum simulations to novel studies of many-body physics. By
analyzing the irreducible form of a general two-body spin-1/2 Hamiltonian, we identify all interchangeable
interaction terms using rotation pulses. Based on this identification, we derive pulse sequences, defined by
an icosahedral symmetry group, providing the most general achievable manipulation of interaction terms. We
demonstrate that, compared to conventional Clifford rotations, these sequences offer advantages for creating
Zeeman terms essential for magnetic sensing and could be utilized to generate interaction forms unreachable by
standard rotations. The exact series of pulses required to generate desired interaction terms can be determined
from a linear programming algorithm. For realizing the sequences, we propose two experimental approaches
involving pulse product decomposition and off-resonant driving. The resulting engineered Hamiltonians could
contribute to the understanding of many-body physics, and result in the creation of quantum simulators and the
generation of highly entangled states, thereby opening avenues in quantum sensing and information processing.

DOI: 10.1103/PhysRevResearch.2.013061

I. INTRODUCTION

For many decades, rotation pulse sequences have been uti-
lized in nuclear magnetic resonance (NMR) for manipulating
spin states through Hamiltonian engineering [1,2]. In recent
years, solid-state spin systems such as defects in diamond,
silicon, and silicon carbide, as well as atomic systems (includ-
ing Rydberg atoms and tweezer-trap arrays), have emerged as
useful platforms for quantum technologies, thereby reviving
the necessity in efficient spin control schemes. In particular,
nitrogen-vacancy (NV) centers in diamond, which offer opti-
cal initialization and readout capabilities, and can be treated
to some extent as spin-1/2 qubits, are widely used for sensing
[3–9] and quantum information processing [10–13]. Manip-
ulating the dipolar interactions within an ensemble of such
spins could pave the way toward novel studies of many-body
dynamics [14–16], the creation of quantum simulators and
advanced quantum sensors [17], and generation of nonclas-
sical spin states [16,18]. Recent studies of such Hamiltonian
engineering, analyzing the effects of control pulses from the
Clifford rotation group, resulted in a scheme of generating
certain types of Hamiltonians [17].
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Here, we use group theory to go beyond previous work,
introducing a completely general platform for interaction ma-
nipulation, namely, pulse sequences defined by an icosahedral
symmetry. While describing the limitations of achievable
control with standard Clifford-based rotations, we emphasize
that icosahedral pulses allow the most general achievable
engineering of Hamiltonian interaction terms. In the practi-
cal case of quantum sensing in interacting ensembles, this
approach is shown to break the performance bound of the
standard Clifford-based rotation schemes. By utilizing a linear
programming algorithm, we derive the proper sequences for
transforming the natural NV-NV dipolar interaction Hamil-
tonian to several target Hamiltonians, some of which could
not be previously obtained. Our proposal of two practical
experimental approaches for realizing these schemes, and sup-
porting simulations of the resulting spin dynamics, emphasize
the applicability of the icosahedral sequences in a variety of
quantum systems consisting of spin ensembles.

II. IRREDUCIBLE INTERACTION REPRESENTATION

We begin by introducing the general interaction Hamilto-
nian of N spin-1/2 particles, which contains up to two-body
interaction terms,

H =
∑
a,i

�n(a)
i · �σ (a)

i +
∑

a<b,i, j

T (ab)
i j σ

(a)
i σ

(b)
j , (1)

where σ represents the Pauli spin operators, a, b ∈ {1 . . . N}
the spin indices in the ensemble, T (�n) is the matrix (vector)
of coefficients for the two-body interaction (one-spin) terms,
and i, j ∈ {x, y, z}. The coefficient matrix can be written in the
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irreducible form

T (ab)
i j σ

(a)
i σ

(b)
j = α(ab) �σ (a) · �σ (b)+�β (ab) ·

⎡
⎢⎣

σ (a)
y σ (b)

z − σ (a)
z σ (b)

y

σ (a)
z σ (b)

x − σ (a)
x σ (b)

z

σ (a)
x σ (b)

y − σ (a)
y σ (b)

x

⎤
⎥⎦

︸ ︷︷ ︸
�λ(ab)

1

+ �γ (ab) ·

⎡
⎢⎢⎢⎢⎢⎢⎣

σ (a)
x σ (b)

x − σ (a)
z σ (b)

z

σ (a)
y σ (b)

y − σ (a)
z σ (b)

z

σ (a)
x σ (b)

y + σ (a)
y σ (b)

x

σ (a)
x σ (b)

z + σ (a)
z σ (b)

x

σ (a)
y σ (b)

z + σ (a)
z σ (b)

y

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�λ(ab)

2

, (2)

with α(ab) = Tr T (ab)

3 , β
(ab)
k = 1

2εi jkT (ab)
i j and �γ (ab) is extracted

from the traceless symmetric matrix

(
T + T †

2
− Tr (T )

3

)
=

⎡
⎣γ1 γ3 γ4

γ3 γ2 γ5

γ4 γ5 −γ1 − γ2

⎤
⎦

by

�γ =

⎡
⎢⎢⎢⎣

γ1

γ2

γ3

γ4

γ5

⎤
⎥⎥⎥⎦.

In the first order of the Magnus expansion [19], applying a
series of pulses {Pk} at times {tk} can transform the initial
Hamiltonian Eq. (1) to the engineered Hamiltonian

H̄ =
∑
a,i

PS(1) (�n(a)
i

) · �σ (a)
i +

∑
a<b,i< j

[
α(ab) �σ (a) · �σ (b)

+ PS(1)(�β (ab) ) · �λ(ab)
1 + PS(2)(�γ (ab) ) · �λ(ab)

2

]
, (3)

where PS(1) and PS(2) are 3 × 3 and 5 × 5 matrices uniquely
representing the effects of the pulse sequence on the interac-
tion terms (Appendix). These matrices correspond to convex
combinations of the three dimensional matrix representing
rotation around the axis n̂ by a general angle 0 < θ < 2π ,
R3×3

n̂,θ , and of a 5 × 5 reduced form of R3×3
n̂,θ ⊗ R3×3

n̂,θ , respec-
tively (after removing the redundancy in the traceless sym-
metric matrix, see Appendix). Here, we will focus on specific
rotation angles θ and axes n̂ characterizing two symmetry
groups, the Clifford group, and the regular icosahedral group,
demonstrating that the latter provides the most general in-
teraction manipulation capabilities. Note that rotation pulses
cannot modify the isotropic interaction part �σ (a) · �σ (b).

III. HAMILTONIAN ENGINEERING CONCEPTS

A. Clifford and icosahedral rotation sequences

Forming the Clifford rotation group [Fig. 1(a)], one basic
family of spin-control sequences consists of a series of ( π

2 )-
rotation pulses {Pk} applied around the three principle axes of
the Bloch-sphere at times {tk} [17]. For adjacent pulses with
zero spacings (t j − t j−1 = 0 for a given j), such a structure

FIG. 1. Schematic of the angles and axes of pulses derived from
the (a) Clifford and (b) icosahedral symmetry groups, with ϕ = 1+√

5
2

the golden ratio.

considers rotations by any integer multiplying angles of ( π
2 ).

The utilization of such sequences, which were obtained by
linear programming, was recently proposed for the engineer-
ing of the one-spin Hamiltonian proportional to

∑
a σ (a)

z [17].
We extend this work by studying the general Hamiltonian
engineering capabilities of the Clifford group, as well as a
higher dimensional icosahedral symmetry group.

In considering the structure of matrices forming the Clif-
ford rotation group [Fig. 1(a)] [20], although the general
structure of PS(1) can contain nine nonzero elements, the
form of PS(2) must consist of two independent (2 × 2 and
3 × 3) blocks, with all other elements equal to zero. As a
result, the capabilities of interchanging different interaction
terms are limited. While the isotropic part �σ (a) · �σ (b) cannot
be manipulated at all, different interaction terms inside the
vector �λ(ab)

1 can be interchanged only among themselves,
similarly to the first two components of �λ(ab)

2 and the last
three components of �λ(ab)

2 . For example, the initial interaction
term σ (a)

x σ (b)
x − σ (a)

z σ (b)
z cannot be transformed into the term

σ (a)
x σ (b)

y + σ (a)
y σ (b)

x by applying sequences consisting of solely
( π

2 )-pulses.
The structure of matrices forming the regular icosahedral

symmetry group [Fig. 1(b)] [20], however, provides a different
picture: the application of a series of ( 2π

5 ) pulses, at angles
determined by this symmetry group, imposes no limitations
upon the elements of the matrix PS(2). As a result, such
icosahedral pulses enable interchanging different interaction
terms inside the vector �λ(ab)

2 , thereby providing the most gen-
eral manipluation capabilities of two spin-interaction terms.
Utilizing icosahedral pulses could transfer an interaction term
of the form σ (a)

x σ (b)
x − σ (a)

z σ (b)
z , for example, to the final term

σ (a)
x σ (b)

z + σ (a)
z σ (b)

x , which could not be generated solely by
Clifford rotations.

B. Extracting a pulse sequence for a target Hamiltonian

Extracting the right pulse sequence that transforms an
initial Hamiltonian to a desired one involves utilizing linear
programming [17]. Given a matrix A, a vector �b, and lower
and upper bounds �lb, �ub, such an algorithm is designed to find
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the vector �x, satisfying

A�x = �b (4)

between the limits �lb < �x < �ub, while minimizing the l1 norm
of the solution. The problem of identifying the right sequence
for Hamiltonian engineering is mapped onto this algorithm in
the following way [17]: Considering all {Rk} matrices forming
the chosen rotation symmetry group (Clifford or icosahedral
in our case), and the vectors �vin = [�βin �γin]T (or [�nin �γin]T ,
see below) and �b = [�β f �γ f ]T (or [ �n f �γ f ]T ) representing
the initial and final interaction terms [see Eq. (2)], we denote
A = (�vi ⊗ 1)R, where R is a matrix whose different columns
represent the effects of different rotations from the symmetry
group (Appendix). This way, for a sequence with a total cycle
time T , the kth element of the solution vector to Eq. (4),
xk = τk

T , will represent the duration within the sequence τk

associated with the rotation Rk (for excluded rotations, xk =
0). As the actual applied control pulses {Pk} at times {tk}
satisfy the relation Rk = ∏k

i=1 Pi (Appendix), inverting this
relation will identify the desired pulse sequence. Additional
symmetrization was applied to cancel higher (even) orders of
average Hamiltonian terms. Moreover, initial and final pulses
were introduced to satisfy the cyclic condition of the average
Hamiltonian theory for a sequence with n pulses, H̄1 = H̄n

[1,2,19], and pulses with nontrivial angles and axes were
decomposed (as composite pulses) to products of ( π

2 ) and
( 2π

5 )-pulses.

IV. IMPLEMENTATION ON ENSEMBLES
OF NV CENTERS IN DIAMOND

One of the most promising platforms for studying many-
body dynamics in the solid-state is the optically addressable
spin ensemble of NV centers. We now discuss, within the
framework of the average Hamiltonian theory, several useful
target Hamiltonians that could be engineered by pulse se-

quences affecting the initial NV-NV interaction Hamiltonian
(essentially relevant for general dipole coupling). Considering
a two-level manifold (e.g., ms = 0, 1) of the NV ground states
with a particular crystallographic orientation, in the rotating
frame with respect to the bare Hamiltonian, and under the
rotating wave approximation, such an interaction Hamiltonian
is given by [14,16,21]

HNV = γ Bz

∑
a

σ (a)
z +

∑
a<b

ω(ab)(�σ (a) · �σ (b) − 2σ (a)
z σ (b)

z

)
,

(5)

where the dipolar interaction strengths ω(ab) between spins a
and b depend on their relative positions, γ is the electron gy-
romagnetic ratio, and Bz corresponds to an external magnetic
field. The second term of the right-hand side of Eq. (5) repre-
sents dipolar interactions, while the first term, often referred
to as the Zeeman term, is essential for magnetic sensing.

A. Reproduction of known sequences

First, we verify the validity of the linear programming
procedures by reproducing the well-known Waugh-Huber-
Haeberlen (WAHUHA) sequence [1] [Fig. 2(a)], which was
designed in NMR to decouple spin-1/2 dipolar interaction,
while flipping the Zeeman term along the three axes of the
Bloch sphere. Due to the inequivalency between the two-level
manifold of NV centers and spin-1/2 systems, the dipolar
terms are not decoupled completely, and the isotropic part
Hiso = ∑

a<b ω(ab) �σ (a)·�σ (b)

3 remains [16,21] [Fig. 2(a)]. Modi-
fying the timing of pulses in the WAHUHA sequence could
result in the generation of interaction Hamiltonians, paving
the way toward the creation of non-classical states such as
spin-squeezed states [16,18].

Subsequently, we utilize the linear programming algorithm
for extracting the sequences required for generating several
useful Hamiltonians (Figs. 2 and 4). By considering Clifford

FIG. 2. Pulse sequences generating various target Hamiltonians (right column) from the initial NV-NV interaction Hamiltonian Eq. (5):
(a) Averaged out dipolar interactions by utilizing the WAHUHA sequence. (b), (c) Zeeman Hamiltonian essential for magnetic sensing, utilizing
pulses taken from the (b) Clifford [17] and (c) icosahedral symmetry groups. The icosahedral sequence results in a stronger Zeeman term.
Rotation angles and axes are presented above each schematic, time spacings between pulses are given in arbitrary units.
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FIG. 3. Simulated fidelity of an NV ensemble spin state initial-
ized along the x axis as a function of time, under the evolution of
an ideal Zeeman Hamiltonian with Bz = 2 nT, and target Zeeman
Hamiltonians generated by 100 repetitions of sequences presented
in Figs. 2(b) and 2(c): Clifford rotations, symmetrized and non-
symmetrized icosahedral sequences. The 1/2 Zeeman coefficients
generated by icosahedral pulses could offer enhanced sensitivities
over Clifford rotations, which result in a Zeeman coefficient of 1/3.

rotations only, our code reproduces the HoRD-qubit-5 pulse
sequence obtained by O’Keeffe et al. [17] [Fig. 2(b)] for
decoupling dipolar interactions while keeping the one-spin
Zeeman Hamiltonian, which is essential for magnetic sensing.

B. Hamiltonian engineering utilizing icosahedral sequences

By extending spin control to pulses oriented along the
angles of an icosahedron, we reveal a 14-pulse sequence
consisting of ( 2π

5 ) and ( 4π
5 ) pulses, which is expected

to generate a similar Zeeman term with strength greater
than HoRD-qubit-5 (∼ 1

2 versus 1
3 , as emphasized by

simulations in Fig. 3). We now detail this derivation:
starting from the initial NV Hamiltonian Eq. (5), a two-body
interaction term with strength ω can be written according to
Eq. (2) in the irreducible form �nin = γ Bz[0, 0, 1], αin = 1

3ω,
�βin = �0, �γin = 2

3ω[1, 1, 0, 0, 0]. Similarly, the target Zeeman

interaction corresponds to �n f = γ Bz[0, 0, 1], α f = 1
3ω,

�β f = �0, �γ f = �0. Since �β = �0 and the isotropic term is not
affected by pulse sequences, the linear programming is
solved for the remaining nonzero terms �vin = [�nin �γin]T ,
�v f = [�n f �γ f ]T . The resulting seven nonzero components
of �x, [1, ϕ, 2ϕ − 1, 2, ϕ + 1, ϕ + 1, 2ϕ − 2], associated
with the rotation matrices with angles and axes presented
in Fig. 2(c), are then symmetrized from a 12-pulse
sequence. Finally, applying additional initial and final
( 4π

5 ) pulses around the angles [0, 1, ϕ], [0,−1,−ϕ]
provide the cyclic condition H̄1 = H̄15 essential for
Hamiltonian engineering [1,17,19]. The average Hamiltonian

resulting from applying this sequence, H̄ =
∑15

k=1 τk H̄k

T ,
incorporates a Zeeman coefficient of 1

2 [Fig. 2(c)], which is
greater than the 1

3 coefficient produced by the HoRD-qubit-5
sequence. In Fig. 3, we compare between simulated dynamics
under the pure Zeeman Hamiltonian with the average
Hamiltonians obtained using the HoRD sequence, the
icosahedral sequence, and its symmetrized variant. The
clear advantage of the latter is evident. As a result, utilizing
such icosahedral pulses could potentially result in enhanced
magnetic sensitivities.

The advantages of icosahedral pulse sequences can be fur-
ther emphasized by applying a ten-pulse sequence [Fig. 4(a)]
on the NV ensemble with no external field (Bz = 0), resulting
in the interaction term σ (a)

x σ (b)
y , which cannot be generated

solely by Clifford rotations. Another useful interaction term,
generatable at Bz = 0 by either Clifford rotations or icosahe-
dral pulses, is proportional to σ (a)

z σ (b)
z [Fig. 4(b)], excluding

additional isotropic terms. For a product state initialized along
the x-y plane of the Bloch-sphere, general spin dynamics
under this Hamiltonian can be written as a closed analytic
expression [16], providing deep physical understanding of the
system, as well as simulation capabilities of large ensembles.

C. Experimental realization schemes

The conventional experimental realization of NV spin
control utilizes an in-phase-and-quadrature-modulated
microwave signal, generating on-resonant pulses along

FIG. 4. Pulse sequences generating various target Hamiltonians (right column) from the initial NV-NV interaction Hamiltonian Eq. (5) with
Bz = 0: (a) σxσy Hamiltonian, which could not be generated solely by Clifford rotations. (b) σz-product Hamiltonian excluding any additional
isotropic terms, under which spin dynamics can be expressed analytically. (b) Rotation angles and axes are presented above each schematic,
time spacings between pulses are given in arbitrary units.
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the x − y plane of the Bloch sphere. However, in contrast to
conventional pulse sequences consisting of pulses solely
along the x − y plane, implementing the icosahedral
sequences requires spin control along the x − z and y − z
planes. One possible experimental realization of such pulses
involves their decomposition into products of three rotations
in the x − y plane: A rotation by the angle θ along the axis
n1x̂ + n2ẑ can be realized by

e− iθ
2 (n1σx+n2σz ) = e− iπ

4 σx e− iθ
2 (n1σx+n2σy )e

iπ
4 σx , (6)

while a similar rotation along the axis n1ŷ + n2ẑ can be
realized by

e− iθ
2 (n1σx+n2σz ) = e

iπ
4 σy e− iθ

2 (n1σy+n2σx )e− iπ
4 σy . (7)

An alternative approach, which does not incorporate addi-
tional pulses over the theoretical sequence, involves applying
the pulses off-resonantly. In this approach, driving the qubit
transition (e.g. ms = 0 ↔ ms = +1) with energy ω0 at a Rabi
frequency  is detuned by a frequency δ. Under such a driving
along the x axis,  cos[(ω0 + δ)t]σx, the total interaction
Hamiltonian, in the rotation frame with respect to 1

2 (ω0 −
δ)

∑
a σ (a)

z and under the rotating wave approximation yields

H = HNV + HCTRL = HNV + δ

2

∑
a

σ (a)
z + 

2

∑
a

σ (a)
x . (8)

For a given Rabi frequency , a rotation along the axis
n1x̂ + n2ẑ can be realized by choosing

δ = n2

n1
. (9)

Similarly, pulses along the axis n1ŷ + n2ẑ can be introduced
by driving with the same detuning along the y axis (e.g., using
in-phase-and-quadrature modulation).

To estimate the experimental performance of the icosa-
hedral sequences, we simulate the expected dynamics of
an NV ensemble state with realistic parameters (464 spins
with a typical interaction strength of ∼60 Hz, see Ref. [16])
initialized along the x axis under the icosahedral sequence in
Fig. 2(c) using a cluster-based approach [16]. The similari-
ties between the simulation results (presented in Fig. 5) of
applying theoretical instanteneous pulses and realistic pulses
with  = 10 MHz, utilizing both experimental approaches
described above, indicate the effectiveness of these sequences
for Hamiltonian engineering.

V. CONCLUSIONS

To summarize, we use group theory considerations to
generalize existing techniques for manipulating two-spin
interaction terms in the context of average Hamiltonian
theory. We then employ a linear programming code to
extract the pulse sequence required for the engineering of
target Hamiltonians from the initial ones. Such general
manipulations can be fully implemented with pulses derived
from the icosahedral symmetry group, as opposed to Clifford
rotations that provide partial capabilities [see Fig. 4(a)].
Starting from the NV-NV interaction Hamiltonian (general
dipolar coupling), generatable target Hamiltonians include
the Zeeman-preserving Hamiltonians essential for magnetic
sensing (with enhanced sensitivity compared to Hamiltonians
achievable using Clifford rotations) [Fig. 2(c)], Hamiltonians

0 50 100

Time [ms]

-1

-0.5

0

0.5

1

 S
x

Theoretical
x-y decomp
off-resonant

FIG. 5. Simulated fidelity of an NV ensemble spin state initial-
ized along the x axis as a function of time, under the evolution
of the Hamiltonian generated by 100 repetitions of the icosahedral
sequence presented in Fig. 2(c): Ideal pulses and experimental im-
plementation approaches of three-pulse-product decomposition an
off-resonant pulses.

whose dynamics can be expressed analytically [Fig. 4(b)],
as well as nontrivial Hamiltonians that could produce
nonclassical states (e.g., by modifying the WAHUHA
sequence). Beyond enhanced magnetic sensing, this
work could lead to studies of interacting spin ensembles.
Substituting the constant external field Bz in Eq. (5) by spin
dependent coefficients {δ(a)

z } may shed led on the effects of
spin disorder and many-body localization [21], and form
building blocks for solid-states quantum simulators [16,18].
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APPENDIX: HAMILTONIAN MODIFICATION UTILIZING
PULSE SEQUENCES—THEORETICAL DERIVATION

A general three-dimensional rotation by the angle θ around
the axis n̂ can be written in the form R3×3

n̂,θ = I + sin(θ )[n̂]× +
[1 − cos(θ )][n̂ ⊗ n̂], where I is the 3 × 3 unity matrix and
[n̂]× denotes the cross product of n̂. For a specific rotation
symmetry group with order m, a finite set of m matrices {R3×3

k }
represents all rotations applicable within the group. We denote
by {Rk} the generalized 2N × 2N operators equally rotating all
spins, and the matrix R5×5

k as the 5 × 5 reduced form of the
matrix R3×3

k ⊗ R3×3
k . The matrices in Eq. (3) are given by

PS(1) =
∑

k

τk

T
R3×3

k , (A1)

PS(2) =
∑

k

τk

T
R5×5

k , (A2)
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where T is total cycle time and τk is the time duration within
the sequence associated with the rotation Rk in the following
way: the kth rotation element represents the product of all
pulses applied before the time tk:

Rk =
k∏

i=1

Pi. (A3)

For a pulse sequence {Pk, tk} (with spacings τ j = t j −
t j−1), and following the notation Eq. (3), the superoperator

P̂S[H] =
n∑

k=1

τk

T
R−1

k HRk (A4)

characterizes the effect of the pulse sequence on the Hamil-
tonian via the Magnus expansion [19]. Applying this relation
on the separate terms of the irreducible interaction form in

Eqs. (1) and (2) yields

P̂S(�n(a) · �σ (a) ) =
[∑

k

τk

T

(
R3×3

k

)
�n(a)

]
· �σ (a)

= PS(1)(�n(a) ) · �σ (a),

P̂S(α(ab) �σ (a) · �σ (b) ) = α(ab) �σ (a) · �σ (b),

P̂S
(�β (ab) · �λ(ab)

1

) =
[∑

k

τk

T

(
R3×3

k

)�β (ab)

]
· �λ(ab)

1

= PS(1)(�β (ab) ) · �λ(ab)
1 ,

P̂S
(
�γ (ab) · �λ(ab)

2

) =
[∑

k

τk

T

(
R3×3

k ⊗ R3×3
k

)
�γ (ab)

]
· �λ(ab)

2

= PS(2)(�γ (ab) ) · �λ(ab)
2
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