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Strong mechanical squeezing for a levitated particle by coherent scattering
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Levitated particles are a promising platform for precision sensing of external perturbations and probing the
boundary between quantum and classical worlds. A critical obstacle for these applications is the difficulty of
generating nonclassical states of motion which have not been realized so far. Here, we show that strong squeezing
of the motion of a levitated particle below the vacuum level is feasible with available experimental parameters.
Using suitable modulation of the trapping potential (which is impossible with clamped mechanical resonators)
and coherent scattering of trapping photons into a cavity mode, we explore several strategies to achieve strong
phase-sensitive suppression of mechanical fluctuations. We analyze mechanical squeezing in both transient and
steady-state regimes, and discuss conditions for preparing nonclassical mechanical squeezing. Our results pave
the way to full, deterministic optomechanical control of levitated particles in the quantum regime.
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I. INTRODUCTION

Cavity optomechanics [1], in which optical fields inter-
act with mechanical elements via radiation pressure, has a
tremendous potential for sensing of weak forces [2–5] and
testing fundamental physical theories [6,7]. Particularly levi-
tated nanoparticles [8–10] represent—owing to lack of clamp-
ing losses—an interesting platform for metrology [11–13],
thermodynamics [14,15], and probing the quantum-classical
boundary [16,17] or other fundamental theories [18,19].
Experimental techniques for cooling [20–24] and thermal
squeezing [25] of their center-of-mass motion, as well as
for controlling their rotations [26,27] and libration [28,29],
have been firmly established. Despite these efforts and results,
genuinely nonclassical states of motion of levitated particles
remain elusive.

Here, we propose techniques for achieving mechanical
squeezing with levitated particles and show that quantum
squeezing (i.e., squeezing below the vacuum level) is feasible
with state-of-the-art systems using parametric and dissipative
squeezing. Parametric squeezing has been studied for clamped
mechanical oscillators [30–32] for which, however, only the
optical spring can be modulated using a suitable driving
field. For levitated particles, direct modulation of the trapping
potential is possible using an amplitude-modulated trapping
field, resulting in particularly strong squeezing in the transient
regime. Dissipative squeezing is also well known in optome-
chanics [33–36]; we show here that adding parametric to
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dissipative squeezing (by modulating the trapping potential)
enables stronger suppression of mechanical fluctuations than
either technique alone. Crucially, our strategies are determin-
istic (obviating the need for efficient measurements typical
for conditional preparation of squeezing [37–39]) and do not
require nonlinear interactions [40–42].

In our proposals, we employ coherent scattering of the
trapping beam into an empty cavity mode [43,44] instead of
the usual dispersive optomechanical interaction. This tech-
nique has, so far, been used to cool the motion of trapped
ions [45] and, recently, levitated particles [46,47] (including
cooling from the room temperature to the quantum ground
state [48]); we show that it can be used for more advanced
control of mechanical motion. In our case, amplitude mod-
ulation of the trapping field results in modulation of both
the trapping potential and optical spring, resulting in strong
parametric oscillations of motion with a low instability thresh-
old, allowing strong mechanical squeezing to be generated.
Furthermore, as coherent scattering enables all mechanical
modes to be coupled to the same cavity mode, our results can
be generalized to multiple dimensions, serving as a first step
toward preparing complex nonclassical states of the motion of
levitated particles.

II. THEORETICAL MODEL

The system we consider is depicted in Fig. 1(a). A nanopar-
ticle is trapped in an optical tweezer and placed in a cavity;
scattering of tweezer photons off of the particle into the cavity
mode gives rise to optomechanical interaction as described by
Gonzalez-Ballestero et al. [44]. The total Hamiltonian of such
a system is given by

H = Hpart + Hfield + Hint. (1)

The first term, Hpart = P2/2m, describes the free Hamiltonian
of a particle with momentum P and mass m. Second, Hfield =
ωcavc†c accounts for the cavity field (annihilation operator c,
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FIG. 1. Generating mechanical squeezing by coherent scattering.
(a) Experimental setup, in which photons from the trapping beam
are scattered off of a nanoparticle into an empty cavity mode.
(b) Tools for creating mechanical squeezing: A cavity field with a
suitable detuning from the tweezer (top) and amplitude modulation
of the trapping field at twice the mechanical frequency (bottom).
(c) Starting from an initial thermal state (Wigner function shown
on top), one can create a thermal squeezed state (middle) or even a
quantum squeezed state (bottom). The large dotted circle represents
the variance of the initial thermal state, the smaller dashed circle
shows the shot noise level.

angular frequency ωcav). Finally, Hint = − 1
2αpE2(R, t ) char-

acterizes the interaction between the fields and the particle
motion; here αp is the nanoparticle polarizability and E(R, t )
the electric field at the particle position R [9].

To evaluate the interaction Hamiltonian, we decompose
the electric field into the tweezer and cavity components,
E(R) = Ecav(R) + Etw(R). For a Gaussian trapping beam
and small displacements, the square of the tweezer field gives
the harmonic potential V = ∑

j
1
2 mω2

j R
2
j with frequencies de-

termined by the strength of the field, density and polarizability
of the particle, as well as geometric properties (waist and
Rayleigh range) of the tweezer [9]. The square of the cavity
field gives, in a similar manner, the conventional dispersive
coupling between the particle and the cavity field (h̄ = 1 in
the following) [9]

Hom = −g0(X cos θ + Y sin θ )c†c. (2)

Here, X and Y describe the displacements along and perpen-
dicular to the tweezer polarization (they are both perpendicu-
lar to the tweezer axis) and θ is the angle between the tweezer
and cavity polarizations.

Finally, the product of the tweezer and cavity fields de-
scribes coherent scattering [44],

Hsc = − λ0 cos φ(c + c†) − iλzZ cos φ(c − c†)

− (λxX cos θ + λyY sin θ ) sin φ(c + c†), (3)

where φ specifies the position of the particle within the
standing wave of the cavity. Particularly, cavity nodes are
characterized by cos φ = 0 and antinodes by cos2 φ = 1. The
relative strength of the interactions λx,y,z can thus be tuned
by controlling the particle position and polarization of the
tweezer field. Using parallel tweezer and cavity polarizations
(cos θ = 1) and placing the particle at a node of the cavity
field (sin φ = 1), we can cancel coupling to the Y and Z
modes. The total Hamiltonian describing the interaction be-
tween the particle motion (along X only) and the cavity field

is then given by

H = �c†c + ωx

2
(x2 + p2) − λ(c + c†)x; (4)

note that we work with the dimensionless position and mo-
mentum quadratures x = X/xzpf , p = Px/px,zpf with the com-
mutator [x, p] = i. The dispersive optomechanical interaction
vanishes at a cavity node, and we describe the cavity mode in a
frame rotating at the tweezer frequency ωtw with the detuning
� = ωcav − ωtw; we also defined λ = λx.

To account for decoherence effects, we describe the dy-
namics using Langevin equations

ċ = −(κ + i�)c + iλx +
√

2κcin, (5a)

ẋ = ωx p, (5b)

ṗ = −ωxx − γ p + λ(c + c†) + ξ, (5c)

with cavity decay rate κ and mechanical damping rate γ .
The stochastic noise operator cin is the usual delta-correlated
cavity input vacuum noise, 〈cin(t )c†

in(t ′)〉 = δ(t − t ′), and
the thermal noise operator ξ satisfies 〈ξ (t )ξ (t ′)〉 = 2γ (2n̄ +
1)δ(t − t ′) with n̄ characterizing the average thermal occupa-
tion of the mechanical bath.

III. SQUEEZING TECHNIQUES

A. Adiabatic elimination of cavity dynamics

As a first step, we assume a simple scenario where the
cavity detuning is large compared to other system parameters.
In this regime, the cavity remains unpopulated and only
indirectly affects the mechanical motion; it can thus be adi-
abatically eliminated from the dynamics. Formal integration
of Eq. (5a) yields

c(t ) = 1

κ + i�
(iλx +

√
2κcin ). (6)

Plugging this expression back into the equations of motion for
the particle gives

ẋ = (ωeff + ζeff )p, (7a)

ṗ = −(ωeff − ζeff )x − γ p + ξ

+ 2λ
√

κ

κ2 + �2
(κXin + �Yin ), (7b)

with the effective oscillation frequency ωeff = ωx −
�λ2/(κ2 + �2) and squeezing parameter ζeff = �λ2/(κ2 +
�2). The interaction with a far-detuned cavity field thus
turns the particle into a parametric oscillator. The cavity
also contributes with two quadrature noise terms defined
as Xin = (cin + c†

in )/
√

2, Yin = −i(cin − c†
in )/

√
2. In the

limit of large detuning, � � κ , the coupling to the cavity
input noise can be reduced and approximated by the term
(2λ

√
κ/�) × Yin; moreover, ωeff ≈ ωx − λ2/�, ζeff ≈ λ2/�.

To find the resulting squeezing, we solve the differential
Lyapunov equation for the covariance matrix of the mechan-
ical mode as described in Appendix A. Diagonalization of
the covariance matrix reveals the variance of the squeezed
and antisqueezed quadratures, denoted by Vsq,Vasq. We then
quantify the noise distribution by the ratio of the two quadra-
tures (which we call the squeezing degree in the following),
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FIG. 2. Mechanical squeezing generated with a detuned cavity.
(a) Squeezing degree η (light blue) and squeezed variance Vsq

(dark red) versus time for the parameters λ/ωx = 0.3, κ/ωx = 0.2,
Qm = ωx/γ = 109, n̄ = 2 × 107, and �/ωx = 5. These values are
similar to the parameters in the recent experiment on ground-state
cooling by coherent scattering [48] except for a slightly larger cou-
pling (possible with a larger particle), smaller thermal decoherence
(achievable by operating at a higher vacuum), and smaller cavity
decay rate (which is necessary to limit cavity input noise); the
thermal noise level corresponds to a 300 kHz mechanical mode at
a temperature of 300 K. (b) Squeezing plotted for coupling at the
instability threshold λth/ωx ≈ 1.5825 (solid lines); the dashed lines
show the squeezing degree and squeezed variance for coupling just
below the threshold, λ/ωx = 1.58. (c) Squeezed variance optimized
over time as a function of the initial temperature of the mechanical
mode for the parameters from (a) (solid line) and at the instability
threshold (dashed). The initial mechanical state is the thermal state
with variance V0 = 2n̄0 + 1; in (a) and (b), we assume precooling to
the mechanical ground state, n̄0 = 0. The horizontal dotted lines in
all panels show the vacuum variance.

η = Vsq/Vasq, so that presence of squeezing corresponds to
η < 1. To further distinguish between classical and quantum
squeezing, we are also interested in the value of the squeezed
variance Vsq; value below the vacuum level, Vsq < 1, implies
the generation of a nonclassical squeezed state.

We plot the resulting squeezing versus time in Fig. 2(a); the
system parameters are similar to the recent demonstration of
ground-state cooling via coherent scattering [48] (see figure
caption for details). Nonclassical squeezing puts extremely
stringent conditions on the system parameters, requiring pre-
cooling the mechanical motion to its quantum ground state
and stronger coupling than is currently available. Stronger
squeezing is generally possible with a larger coupling rate;
the maximum is reached at the onset of dynamical instability
[Fig. 2(b)]. This occurs when the first term on the right-
hand side of Eq. (7b) vanishes, which is achieved for λth =√

ωx(κ2 + �2)/2�. Below threshold, the squeezed variance
(achieved in the middle of the first oscillation period) de-
creases with growing coupling, reaching its minimum at the
onset of instability. At later times, the variance grows with
time below threshold; above threshold, it reaches a quasis-
tationary value. (Note that the squeezing degree is gradually
decreasing, implying that the antisqueezed variance diverges
which causes the particle to escape the trap.) The optimum
squeezing as a function of the initial mechanical occupation is
shown in Fig. 2(c). Although quantum squeezing is generally

possible, realistic experimental parameters (particularly the
thermal decoherence rate) allow only for thermal squeezing.

B. Trapping field modulation

Strong parametric squeezing can be achieved when the
mechanical spring constant is modulated at twice the me-
chanical frequency. This situation can be achieved when the
amplitude of the trapping beam, E0 (assumed constant so
far), is modulated as E0(t ) = E0[1 + α cos(2ωxt + φ)] with
depth α ∈ (0, 1) and phase φ. Since the trapping potential is
given by the square of the tweezer field, ωx ∝ E2

0 (t ), and the
optomechanical interaction is linear in the tweezer field, λ ∝
E0(t ), the modulation modifies the Hamiltonian according to

H = ωx

2
p2 + ωx

2
[1 + α cos(2ωxt + φ)]2x2 + �c†c

− λ[1 + α cos(2ωxt + φ)]x(c + c†). (8)

In the rotating frame with respect to the free mechanical
oscillations Hm = 1

2ωx(x2 + p2) and under the rotating wave
approximation, the mechanical potential gives rise to the para-
metric oscillations Hpar = 1

4ωxα(αb†b + b2eiφ + b†2e−iφ ), the
strength of which is fully controlled by the modulation
depth α.

To account also for the modulated optomechanical cou-
pling, we adiabatically eliminate the cavity field from the
dynamics. Using the approach outlined in Appendix B, we
obtain the effective Hamiltonian

Heff = ωeff

2
(x2 + p2)

+ ζeff

2
[cos φ(x2 − p2) − sin φ(xp + px)] (9)

with effective frequency ωeff = [ωx�α2 − 2λ2(α + α2)]/4�

and squeezing parameter ζeff = α(ωx� − 2λ2)/2�. The op-
tical input noise can be included in the dynamics via the
effective Langevin equations

ẋ = ωeff p − ζeff (x sin φ + p cos φ) + λ
√

κ

�
Xin, (10a)

ṗ = −ωeffx − ζeff (x cos φ − p sin φ)

− γ p + ξ + λ
√

κ

�
Yin. (10b)

Formally, the dynamics are similar to the previous case
with two important distinctions: First, the modulation phase φ

allows us to choose which quadrature to squeeze, permitting
squeezing in a quadrature which is minimally coupled to
external noise sources. Second, parametric modulation of the
mechanical frequency allows, owing to the reduced effective
mechanical frequency, stronger squeezing to be observed;
note that we operate in a frame rotating at the mechanical
frequency so ωeff is given only by the self-energy arising from
the optomechanical interaction and parametric driving.

We examine the resulting squeezing in Fig. 3. A compar-
ison of the effective mechanical frequency ωeff and squeez-
ing ζeff [Fig. 3(a)] reveals the advantage of using tweezer
modulation: for the chosen parameters, the dynamics are al-
ways unstable (since |ωeff | < ζeff ), allowing strong squeezing
as shown in Fig. 3(b). The optimum squeezing is further
analyzed in Figs. 3(c) and 3(d) as a function of the initial
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FIG. 3. Mechanical squeezing with tweezer modulation. (a) Ef-
fective mechanical frequency |ωeff | (solid blue line) and squeez-
ing ζeff (dashed red line) versus modulation depth α. For small
modulation depths, the effective frequency is negative, ωeff < 0,
and becomes positive for α � 0.037. (b) Time dependence of the
squeezing degree η (light blue) and squeezed variance Vsq (dark red)
for modulation depth α = 0.01 and phase φ = 0 (solid) or φ = π/2
(dashed). (c),(d) Squeezed variance optimized over time as a function
of the initial mechanical occupation n̄0 (c) and modulation phase (d);
the solid and dashed lines have the same meaning as in (b). System
parameters are the same as in Fig. 2(a) with n̄0 = 0 for (b) and (d).

mechanical occupation n̄0 and the modulation phase φ. Strong
quantum squeezing is possible for a broad range of initial
temperatures in the quasistationary regime where strong sup-
pression of quantum fluctuations occurs. The optimal choice
of modulation phase is φ = π/2 for which the amplitude
quadrature is squeezed (with ωeff = 0 or, approximately, with
|ωeff | 
 ζeff ); this result is expectable since the amplitude
quadrature is decoupled from the thermal mechanical bath
(which was one of the main limiting factors in the previous
case) and cavity noise affects both quadratures equally.

C. Adding dissipative squeezing

Additional possibility is to tune the cavity close to reso-
nance with the tweezer, allowing more photons to be scattered.
When we choose the detuning � = ωx and work with a
sideband resolved system (such that κ 
 ωx), the overall
Hamiltonian becomes [in rotating frame with respect to H0 =
1
2ωx(x2 + p2) + �c†c; see Appendix C]

Hint = ωxα

4
(β2 + β†2 − αβ†β ) − λeff (βc† + β†c). (11)

Here, we introduced the mechanical Bogoliubov mode β =
(2b + αb†)/

√
4 − α2 (with φ = 0 for simplicity; our numer-

ical simulations show that the resulting squeezing is inde-
pendent of the modulation phase as we show in Appendix
C) and the effective coupling rate λeff = λ

√
(4 − α2)/8. The

optomechanical interaction [the second term in Eq. (11)]
thus cools the Bogoliubov mode β to its ground state [33],
resulting, unlike the previous two methods, in steady-state
mechanical squeezing.

Although dissipative engineering can generally be used
to generate steady-state squeezing below the 3 dB limit of
parametric squeezing, its performance here is limited by

FIG. 4. Dissipative and parametric mechanical squeezing.
(a) Squeezing degree η (light blue) and squeezed variance Vsq (dark
red) versus modulation depth. Solid lines show results for Qm = 109,
dashed curves are for Qm = 108; other parameters are the same as in
previous figures. The dot-dashed line shows the squeezed variance
Vα obtained by cooling the Bogoliubov mode β to its ground state.
(b) Squeezed variance Vsq optimized over the modulation depth as
a function of the mechanical quality factor Qm. (c) The optimized
squeezed variance versus the sideband ratio κ/ωx for λ/ωx = 0.3
(solid) and λ/ωx = 0.5 (dashed).

admissible modulation depths. The squeezed variance for the
Bogoliubov mode β in its ground state depends on the mod-
ulation depth via Vα = (2 − α)/(2 + α) which reaches the
value of 1

3 for α → 1; this limit corresponds to about 4.8 dB of
squeezing. The generated squeezing can, however, be further
improved by parametrically squeezing the Bogoliubov mode
as indicated by the first term in Eq. (11), allowing this limit (as
well as the 3 dB limit of steady-state parametric squeezing) to
be surpassed.

We analyze this steady-state squeezing in Fig. 4. When
the modulation depth is increased [Fig. 4(a)], the amount of
squeezing increases as the system approaches instability; at
its onset, the squeezed variance is minimized. The squeezing
degree η is largely unaffected by thermal decoherence; the
squeezed variance Vsq can, for sufficiently high mechanical
quality, be smaller than the variance obtained by cooling the
Bogoliubov mode β to its ground state. Additionally, the min-
imum variance shown here Vsq,min ≈ 0.4 < 1

2 , demonstrating
that the 3 dB limit, which applies to parametric squeezing
in the steady state, can be surpassed as well. These results
thus add to the existing body of work that shows enhanced
squeezing when multiple squeezing techniques are combined
[36,49]. One could naively expect that the resulting squeezing
will be limited to Vsq = 1

2Vα , obtained by addition of the two
squeezing effects; however, for sufficiently low mechanical
decoherence, the squeezed variance can reach Vsq ≈ 0.26 with
the parameters of Fig. 4(b), which is smaller than the simple
bound 1

2Vα = 1
3 for α = 0.4.

The optimum mechanical squeezing (i.e., squeezing ob-
tained at the onset of instability) is further analyzed in
Figs. 4(b) and 4(c). The scheme is resilient against thermal
noise with thermal decoherence rates up to γ n̄/ωx ≈ 0.2
allowing squeezing below the vacuum level [Fig. 4(b)]. Fi-
nally, there is a nontrivial dependence between the chosen
coupling rate and optimal cavity decay rate [Fig. 4(c)]; larger
coupling rates require faster cavity decay to achieve optimal
cooling performance. Both coupling rate and cavity decay are
limited because we employed the rotating wave approxima-
tion to obtain the Hamiltonian (11); the resulting squeezing
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can thus be improved primarily by reducing the mechanical
decoherence.

IV. DISCUSSION AND CONCLUSIONS

Further improvements in the generated squeezing are pos-
sible using squeezed cavity input. In the case of the simple
parametric oscillator discussed in Sec. III A, squeezing of the
input quadrature Xsq,in = (κXin + �Yin )/

√
κ2 + �2 reduces

the overall noise in the mechanical equations of motion [cf.
Eqs. (7)]; unfortunately, for realistic experimental parameters
[48], the cavity input noise is much weaker than thermal
decoherence and input squeezing thus provides no advantage.
The situation is different for a modulated trapping field where
we have the freedom to choose the squeezed mechanical
quadrature. Squeezing of the amplitude quadrature is limited
only by the cavity input noise coupled to this quadrature [see
Eq. (10a)]; we thus expect that reducing the noise in the
input amplitude quadrature reduces the mechanical position
variance by the same factor. Finally, input squeezing might
also improve the performance of dissipative squeezing since
squeezing at the cavity input can be used to suppress unwanted
scattering processes in optomechanics [50,51]; we leave a
detailed analysis of this effect for future work [52].

Similar results could, in principle, be achieved also with
conventional dispersive optomechanics using modulation of
the tweezer amplitude and two-tone driving of the cavity, but
our approach offers several advantages: Since both the optical
potential and optomechanical interaction are derived from
the tweezer field, their relative phase—crucial for efficient
squeezing—is automatically locked; additionally, absorption
heating of the particle is reduced since a single optical beam
provides both trapping and coupling to the cavity field. The
most crucial advantage, however, lies in the prospect of cou-
pling multiple mechanical modes via their interaction with a
single cavity mode. A straightforward generalization of our
schemes should allow the creation of two-mode squeezing be-
tween two motional modes of the particle; in this context, we
note that both parametric [53] and dissipative [54] two-mode
mechanical squeezing have been realized in optomechanical
systems. In the long term, full quantum control of motion
should be possible, first in the Gaussian regime (via linear
coupling of all three motional modes to the same cavity mode)
and later in the non-Gaussian regime (when nonlinear op-
tomechanical interactions or anharmonic trapping potentials
are added [55–58]).

In conclusion, we demonstrated that strong squeezing of
motion of levitated particles is possible in state-of-the-art sys-
tems. With a combination of parametric amplification (achiev-
able by modulating the trapping beam) and dissipation (using
a cavity mode to cool down a mechanical Bogoliubov mode),
squeezing below the vacuum level is possible in the steady
state. Even stronger squeezing, albeit in the transient regime,
is possible with parametric amplification alone; although this
might appear as a limitation at first, strong transient squeezing
combined with single-phonon control [59–61] can be used
to prepare macroscopic superposition states of macroscopic
objects for applications in sensing [12] or testing quantum
mechanics [17]. Unlike existing proposals, our unconditional
strategy relies on coherent scattering of tweezer photons into
the cavity, demonstrating the potential of coherent scattering

as a general tool for controlling the motion of levitated parti-
cles. With the prospect of engineering interactions between
mechanical modes via coherent scattering, our work thus
presents an important step toward full quantum control of
motion of levitated particles.
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APPENDIX A: NUMERICAL METHODS

To estimate the mechanical squeezing numerically, we find
the covariance matrix of the system by solving the Lyapunov
equation [62]

V̇ = AV + VAT + N. (A1)

The covariance matrix has the elements Vi j = 〈rir j + r jri〉 −
2〈ri〉〈r j〉 with r = (X,Y, x, p)T and the cavity quadratures
X = (c + c†)/

√
2, Y = −i(a − a†)/

√
2. For the dynamics

described by Eqs. (5), the drift and diffusion matrices are
given by

A =

⎛
⎜⎜⎝

−κ � 0 0
−� −κ

√
2λ 0

0 0 0 ωx√
2λ 0 −ωx −γ

⎞
⎟⎟⎠, (A2a)

N = diag[2κ, 2κ, 0, 2γ (2n̄ + 1)]; (A2b)

generally, the drift matrix can be read off the Langevin
equations and the diffusion matrix can be evaluated from the
correlation functions of the input noises.

For steady-state generation of squeezing, dynamical stabil-
ity of the system is crucial as a physical steady state does not
exist in the unstable regime. The stability can be assessed by
evaluating the eigenvalues of the drift matrix A; for a stable
system, all eigenvalues have negative real parts, signifying
that none of the normal modes of the dynamics is amplified
during evolution.

For the evaluation of mechanical squeezing, only the
submatrix Vm describing the mechanical covariances is
relevant, which can be obtained from the block form

V =
(

Vcav VC

VT
C Vm

)
(A3)

with 2 × 2 blocks Vi. The amount of squeezing and anti-
squeezing is found by diagonalizing this matrix with the vari-
ances of the squeezed and antisqueezed quadratures given by

Vsq = min eig(Vm), Vasq = max eig(Vm). (A4)
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The presence of squeezing is in general characterized by η =
Vsq/Vasq < 1; nonclassical squeezing is present for Vsq < 1.

APPENDIX B: AMPLITUDE MODULATION
OF THE TWEEZER

To adiabatically eliminate the cavity dynamics in the case
of a modulated trapping beam, we move to the rotating frame
with respect to Hm = 1

2ωx(p2 + x2). The cavity mode then
obeys the equation of motion

ċ = −(κ + i�)c +
√

2κcin

+ iλ√
2

[1 + α cos(2ωxt + φ)](be−iωxt + b†eiωxt ), (B1)

where we introduced the mechanical annihilation operator
b = (x + ip)/

√
2. This equation can be integrated formally,

assuming b evolves slowly on the time scale of the cavity
dynamics (given by �). We thus obtain

c(t ) =
√

2κ

∫ t

0
dτ e−(κ+i�)(t−τ )cin(τ )

+ iλ

2
[1 + α cos(2ωxt + φ)]

×
(

be−iωxt

κ + i(� − ωx )
+ b†eiωxt

κ + i(� + ωx )

)
. (B2)

Plugging this result into the equations of motion for the
particle, assuming � � ωx � κ , and employing the rotating
wave approximation, we get

ẋ = ωx�α2 − 2λ2(2 + α2)

4�
p

− ωx�α − 2λ2α

2�
(x sin φ + p cos φ)

− λ
√

2κ sin(ωxt )(c̃in + c̃†
in ), (B3a)

ṗ = −ωx�α2 − 2λ2(2 + α2)

4�
x

− ωx�α − 2λ2α

2�
(x cos φ − p sin φ)

+ λ
√

2κ cos(ωxt )(c̃in + c̃†
in ). (B3b)

Here, c̃in = ∫
dτ e−(κ+i�)(t−τ )cin(t ) is the optical input noise

filtered by the cavity.
To bring the optical noise into the standard delta-correlated

form, we employ the usual definition of the input field cin(t ) =
(1/

√
2π )

∫
dω e−iωt c0(ω), where c0(ω) is the initial state of

the external mode c(ω) at time t = 0. We can then write

c̃in(t ) = 1√
2π

∫
dω

∫
dτ e−(κ+i�)(t−τ )e−iωτ c0(ω)

≈ − i√
2π�

∫
dω e−iωt c0(ω) = − i

�
cin(t ). (B4)

Defining a rotating-frame noise operator c̄in = cineiωxt , we can
now write (employing the rotating wave approximation)

sin(ωxt )(c̃in + c̃†
in ) = − i

�

eiωxt − e−iωxt

2i
(c̄ine−iωxt − c̄†

ineiωxt )

≈ − 1

2�
(c̄in + c̄†

in ) = − 1√
2�

X̄in, (B5a)

cos(ωxt )(c̃in + c̃†
in ) ≈ 1√

2�
Ȳin. (B5b)

Equations (B3) can thus be simplified to

ẋ = ωx�α2 − 2λ2(2 + α2)

4�
p

−ωx�α − 2λ2α

2�
(x sin φ + p cos φ) + λ

√
κ

�
X̄in, (B6a)

ṗ = −ωx�α2 − 2λ2(2 + α2)

4�
x

−ωx�α − 2λ2α

2�
(x cos φ − p sin φ) + λ

√
κ

�
Ȳin. (B6b)

These equations are identical to Eqs. (10) with the noise
operators X̄in, Ȳin replaced by Xin,Yin; since their correlation
properties are identical, this replacement does not affect our
numerical analysis.

APPENDIX C: PARAMETRIC AND DISSIPATIVE
SQUEEZING

To squeeze the mechanical motion dissipatively, we start
from the Hamiltonian for modulated tweezer, Eq. (8), and
move to the rotating wave approximation with respect to the
free Hamiltonian H0 = 1

2ωx(p2 + x2) + �c†c. We thus obtain

Hint = ωxα

4
(b2 + b†2 + αb†b) − λ√

2

(
bce−i(ωx+�)t

+ bc†e−i(ωx−�)t + b†c†ei(ωx+�)t + b†cei(ωx−�)t
)

− λα√
2

cos(2ωxt + φ)
[
bce−i(ωx+�)t

+ bc†e−i(ωx−�)t + H.c.
]
. (C1)

In deriving this expression, we applied the rotating wave
approximation to neglect terms oscillating with multiples
of ±ωxt . With � = ωx and under the rotating wave ap-
proximation, the interaction Hamiltonian can be further

FIG. 5. Squeezed variance Vsq as a function of the modula-
tion phase φ. The modulation depths are α = 0.4 (solid), α = 0.1
(dashed), and α = 0.01 (dotted); other parameters are the same as in
Fig. 4 with Qm = ωx/γm = 109.
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simplified to

Hint = ωxα

4
(αb†b + b2eiφ ) − λ√

2

(
b + α

2
b†e−iφ

)
c† + H.c.

= ωxα

4
(β2 − αβ†β ) − λ

2

√
4 − α2

2
βc† + H.c. (C2)

In the second line, we introduced the mechanical Bogoliubov
mode β = (2b + αb†)/

√
4 − α2 and took φ = 0; the modula-

tion phase is irrelevant for dissipative squeezing as we show
in Fig. 5.
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