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We study Josephson junctions based on second-order topological superconductors (SOTSs) which can be
realized in quantum spin Hall insulators with a large inverted gap in proximity to unconventional superconduc-
tors. We find that tuning the chemical potential in the superconductor strongly modifies the induced pairing of

the helical edge states, resulting in topological phase transitions. In a corresponding Josephson junction, a 0-7
transition is realized by tuning the chemical potentials in the superconducting leads. This striking feature is stable
in junctions with respect to different sizes, doping the normal region, and the presence of disorder. Our transport
results can serve as novel experimental signatures of SOTSs. Moreover, the O-7 transition constitutes a fully
electric way to create or annihilate Majorana bound states in the junction without any magnetic manipulation.

DOI: 10.1103/PhysRevResearch.2.012018

Introduction. The second-order topological superconduc-
tor (SOTS) is a novel topological phase of matter and features
Majorana zero-dimensional (0D) corner or 1D hinge states
which are two spatial dimensions lower than the gapped
bulk [1-13]. They may form stable qubits for topological
quantum computation [14-22]. Recently, the SOTS has been
discovered in a variety of realistic materials and triggered
tremendous interest [3—11,23-28]. One way to mimic SOTSs
in 2D is given by quantum spin Hall insulators (QSHIs)
in proximity to unconventional superconductors with d,2_2-
wave or s.-wave pairing order [3-5]. The proximity effect of
unconventional superconductivity in 2D systems has been in-
tensively explored in theory [29-38] and experiment [39—44].
To date, however, the only way proposed to detect 2D SOTSs
is a tunneling experiment without a concrete calculation of the
observable signature. An alternative approach to probe SOTSs
and manipulate the Majorana corner modes is thus needed. In
QSHIs, a finite doping is typically present, and the chemical
potential can be far away from the Dirac points. Therefore, it
is certainly interesting and experimentally relevant to explore
the influence of the chemical potential in SOTSs.

In this Rapid Communication, we investigate super-
conductor-normal metal-superconductor (SNS) junctions
formed by a 2D SOTS. The SOTS can be realized in a QSHI
with a large inverted gap in proximity to an unconventional
superconductor. We introduce a minimal model which is able
to capture the essential physics of the SOTS. We find that
due to the nontrivial momentum dependence of the pairing
potential and mass, the chemical potential in the SOTS sig-
nificantly alters the pairing gap opened within the edge states.
It can even switch the sign of the pairing gap, leading to a
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topological phase transition. While the supercurrent across
the SNS junction is insensitive to the chemical potential
in the N region, it depends strongly on the filling in the
superconductors. Strikingly, tuning the chemical potentials
in the superconductors gives rise to a 0-7 transition, which
is absent in junctions based on conventional s-wave pairing.
These features are robust against disorder in junctions with
novel sizes. They offer novel signatures to detect the SOTS
with Majorana corner states. Furthermore, while Majorana
bound states (MBSs) emerge in the O-junction when the phase
difference across the junction is ¢ = %, they appear at
vanishing ¢ in the 7 -junction. Thus, Josephson junctions with
such a doping-induced O-7 transition provide an innovative
platform to create or annihilate MBSs by electric gating in the
absence of ¢. These predictions are applicable to a number of
candidate systems including high-temperature QSHIs [45-56]
in proximity to high-temperature cuprate or iron-based super-
conductors.

Minimal model for SOTSs. We consider the minimal model
for SOTSs realized in QSHIs in proximity to superconductors,

H(k) = Hy(k) + A(K)1ysy,
(D
Hy(k) = m(K)t,0; + vikes.o + vyky 1,00 — 1T,

written in the Nambu basis (¢4, ¢k, Cb,4,k» Ca, | k> Cb, | k> cl ko

CZ,T,fk’C;iﬁk’czdﬁk)’ where cj”’k (cosx) creates
(annihilates) an electron with spin s € {1, ]}, orbital
o €{a,b}, and the momentum Kk = (k,,k,) measured
from the band inversion point of the QSHI. 7, o, and
s are Pauli matrices acting on Nambu, orbital, and spin
spaces, respectively. m(k) = mg —mk] —myk; is the
mass term of the QSHI and w is the chemical potential.
The band inversion implies the conditions mym, > 0 and
momy > 0 [57]. The pairing potential is written in general
as AK) = Ag + Ax(k? — kf,). When Ag #0 and A, =0,
it refers to conventional s-wave pairing. When Ag =0
and A; # 0, the pairing is formally d,._,» wave. It can
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be induced in a QSHI with band inversion at the I" point
via the proximity to a cuprate superconductor [4]. When
0 < [Ag| < mg|Az|/2myy), the system possesses a mixture
of s-wave and d,»_.-wave pairing. It can also describe
effectively a QSHI with band inversion at the X point
[54-56] and si-wave pairing induced from an iron-based
superconductor [58-62].

In the absence of A(k), the system hosts gapless helical
edge states across the bulk gap, which are protected by time-
reversal symmetry. The pairing term with A, # 0 induces a
pairing gap of the edge states. The gap may switch sign at the
corners, resulting in Majorana corner modes [3-5]. We note
that although the model (1) is a low-energy effective model,
it captures the essential physics of the SOTS. Based on this
model, we can understand the second-order topology more
intuitively from the picture of edge states and show that it can
be strongly altered by changing .

Fairing gaps of edge states and topological phase transi-
tions. To analyze the Majorana corner states and the influence
of u on the SOTS, we analytically derive the effective model
for edge states. For illustration, we consider the edge along the
x direction of the SOTS in the half plane y < 0 and assume
hard-wall boundary conditions [63]. As in realistic systems,
we assume weak pairing. We first calculate the edge states of
H, following the approach of Ref. [64]. In this model, k, is
a good quantum number. The helical electron and hole edge
bands are found explicitly as

Eony, 171 (k) = Esgn(myvy vk, — (+)u. (2)
The wave functions in the orbital basis {a, b} read
W, 44, (1) = N (MY — ) [sgn(myvy), 117, (3)

They fulfill lI/g,l,kx(l') = \IJ:,T,—kx(r) and "I"M/T,kx(r) =
\Il: Utk (r), due to time-reversal and particle-hole sym-
metries; Ay = [vy/2my| — (+)(v] /4m} — mo/my + m.k7/
my)l/ 2 and V is the normalization factor. The decaying length
of edge states is given by &.q,e = max[1/Re(A), 1/Re(X;)].
At zero energy, the electron and hole bands touch at k, = +k,
with k. = sgn(m,v,) p/vy. For u =0, k. = 0. However, for
w # 0, the touching points shift to finite k.. Projecting the
pairing term onto the edge states, the resulting Bogoliubov—de
Gennes (BdG) Hamiltonian for edge states is obtained as

hag = sgn(myvy vk, 7,8, — (LT, + ALyTes, )]

in the basis (W, 4, W, |, Wp,}, W t), and the pairing gap is
given by

Ay = —Ao + Az[mo/my —(1+ mx/my),uz/vi]. ®)

Without loss of generality, a real A(k) has been assumed
[65]. We provide the derivation in detail in the Supplemental
Material [66]. Similarly, for an edge along the y direction,
we find the BAG Hamiltonian of the same form but with a
different pairing gap,

Al = =80 = Aofmo/my = (14 my/mp[v7]. - (6)

The combination of AY; and A, (with opposite signs) in
Eq. (4) mimics the Jackiw-Rebbi model [67] at the corners of
the x and y axes. Thus, Majorana corner states at zero energy
appear if A AL, < 0.

For s-wave pairing, A% and Aﬁﬁ» are identical and constant.
Thus, no corner state emerges. In contrast, for unconventional
pairings with |Ag| < mg|A3|/2my ), we obtain corner states
at small . When p = 0, the SOTS has two reflection sym-
metries. When m, = m,, v, = vy, and Ag = 0, it possesses
a fourfold rotation symmetry. In these particular cases, the
system can be characterized by a topological invariant cal-
culated from the bulk Hamiltonian [66,68—70]. However, the
corner states in our model are not restricted to any crystalline
symmetries. Interestingly, Aﬁg) depends strongly on . The u
dependence stems from the quadratic terms in the model (1),
which are crucial for the topological properties of the SOTS.

Moreover, Azfty ) vanishes at u = 4, where

15 = [0xt [/ Imo/myey F Do/ A2l/ (1 + my /myy). (7)

This behavior indicates that we can switch the sign of AXY” by
varying . Without loss of generality, we suppose u§ < uy.
The system is in a SOTS phase in the parameter regions
0 < |ul < pué and Ky < lul < mg with m, being the bulk gap
[71], whereas if u$ < |u| < ,u§, it becomes a trivial super-
conductor with no corner state. For the particular case with
Uxy) = U, My = m, and Ag =0, A%, and Asz are always
opposite. They both close at u = +v./mg/2m. Thus, there is
no parameter space for the trivial phase. Nevertheless, the sign
of A;ﬁfv ) can still be changed by a finite x inside the bulk gap
[72] if

2mom > v°. (8)

This condition indeed corresponds to a QSHI phase with a
large inverted gap or equivalently an indirect bulk gap. It is
likely realized in the inverted InAs/GaSb bilayer [73-75],
WTe, monolayer [45-49], functionalized MXene [50,51],
bismuthene on SiC [52,53], and PbS monolayer [54-56].

To test our analytical results, we discretize the model (1),
put it on a square lattice, choose a proper set of parameters
[satisfying the inequality (8)], and calculate the energy spec-
trum in a ribbon geometry [76]. For concreteness, we consider
Ao = 0 and set the lattice constant a to unity. As shown in
Fig. 1(a), the edge states for uw = 0 open a gap at k, = 0.
As p is increased, the gap splits to two points away from
k, = 0. The magnitude of the gap first decreases, vanishes at
a critical u, and then reopens, which explicitly demonstrates
a topological phase transition. This behavior is in perfect
agreement with Eq. (5) [cf. Fig. 1(b)].

0-m transition and its robustness. We now consider an SNS
junction in which two SOTSs (also called S leads below) are
connected by a QSHI with length L in the x direction, as
sketched in Fig. 2(a). The width of the junction ribbon is W.
For simplicity, we assume the chemical and pairing potentials
in steplike forms. pzg) and wy denote the chemical potentials
in the left (right) S lead and N (QSHI) region, respectively.
¢ is the phase difference across the junction. We calculate
the supercurrent J; by the lattice Green’s function technique
[77-79] and provide the details in the Supplemental Material
[66].

At low temperatures, the transport in the junction is con-
ducted dominantly by helical edge channels. Perfect Andreev
reflection occurs at the NS interfaces. Thus, the current-phase
relation (CPR) takes a sawtooth shape with a sudden jump
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FIG. 1. (a) Energy spectra of the model (1) in a ribbon along the
x direction for chemical potential u© = 0 (black), 0.44my (blue), and
0.52my (red), respectively. The thick curves close to zero energy are
edge bands. The pairing gap A vanishes at around p = 0.44my, as
pointed by the blue arrows. (b) |A%;| as a function of w. The blue
circles are numerical results from tight-binding calculation while
the red curve is the plot of Eq. (5). Other parameters are m,) =
2.5, vy =1, Ag =0, Ay =0.05, and 200 lattice layers in the y
direction. The units for energy and wave number are m, and a~',

respectively.

[see Fig. 2(b)]. The sawtoothlike CPR is insensitive to wy
and stays stable in junctions of different sizes (L and W),
provided that the two edges at y = +W/2 are well separated,
W > &.gge. The sudden jump can be related to the fermion
parity anomaly at each edge [80,81]. It indicates the forma-
tion of degenerate MBSs in the junction discussed below. Jg
decreases monotonically with increasing L [see Fig. 2(b)].
The critical current J. (maximal value of J;) decays as ~1/L
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FIG. 2. (a) Schematic for the SNS setup. (b) Current-phase re-
lations for L = a and ug = 0.1my, 0.3mgy, 0.436mqy, 0.5my, and
0.57my, respectively. (b) Critical current J,. as a function of ug for
L = a (red), 20a (green), and 50a (blue), respectively. The inset
displays the results in the presence of disorder of strength Vi = my
for W = 39a and L = 20a (green), W = 29a and L = 40a (purple),
respectively. The error bars are 500 times enlarged for visibility. For
all solid curves, p; = uy = 0.1my, W = 39a, kzT = 1073 A, and
other parameters are the same as those in Fig. 1. The circled dots in
(c) are the same as the solid curves but for uy = —0.3my.

in long junctions, similar to junctions based on conventional
s-wave pairing. In short junctions, J. is of the same order of
magnitude but always smaller than e /|Ap Ag|/k, in contrast
to the case of s-wave pairing. In this estimate, Apg) is
the induced pairing gap of edge states in the left (right) S
lead and determined by Eq. (5). We attribute this difference
to the inhomogeneity of the superconducting pairing at the
boundaries of our setup.

The CPRs for a fixed w; and various values of ug are
displayed in Fig. 2(a). Since J; is even in (i), wWe present
only the results for gy > 0. While J; is insensitive to
Uy, it decreases significantly when we increase pg. This
behavior can be understood as a result of the reduction of
|Ag| by g [see Eq. (5)]. Strikingly, increasing g further, we
observe a clear O-r transition for the parameters satisfying
the inequality (8). While J;(¢) in the region 0 < ¢ < 7 is
positive for ug < u¢, it becomes negative for ug > uc. We
coin the former case a O-junction and the latter one a -
junction. Meanwhile, the sudden jump of the CPR is switched
to ¢ = 0 in the m-junction, which is in strong contrast to the
0-junction where the jump is at ¢ = £ In Fig. 2(c), we plot
J. as a function of wg. The critical value u¢ for the transition
is approximately given by v./mgy/2m, in accord with our
analytical result. Close to u¢, J. drops quickly and switches
sign. These features are generic and apply to junctions of
different lengths and widths. They are also robust with respect
to nonmagnetic disorder in the N region. To illustrate this, we
model the disorder as random on-site potentials in the range
[—Vais/2, Vais /2] [66,82] and calculate 200 random disorder
configurations in the inset of Fig. 2(c). There is no qualitative
difference in the features compared to those in clean junctions.
This can be expected since the helical edge channels which
mediate the transport are less sensitive to backscattering.
Similar effects can be observed by tuning p; and fixing pg.
Finally, it is important to note that the variations of J; and
the O- transition by tuning puyg) are directly related to the
strong (7 (r) dependence in Ajg) in the SOTS, and absent in
conventional junctions based on s-wave pairing.

Majorana bound states. Next, we discuss the Andreev
bound states (ABSs) formed in the junction, which can be
obtained from the lattice Green’s function. In short junctions,
there are two bands of ABSs with opposite energies [see
Figs. 3(a) and 3(c)]. When the sudden jump of the CPR
occurs, the positive and negative bands touch at zero energy.
This degeneracy is robust and protected by time-reversal
and particle-hole symmetries. It resembles Kramers pairs of
MBSs. This can be best understood from the effective Hamil-
tonian (4) for edge states. In the short-junction limit, two ABS
bands at a given edge can be described by

ALAR sinqb
VAL + A%~ 281 Agcoso

Er(p) == €))

Notably, the ABSs are confined in the pairing gaps for ¢ sat-
isfying (cos ¢ — Ap/Ag)(cos¢p — Ar/AL) > 0, as verified in
Figs. 3(a) and 3(c). Noticing A;Ag > 0 in the O-junction
for ug < u¢, whereas Ay Ag < 0 in the -junction for ug >
ue, we can see that E4(¢) touch at ¢ = £+m and 0, respec-
tively. Using the valid formula at zero temperature, J;(¢) =
d|E;(¢)|/0¢ [83], we also reproduce the sudden jump in the
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FIG. 3. Andreev bound states for (a), (b) ug = 0.1mg and (c),
(d) wgr = 0.52my, respectively. (a) and (c) are for short junctions
with L = a, while (b) and (d) for long junctions with L = 50a and
150a, respectively. For all plots, W = 39a and other parameters are
the same as those in Fig. 1.

CPR. The wave functions of the zero modes can be written as

Y+ (x) = Win(x) + V_n*(x),

y-(x) = iVin(x) —iv_n*(x),

(10)

where W, = sgn(Ap)Wy. | FiW, 4, and the spatial de-
pendence is 7(x) = exp{[0(x)(inr — [Ar]) + O(=x)(ipL +
[ADIx/v} [66]. Since Wy /4 = \IJ;WT, the zero modes
have self-adjoint wave functions, y+(x) = yf(x). They are
Majorana fermions. Under the time-reversal operation 7,
TV, r = iw_:TN and Ty /0 = W5 ). Therefor.e, Vi
are related by time-reversal symmetry, 7y, = y_. A similar
analysis can be applied to the other edge where another
Kramers pair of MBSs is located. In long junctions, all the
features persist but with more pairs of discrete ABS bands
emerging from the continuum spectrum [see Figs. 3(b) and
3(d)].

At ¢ =0, the MBSs emerge for u > u¢, whereas they
disappear for u < uf. In this sense, we are able to switch
between the presence and absence of MBSs by gating the
S leads in the absence of ¢. Our setup indeed realizes fully
electrically controllable MBSs without fine tuning of the

magnetic field or threaded flux. This is an important advantage
compared to previous proposals based on conventional s-
wave superconductivity [24,80,84-87]. Moreover, since the
localization lengths of the MBSs in the S leads are determined
by &1r) = |v/AL®)|, we are also able to control the spatial
profiles of the MBSs by tr(r).

Experimental relevance and summary. Now we briefly dis-
cuss the experimental relevance of our proposal. QSHIs with
large inverted gaps [45-56,73-75] in proximity to cuprate
or iron-based superconductors [39—41,58-62] could provide
promising platforms to verify our predictions. For concrete-
ness, we take the inverted InAs/GaSb bilayer and WTe,
monolayer to estimate ji{,,, . For simplicity, we consider Ag =
0 such that p$(y) is independent of the magnitude of the
pairing potential. For the inverted InAs/GaSb bilayer, my =
0.0055 eV, my) = 81.9 eV A2, v,y =0.72eVA [88]. To
realize the O- transition, one can fabricate the Josephson
junction in any direction and find that g, = 0.0042 eV
which is smaller than the bulk gap mg,, = 0.005 eV. For
the WTe, monolayer with mg = 0.33 eV, m, = 4.6 eV A2,
m, =169 eVA2 v, =255eVA, and v, =03 eV A [45],
we have ug = 0.252 eV, uj = 0.057 eV, and mg,, = 0.08 eV.
Thus, it is better to design the junction in the y direction in
our model [89]. According to Eq. (7), the inclusion of a small
Ao would suppress u§ or u and hence make it more feasi-
ble to observe the 0-7 transition. A particle-hole symmetry
breaking term, which is neglected here, breaks the symmetry
with respect to w but does not qualitatively change our main
results.

We note in passing that there have been experimental
efforts trying to incorporate unconventional superconductiv-
ity in topological systems [39-41,60-62]. Moreover, large
proximity-induced pairing gaps in 2D systems from uncon-
ventional superconductors have been probed [39-42].

In summary, we have found that the chemical potentials
in superconductors can be used to modulate the supercurrent
and realize a 0-7r transition in Josephson junctions based on
SOTSs. These features are attributed to the dependence of the
pairing gap of edge states on the chemical potential. They
could serve as novel experimental signatures of the SOTS.
We have predicted the 0-7 transition as a fully electric way
to create or annihilate MBSs at elevated temperatures.
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