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We show that the retarded interaction between quasiparticles on a 2D square lattice induced by the
exchange of antiferromagnetic paramagnons leads uniquely to a transition to a superconducting state
with d,.2, 2 symmetry. With a spin-excitation spectrum and a quasiparticle-paramagnon coupling
determined by fits to normal-state experiments, we obtain high transition temperatures and energy-gap
behaviors comparable to those measured for YBa2Cu307, YBa2Cu30663, and Lal ~qSr() I~Cu04.
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During the five years which have elapsed since the
discovery of high-temperature superconductivity in cu-
prate oxide compounds [1], it has become increasingly
clear that the normal-state properties of the cuprate ox-
ides are qualitatively diA'erent from those of the "low-
temperature superconductors" while their superconduct-
ing properties can be understood qualitatively using a
BCS approach [2]. Attention has therefore focused on
understanding the physical origin of the novel properties
of the normal state in the hope and expectation that these
would provide an essential clue to the appearance of
high-temperature superconductivity. It has been argued
that it is the strong antiferromagnetic correlations of the
nearly localized Cu + d orbitals which are chiefly respon-
sible for the unusual properties of the normal state [3].
In this Letter we examine the possibility that these are
also responsible for their high-temperature superconduc-
tivity.

Well-established NMR experiments [4] in conjunction
with a phenomenological one-component theory [5]
demonstrate that for the normal state of the cuprate ox-
ide superconductors the imaginary part of the planar
spin-spin correlation function g"(q, co) is sharply peaked
at q=(~ tr/a, ~ tr/a) in the Brillouin zone (BZ), and
that the dominant magnetic excitations are temperature-
dependent low-frequency antiferromagnetic paramagnons
with a characteristic energy cusz that is always less than
ktt T [5,6]. Quasiparticle-paramagnon scattering has
been shown to give rise to a resistivity which is linear in

temperature [7], to the anomalous low-frequency optical
properties which are seen experimentally [8], and to an
imaginary part of the quasiparticle self-energy which is
proportional to to at low frequencies [9]. We present here
the results of calculations on a 2D square lattice which
show that the induced quasiparticle interaction produced
by these experimentally determined magnetic excitations
leads to a transition, at comparatively high temperatures,
to a superconducting state with a d wave gap
icos(k, a) —cos(k, ,a), whose symmetry agrees with pre-
vious calculations of spin-Auctuation-induced supercon-
ductivity for heavy-electron systems and the cuprate ox-
ides [10]. Although our numerical solution for the transi-
tion temperature T,. is well approximated by a BCS-like

formula, we find that in the vicinity of T, the gap devel-
ops more rapidly than in weak-coupling BCS theory,
while the maximum-gap ratio, A„.„„(0)/ktt T, , ranges
from 2.9 to 4.3, depending on the high-T, compound
(YBaqCu307, YBa2Cu30663 or La~ s5Srp [5Cu04) we
consider. The values of the quasiparticle-paramagnon
coupling deduced from the measured values of T,. provide
a reasonable quantitative account of the above-mentioned
anomalous normal-state properties.

We follow Anderson [11) and use a one-band descrip-
tion of the planar excitations of a 2D square lattice; how-
ever, instead of introducing spinons and holons we assume
the planar excitations form an almost antiferromagnetic
Fermi liquid made up of quasiparticles coupled to spin
fluctuations by

P;.&

= gg(q)s(q). S(—q),1 (1)0 q

where s(q) = —,
' P, tt t, tirk+q, a,tttitk tt. S is the spin-Iluctu-

ation operator whose correlation function is modeled by

z(q. ~) = XQ

I+( (q —Q) ' —ico/cost
q„- &0, q, . &0,

(2)

where gQ is the static spin susceptibility at wave vector
Q=(tt/a, tr/a). In the normal state, gg=gp(g/a) P
where go is the experimentally measured long-wavelength
spin susceptibility which is in general temperature depen-
dent, ( is the temperature-dependent antiferromagnetic
correlation length, and P= tr . The paramagnon energy
is given by

r
p I/2~(g/ ) 2

where I =0.4 eV plays the role of a magnetic Fermi en-
ergy. The fits to NMR experiments [5-7] yield the
values shown in Table I for g(T, ) and cost, (T,. ). Since
those experiments also indicate that the antiferromagnet-
ic correlations become frozen in the superconducting
state, the parameters I, g, cosr. , and gg are taken to be
constants below T,

In the case of YBa2Cu307, the spin susceptibility go
which enters into Eq. (2) is independent of temperature,
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TABLE I. Input spin excitation and calculated pairing parameters for cuprate superconduc-
tors.

go(T, ) (states/eV)
((T, )/a
cost;(T, . ) (K)
x(T, . ) '
~„,.„(O)/k, V;

Y Ba2Cu307

2.62
2.5
90

0.477
2.9

0.45

Superconductor
YBa2Cu306. 63

0.75
4. 1

35
0.373

3.4
0.33

La[ gqSro IqCu04

1.20
6.5
10

0.331
4.3

0.30

'T, eee —1/) (T, ).
"~,.(T)/a. ..„(O)l, , ~ (T/V;. —1) '.

and, with a coupling constant g(q) which is temperature
and wave vector independent, one obtains a normal-state
resistivity which is linear in T. For YBa2Cu30663 and
La] z&Sro ~~Cu04 the uniform spin susceptibility is mark-
edly temperature dependent. We find that in order to ob-
tain a linear resistivity, g(r) must be temperature de-
pendent. A convenient form for large r is g(r)
ee ( —1) ' " exp[ —r/l(T)]/r, r = (n„a,n, , a), where
l(T) is chosen in such a way that the product of go(T)

and a temperature-dependent eff'ective coupling,

""~qg'(q)z(q ~- »
4

Qqg(q, ro —0)
is nearly independent of T We .find that l(T) varies
from —3 (—2. 1) lattice spacings at T =60 K to —1.5
(—1.7) lattice spacings at T=250 K for the YBa2Cu3-
Oe.e3 (La~ s5Srp lsCu04) compound.

In the weak-coupling limit, we write the linearized gap
equation determining the critical temperature T, as.

T& r~/~ adk,' l I-,' adk, ', tanh [(ek —p )/2ka T]
A(k) =, 2 g Re@(k —@;k',ek —p)

g g, (sT) "o 2n "0 2z

+2
&o

dN CO
coth Imp(k —&;k', co)

2kaT

x P(@k'),(, )2 2+F2

[( ) 2 2~p2) 2+4p2 2
(5)

where the N; are the group transformations which map any wave vector in the BZ onto the first octant. The upper cou-
pling factor, g,.tr(T), is fo—r singlet (repulsive interaction) and the lower one for triplet pairing tattractive interaction).
We find that even for small values of the lifetime parameter 6 the second term in the interaction may be neglected com-
pared to the first, while the frequency dependence of the susceptibility cuts oA the interaction when ep —p~ cost, (g /a )—= I /z . A tight-binding form of the quasiparticle spectrum uk= —2t[cos(k„a)+cos(k~a)] is assumed
and the bandwidth is taken as 2 eV. The effective coupling constant is g, tr(T) =

s g,tr(T).
We find that our interaction leads to a solution of the gap equation only for a d 2 ~2 pairing state which can be writ-

ten as h(k) =ho(k)[cos(k, -a) —cos(k, , a)]. Because of the structure of the quasiparticle spectrum and the gap A(k), it
is convenient to write the integral equation (5) for Ao(k) in terms of the new variables e and 0:

k,- a =arccos [ —e —(1 —
l e

l )cos(0) ], k, a =arccos [ —e+ (1 —
l e

l )cos(0)],
(6)—lee~ 1, 0~ 0~n/2.

We neglect the 0 dependence of do, and write Eq. (5) as a one-dimensional integral equation in the variable e:

g„rr(T) &+~, , tanh [8(e' p')/4ka T1—
Bz 4 E P

where

(7)

p x/2

V(~, ~') —= —
~ d0~o ~o

z/2 cos(0')g;"=
~ ( 1 ) ' Re@(k(e,0) —4;k'(e', 0'), —,

' B(e' —p'))
dO'

[(1+I
~'I ) ' —(1 —

I
~'I ) 'cos'(0') ] '"

and A(e)—:Ao(e)(1 —lel). ( —1) ' denotes the parity of the gap under the transformation &;, B is the bandwidth, and
p—= —'Bp'. The above approximation amounts to expanding Ao in powers of cos(k, a)+cos(k~a) and solving Eq. (5) ex-
actly in that subspace. Because of the considerable structure of the eAective interaction, a very fine mesh in the e vari-
able is needed. Since the solution of the ensuing 164 coupled equations is computationally expensive, we have not ex-
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plored various chemical potentials: p was set to 0.25 eV
[a representative value, corresponding to N(0) =0.568
eV '] for the three compounds and its temperature
dependence was neglected throughout. We obtain an
identical result with p —p provided we make the sub-
stitution e —e. The temperature dependence of the
gap can be calculated via the equation obtained from (5)
by changing ek —p everywhere to Fk=[(ek
—p) '-+a'(k) l

'/'

Our principal results are displayed in Figs. 1 and 2 and
Table I, and in the following we comment on them
briefly.

(i) As shown in Fig. I, our numerical solution for T, is
well approximated by

g'-(T, )
T, =ah tu.st;(T, .),'

exp

r(T, . )
exp

where the dimension less effective coupling constant
X(T,. ) = rtg,.tr(T, )2o(T,. )N. (0) varies from 0.48 to 0.33
depending on the compound, and a and g are material
constants of order unity.

(ii) Even though the coupling is intermediate to weak,
below T,. the energy gap opens up very rapidly, reaching
a maximum magnitude large compared to the weak-

coupling BCS result, in good qualitative agreement with

experiment [2].
(iii) Stronger antiferromagnetic correlations are ac-

companied by lower values of T,. and larger values of the

gap ratio A, „(0)/ktt T,
(iv) With a physically reasonable Fermi-liquid correc-

tion [12], the temperature dependence of our calculated
planar spin susceptibility agrees with experiment [13],
while the coupling constants, g„tr(T, ), inferred from tt.

appear to be in the range required to explain the anoma-
lous resistivity and optical properties of the normal state.

In our theory, the high-temperature superconductivity
and the unconventional pairing state result from the
strong antiferromagnetic correlations responsible for the
structure of the effective interaction. The unusual gap
behavior results, at least in part, from a nonlinear relation
between h and V(e, e') in the superconducting state, pro-
duced by the frequency dependence of the susceptibility.
Our high values of T,. reflect, in part, the fact that apart
from an angular average approximation, we have solved
the full gap equation (7).

Direct experimental evidence for unconventional pair-
ing in YBa2Cu307 has been obtained in NMR experi-
ments [14,15] in the superconducting state. The mea-
sured temperature-dependent anisotropy of the relaxation
rates of the ' 0 and Cu nuclei, for field orientations in

the plane and perpendicular to it, appears to rule out con-
ventional s-wave pairing, but is qualitatively consistent
with the results of d-wave pairing calculations [16]. The
failure thus far to observe nodes in the gap in experiments
on the penetration depth of YBa2Cu307 may reflect the
influence of both impurity scattering and lifetime effects
or that the particular geometry of the Fermi surface is

such that there is no appreciable contribution to the
normal-state density from the nodes. To the extent that
lifetime effects are independent of the retardation effects
considered here, we would expect that including these
would lower the transition temperature, and lead to a still
more rapid opening up of the gap near T,. and to a still

YSa2 Cup 07
———YSap Cup 066p
::----«[.8~ s~o.[s «o~

1.2

I.O
0.4

2-a
&C
C3

3

-4-

O
I
— -5-
C

00.0 0.2 0.4 0.6 0.8 I.O

T/Tc
FIG. 1. The temperature dependence of the maximum value

of the energy gap for the three high-T, compounds YBazCu307
(T; =95 K), YBa2Cu3Oppq (T, =60 K), and La~ sqSrp ~qCUO4

(T, =40 K). Inset: A plot of the relationship T, =a[I (T, )/
z-'1 exp[ I/t)g, tt(T, )g (T,.p)N(0)]. a and t) are material-de-
pendent constants which are found to be a =1.66, g =1.07 for
YBa.Cu307, a = 1.49, g = 1.07 for Y Ba2Cu306 (,3 and a = 1.51,
g =1.21 for La].gsSrp. isCUO4.
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81FIG. 2. The density of states for the d-wave gap 6 '(k) as a
function of the variable 2'/8, where 8 =2 eV is the bandwidth,
at various values of T/T, for YBa2Cu307. Note the linear be-
havior in frequency for small m and the logarithmic divergence
in two dimensions. Inset: The Knight shift in the superconduct-
ing state. The dashed line is the bare value, and the solid line
with Fermi-liquid corrections and Fp = —0.6. The circles are
the experimental values of Barrett et al. [131.
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larger gap ratio at T =0 [17].
SchrieA'er and co-workers [18] share our view that an-

tiferromagnetic correlations play a key role in determin-
ing the superconducting transition, but argue that the
coupling between quasiparticles and spin Auctuations is so
strong that the normal-state excitations are so[itons (spin
bags); they further focus on the second-order spin-
Auctuation exchange to obtain s-wave superconductivity,
rather than utilizing the first-order term to obtain d-wave

pairing.
In our model, the results of experiments on the normal

state are used to fix the fundamental quantities which
enter the spin-excitation spectrum and its coupling to
quasiparticles. We have chosen to use the low-frequency
form of g(q, co), which fits NMR, because as yet neu-
tron-scattering experiments have not produced a con-
sensus on the behavior of 2(q, co) in the range 1-50 meV.
We are encouraged that the results we obtain agree quali-
tatively in many ways with experiments on the supercon-
ducting state. The present calculations, however, repre-
sent only a first step toward the development of a con-
sistent theory of superconductivity in the cuprate oxides.
For example, before a quantitative comparison with ex-
periment on the transition temperature, gap properties,
etc. , can be made, it is important to incorporate lifetime
eA'ects and to carry out the self-consistent calculation of
the chemical potential and its variation with doping
which is needed as well for a quantitative account of
normal-state properties. While we find it is possible to
obtain large energy gaps in a weak-coupling approxima-
tion, the role of strong-coupling corrections needs to be
explored.

The problem of the nature of the superconducting state
in two dimensions in the presence of antiferromagnetic
correlations that we have studied here is interesting in its
own right. However, the superconductivity in high-T,
compounds is three dimensional. Interplanar coupling in

some form will establish the true 3D coherence of the or-
der parameter. Since the interplanar coupling is weak,
we believe that the in-plane symmetry of the gap will

remain d, 2
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