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We present a combined analysis of the electromagnetic form factors of the nucleon in the space- and
timelike regions using dispersion theory. Our framework provides a consistent description of the
experimental data over the full range of momentum transfer, in line with the strictures from analyticity
and unitarity. The statistical uncertainties of the extracted form factors are estimated using the bootstrap
method, while systematic errors are determined from variations of the spectral functions. We also perform a
high-precision extraction of the nucleon radii and find good agreement with previous analyses of spacelike
data alone. For the proton charge radius, we find rpE ¼ 0.840þ0.003

−0.002
þ0.002
−0.002 fm, where the first error is

statistical and the second one is systematic. The Zemach radius and third moment are in agreement with
Lamb shift measurements and hyperfine splittings. The combined dataset of space- and timelike data
disfavors a zero crossing of μpG

p
E=G

p
M in the spacelike region. Finally, we discuss the status and

perspectives of modulus and phase of the form factors in the timelike region in the context of future
experiments, as well as the onset of perturbative QCD.
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Our everyday matter consists of electrons, protons, and
neutrons, with the latter two accounting for essentially all
of its mass. While the electron is an elementary particle,
protons (p) and neutrons (n), which are collectively
referred to as nucleons (N), arise from the complicated
strong interaction dynamics of quarks and gluons in
quantum chromodynamics (QCD) [1,2]. The electromag-
netic (EM) form factors of the nucleon describe the
structure of the nucleon as seen by an electromagnetic
probe. As such, they provide a window on the strong
interaction dynamics in the nucleon over a large range of
momentum transfers. For recent reviews see, e.g., Refs. [3–
5]. Moreover, they are an important ingredient in the
description of a wide range of observables ranging from
the Lamb shift in atomic physics [6–9] over the strangeness
content of the nucleon [10,11] to the EM structure and
reactions of atomic nuclei [12–14]. At small momentum
transfers, they are sensitive to the gross properties of the
nucleon, like the charge and magnetic moment, as well as

the radii. At large momentum transfer, they probe the quark
substructure of the nucleon as described by QCD.
Most discussions of nucleon structure focus on the so-

called spacelike region, which is accessible via the Lamb
shift or elastic electron scattering off the nucleon
(e−N → e−N), where the four-momentum transfer to the
nucleon is spacelike. However, crossing symmetry con-
nects elastic electron scattering to the creation of nucleon-
antinucleon pairs in eþe− annihilation and its reverse
reaction (eþe− ↔ NN̄). Both types of processes are
described by the Dirac and Pauli form factors F1 and
F2. They depend on the four-momentum transfer squared t,
which is defined in the complex plane. The experimentally
accessible spacelike (t < 0) and timelike regions
[t > ð2mÞ2, with m ¼ 938.9 MeV the nucleon mass] on
the real axis are connected by an analytic continuation.
Experimental data are usually given for the Sachs form
factors GE and GM, which are linear combinations of F1

and F2 and have a physical interpretation in terms of the
distribution of charge and magnetization, respectively (see
Supplemental Material [15] for details). Note that, in the
timelike region, the form factors are complex-valued
functions.
The framework of dispersion theory allows us to exploit

this link between the space- and timelike data through a
combined analysis of experimental data in both regions,
fully consistent with the fundamental requirements of
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unitarity and analyticity. Building upon our previous
analyses of spacelike data only [39,40], we explore this
powerful connection and highlight its consequences for the
nucleon radii, the behavior of the proton form factor ratio
μpG

p
E=G

p
M, and the onset of perturbative QCD (pQCD), as

well as the modulus and phase of the form factors in the
timelike region. In particular, we discuss the implications of
the timelike data for the “proton radius puzzle” [41], an
apparent discrepancy between the proton radius extracted
from the Lamb shift in muonic hydrogen and the value
extracted from electron scattering and the electronic Lamb
shift; see, e.g., Refs. [42,43] for the current status of this
puzzle. It is also important to stress that, in the timelike
region, the measured cross section data show an interesting
and unexpected oscillatory behavior [44,45].
The matrix element for the creation of a nucleon-

antinucleon pair from the vacuum by the EM vector current
jEMμ can be expressed as

hNðp0ÞN̄ðp̄0ÞjjEMμ ð0Þj0i

¼ ūðp0Þ
�
F1ðtÞγμ þ i

F2ðtÞ
2m

σμνðp0 þ p̄0Þν
�
vðp̄0Þ; ð1Þ

where p0 and p̄0 are the momenta of the nucleon-anti-
nucleon pair and t ¼ ðp0 þ p̄0Þ2 > 0 is the four-momentum
transfer squared. The analytic structure of this matrix
element can be discerned by using the optical theorem.
Inserting a complete set of intermediate states jλi, one finds
[46,47]

ImhNðp0ÞN̄ðp̄0ÞjjEMμ ð0Þj0i∝
X
λ

hNðp0ÞN̄ðp̄0Þjλi

× hλjjEMμ ð0Þj0iδð4Þðp0 þ p̄0−pλÞ:
ð2Þ

Thus, the imaginary part of the form factors can be related
to the matrix element for creation of the intermediate states
and the matrix element for scattering of the intermediate
states into a NN̄ pair. The states jλi must carry the same
quantum numbers as the current jEMμ , i.e., IGðJPCÞ ¼
0−ð1−−Þ for the isoscalar component and IGðJPCÞ ¼
1þð1−−Þ for the isovector component. Here, I, G, J, P,
and C denote the isospin, G parity, spin, parity, and charge
conjugation quantum numbers, in order. For the isoscalar
(s) part with I ¼ 0, the lowest mass states are 3π; 5π;…;
for the isovector (v) part with I ¼ 1, they are 2π; 4π;….
Associated with each intermediate state is a branch cut
starting at the corresponding threshold in t and running to
infinity.
This analytic structure can be exploited to reconstruct the

full form factor from its imaginary part given by Eq. (2).
Let FðtÞ be a generic symbol for one of the nucleon form
factors F1 and F2. Applying Cauchy’s theorem to FðtÞ, we
obtain a dispersion relation,

FðtÞ ¼ lim
ϵ→0þ

1

π

Z
∞

t0

ImFðt0Þ
t0 − t − iϵ

dt0; ð3Þ

which relates the form factor to an integral over its
imaginary part ImF. Of course, the derivation assumes
that the integral in Eq. (3) converges. This is the case for our
parametrization of ImF (see Supplemental Material [15]).
We note that a once-subtracted dispersion relation does not
improve the form factor description [48].
The longest-range and, therefore, at low momentum

transfer, most important continuum contribution to the
spectral function ImFðtÞ comes from the 2π intermediate
state, which contributes to the isovector form factors [49].
The ρ appears naturally as a resonance in the 2π continuum
with a prominent continuum enhancement on its left wing.
A novel and very precise calculation of this contribution
has recently been performed in Ref. [50] including the
state-of-the-art pion-nucleon scattering amplitudes from
dispersion theory [51]. In the isoscalar channel, the
nominally longest-range 3π contribution shows no such
enhancement and is well accounted for by the ω pole
[52,53]. The most important isoscalar continuum contri-
butions are the KK̄ [54,55] and ρπ continua [56] in the
mass region of the ϕ, which is also included as an explicit
pole. The remaining contributions to the spectral function
above t ≈ 1 GeV2 can be parametrized by effective vector
meson poles that are fitted to the form factor and cross
section data. Since the analytical continuation from the
space- to the timelike region is, strictly speaking, an ill-
posed problem, the general strategy is to include as few
effective poles as possible to describe the data in order to
improve the stability of the fit [57].
The number of parameters is reduced by applying

various constraints. The asymptotic behavior of the form
factors at large spacelike momentum transfer is constrained
by perturbative QCD [58]. The power behavior of the form
factors leads to superconvergence relations, which reduce
the number of fit parameters. Moreover, we constrain the
fits to reproduce the high-precision determination of the
neutron charge radius squared based on a chiral effective
field theory analysis of electron-deuteron scattering [59],
hr2ni ¼ −0.105þ0.005

−0.006 fm2. All other radii are extracted
from the analysis of the data. A detailed discussion of
the spectral function is given in the Supplemental
Material [15].
The datasets included in our fits are listed in Table I. The

first five rows contain spacelike data obtained in elastic
electron scattering. Explicit references can be found in the
review [40]. In the last four rows, we list the timelike
datasets (see [15] for explicit references). The total number
of data points in our analysis is 1753.
We have started with fits to the timelike data only. Since

the separation of GE and GM requires differential cross
sections, most timelike data are given for the so-called
effective form factor
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jGeff j≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGEj2 þ ξjGMj2

1þ ξ

s
; ð4Þ

with ξ ¼ t=ð2m2Þ. However, there are also some data for
the ratio jGE=GMj and some differential cross section data
from BABAR and BESIII. The phase of the ratio GE=GM

has not been measured. It turns out that a certain number of
broad poles above threshold is needed to get a good
description of the timelike data. These poles generate the
imaginary part of the form factors above the two-nucleon
threshold and are required to describe the observed oscil-
latory behavior of the form factors from BABAR and
BESIII. With 3sþ 3v below-threshold narrow poles and
3sþ 3v above-threshold broad poles, we were able to
obtain a good fit to the data with χ2=d:o:f: ¼ 0.638 (where
d.o.f. represents degrees of freedom). In particular, the
visible strong enhancement of the proton and the neutron
timelike form factor (after subtraction of the electromag-
netic final-state interaction in the proton case), first seen by
the PS170 Collaboration at LEAR [60], is also described in
this framework.
In the next step, we include the spacelike data and aim

for a consistent analysis of both types of data. We explicitly
enforce a decreasing behavior of Gn

M=ðμnGdipÞ and
μpG

p
E=G

p
M at large jtj in the spacelike region in order to

get a good description over the full range of momentum
transfers. Moreover, the weight of the timelike ratio
jGE=GMj data from BABAR is increased by a factor of
10 so as to make its contribution to the total χ2 that is highly
suppressed by the large uncertainties more sizable. Stated
differently, the factor 10 allows jGE=GMj to be constrained
properly by the BABAR data, but it does not change other
quantities, e.g., the proton charge radius is only modified in
its fourth digit, well within the theoretical errors, when this
factor is set to one.
In Fig. 1, we show our best fit compared to the

experimental data for jGeff j of the proton (upper panel)
and the neutron (lower panel). Note that this best fit

contains 3sþ 5v below-threshold narrow poles and 3sþ
3v above-threshold broad poles. We obtain a good descrip-
tion of the timelike data for jGeff j. The prominent oscil-
lations in jGeff j between the threshold at t ¼ 4m2 and
t ≈ 6 GeV2 are reproduced by the effective broad poles
above threshold. These poles also generate the imaginary
part of the form factors in the physical region. Alternatively,
these structures can also be generated by including con-
tributions from triangle diagrams with ΔΔ̄ and ðΔN̄ þ
H:c:Þ intermediate states; see, e.g., Ref. [61]. In principle,
these contributions are fixed. However, the corresponding
coupling constants are poorly known and a perturbative
treatment of these contributions is questionable. For further
discussion, see Ref. [62].
The quality of the fit to the spacelike data is comparable

to our previous fits of spacelike data only [39,40]. We
obtain χ2=d:o:f: ¼ 1.223 for the full dataset, χ2=d:o:f: ¼
1.063 for the timelike data, and χ2=d:o:f: ¼ 1.297 for the
spacelike data. Thus, it is warranted to extract the nucleon
radii from our combined fit, which has a larger database
than spacelike only fits. We obtain the radii

FIG. 1. Complete fit to space- and timelike data with bootstrap
error (shaded band) compared to data for jGeff j of the proton
(upper) and neutron (lower). Fitted data are depicted by closed
symbols; data given by open symbols are shown for comparison
only (see Supplemental Material [15] for explicit references).

TABLE I. Datasets included in the combined space- and
timelike fits. See Ref. [40] and the Supplemental Material [15]
for explicit references.

Data type Range of jtj (GeV2) Number of data

σðE; θÞ, PRad 0.000 215–0.058 71
σðE; θÞ, MAMI 0.003 84–0.977 1422
μpG

p
E=G

p
M, JLab 1.18–8.49 16

Gn
E, world 0.14–1.47 25

Gn
M, world 0.071–10.0 23

jGp
eff j, world 3.52–20.25 153

jGn
eff j, world 3.53–9.49 27

jGE=GMj, BABAR 3.52–9.0 6
dσ=dΩ, BESIII 1.882–1.952 10
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rpE ¼ 0.840þ0.003
−0.002

þ0.002
−0.002 fm;

rpM ¼ 0.849þ0.003
−0.003

þ0.001
−0.004 fm;

rnM ¼ 0.864þ0.004
−0.004

þ0.006
−0.001 fm; ð5Þ

where the first error is statistical (based on the bootstrap
procedure explained in [15], which leads to the same results
as a Bayesian analysis [40]) and the second one is
systematic (based on the variations in the spectral func-
tions, see [15]). These values are in good agreement with
previous high-precision analyses of spacelike data alone
[39,40] and have comparable errors. For the Zemach radius
rz and the third Zemach moment hr3ið2Þ (see Supplemental
Material [15]), we obtain

rz ¼ 1.054þ0.003
−0.002

þ0.000
−0.001 fm;

hr3ið2Þ ¼ 2.310þ0.022
−0.018

þ0.014
−0.015 fm3: ð6Þ

These values are in good agreement with Lamb shift and
hyperfine splittings in muonic hydrogen [63].
Another interesting question in the spacelike region

concerns the behavior of the form factor ratio μpG
p
E=G

p
M

for intermediate momentum transfer. Some measurements
suggest a zero crossing of this ratio around t ≈ −10 GeV2

[64]. In Fig. 2, we compare our fit to the experimental data
for μpG

p
E=G

p
M. While we obtain a good description of the

data, a zero crossing is disfavored by the combined analysis
of space- and timelike data. Thus, data at higher momentum
transfer than shown in the figure are required to settle this
issue. We further remark that, as in the earlier fits to the
spacelike data only, the onset of perturbative QCD barely
sets in at the highest momentum transfers probed.

Based on quark counting rules [58], the form factor ratio
jGp

effðtÞ=Gn
effðtÞj should approach a constant as t → ∞ in

the timelike region. We show our result for this ratio in
Fig. 3. The form factor ratio is constant above t ≃ 6 GeV2

and slightly larger than 1, with sizeable uncertainties for

FIG. 2. Complete fit to space- and timelike data with bootstrap
error (shaded band) compared to JLab data for μpG

p
E=G

p
M at

spacelike momentum transfer. Fitted data are depicted by closed
symbols. The data for jtj < 1 GeV2 (open symbols, see also the
inset) are shown for comparison only. For references to the data,
see Supplemental Material [15].

FIG. 3. Form factor ratio jGp
effðtÞ=Gn

effðtÞj in the timelike region
for the best fit, with the bootstrap uncertainties indicated by the
shaded band.

FIG. 4. Complete fit to space- and timelike data with bootstrap
error (shaded band) compared to proton data for jGE=GMj (closed
symbols, fitted; open symbols, not fitted) (upper) and our
prediction for argðGE=GMÞ (lower).
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t > 10 GeV2. However, drawing a clear conclusion
about the onset of pQCD certainly requires the separated
form factors GE and GM, and not just the effective form
factor.
In addition to jGeff j, there are also data on the ratio

jGE=GMj and on differential cross sections for the proton in
the timelike region. The differential cross sections from
BESIII in the lowest energy bin (t ∈ ½1.877; 1.950� GeV2)
are included in our fit and are well described. The
corresponding differential cross sections from BABAR
are also well described, when normalized to the total cross
section. In Fig. 4, we compare the fit to the proton data for
jGE=GMj and give our prediction for the phase of GE=GM.
We fit only to the BABAR data for jGE=GMj since the
BESIII data have much larger error bars. The modulus
jGE=GMj is well described by our fit, but the bootstrap
errors grow to more than 100% at t ≈ 6 GeV2. The phase
argðGE=GMÞ is experimentally unrestricted due to the lack
of data and thus has large errors. For energies

ffiffi
t

p
− 2m

larger than 200 MeV, it is essentially unconstrained by our
fit. Future measurements of the phase such as planned with
PANDA at FAIR would be highly valuable to improve this
situation [65].
In summary, for the first time, a consistent picture of the

nucleons electromagnetic structure based on all spacelike
and timelike data from electron scattering and electron-
positron annihilation (and its reversed process) emerges. In
particular, the extracted proton charge radius rpE ¼
0.840 fm is small and consistent with earlier dispersive
analyses [40] and most recent determinations from elec-
tron-proton scattering as well as the Lamb shift in elec-
tronic and muonic hydrogen (as listed, e.g., in Ref. [42]).
The Zemach radius and third moment are in agreement with
Lamb shift measurements and hyperfine splittings in
muonic hydrogen [63]. Still, there are open questions
related to the onset of pQCD and the behavior of the form
factor ratio μpG

p
E=G

p
M at intermediate jtj in the spacelike

region, as well as the precise behavior of this complex-
valued ratio in the timelike region. These issues can only be
settled by accurate measurements combined with precise
analyses as in the framework utilized here.
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