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Previous lattice QCD calculations of axial vector and pseudoscalar form factors show significant
deviation from the partially conserved axial current (PCAC) relation between them. Since the original
correlation functions satisfy PCAC, the observed deviations from the operator identity cast doubt on
whether all of the systematics in the extraction of form factors from the correlation functions are under
control. We identify the problematic systematic as a missed excited state, whose energy as a function of the
momentum transfer squared Q7 is determined from the analysis of the three-point functions themselves. Its
energy is much smaller than those of the excited states previously considered, and including it impacts the
extraction of all of the ground state matrix elements. The form factors extracted using these mass and
energy gaps satisfy PCAC and another consistency condition, and they validate the pion-pole dominance
hypothesis. We also show that the extraction of the axial charge g, is very sensitive to the value of the mass
gaps of the excited states used, and current lattice data do not provide an unambiguous determination of
these, unlike the Q2 # 0 case. To highlight the differences and improvement between the conventional vs
the new analysis strategy, we present a comparison of results obtained on a physical pion mass ensemble at
a ~0.0871 fm. With the new strategy, we find g4, = 1.30(6) and axial charge radius r, = 0.74(6) fm, both
extracted using the z expansion to parametrize the Q? behavior of G,(Q?), and g = 8.06(44), obtained
using the pion-pole dominance ansatz to fit the Q° behavior of the induced pseudoscalar form factor

Gp(Q?). These results are consistent with current phenomenological values.
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The nucleon axial form factor is an important input
needed to calculate the cross section of neutrinos off
nuclear targets. It is not well determined experimentally
[1]. At present, these form factors are typically extracted
from measurements of scattering off nuclear targets and
require modeling of nuclear effects [2,3], which introduces
uncertainties [4]. Lattice QCD is the best known approach
to calculate these from first principles, and in which all
systematics can be controlled.

The axial, G,(Q?), and the induced pseudoscalar,
Gp(Q?), form factors are extracted from the matrix elements
of the isovector axial current A, = itysy,d between the
ground state of the nucleon

, G ,
PIAINP) = (1o + 2 oty (1)

and the pseudoscalar form factor Gp(Q?) from
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(N?|P(q)IN?') = #yysGpi, (2)

where P = iiysd is the pseudoscalar density, |[N?) (uh)) is the
nucleon state (spinor) with energy E,, mass M, and lattice
momentum p = 2zn/La with n = (ny, n,, n3). We neglect
the induced tensor form factor G in Eq. (1) since we assume
isospin symmetry, m, = my, throughout [5]. All of the form
factors will be presented as functions of the spacelike four-
momentum transfer Q% = (p')? — (E — M)?> = —¢*; p at the
sink is fixed to zero.

In our previous work [6], we showed that form factors
with good statistical precision can be obtained from lattice
simulations; however, these data do not satisfy the partially
conserved axial current (PCAC) relation,

Q* Gp(Q?)
AM? G4(0%)

i Gp(Q)
M G4(Q?)

=1, (3)

with the PCAC quark mass 7 defined in Ref. [6]. This
failure is also observed in other lattice calculations [7-12].
Since PCAC is an operator relation that is satisfied by the
lattice correlation functions, it is important to find and
remove the systematics responsible for the deviation at the
level of the form factors.
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FIG. 1. Data for E(z,p) (circles) and fit results (lines) for

0<n?<6and n> =8, 10. As 7 — o0, Ee(7,p) = Eo(p).

The central point of this Letter is that the problematic
systematic is a missed lower energy excited state. Using a
physical pion mass ensemble a09m130W [13,14], we show
that the mass and energy gap of this state can be determined
from the analysis of nucleon three-point correlation func-
tions. Form factors extracted including these states satisfy
PCAC and another consistency condition and constitute a
major advance in our understanding of the systematics.
Further details of lattice methodology, parameters, statis-
tics, and the interpolating operator used to construct the
correlation functions can be found in Refs. [6,13].

The excited-state contamination (ESC) arises because
the operator used to create and annihilate the nucleon state
couples to the ground and all of the excited and multi-
particle states with appropriate quantum numbers. To
isolate the ground state matrix elements, we fit the two-
and three-point functions C,z,pt and C?;, using their spectral

decompositions. The 4-state truncation of C,%pt is

3
2pt
(@) =Y A e, (4)

i=0

where A; are the amplitudes and E i2pt (p) the energies for the
ith state. The data and fits using Eq. (4) are shown in Fig. 1.
There is a reasonable plateau at large 7 in E.(7) =
log{[C?'(7)]/[C*'(z + 1)]} for momenta up to n’> = 6.
We have checked to see that the lowest £ determined from
the 4-state fit [13] is consistent with that from a variant of
the Prony method [15]. Similarly, the 2-state truncation of

C;i;,(t, ) with Dirac index I' and operator Or € A,, P is

1
3 . ., ol T (71—
Ci(t.7) = Y A IAL|(j|Op|)e Er=Mite=n - (5)

i.j=0

where M, = M, |0) and |n) are the ground and nth excited
states. The source point is at t = 0, the operator is inserted
at time ¢, and the nucleon is annihilated at time z. The
superscript prime denotes that the state could have nonzero
momentum p’.
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FIG. 2. Data for Rs4 and 9,Rs, with p = (0,0, 1)2z/La and
fits to (top panels) A4 and (bottom panels) 0,4, with the two
strategies Sy, and Su4. The derivative in 9,Rs4 acts only on Ciﬂt
in Eq. (5). The horizontal gray band at approximately zero in the
bottom right panel has tiny uncertainty.

To discuss the data, we consider the five ratios R of the
G to C¥' functions defined in Ref. [6]:

Rs; = K [=qiq;Gp/2M] (i =1,2), (6)
R53 - K_l[—q%GP/ZM + (M + EO)GA]’ (7)
Ry = K1 [2(M = Eo)Gp + 4MG,). (8)

Rs — K'[q3Gpl, K™ = \/2Ey(Ey + M), (9)
where “4” is the temporal direction and the spin projection
is along “3.” As 7 — o0, these ratios give the ground state
matrix elements, whose decomposition into form factors
for the nonvanishing momentum combinations is shown in
Egs. (6)—(9). Equivalent momenta are averaged.

For Q% #0, Rs, form an overdetermined system for
extracting Gp and G, while Gp is uniquely determined
from R 5 using Eq. (9). The A, correlators have traditionally
[6-12] been neglected because fits with E; and M; obtained
from C??" are poor, as shown in Fig. 2 (top left panel). Here,
we define two analysis strategies: Sy and Sy,.

Sop-—In Eq. (5), we use M; = M and E; = E?,
obtained from a 4-state fit to C**'. With this Sopi» We have
performed up to 3*-state analyses of Clip " to isolate the
ground state matrix elements as discussed in Refs. [6,13].
Form factors obtained using S, violate PCAC, and
correcting for O(a) lattice artifacts in the axial current
showed negligible improvement [6]. Furthermore, the vio-
lation increases as Q> — 0, a — 0, and M, — pMphysical

Sy, —The ground state’s mass and energy are taken
from the 4-state fits to C?** shown in Fig. 1. For the first
excited state, we take M, = M4* and E, = E{* from 2-
state fits to the A, three-point correlator. These are then
used in a 2-state analysis of C%Pt with operators A; and P.
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FIG. 3. Energy gaps from Sy, and Sy, in units of M. The

dotted lines show the estimates for noninteracting systems.

Below, we identify the violation of PCAC with Sy, with
a missed lower excited state that can be determined from
the analysis of the A, correlator, which is very sensitive to
the excited state M; and E;, as it gets a tiny contribution
from the ground state. Its analysis is the basis of the new
strategy Sy,, and we highlight two points.

First, fits to the A4 correlator with Sy, and S 44 are shown
in Fig. 2 (top panels) for n> = 1. The almost linear (sinh-
like) behavior of R, results from the large ESC (due to the
|0) <> |1) transitions) that decreases slowly with = [16].
The A, correlator flips sign at about 7/2, a property under a
combined Hermitian conjugate and parity transformation
[13]. The y?/degrees of freedom (DOF) reduces from
21.8 to 0.8 with S4, [17]. The resulting first excited-state

mass and energy gaps from Sy, (AMP =M™ — M,
AEP' =EP —Ey) and from S, (AM}*=M}"-M,
the zero momentum case on the sink side, and AE{‘4 =
E? * — E, with nonzero momentum on the source side) are
shown in Fig. 3. It is clear that AE?“ and AM?“ are much
smaller than AE%p “for n? < 6, and they correspond to lower
energy excited state(s). By n? > 6, the mass gaps, and
therefore the form factors, with the two strategies become
similar (see Fig. 4), and the violation of PCAC at larger

momentum transfers is smaller as shown in Fig. 5 and
in Ref. [6].

Second, the values of AE?“ and AM‘;‘4 and their variation
with n? are consistent with the following picture: the
leading contribution of the current A4(g) is to insert or
remove a pion with momentum ¢. In that case, AE; =
M + E,(q) — Ey(q) for the N(0)z(q) state, while AM| =
Ey(q) + E,(q) — M for N(—q)n(q). The impact of such a
lower energy N state has been discussed in Refs. [16,21]
using effective field theory techniques. These AE; and
AM,, for noninteracting lattice states and using the
relativistic dispersion relation that our data support, are
shown with dotted lines in Fig. 3.

It is very important to note that, in such 2-state fits, the
contributions of all possible excited states are, in practice,
lumped into one. Future higher statistics calculations are
needed to resolve and include more states.

Applying the strategy Sy4 to the three spatial correlators
A; and the P correlator gives very different values for the
ground state matrix elements, and thus the form factors,
especially for n> < 5. On the other hand, the y?/DOF of the
fits with full covariance matrix are similar. The same is true
of fits to C?', in which the number of points sensitive to
ESC are small. Thus, the two strategies, with very different
AE and AM, are not distinguished based on y>/DOF with
current statistics (165 x 10° measurements on 1290 con-
figurations) [13]. (The data and fits to C?P', A;, and P
comparing S, and S,, are shown in the Supplemental
Material [17]). In C3fi’t, the variation of ESC over a limited
range of 7 (10 < 7 < 16 in our case) is essentially linear and
similar, whereas the 7 — oo limit, i.e., the value of the
ground state matrix element, depends strongly on them. In
short, it is very important to determine AE and AM reliably
first since the y?/DOF of the fits to the A; do not provide a
good metric for differentiation.

The results for the three form factors G4, G p, and Gp are
compared in Fig. 4. The effect of using Sy, is clear and
largest for n?> = 1. In particular, the change in G,(Q?) is
apparent only for n> = 1; consequently, data at smaller Q?
are needed to quantify its Q% — 0 limit, i.e., the charge g,.
The pattern, that the effect increases as 0%? - 0,a — 0, and
M, — MY s confirmed by the analysis of the 11
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FIG. 4. Comparison of (left panel) G,, (middle panel) Gp x (m, /2M), and (right panel) Gp obtained using the two strategies S44 and
Sopi- The lines show the dipole and zF-expansion fits to G, from S, and the PPD ansatz to Gp.
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FIG. 5. Tests of the PCAC relation, Eq. (3), and the PPD

hypothesis, Eq. (10), with the two strategies Sy4 and Syp.

ensembles described in Ref. [13] and partly presented
in Ref. [22].

With G4, Gp, and Gp in hand, we test the PCAC relation,
Eq. (3), and the pion-pole dominance (PPD) hypothesis,
which relates Gp to G4 as

Gp(Q%) O° + M7

in Fig. 5. Both relations are satisfied to within 5% at all Q>
with S,4, whereas the deviation grows to about 40% with
Sopy at n? = 1, as first pointed out in Ref. [6]. What is also
remarkable is that the PPD relation with the proportionality
factor 4M? provided by the Goldberger-Treiman relation
[23] tracks the improvement in PCAC. In fact, the data for
the two tests overlap at all Q2.

The next test, shown in Fig. 2 (bottom panels), demon-
strates that the relation 0,A4 = (M — E)A, is satisfied by
the ground state matrix elements only for S 44. The values of
(M —E)A, are essentially zero in both cases for Sy
because (M — E) is small.

The axial charge g, is obtained from the A5 correlator
with ¢ =0, as shown in Eq. (7). The relevant AM is
typically taken from the two-point fit and cannot be
extracted from A,. Candidates for the lowest energy excited
state with spin-isospin-parity 3 () at ¢ = 0 are Nzz and
N(p)z(—p). Both are lighter than the radial excitations N
(1440) and N(1710) and dominate their decay. Their
relativistic noninteracting energies, in a box of size L/a =
64 used for the a09m130W ensemble, are about 1230 MeV
(@AM ~0.12). In our analysis, the only quantity that
enters is the mass gap, not the specifics of the excited state,
so we take the common value, aAM; = 0.12(4) for the
prior, in the reanalysis of A5 to extract g4. These fits give g,
within the range 1.29-1.31 depending on the value of
used in the fit compared to g, = 1.25(2) using the Sy
value given in Ref. [18]. Unfortunately, fits with priors in
the range 0.1 < aAM; < 0.4 are not distinguished on the
basis of y?>/DOF. The output AM, tracks the input prior,
and the value of g, increases as the prior value is decreased.

This implies a large systematic uncertainty in g, unless the
relevant AM; are known a priori and input into the fit. An
estimate of AM; is AM{*(n®> =1)~1.8M,, which
roughly corresponds to the N(—p)z(p) state mentioned
above. Using this AM{* in a 2-state fit to A3(0) gives
ga = 1.30(6), with the axial current renormalization factor,
Z, = 0.95(4), taken from Ref. [18].

Parenthetically, fits to extract the scalar and tensor
charges gy and gr with priors over the same range are
much more stable: the value of the output AM| is far less
sensitive to the prior, and the results vary by <26. This
analysis will be presented in a separate publication.

Note that with infinite statistics one can extract all of the
relevant excited states from the nucleon two-point function.
With finite statistics, a known methodology is to construct a
large basis of interpolating operators, including operators
overlapping primarily with multiparticle states, and solve
the generalized eigenvalue problem [24] in a variational
approach [25-29]. In either case, S,y should become a
viable strategy. The latter option will be explored in future
calculations.

The second way that we extract g, is to parametrize the
Q? dependence of G,(Q? # 0) using the z expansion and
the dipole ansatz. The z*-expansion fits, using the process
defined in Refs. [6,13], give g4 = 1.30(7) for Sy4 com-
pared to g, = 1.19(5) using Sy, These results are stable
for k > 3. The dipole fit gives g, = 1.20(6) with a large
% /DOF = 1.97, and the results are essentially the same for
Sas and Sy and miss the point at low Q?, as can be seen in
Fig. 4 (left panel). One can fix the dipole fit by putting a cut
on Q?; however, in this Letter, we choose to neglect it.

The root-mean-squared charge radius, extracted using
the same z-expansion fits, is r4, = 0.74(6) fm with S,4 and
ra = 0.45(7) fm with S,. For comparison, (i) a weighted
world average of (quasi)elastic neutrino and antineutrino
scattering data is 0.666(17) fm [1], (ii) charged pion
electroproduction experiments give 0.639(10) fm [1],
and (iii) a reanalysis of the deuterium target data gave
0.68(16) fm [30].

The induced pseudoscalar charge g, defined as g,=
(m,/2M) x Gp(0.88m2), is obtained by fitting G»(Q?)
using the small Q2 expansion of the PPD ansatz:

(11)

We obtain g}, = 8.06(44) with Sy4 and g5, = 4.67(24) with
Spi» While the MuCap experiment gave gp = 8.06(55)
[31,32]. We caution the reader that all results summarized
in Table I are at fixed lattice spacing a. Extrapolation to
a — 0 is needed before making a comparison to the
experimental values, compiled here for completeness.

An attempt to resolve the PCAC conundrum was
presented in Ref. [33] using the projected currents A;-=

[g;w_(ﬁypv/ﬁz)]Ay and PLEP—(I/zlﬁl)(ﬁyi)u/ﬁ2)8ﬂAv

m, ~ n_ G 2
mGP(Q ) *m‘Fcvach .
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TABLEI Results for ?09m130W from both strategies, S,4 and
Sopi- ga is obtained in three ways, as discussed in the text, and 74

and g} are obtained from z* fits.

gA|3pt 9ga |Z478Xp gAldip ry (fm) g;‘)
Su  13006)  130(7)  120(6) 0.74(6)  8.06(44)
S 125Q)  L19G5)  120(5)  045(7)  4.67(24)

We contend that these do not resolve the lower energy state
and do not solve the problem. The currents Aj and P+ are a
rotation in the basis of the five currents A, and P. The A;-
currents essentially remain within the space of the A;
currents; thus, Sy, strategy with Aj gives G, and Gp
values that are essentially unchanged, and one continues to
get a low value for g} [33]. The operator A; is mostly
rotated into the A; and no longer shows a large ESC. Their
“fix” to PCAC comes from P+, which gets its dominant
contribution from 0,A4. Our analysis of the a09m130W
ensemble shows that this contribution is roughly 3 times
that of P due to the small value of the PCAC mass /7 in the
definition P+. Note that, by construction, the total con-
tribution of (P+ — P) is supposed to be zero in the ground
state, whereas the value of the bare Gp(n? = 1) changes
from 58(1) using P to 175(8) using P*. Using the same raw
data for P but with strategy Su4, Wwe instead get
Gp(n* = 1) = 99(4), and PCAC is fixed because all three
ground state matrix elements, and thus G,, Gp, and Gp,
change upon including the lower energy excited state.

Conclusions.—All previous lattice calculations of the
three form factors G4, Gp, and Gp showed significant
violations of the PCAC relation, Eq. (3) [6—12]. This failure
had cast doubts on the lattice methodology for extracting
nucleon form factors. In this Letter, we show that the
systematic responsible for the violation is lower energy
excited states missed in previous analyses. Furthermore, we
show how to estimate the energy of this lower state from fits
to the A, three-point function. Detailed analysis of the A,
correlator had previously been neglected, as it is dominated
by ESC and is not needed to extract the form factors. With
this lower excited state, lattice data satisfy PCAC to within
5%, the level expected with current statistical and system-
atic errors. Also, the identity 0,A, = (M — E)A,4 holds for
the ground state matrix elements, and pion-pole domi-
nance works.

We demonstrate the improvement in G,, Gp, and Gp by
analyzing a physical mass ensemble with a = 0.0871 fm,
M, ~ 138 MeV [6,13]. Parametrizing the Q” behavior of
G4 (Q?) using the 7z expansion, we extract the axial charge
radius r, = 0.74(6) fm and the axial charge g, = 1.30(7).
The dipole ansatz does not fit the data well, and results from
it are dropped. We fit Gp(Q?) using the PPD ansatz and
find g, = 8.06(44). To obtain results in the continuum
limit, analysis of the 11 ensembles described in Ref. [13] is
in progress.

The extraction of g, from the A; correlator at zero
momentum is also sensitive to the input value of the mass
gap AM,. Since this AM; cannot be extracted from the A,
correlator, as it vanishes at zero momentum, further work is
required to identify the dominant excited states contami-
nating the extraction of g,. The bottom line is, the
resolution of excited states is important for all calculations
of nucleon matrix elements, in particular of the axial
current, as shown here.
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