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We investigate the variation of holographic complexity for two nearby target states. Based on Nielsen’s
geometric approach, we find the variation only depends on the end point of the optimal trajectory, a result
which we designate the first law of complexity. As an example, we examine the complexity = action
conjecture when the anti—de Sitter vacuum is perturbed by a scalar field excitation, which corresponds to a
coherent state. Remarkably, the gravitational contributions completely cancel and the final variation
reduces to a boundary term coming entirely from the scalar field action. Hence, the null boundary of
Wheeler-DeWitt patch appears to act like the “end of the quantum circuit”.
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Introduction.—Quantum information has produced sur-
prising new insights into foundational questions about the
anti—de Sitter/conformal field theory (AdS/CFT) correspon-
dence, e.g., [1-11]. One fascinating concept that has
recently entered this discussion is quantum circuit complex-
ity: the size of the optimal unitary circuit or transformation
U preparing a target state |¥;) from a given reference state
|¥r) using a set of elementary gates [12—14]. There have
been a number of different proposals for the gravitational
observables which would be dual to the complexity of a
boundary state, e.g., [15-19]. The focus of our discussion
will be the complexity = action (CA) conjecture [17,18],
which suggests

CA(E) = Iwpw/7. (1)

That is, the holographic complexity of a boundary state on
the time slice X should be the gravitational action evaluated
on the so-called Wheeler-DeWitt (WDW) patch, defined as
the domain of dependence of a bulk spatial slice anchored
on X. One important feature motivating the study of
holographic complexity is that these new gravitational
observables are sensitive to the bulk physics deep in the
interior of a black hole [15,20].

Exploring the properties of the new gravitational observ-
ables and their implications for complexity in the boundary
theories is now an active area of research, e.g., [15-56].
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A basic shortcoming of this research program is that we lack a
proper understanding of circuit complexity of quantum field
theories (QFTs). In particular, this prevents more than
qualitative tests of the gravitational results. Hence, a second
line of inquiry has become to fully develop the concept of
circuit complexity for QFT states, in particular for states in a
strongly coupled conformal field theory (CFT) (such as a
holographic boundary theory), e.g., [57-84]. This will be
essential to properly test the various holographic proposals
and ultimately to produce a derivation of one (or more) of
these conjectures. Our objective here is to begin to build a
concrete bridge between these two research directions. In
particular, we examine variations of the target state and demo-
nstrate a natural interpretation connecting both approaches.
Nielsen’s geometric approach [85-87] gives a frame-
work to describe the complexity of QFT states, as illus-
trated for certain simple QFTs, e.g., [63—73]. It constructs a
continuum representation of the unitary transformations

U(o) = Pexp (—i A 6dsH(s)>, 2)

where s parametrizes the circuit and P signifies a right-to-
left path ordering. The “Hamiltonian” H(s) = Y/(s)O;
is constructed from the (Hermitian) generators O; of the
elementary gates, and Y/(s) are control functions specify-
ing which gates (and how many times they) are applied at
any point s in the circuit. Equation (2) actually specifies a
path U(o) through the space of unitaries, or through the
space of states with |w(c)) = U(o)|yg). With ¢ € [0,1],
the boundary conditions are

Ule=0)=1,
where |lPT> = UT|‘PR>

U(e=1) = Uy, (3)
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Introducing a set of coordinates x“ on the space of
unitaries described by Eq. (2) [or on the space of states
U(x?)|¥g)], paths are described as x“(s). Nielsen’s
approach [85-87] identifies the optimal circuit producing
U7 by minimizing the cost

Dlxa(s)] = A L dsF(x, 5), (@)

subject to the boundary conditions (3). The circuit com-
plexity is then the cost for the optimal trajectory, i.e.,

C(|¥,)) = MinD. (5)

As indicated in Eq. (4), the cost function F is chosen as a
particular functional of the position x“(s) and the tangent
vector x“(s). Hence, determining the complexity is analo-
gous to the physical problem of identifying a particle
trajectory by minimizing the action with Lagrangian
F(x*,x*) and then evaluating the on-shell action. The
precise form of F is not fixed, but reasonable cost functions
satisfy a number of preferred features [87]: (i) smoothness,
(ii) positivity, (iii) triangle inequality, and (iv) positive
homogeneity—see also [63,65].

In the context of holography, we do not yet have a clear
picture of the reference state, nor of the gates, nor of the
path. However, the target state has a sharp interpretation in
the AdS/CFT framework. Indeed, we are interested in
quantum states in the boundary CFT which are dual to
smooth geometries in the bulk gravitational theory. Hence,
it is natural to examine the role of the latter in holographic
complexity. In particular, we consider variations of the
holographic complexity under changes of the target state
and examine what information we can extract about the
corresponding cost function.

The first law of complexity.—Using the analogy to
classical mechanics, the variation of complexity (5) due
to changing the target state with a fixed reference state, as
illustrated in Fig. 1, yields

OF
ith =—, 6
W p(l ai_a ( )
for any differentiable cost function F. The significant
feature of this result, which we designate as the first law
of complexity, is that 6C only has contributions from the end
point. Hence, in the holographic setting, we can hope to

oC = PaoX" |s:1

[Ve)

FIG. 1. The variation of the Nielsen circuit due to a perturbation
|Wr + 8¥) of the target state |¥r).

extract information about the (variation of the) cost
function in terms of bulk data describing the target state.

If the direction along the path p, is orthogonal to the
variation of the target state ox“, the first-order contribution
(6) vanishes. However, the next order variation still comes
from the end point,

1
oC = Eépaéx"h,:l with

O*F . O*F
Opa =0 5 G O )

To explore the first law of complexity in the context of
holography, we consider the AdS vacuum as our original
target state and the backreaction of a free bulk scalar field
with a small amplitude as the perturbed target state.
Evaluating the variation of Eq. (1) yields the change in
the corresponding holographic complexity. Now this excited
state can be thought of as a coherent state of the bulk scalar.
In particular, the scalar field can be expressed as

() =D [un (") ay + w3 (3*)a, "), (8)

where u, are eigenfunctions solving the Klein-Gordon
equation in the AdS background. The a, and a,’ denote
the annihilation and creation operators acting on the scalar
vacuum |0). We will assume that y* = (p,7,Q) denote
global coordinates on the AdS background and then the sum
over n in Eq. (8) includes the radial and angular quantum
numbers. The excited state in which a few modes {j} are
given a classical expectation value can be described as a
coherent state

lea;) = eEZD(“ﬂ\O) with  D(a;) = aja;" = aja;, (9)

where we have included a small parameter ¢ < 1 to control
the overall amplitude of the scalar field

(ea|Dea;) = sZ(ajuj +aiuy) =ed@y. (10

The reader will notice that our description of the perturbed
state has been entirely in terms of the bulk theory while the
aim of holographic complexity is to compute the complexity
of states in the boundary theory. However, the AdS/CFT
correspondence simply states that the bulk and boundary
theories provide alternative descriptions of the same quan-
tum states, i.e., the vacuum state |0) and the Hilbert space
spanned with the a, and a,’. Hence, while the details of
the description change in terms of the boundary CFT, the
perturbed states in Eq. (9) are still the same coherent states in
the boundary theory. Further, 6C, is the variation of the
complexity between these coherent states and the vacuum in
the boundary theory. The bulk description of these states
lends itself to the holographic calculations for 6C,.

Holographic framework.—Our example begins with a
four-dimensional bulk theory, Einstein gravity coupled to
a negative cosmological constant, and a free massless
scalar field
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bulk 167zGN/ ARV 9<R+L2 5 p ) (11)

Its vacuum AdS, solution is

L2
ds}ys = o (=di* + dp? +sin’pdQ3),  (12)
where L denotes the AdS radius of curvature and the
(dimensionless) radial coordinate p runs from O to z/2, at
the asymptotic boundary.

We perturb the vacuum by turning on the scalar in a
coherent state (9) and the classical field @ then backreacts
on the spacetime geometry. Our calculation makes a
perturbative expansion in & controlling the amplitude of
the scalar in Eq. (10). While the full set of modes carry
quantum numbers n = (j, £, m), we focus on spherically
symmetric configurations £ = m = 0. The scalar equation
in the AdS background reduces to

0=00+ 0, — 5. (13)

sinpcosp ”

The corresponding eigenfunctions in Eq. (8) are
uj(t.p) = ej(p)e™, (14)
with frequency @; =3 + 2 and radial profile [33]

¢(0) = 4<—>ff”(" s

zL*(j +3)

3
x cos’p, F <—j,j + 3;§;sin2p>. (15)

For simplicity, we will focus on real parameters «; in
Eq. (9) which then yields

Dy(t.p) =2 ase;(p)cos(w;t). (16)

Next we turn to the backreaction, where we follow
closely the analysis in [106-108]. For our spherically
symmetric configurations (16), we use the metric ansatz

2
ds? = L

—2d 7,2 dp* ) 2
= oo —ae™*dt +7+s1n pdQs5 |, (17)

where a(t,p), d(t,p) describe the metric perturbation.

Working in the small amplitude expansion, we write

a(t,p) = 14 ay(t,p) + O(*),
00) = 14 2dy (1, p) + O(Y), (18)

and at O(¢?), Einstein’s equations reduce to three linear
first-order differential equations

3 —2cos’p

8p02 " a, = 8/)012,
COS p S1in p

1
8de = _ZSianOSp[(ap(Dd)z + (87(1)01)2]’

1
d,a, = —EsianOSpaf,(Dc]az(Dclv (19)

with the third being redundant. Imposing the regularity
condition a,(t,p =0) =0 and the boundary condition
dy(t,p=mn/2)=0, the perturbations a,(t,p) and d,(t,p)
can be integrated in terms of ®(z,p) [107,108].
Holographic complexity.—The variation of holographic
complexity evaluated to second order in ¢ by the CA
conjecture (1) splits into two classes of contributions

1
5Cy(Z) = o (6Iwpw + Lswpw)- (20)

where 6lywpw 1S the variation due to the change in the
background fields within the original WDW patch, while
I swpw 1s the variation due to the change in the shape (i.e.,
the position of the boundary) of the WDW patch.

First, we must recall that as well as the bulk terms
appearing in Eq. (11), the gravitational action includes a
number of surface terms [24,109]. In the present case [88],
only two will be relevant in evaluating the variation (20):
the first is the null surface term

o
I, = dsd®Q.\/yx, 21
872Gy Jowpw \/— ( )

where y is the metric determinant on the boundary of the
WDW patch. « describes the failure of the coordinate s
along the null boundary to be affine, i.e., ¥V k, = kk,,
where k,dx* is the outward-directed null normal. The
second term

1
W= dsd?’Q. /7@ log(£,0) (22
g L dPemelse)  (22)

ensures the action is invariant under reparametrizations
of the null boundaries [24]. Here, ® = 0, log (/7 is the
expansion scalar of the null generators on the boundary,
and 7 is an arbitrary scale needed for the argument of the
logarithm to be dimensionless.

If we consider the WDW patch anchored at # = 0 in the
AdS vacuum (12), the future and past null boundaries are
given by ¢t = 1. (p) = £(x/2 — p), and we choose the null
normals as k,dx* = +dt + dp. The boundary coordinate is
implicitly defined by 0, = k*0, = cos’p/L*(F 8, + dp).

In the perturbed background, the null boundaries expe-
rience a small shift 67, (p), which is determined by

ap5ti = :l:é'z(az - d2)

1

(23)

|f:li(/’)'
The variation 61, contributes to Isypw in Eq. (20)
by the boundary integrals of 6z, (p) times the bulk action

evaluated for the AdS vacuum, ie., R +6/L> = —6/L?,
and to olwpw yielding a total derivative, which is evaluated
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as a surface integral on the undeformed boundaries
t =t.(p). Hence, the entire variation 6C,(X) is given by
surface integrals along the boundary of the WDW patch.

Turning to the contributions coming from Egs. (21)
and (22). Above, we chose an affine boundary coordinate s,
giving k = 0 at leading order. The simplest approach is to
keep the same coordinate for the second-order calculations
and, at this order, it fails to be affine. Hence, we have a
nonvanishing variation 6/, with

cos’p
kK = +¢? 2 0,(ar — d>). (24)
The variation 6/, reduces to
1
ol =—+ dsd’Qsk*0,\/7. 25
=i [ s, (25)

We note that this result is independent of the scale 7.
Combining all contributions, the holographic complexity
variation equals

Ol at £
o — — dsd*Q. /70 (D).
642G, /@WDW s QVr0,(®)

(26)

6C4(2) =

Above we are emphasizing that the sum of all gravitational
contributions precisely cancels and the full variation comes
entirely from the variation of the scalar field action 61,,,.
Given the state in Eq. (9), this becomes

2
E
oCy (E) = ;Zajl aj, CJ]JZ’ (27)
J1:J2

with the coefficients given by

co— (1 +3)(2+3)
e 1+ D01 +2)(2 + D2 +2)
X (Hj oy +Hjg + Hj o+ Hy g

J
—H H —2+4log2).  (28)

it~ Hii—p-3

The H, = d,logl(a+ 1) + yo are harmonic numbers
(where y, is Euler’s constant). The reflection relation
H_, - H, = ncot(na) guarantees C; ; = C; ;.

Figure 2 shows C; ; as a function of j; for various
values of j,. We can see that these curves have two peaks,
one at j; = 1 and the other at j, = j,. However, in both
instances, the peak value decays as j, grows. In fact, near
the diagonal peak, one has

. log2j 1
with fixed 6j. This further indicates that the curves are
relatively flat for large j since 6; only appears in the O(1/)
term. We might also note that for large j; (and fixed j,), the
curves are decaying as (j; — j,) /2.

0.45 \
\\
0.40 k
J2 =40
0.35 .
j2 =50
5 0.30 60
3 J2 =
© 0.25
J2 =170
0.20
Ja =80
0.15
""" J2 =1

0.10
0

FIG.2. The plot for C;, ;, with fixed j,. Each curve has peaks at
Jj1 = 1 and j; = j,. The envelope of the latter is shown with the
dashed gray line. Although we draw continuous curves to help
guide the eye, one should only think of j; as taking integer
values, i.e., j; =0,1,2,....

Discussion.—We applied the first law of complexity to
examine variations of holographic complexity generated by a
small scalar field excitation in AdS. Our results in Egs. (27)
and (28) depend only on the dimensionless parameters, € and
a@;, characterizing these excitations (9). These are coherent
states of the bulk scalar, but are equally described as coherent
states of the dual marginal operator (and its descendants) in
the boundary theory. Hence, these parameters and 6C, have a
natural interpretation as boundary quantities. It is interesting
that 6C, is scale independent, in contrast to the full holo-
graphic complexity, e.g., where the leading UV divergence
has the form C4 ~ log (2¢/L)Vol(Z)/8* with § being the
short-distance cutoff [28,110].

Given that our final result (27) is second order, i.e.,
8C, ~ 2a?, the first-order variation p,6x“ in Eq. (6) must
vanish. That is, the cost function appropriate for the CA
conjecture defines a geometry where the coherent state
directions are orthogonal to the direction along the circuit
preparing the CFT vacuum. Instead, the leading variation of
the holographic complexity in this example takes the form
given in Eq. (7).

It is difficult to interpret this result without further
assumptions. For example, let us assume that the cost
function has the simple form F = g,,x*x", known as the
k = 2 measure [67]. Then the vanishing of the first-order
variation indicates that at the end point of the circuit, the
off-diagonal components of the metric g,, between the
coherent state and vacuum preparation directions vanish. If
this vanishing holds in the vicinity of the end point, i.e., it
also holds for the first derivative of the metric, then the
remaining variation of the complexity takes the form
6C = g,,0x?6x". In this scenario, comparing to Eq. (27),
the coefficients can be interpreted directly as metric
components on the corresponding space, i.e., Cj j, ~ g j,-

We can compare our holographic results to the variation
of the complexity for a free massless scalar field in a fixed
AdS geometry (12) by evaluating the circuit complexity of
the vacuum state and the coherent states (9) following
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[63,67]. In this setup, the reference state is an unentangled
state of local scalar field degrees of freedom in the AdS
space, while in holography, it corresponds to an unen-
tangled state of quantum gravity degrees of freedom (and so
presumably there is no spacetime). The circuit complexity
in the QFT depends on the choice of the cost function (see
[67,89] for further details); however, a characteristic result
for the x = 2 measure is

26%a’ W,
22 Zﬂzx(%(wn/ Ru—1) (R/)’ 0
where w, =3+ 2j + ¢ is the eigenfrequency for modes
with n = (j,Z,m), u is the frequency characterizing the
reference state, x, is a scale appearing in the definition of the
gates producing the coherent state [67], and R is an addi-
tional length scale introduced to produce a dimensionful
time in the metric (12). This QFT variation is second order;
i.e., the coherent state directions are orthogonal to the
direction of the circuit preparing the QFT vacuum, as in
our holographic framework. Its large radial quantum number
limit, i.e., w, ~2j matches the large j limit of the holo-
graphic result given in Eq. (29). In contrast to the holo-
graphic result, all the coherent state directions are mutually
orthogonal due to the orthogonality of the scalar modes (14)
making Eq. (30) diagonal (with j = j; = j,). Furthermore,
the absence of scales in the holographic result would require
the QFT scales to be dependent, e.g., uxg ~ 1 ~ uR.

There is an important assumption in our derivation of
the first law of complexity. When the complexity (5) is
described as the minimal cost of circuits preparing the
desired target state, we mean the global minimum over all
possible circuits. When we perturb the target state, we
assume that the circuit which globally minimizes the cost
remains close to the original optimal circuit; i.e., the family
of globally minimizing circuits is continuous in the
amplitude of the perturbation. While one can imagine
examples where this is not the case (e.g., geodesics between
“nearly” conjugate points on a sphere), our expectation is
that this assumption is valid for the example studied here.
In particular, it is explicitly seen in the QFT complexity
calculations [67]. Of course, it would also be interesting to
identify situations (in either QFT or holography) where our
assumption does not hold.

Returning to the holographic calculations, we recall the
inclusion of the counterterm (22) was essential for the
cancellation of the gravitational contributions to the action
variation leading to 6C 4 entirely determined by the scalar field
contributions. This feature may add to the essential role of this
boundary term for the CA proposal [43,110], despite not
being necessary to have a well-defined variational principle
for the gravitational action [24]. It would be interesting to
better understand this cancellation and how generally it
applies, e.g., does it hold beyond spherical symmetry.

Irrespective of the previous cancellation, another feature
of our calculations was that all of the contributions reduced

to surface contributions on the boundaries of the WDW
patch. In analogy to the derivation of our first law, this
property essentially arises because we are considering
variations of the bulk action evaluated around background
on-shell configurations. In the case of the Nielsen geom-
etry, the boundary contribution comes from the (target
state) end of the circuit, e.g., see Fig. 1. Hence, we are led to
speculate that the boundary of the WDW patch may
correspond to the “end of the circuit” in the CA conjecture.
This suggests a picture where the AdS spacetime is built up
through adding layers of null cones. This interpretation
may have connections with the surface or state correspon-
dence of [111].

The first law of complexity provides a new approach to
investigate holographic complexity and in particular, to
build a concrete bridge to standard approaches to circuit
complexity. While we have provided one application of this
method here, this is only a starting point. It will be
straightforward to extend our calculations to other fields
(e.g., massive scalars or gravitons), higher spacetime
dimensions, or other quantum states. The same approach
can also be used to investigate the complexity = volume
[15,16] and complexity = spacetime volume [19] conjec-
tures. While we initially assumed that complexity is defined
by a Nielsen geometry, a similar extremization arises in the
Fubini-Study approach of [64] and in the path integral
optimization procedure of [59-62]. Hence, our approach
should be useful to investigate these directions as well.
More generally, it provides a unified perspective with
which to investigate variations of holographic complexity,
e.g., see [55-59]. We will explore several of these questions
in [89].
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