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We revisit Weyl invariance string theories in generalized supergravity backgrounds. A possible counter-
term was constructed in a work by Sakamoto, Sakatani, and Yoshida, but it seems to be a point of controversy
in some literatures whether or not it is nonlocal. To settle down this issue, we show that the counterterm may
be local and exactly cancels out the one-loop trace anomaly in generalized supergravity backgrounds.
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Introduction.—A great progress in the recent study of
string theory is that the generalized supergravity equations
of motion (GSE) [1-3] (historically, GSE were discovered
in the study of Yang-Baxter deformations of the AdSs x S°
superstring [4,5], though the bosonic part has already
appeared in much older literature [6]) have been derived
from the x-symmetry constraints in the Green-Schwarz
(GS) formulation of superstring theories [3]. It is well
known that the usual supergravity equations of motion are
solutions to the x-symmetry constraints [7,8], but the
discovery of this new supergravity indicates that there
might exist more generalized supergravities.

In this Letter, we are concerned with string theory
defined on generalized supergravity backgrounds (i.e.,
solutions to GSE). As a remarkable characteristic of
GSE, a nondynamical vector field / is contained. In order
to solve the k-symmetry constraints, it should be a Killing
vector, and this Killing condition plays a crucial role in our
later discussion. It is instructive to note that this Killing
condition was not taken into account in the old literature
[6,9], where a prototype of GSE was derived from the one-
loop finiteness (or the scale invariance) of string theory. In
addition, this extra vector field may be identified with the
trace of nongeometric Q flux, and many solutions of GSE
can be regarded as 7 folds [10].

There is an issue with the consistency of string theories
in generalized supergravity backgrounds. As a matter of
course, at a classical level, there is no problem. Thanks to
other work [3], the x symmetry is ensured in generalized
supergravity backgrounds and the GS formulation is
consistently available. The issue arises at a quantum level.
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Indeed, the Weyl anomaly may appear in string theories on
generalized supergravity backgrounds [2,6]. In a recent
work [1], Weyl invariance of bosonic string theories on
generalized supergravity backgrounds was shown by con-
structing a possible counterterm {this counterterm was
inspired from the embedding of GSE into double field
theory (DFT) [1]. For the detail of the notation, see
Ref. [1]} as

1 .
St :4—/d201/_—yR(2)<I>*, O, =0 +1'7,. (1)
T

This is a generalization of the standard coupling to dilaton
@, the so-called Fradkin-Tseytlin (FT) term [11]: indeed
the standard FT term is reproduced when I' = 0. To be
more concrete, in generalized supergravity backgrounds,
the Weyl anomaly takes the following form

<Taa> = _Da[(zznyab - Imgab)abxm}’ (2)

which is canceled out introducing the counterterm [Eq. (1)].
Compared to the sigma model action, the counterterm
[Eq. (1)] is higher order in , and it should be regarded as a
quantum correction. Note also that the Killing vector /
entering the GSE, does not appear in the classical action of
string sigma model, but first appears as a quantum
correction at a stringy level.

A point of controversy in some literature [12—18] is
whether the counterterm [Eq. (1)] is local or not. The
integrand depends on the dual coordinate ¥;. In computing
its contribution to the trace of the energy-momentum tensor
T¢,, we need to use the equation of motion of the double
sigma model [19,20],

0.Y: = gin€ .0, X" + Bin0,X". (3)

This equation implies that ¥; would be a nonlocal function
of X and one may suspect that the counterterm [Eq. (1)] is
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nonlocal as well. However, as we show in this Letter, we
can construct a possible local counterterm by taking
account of the fact that the two-dimensional Ricci scalar
R® s locally a total derivative (we really appreciate
J. Maldacena for elucidating this point) and [ is a
Killing vector. That is, the (possible) nonlocality in the
integrand of [Eq. (1)] can be removed. This is the main
claim in this Letter.

Weyl invariance of bosonic string.—Let us first recall
the basics on Weyl invariance of bosonic string theory in
D = 26 dimensions,

1
Sy, =—— [ d*c\/= W — B,n,€)0,X"0,X".
b 477,'aj/ o y(gmny mn€ ) a b
The Weyl anomaly of this system takes the form,
20(T) = (Bhr™ = Phue )0 X", X", (4)

Here, the p functions at the one-loop level have been
computed (e.g., in Ref. [6]) as

T <R Lyow ﬂff)

mn mn 4 mpg*tn ’

B ! 1 k

mn — & _ED Hip | (5)

where D,, and R,,, are the covariant derivative and the
Ricci tensor associated with the spacetime metric g,,, and
H,pp = 30,B,p). For the Weyl invariance of the world-

sheet theory, it is not necessary to require S, = 5, = 0.
As long as they take the form

on = —2a'D,,0,®, B, =—-d0®H,,, (6)
the Weyl anomaly has a simple form
<Taa>e.?\"m' - ,Daaaq)7 (7)

under the equations of motion. Here, D, is the covariant

derivative associated with y,, and “~" represents the
equality up to the equations of motion. This anomaly
can be canceled out by adding the FT term [11],

1
Ser = - / &6 /=yRP ®. (8)
T

Therefore, as long as the target space satisfies Eq. (6),
namely the supergravity equations of motion,

1
R,,——H

y mpgH " +2D,,0,® = 0,

1
_EDkamn + ak(I)I{kmn =0, (9)

the Weyl invariance is ensured. As shown in Ref. [21],
Eq. (9) implies that

1
p® =R +4D"0,® ~ 400 ~ - H,,,H""  (10)

is constant, and by choosing #® = 0, we obtain the usual
dilaton equation of motion.

The main observation of this Letter is that the require-
ment [Eq. (6)] is a sufficient condition for the Weyl
invariance but is not necessary.

Local counterterm for GSE.—Let us consider a milder
requirement,

ﬂ'zm = —20/D(mZn>,

B — —a/ (ZFH o + 2Dy, 1), (11)
where /,, and Z,, are certain vector fields in the target
space, which are functions of X" (o). The condition
[Eq. (11)] reduces to Eq. (6) when Z,, = 0,,® and I"™ = 0.

Suppose here that /,, and Z,, satisfy
<;Elgmn = O»
£,0 =0,

IpHpmn + 28[,”2"] =0,

Z, 0" =0. (12)
In this case, the string sigma model has a conserved current
associated with the global symmetry X" — X" + el™,

where ¢ is an infinitesimal constant. Then the on-shell
conserved Noether current is given by

Ji= [Im(gmnyab - angab) - 7n8ab]ath, (13)
where the 1-form 1, is defined through

Zy = 0,®+I"B,,, +1,. (14)

When the f# functions take the forms of Eq. (11), the
Weyl anomaly [Eq. (4)] becomes

<Taa>e.%m- - Da[(zmyab - Imgab)abxm]' (15)

Then, there is a rigid scale invariance [6], but it had been
believed that the Weyl invariance would be broken because
the counterterm [Eq. (8)] cannot cancel out the anomaly
[Eq. (15)]. However, we will construct a modified local
counterterm so as to cancel out Eq. (15).

Recall that the Lagrangian of the two-dimensional
gravity is locally a total derivative,

V=rR® = 0,0, (16)
where a“ is a vector density that should transform as

5§a“ = £§a“ = tfb@ba“ - ab3b§“ -+ 8b§ba", (17)
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under diffeomorphisms on the worldsheet. We then intro-
duce the following counterterm (since a“ is defined only
locally, the integral itself here should be defined more
carefully depending on topologies of the string worldsheet)

1
S — - / Poa(Z,0,X" —1,,e,,0,X™).  (18)
T

Note that this reduces to the FT term [Eq. (8)] when I = 0
and Z,, = 0,,®. Supposing that Z,, and I,, are independent
of v, the contribution of the counterterm [Eq. (18)] to the
Weyl anomaly becomes

(1.2)
58
(T)er = —r —sz

VoY oy

= Da[(zmyab - Imgab)abxm]
- D1,y = Z,,e¢))0,X™].  (19)

Here, suggested by the identity in two dimensions,

8(v/=7R®) = 0.[\/=r(r°“ DSy, — y**D<Sy,p)],  (20)

we have used the variation

Sa® = /=y (r“D Sy up — y** Dy )
+ €“10,4(¢p™ 5y up). (21)

where ¢ is a symmetric tensor made of the fundamental
fields and their derivatives. In fact, the divergence in the last
term of Eq. (19) vanishes by using the on-shell conserva-
tion law of a Noether current

Dc[(lmyCd - ZmECd)ade} = IDC‘]CQ?\.'m.O’ (22)
and we obtain
<T>FTe.%m.Da[(Zmyab - Imgab)abxm}' (23)

Thus, this can exactly cancel out the anomaly [Eq. (15)].

Actually, the requirement [Eq. (11)] was proposed as the
condition for the one-loop finiteness of string sigma model
[6]. Now, we found that the Weyl symmetry can also be
preserved upon introducing the above counterterm; hence
one may anticipate that string theory should be consistently
defined with the relaxed condition [Eq. (11)]. In the
following, we will explain the condition [Eq. (11)] in
terms of supergravity.

Generalized supergravity e.o.m.—From Eqgs. (5) and
(11), the condition for the Weyl invariance can be expressed
as modified supergravity equations of motion,

1
~H,pyH," + 2D, Z,) = 0,

Rmn - 4 mrq

1
_EDkamn + Zkamn + 2D[m1n] =0. (24)

In fact, these are GSE for g,,, and B,,, originally proposed
in Ref. [2] and later derived in Ref. [3] from the require-
ment for the x invariance of the GS type IIB superstring
theory on an arbitrary background. There, the conditions
[Eq. (12) Jare also required for the x invariance, and then
equations of motion [Eq. (24)] lead to the following
generalized dilaton equation of motion:

1
R-— - |H|> +4D,,Z" —4(|1> + |Z)*) = 0. (25)

Equations of motion in Egs. (24) and (25) define the NS-NS
sector of the generalized supergravity. See Refs. [1-3] for
the modified equations of motion for the Ramond-Ramond
fields. In particular, when Z,, = 0,,® and I = 0, these
reduce to the conventional supergravity equations of
motion.

In general, from the condition [Eq. (12)], we can choose
a particular gauge where the 1-form 7,, in Eq. (14) vanishes
[1,2]. Therefore, in the generalized supergravity, the
generalization is characterized only by the vector field
I". Note also that due to the presence of a Killing vector,
any solution to GSE may be regarded as a nine-dimensional
background via compactification on a circle.

In earlier works, many solutions to GSE have been
obtained from the ¢ deformation [22], homogeneous Yang-
Baxter deformations [10,23-25], and non-Abelian 7 dual-
ity [10,15,26] (see also Ref. [13]), while it was not clarified
whether these solutions are consistent string backgrounds
at a quantum level or not. However, the cancellation of the
Weyl anomaly that we have explicitly shown here would be
an important step towards clarifying the quantum consis-
tency (the solution obtained from the ¢ deformation
includes an imaginary Ramond-Ramond field, and would
not be a consistent string background).

As presented in Refs. [1,27], we can regard solutions to
GSE as solutions in DFT [28-31], which is a manifestly
T-duality covariant formulation of supergravity. For the
solutions of DFT, by using adapted coordinates where the
Killing vector I is constant, we find that the dilaton has a
linear dependence on the dual coordinate X,, [1]. Moreover,
if we perform a formal T duality (a formal 7 duality means
the factorized T duality along a nonisometry direction x?,
which maps the coordinate x° into the dual coordinate X,.
Such a transformation is a symmetry of the equations of
motion of DFT) along the /" direction, an arbitrary solution
to GSE is mapped to a solution of the conventional
supergravity that has a linear coordinate dependence in
the dilaton [1,2,32].

Constructions of local a®.—So far, we have not pre-
sented an explicit form of the vector density a“. Let us
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explain here two ways to construct a“. Naively, from the
defining relation,

V=rR® = 0,a", (26)

one might expect that a“ can be expressed consistently in
terms of the metric y,,. However, it is not the case as it is
clearly explained in Refs. [33,34]. To construct a“ in terms
of the metric y,,, the general covariance on the worldsheet
should be broken. On the other hand, similarly to the
approach of Ref. [33], if we introduce a zweibein e;* on the
worldsheet (a and b are the flat indices), we find that

at = —2\/—_}/%%0;,’_“1 (27)

satisfies Eq. (26), where ;"¢ is the spin connection. In this
case, despite a? being manifestly covariant under diffeo-
morphisms, it is not covariant under the local Lorentz
symmetry. In the following, we will introduce two possible
manners to construct covariant expressions of a“.

A construction with Noether current: The first approach
is based on the approach explained in Sec. I.B of
Ref. [34]. In two dimensions, if there exists a normalized
vector field n® (y,,n*n” = £1 = ), we can show

V=7R® = 260,[\/=7(n*Dyn® — n“Dyn®)]. (28)

In string theories on generalized supergravity backgrounds,
there exists a natural vector field on the worldsheet, which
is the Noether current J¢ in Eq. (13). Supposing J¢ is not a
null vector on the worldsheet, the vector field n can be

defined as n® = (J9/\/6y.4J°J?). Then a® is defined as
a® =26\/—y(n*Dyn — n?Dyn®), (29)

which is manifestly covariant and a local function of the
fundamental fields. Moreover, by taking a variation of this
a“ in terms of y,;,, where the Noether current transforms as

8(v/=rd) = 8(\/=rr**)0p X" Iy, (30)

after a tedious computation, we find the desired variation
formula [Eq. (21)] with ¢ given by

a sb)
2¢l (0g)

A /oythQJh

Therefore, this fully determines the variation of a“, for
which the Weyl anomaly is canceled out in generalized
supergravity backgrounds.

A construction from a gauged sigma model: As the
second approach, we shall introduce some auxiliary
fields to construct a“. For simplicity, we take a gauge
1,, = 0 here.

P = a(ncec("nb) + DCXmImnd>. (31)

Let us consider the action of a gauged sigma model

§ = -

1
Ao / JZG\/ _7[(gmnyab - angab)DaXmeXn
— Ze®F ), (32)
where D, X" =9, X" -1"A,, F,,=0,A, —0,A,, and

I =1"0,, satisfies the Killing equations. This model has
a local symmetry,

X" - X" 4+ I"v, A, > A, +0,v. (33)

This action can reproduce the bosonic string action S, after
integrating out the auxiliary field Z. In order to cancel out
the one-loop Weyl anomaly, we have to add the following
local term to S":

1 ~
Se=q- / d?o\/=yRY(® + Z), (34)
T

which is a higher order in o'. The contribution to the trace
of the energy-momentum tensor coming from S, is

4r 0S¢ com. =~
T), = —y® —S"*"D49,®+0,Z). (35
The equations of motion for A, and Z give

6aZ = Eba*]b - |I|2€baAb, 8abFab = _a/R(2)7 (36)

where J, is the Noether current defined in Eq. (13). Since
the field strength F,;, vanishes to the leading order in o/, by
using the local symmetry [Eq. (33)], we can find a gauge
where the order O(a’) term vanishes

A, =0+d A, e?(0,A, — 0, A,) = —R®.  (37)

Here, A, is a quantity of order O(a’®). Then the trace
[Eq. (35)] is evaluated as

(T)"="DU0,® + €”d,) + O()
= D(Zr®™ = 1,,e)0,X"] + O(a').  (38)
This completely cancels out the one-loop Weyl anomaly

[Eq. (15)], which comes from §'.
After eliminating Z, the action S’ + S, becomes

1
S +S. =8, + i / &’ \/=y[RP® + € (=2 A, )J"
T
— [Pyt A Ay (39)

As it is clear from Eq. (37), the gauge field .4, may be
regarded as the desired a® via a® = —2¢* A,. Then, by
neglecting the higher order term in «/, the resulting
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expression is precisely the same as the standard sigma

model action including our local counterterm S;IT’Z> (18).

Note that the second term in the action [Eq. (39)] is the
same as Eq. (5.13) of Ref. [16]. There, it was obtained by
rewriting the nonlocal piece of the effective action S,qniocal
of Ref. [12] through the identifications of /,, and Z,, with
some quantities in the Yang-Baxter sigma model. In
Ref. [12], the nonlocal action S, appeared in the
process of non-Abelian 7 duality, and it played an
important role to show the tracelessness of T,.
However, according to the nonlocal nature of the effective
action, by truncating the nonlinear term by hand, it was
concluded in Ref. [12] that the string model (called the B’
model) is scale invariant but not Weyl invariant. On the
other hand, the action [Eq. (39)] or our local counterterm
[Eq. (18)] with a* defined as Eq. (29) is local and free from
the Weyl anomaly.

Conclusion and Discussion.—We have constructed a
local counterterm [Eq. (18)] that cancels out the Weyl
anomaly of bosonic string theory defined in generalized
supergravity backgrounds, without introducing a mani-
festly 7T-duality-covariant formulation of string theory.
This result supports the Weyl invariance of string theory
in generalized supergravity backgrounds. In order to claim
the quantum consistency of string theory in generalized
supergravity backgrounds, it may be necessary to study
some aspects of the associated CFT picture in more detail
(e.g., higher genus cases), but the first nontrivial test has
been passed. Here, we have considered the bosonic string
theory, but the same counterterm should work in the RNS
superstring theory as well.

Our result indicates new possibilities of string theory in
more general backgrounds. In fact, if we appropriately
choose the parameters of the nine-dimensional gauged
supergravity [35,36] and perform a formal 7 duality along
the ten-dimensional direction, we can obtain the GSE [37].
In DFT or its extension, the exceptional field theory, we can
construct various deformed supergravities that are similar
to GSE by performing the formal 7" dualities and S dualities
[38]. It is important to study the consistency of string
theories defined on solutions of these deformed super-
gravities. A reasonable conjecture is that as long as the
target space satisfies the equations of motion of the
exceptional field theory, the string theory could be defined
consistently. We hope to come back on this interesting topic
in our future researches.
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