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Correlating Schiff Moments in the Light Actinides with Octupole Moments
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We show that the measured intrinsic octupole moments of >2°Rn, 2**Ra, and ??°Ra constrain the intrinsic
Schiff moments of *?Ra, ?*'Rn, ?>’Rn, ?°Fr, ?*Ra, and ?*’Pa. The result is a dramatically reduced
uncertainty in intrinsic Schiff moments. Direct measurements of octupole moments in odd nuclei will
reduce the uncertainty even more. The only significant source of nuclear-physics error in the laboratory
Schiff moments will then be the intrinsic matrix elements of the time-reversal noninvariant interaction
produced by CP-violating fundamental physics. Those matrix elements are also correlated with octupole

moments, but with a larger systematic uncertainty.
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The observation of a nonzero electric dipole moment
(EDM) in a particle, atom, or molecule with a nondegen-
erate ground state would signal the violation of time-
reversal (7)) symmetry, which in any realistic field theory
implies the violation of charge-parity (CP) symmetry. The
standard model violates both symmetries, of course, but at a
level too low to be responsible for the lack of antimatter in
the universe around us [1,2]. The asymmetry between
matter and antimatter is apparently due to a stronger source
of CP violation, and the measurement of an atomic EDM is
one of our best hopes to discover that source.

The atomic isotope with the best limit on its EDM is
currently '*’Hg. About 20 years ago, however, it was realized
[3,4] that atoms whose nuclei are asymmetrically shaped
(octupole deformed, like pears) would have enhanced
EDMs if the CP violation occurred within the nucleus.
The reason is connected to a partial screening of nuclear
EDMs by electrons [5]. The argument goes as follows:

Because of the screening, the nuclear quantity that
induces the atomic EDM is not the nuclear EDM itself,
but rather the nuclear Schiff moment:
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where |¥,) is the member of the ground-state multiplet
with the maximum angular-momentum z projection, |¥;)
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are excited states having the same angular-momentum
quantum numbers as the ground state but opposite parity,

and S, is the Schiff operator
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Here the sum is over protons, %, is the mean-square charge
radius, and the omitted terms are smaller [6] and, to some
extent, in dispute [6,7]. The operator Vpr in Eq. (1) is the
CP-violating nucleon-nucleon interaction, to be discussed
shortly. The asymmetric shape of octupole-deformed nuclei
implies parity doubling (see, e.g., Ref. [8]): the presence of
a partner |¥,) for the ground state |¥;)—with the same
intrinsic structure and angular momentum but opposite
parity—at a low excitation energy AE. In ?>Ra, e.g., the
1/2% ground state has a 1/2~ partner at 55 keV [9]. The
similarity of the two partner states and the low excitation
energy means not only that the partner dominates the sum
in Eq. (1), leading to the quite accurate approximation,
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but also that it enhances the Schiff moment by large amounts
over the moments in nuclei with symmetric shapes.

Much of the enhancement is due to the small energy
denominator AE, but some comes from the presence in the
numerator of the Schiff operator rather than the electric
dipole operator. Dipole moments are delicate because they
depend on the difference between the center of mass and
center of charge, which is often small even in octupole-
deformed nuclei. Because of the radial weighting in Eq. (2),
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however, Schiff moments can be substantial even if the
centers of mass and charge coincide.

The expectation value of the first term in Eq. (2) is much
larger in octupole-deformed nuclei than that of the second
term, which is proportional to the EDM. In fact, if the
spherical harmonic Y} were replaced by Y3, that first term
would just be proportional to the octupole charge operator
[10]: Q3 =e>.,/3Y3(i), where the sum again is over
protons. The matrix elements of this operator are a direct
measure of octupole deformation and thus not at all delicate
in octupole-shaped isotopes.

This argument has an obvious implication: the Schiff
moment should be correlated with the matrix elements of
the octupole moment, and measured octupole transition
rates should allow us to reduce the uncertainty in
calculations of Schiff moments. Such calculations are
essential if we want to use limits on atomic EDMs (or
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an eventual observation of one) to make quantitative
statements about new sources of CP violation. Existing
calculations [16] carry an uncertainty [17] that is signifi-
cantly larger than 100%, and the use of complementary
measurements to exploit them is important. In the rest of
this Letter we show that measured octupole properties are
a great help.

The story is not quite as simple as it first appears,
however, partly because the Schiff operator is not the
only ingredient in Eq. (1); the CP-violating potential Vpr,
which atomic EDM experiments hope to elucidate, also
plays a role. The potential, which is often discussed in
terms of meson exchange, can be represented in chiral
effective field theory [18], a QCD-based picture of inter-
acting nucleons and pions that has a systematic power-
counting scheme. Including the most important terms, one
has [18-20],
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where arrows denote isovector operators, 7, is +1 for
neutrons, my is the nucleon mass, and (in this equation
only) we use the convention 2 = c¢ = 1. The g’s are the
unknown isoscalar, isovector, and isotensor T-violating
pion-nucleon coupling constants, the ¢’s are the unknown
coupling constants of a short-range interaction that sub-
sumes the effects of heavy-meson exchange, and g is the
usual strong zNN coupling constant. Most calculations
thus far have neglected the effects of the contact inter-
actions in the last line of Eq. (4) (as well as the effects of
neutron and proton EDMs). Here we write the Schiff
moment S in Eq. (1) as

S = apggo + a19g: + a,g7, + b1¢; + b2, (5)

The coefficients a; and b;, which are the result of a
calculation, have units e fm?3.

Another slight complication comes from our use of
Skyrme [21,22] or Gogny [22,23] energy-density func-
tional theory (related to mean-field theory) to express the
nuclear wave function in terms of a deformed and parity-
mixed Slater determinant or a more general deformed
quasiparticle vacuum. The deformed wave function repre-
sents the intrinsic state of the nucleus |®,), that is, the
nuclear state in a body-fixed frame. The Schiff moment in

this frame is independent of VPT, the function of which, in a

|
manner of speaking, is to ensure that the intrinsic breaking
of parity and time-reversal symmetries by mean-field
theory survives in the laboratory frame. It is the intrinsic
Schiff moment that we can most easily correlate with
measured octupole transition rates, as we now explain:
Having obtained an intrinsic state through mean-field-
like calculations, one needs to project it onto laboratory
states with well-defined angular momentum and parity, in
our case the two states in the parity doublet that determine
the laboratory Schiff moment. In our prior work on the
subject, described in Ref. [16], and in the measurements of
deformation, shapes are assumed to be infinitely rigid. This
approximation leads to the well-known result [24] that all
of the ground-band reduced matrix elements of an (arbi-
trary) operator X* with multipolarity A are proportional to
an intrinsic-state expectation value (X3):

TIX N igia = V2 + 1K 20KNKG). (6)

where (J'K,10|JK) is a Clebsch-Gordan coefficient and
the intrinsic-state expectation value (X3) is evaluated in an
axially symmetric state having angular-momentum projec-
tion K on the symmetry axis. The Wigner-Eckart theorem
then implies that the observable laboratory transition matrix
elements
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can be used to extract values of (X3) simply in the rigid-
deformation limit. With the Clebsch-Gordan coeftficients
evaluated, Eqs. (6) and (7) relate (¥|S,|¥,) to the intrinsic
expectation value Sy = (Sy) and (¥,|Vpr|P,) to the

A

intrinsic expectation value (Vpr):

(IM|IXATM'y = (I'M', ap|IM) (7)
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where Eq. (8) is specific to the case J=J'=M=M'=K.
Equations (6) and (7) also relate octupole transition rates to
the intrinsic octupole moment Q3 = (0F).

In fact, we are no longer confined to this rigid-deformation
limit; we can now obtain the ground state and its partner by
exactly projecting the lowest intrinsic state onto states with
any angular momentum and with positive or negative
parity. Thus, we can test the quality of the rigid-deforma-
tion approximation by comparing reduced matrix elements
from Eq. (6) to those evaluated exactly between angular-
momentum and parity-projected states. For the Schiff
operator the rigid-deformation approximation turns out
to be very good; it induces an error of only about 1.5%.
The rigid-deformation approximation for the octupole
operator Q% in 2*Ra is even better, inducing an error of
less than 0.1%.

The error from extrapolating our results to a single-
particle space with an infinite number of harmonic-oscil-
lator shells is also quite small, about 0.02%. For calcu-
lations with 20 oscillator shells, which lead to a reasonable
balance between CPU time and precision, the two errors
have similar magnitude and opposite sign. We will thus use
this basis for all calculations performed with Skyrme
functionals. The Gogny functional leads to CPU time that
is much longer; we therefore settle for 16 oscillator shells
when working with it. We use the code HFODD (v2.84h)
[25,26] to carry out all Hartree-Fock (HF), Hartree-Fock-
Bogolyubov (HFB), or BCS calculations. The accuracy of
all these approximations means that we can consider the
Schift and octupole transition matrix elements to be directly
proportional to the corresponding intrinsic moments, the
correlation of which we now address in more detail.

Figure 1(a) shows the unconstrained predictions of many
functionals, with and without pairing (that is, in the HF or
HFB/BCS approximations), for the octupole and Schiff
moments of ?»Ra. The correlation between the two
observables is striking, good enough so that one can nearly
identify a unique prediction for the intrinsic Schiff moment,
given a measured octupole moment. We say “nearly”
because neutron pairing, the exact strength of which is
unknown, introduces some ambiguity. The red dots corre-
spond to a neutron pairing gap of 0.747 MeV, a sensible

E0paw | @ s sko' ® ¢

L 40| & HrB 3 >

° SkM 229p

[ SLy4 6 a

o 30} UNEDFO T oY 225Ra

@ kO' P\l 223Fy

15 10 ZZan

06 08 1.0 12 14 06 08 1.0 12 14
Intrinsic Q3 (1000 e fm3)

FIG. 1. (a) The unconstrained predictions of the functionals

SkX, [27], SIII [28], UNEDFO [29], SkO’ [30], SLy4 [31], SkM*
[32], and D18 [33] for the octupole and Schiff moments of *°Ra,
with and without pairing. (b) Predictions of SkO’ for the octupole
and Schiff moments in 22'Rn, 22Rn, 22Fr, 22Ra, and 2%Pa, with
varying amounts of neutron () or proton (P) pairing. In odd-N
or odd-Z nuclei, the moments increase as the pairing gaps
decrease from Ay(py = 0.90 to 0.70 MeV, in steps of 0.05 MeV.

value determined by the odd-even mass staggering around
22Ra. Figure 1(b) shows the range of predictions with the
functional SkO’ for the reasonable range 0.6 MeV <
Aypy £0.9 MeV in five odd-A nuclei with large asym-
metric deformation. The correlation between Schiff and
octupole moments is quite linear and it allows the iden-
tification of an uncertainty for the predictions SkO'.

All these results indicate the desirability of measuring Q;
in odd nuclei for which atomic EDM measurements are
conceivable. Though no one has made such a measurement
(yet), the Liverpool group reported the measurement of Q3
in the neighboring even-even nucleus 2**Ra a few years ago
[15]. Figure 2 shows the same kind of results as does Fig. 1,
but with the predicted intrinsic Schiff moments plotted
versus the octupole moment of **Ra and with several
Skyrme functionals instead of several nuclei in panel (b).
The correlation of the two moments is still evident in both
panels. The vertical band in the two panels represents the
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FIG. 2. Panel (a) is like the corresponding panel of Fig. 1 (with
the same value for the neutron pairing gap) but with the octupole
moment of ?*)Ra on the abscissa and its experimental error
represented by the vertical bar. The results for UNEDFO, for
which a full covariance matrix was determined [29] include a
statistical uncertainty. Panel (b), like the same panel in Fig. 1,
plots the variation of the Schiff and octupole moments when
neutron and proton pairing gaps are varied between 0.9 and
0.6 MeV, but in a single nucleus and for a variety of Skyrme
functionals. The theoretical error band (TH) represents the result
of a regression analysis [34].
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FIG. 3. Intrinsic Schiff moments S, in e fm® (a) and octupole

moments O} in units of 1000 ¢ fm* (b) of ?*'Rn, ?*’Rn, **Fr,
225Ra, and 2?Pa, determined from the experimental octupole
moments of 22*Ra, 22°Ra, and 22°Rn.

measured value of the *?*Ra octupole moment, with its
width and that of the error bar on top of it representing
experimental uncertainty. The slanted line in Fig. 2(a) and
band in Fig. 2(b) represent, respectively, the correlation and
total uncertainty [34] of the Schiff moment. The uncertainty
is smaller near the middle of the figure, where the
calculated moments have more impact.

Figure 2(a) contains, in addition to the items already
discussed, the results of a quantitative analysis in black. We
use linear regression to determine the coefficients a and b
in the relation S,y = a + b x Q3(***Ra). The Supplemental
Material [34] for this manuscript provides more details. For
225Ra, the propagated intrinsic Schiff moment and its
uncertainty at the experimental intrinsic octupole moment
Q3(***Ra) = 940(30) is Sy = 26.6(1.9) efm®. The theo-
retical uncertainty of 1.6 efm® is larger than that from
experiment, which is 1.1 e fm3.

It is now clear that the observed correlation between the
calculated intrinsic Schiff moment in ?*Ra and octupole
moment in 2*Ra allows us to greatly reduce systematic
uncertainties stemming from nuclear functionals. Figure 3(a)
shows predictions for the intrinsic Schiff moments of **>'Rn,
223Rn, 2%Fr, ?*Ra, and **’Pa from the experimental octupole
moments of 22*Ra [15], 220Ra [38], and ?2°Rn [15]. A similar
analysis, shown in Fig. 3(b), allows us to predict values of
octupole moments in these odd nuclei. Numerical values for
all these intrinsic moments are collected in the Supplemental
Material [34]. The discrepancies that remain among pre-
dictions reflect systematic uncertainty that our analysis has
not removed.

To obtain an independent estimate of systematic uncer-
tainties in the intrinsic Schiff moment of >>’Ra, we employ
the full covariance matrix of the UNEDFO functional model
parameters [29]. This gives an intrinsic Schiff moment in
22Ra of 1y = 32.7(1.9) efm? and an octupole moment in
224Ra of Q3 = 1.17(10) x 1000 e fm® [cf. the error bars in
Fig. 2(b)]. It also yields a very strong correlation coefficient
of 0.908 between the two moments. The relatively large
uncertainty in Q3 means that only a modest increase in the
UNEDEFO penalty function is required to alter the coupling
constants so that the calculated QS agrees with experiment.

10 [Ty

& (@) a, 0.10

E BCS

e of X a, o005}

(7]

&

S -10} ] 0.00

©

o

o -0.05

© -20 Vo s 1 ooy ¢

LSS TR S
08 1.0 12 14 08 1.0 12 14

224Ra Intrinsic QF (1000 e fm3)

FIG. 4. Coefficients ay, a;, and a, (a) and b; and b, (b), Eq. (5),
corresponding to the finite and zero-range terms of Vpr, Eq. (4),
determined in 2?°Ra for six Skyrme functionals and propagated to
the experimental value of the octupole moment in ***Ra.

The strong correlation between the octupole and Schiff
moments then means that the Schiff moment would
probably slide closer to our propagated value of
26.6 efm®. This hypothetical result, however, can only
be verified by a full refit of UNEDFO with the experimental
value of Q3 in ?**Ra included in the penalty function.

So far all our focus has been on the intrinsic Schiff
moment, which, as we have noted, is only one of the two
ingredients in the laboratory Schiff moment (3); the other is
the intrinsic matrix element of Vpr. Can we use measured
octupole moments to constrain it as well? Figure 4 shows
the variation of coefficients ay, a;, a,, by, and b,, Eq. (5),
(In Refs. [16,39] the signs of coefficients a, a;, and a,
were inverted.) in >>Ra with the octupole moment in >*Ra.
Apart from b,, there is a clear correlation that allows for a
meaningful extrapolation to the measured value; a larger
scatter of points induces a larger extrapolation error for b,.

The analysis becomes more complicated, however, when
we include measured octupole moments from other iso-
topes. The correlation between a given octupole moment
and the coefficients a;, b; still exists, but the use of two
different octupole moments to constrain the coefficients can
lead to quite different values. This situation is unlike that
depicted by Fig. 3, and suggests the presence of significant
systematic error in the calculations of the intrinsic matrix
element of VPT.

The figures in our Supplemental Material [34] show that
the correlation between an octupole moment in one nucleus
and a laboratory Schiff moment in another is better if the
two nuclei are very close together in Z and N. We therefore
use only the octupole moment of 2*°Ra in computing the
coefficients a; and b; in ?*'Rn and ?*’Rn, and only the
moments of *?*Ra and *°Ra when computing the coef-
ficients in 223Fr, 22Ra, and 22°Pa. As Table I shows, we still
end up with a sizable uncertainty in the coefficients, even
with these restrictions. The numbers in italics there are
consistent with zero, and only those in boldface are
determined with a precision of 25% or better. In ?*°Ra,
our central values for a; and a, are slightly smaller than in
our earlier computation [16], while a, is consistent with
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TABLE 1. Coefficients ay, a,, a,, by, and b, (in e fm?) [from
Eq. (5)], determined by regression analysis. For >*!Rn and ?>’Rn
we show values propagated to the experimental octupole moment
of 22°Rn, whereas for >>3Fr, 2*Ra, and ?*’Pa we show averages of
those propagated to **Ra and ??Ra. Details are in the Supple-
mental Material [34]. Values determined with a precision better
than 25% are in boldface and those compatible with zero are in
italics.

ag ay ay bl bz
2iRn —0.04(10) -1.7(3)  0.67(10) —0.015(5) —0.007(4)
2R —0.08(8) —2.4(4)  0.86(10) —0.031(9) —0.008(3)
DR 0.07(20) —0.8(7)  0.05(40)  0.018(8) —0.016(10)
2Ra 0.2(6) -5(3)  33(L5) —0.01(3)  0.03Q2)
2py —12(3)  —0.9(9) —03(5)  0.036(8) 0.032(18)

zero. Note that only in this nucleus and in **°Fr were we
able to use the experimental excitation energy in Eq. (3); in
the other isotopes, because reliable measurements are not
available, we took the excitation energy to be 100 keV. As
Eq. (3) shows, when data become available, the results in
the table can be simply scaled.

How does one reduce the uncertainty in the laboratory
Schiff moments? The obvious way is to isolate and measure
a quantity that is closely correlated with the intrinsic matrix
element of Vopr. Although that potential is a two-body
operator, it can be approximated by an average one-body
operator with the schematic form o -r, as, e.g., in
Refs. [3,39]. Such operators (and related two-body
meson-exchange versions) occur within subleading pieces
of the hadronic electroweak current, but identifying and
measuring the appropriate matrix elements will be a
challenge. The potential payoff, however, makes it worth
addressing.
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