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We propose an incident direction independent wave propagation generated by properly assembling
different unidirectional destructive interferences (UDIs), which is a consequence of the appropriate match
between syntheticmagnetic fluxes and the incident wave vector. Single-direction lasing at spectral singularity
is feasible without introducing nonlinearity. UDI allows unidirectional lasing and unidirectional perfect
absorption; when they are combined in a parity-time-symmetric manner, the spectral singularities vanish with
bounded reflections and transmissions. Furthermore, the simultaneous unidirectional lasing and perfect
absorption for incidences from opposite directions is created. Our findings provide insights into light control
and may shed light on the explorations of desirable functionality in fundamental research and practical
applications.
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Introduction.—Parity-time (PT ) symmetry has been
theoretically and experimentally investigated in a variety
of non-Hermitian systems [1–22]; non-Hermiticity controls
the exact and broken PT -symmetric phases [18–22]. The
phase transition points are exceptional points [23–27]
utilized for sensing enhancement [28–32]. The topologies
of exceptional points are distinct [33–37]. Spectral singu-
larities (SSs) in scattering systems belong to another type of
non-Hermitian singularities, at which eigenstate complete-
ness is spoiled [38,39]; incident waves from opposite
directions at an appropriate phase match are perfectly
absorbed in a coherent perfect absorber [40–48].
Non-Hermitian character causes unidirectionality

[49–54], the fundamental mechanism of which differs
from that created by chiral light-matter interaction
[55–59]. Typical phenomena include unidirectional reflec-
tionlessness [49,50] and unidirectional spectral singularity
that allows unidirectional perfect absorption (UPA) and
unidirectional lasing (UL) [51,52]; however, the trans-
missions there protected by symmetry are reciprocal
[60–63]. Nonreciprocal transmission is indispensable for
optical information processing. Nonreciprocity, imple-
mented via magneto-optic effect [64] and optical non-
linearity [65], has been created based on various strategies
in linear and magnetic-free devices [66,67], in single-
photon level [68,69], and even in acoustics [70].
Benefited from synthetic magnetic flux realized for photons
[71–79] and progress in non-Hermitian physics [22],
non-Hermiticity associated with synthetic magnetic flux

induces nonreciprocal transmission in linear photonic
lattices [80–82].
In this Letter, we propose an incident direction inde-

pendent wave propagation, which is an extraordinary
asymmetry in both reflectivity and transmittivity that
stemmed from the unidirectional destructive interference
(UDI); single-direction lasing occurs at the SS, where an
incidence from either side induces a UL toward the same
direction. The appropriate match between synthetic mag-
netic fluxes in different functional UDIs creates many
intriguing unidirectional phenomena beyond one-way
propagation, UPA, and UL [82]. With judiciously chosen
synthetic magnetic fluxes, detunings, and the gain or loss of
side-coupled resonators, the SS exhibits UPA or UL; their
coincidence leads to an SS elimination under PT sym-
metry. Furthermore, a simultaneous unidirectional lasing
and perfect absorption for incidences from opposite sides is
feasible by assembling different unidirectional elements.
These novel wave propagation phenomena facilitate vari-
ous applications of non-Hermitian metamaterials without
introducing nonlinearity [83–86].
Model.—We consider a one-dimensional uniformly

coupled passive resonator chain in Fig. 1(a) with identical
resonant frequency ωc; the primary resonators (round-
shaped) are evanescently coupled through the auxiliary
resonators (stadium-shaped), which are antiresonant with
the primary resonators. The coupling strength J ¼ 1 is set
to be unity. A resonator is side-coupled to the resonator
chain with one asymmetric coupling, which is introduced
through the optical path length difference 2Δx in the
tunneling between resonators α and 0 [76]. An extra
direction dependent phase factor e�iϕα is equivalently
induced in the effective coupling between resonators α

and 0, resulting in a synthetic magnetic flux ϕα ¼
2πΔx=λ≡ ð−e=ℏÞ H A⃗α · d⃗l in the triangle that associated
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with a vector potential A⃗α [73,74,79], where λ is the
resonant wavelength [77]. The resonators support the
counterclockwise (CCW) and clockwise (CW) modes; they
experience opposite synthetic magnetic fluxes. The CCW
mode is analyzed without loss of generality, and the CW
mode is discussed as well.
The frequency detuning (net gain or loss) of resonator α

is represented by the real (imaginary) part of Vα. The loss is
the dissipationωc=ð2QαÞ caused by the interaction between
resonator α and its environment, where Qα is the quality
factor. The gain is induced by pumping the ions doped
in the resonator [14,20]. Assuming a weak pump that far
away from gain saturation with white noise [87,88], both
processes are Markovian and characterized by the Lindblad
master equation [89,90], where the gain and loss are
modeled by constants [14,20,51,91,92].
We consider an ideal case of resonators with negligible

backscattering [93]. In the coupled-mode theory [94,95],
the equation of motion for resonators j ≠ −1, 0, and α in
the system illustrated in Fig. 1(a) is

i
dψ j

dt
¼ ωcψ j − ψ j−1 − ψ jþ1; ð1Þ

otherwise,

i
dψ−1

dt
¼ ωcψ−1 − ψ−2 − ψ0 − ψα; ð2Þ

i
dψα

dt
¼ ðωc þ VαÞψα − ψ−1 − e−iϕαψ0; ð3Þ

i
dψ0

dt
¼ ωcψ0 − ψ−1 − ψ1 − eiϕαψα; ð4Þ

where ψ j ¼ fje−iωt is the field amplitude and fj is the
steady-state wave function of resonator j in the elastic
scattering process with fj ¼ Aeikj þ Be−ikj (j < 0) and
fj ¼ Ceikj þDe−ikj (j > 0). k ∈ ½−π; π� is the dimension-
less Bloch wave vector [51,62,63,80]. The resonator chain
supported dispersion relation is ω ¼ ωc − 2J cos k [51,76];
a resonant incidence with frequency ωc has the wave
vector k ¼ π=2.
Unidirectional destructive interference.—Synthetic

magnetic flux affects the interference and breaks the system
symmetry and the reciprocity of transmission [93]. When
synthetic magnetic flux matches the incident wave vector
ϕα ¼ π � k, incidences from both sides are reflectionless.
The side-coupled resonator α is equivalently isolated for the
left (right) incidence because of the destructive interference
induced by ϕα ¼ π þ k (ϕα ¼ π − k); the wave function at
resonator α is zero. For the right (left) incidence, the wave
function of resonator α does not vanish, it varies according
to Vα and affects the right (left) transmission.
The reflection and transmission coefficients are rL ¼

B=A and tL ¼ C=A for the left incidence (D ¼ 0), and
rR ¼ C=D and tR ¼ B=D for the right incidence (A ¼ 0).
The scattering matrix characterizes the relationship
between input and output [48,60]

�
B

C

�
¼ S

�
A

D

�
: ð5Þ

Here, the scattering matrix is asymmetric [93]

S ¼
�
rL tR
tL rR

�
¼

�
0 ðeik þ VαÞ=ðe−ik þ VαÞ
1 0

�
; ð6Þ

induced by the asymmetric coupling. In Hermitian systems
(real Vα), the transmittivity is jtLj2 ¼ jtRj2 ¼ 1; fα vanishes
for the left incidence, but is nonzero for the right incidence.
In non-Hermitian systems (complex Vα), the transmittivity
is asymmetric, jtLj2 ≠ jtRj2.
At ϕα ¼ π þ k, the scattering of left incidence with

wave vector k is fixed even though Vα varies; the perfect
absorption occurs for the right incidence when Vα ¼ −eik
[Fig. 1(b)]. In contrast to an isolator [60], the scattering
matrix S ¼ ð0

1
0
0
Þ is for the CCW mode and its transpose ST

is for the CW mode [93]. The wave function for the right
incidence consists of an incoming wave that is completely
absorbed at resonator α without reflection, i.e., fj ¼ 0

(j < 0), fj ¼ e−ikj (j ≥ 0), and fα ¼ −1, with rL ¼ rR ¼
tR ¼ 0 and jtLj ¼ 1, behaving similarly in a coupled helical
waveguide design [80], but differently in the transmission-
less UPA [52]. When the synthetic magnetic flux is
opposite ϕα ¼ π − k, the wave function is a left-right
mirror reflection of that at ϕα ¼ π þ k, where resonator
α is isolated for the right incidence [Fig. 1(c)]. A right UPA

(a)

(d)

(b) (c)

FIG. 1. (a) Schematic of uniform resonator chain with one side-
coupled resonator, ωα ¼ ωc þ Vα. The blue and green arrows
indicate the optical path lengths for counterclockwise mode
(black arrow) photons tunneling between resonators in opposite
directions. (b) Right UPA: right perfect absorption and left
resonant transmission. (c) Left UPA: left perfect absorption
and right resonant transmission. The upper panels illustrate
UPA configurations with opposite synthetic magnetic fluxes, k
is the incident wave vector, and Vα ¼ −eik. The central panels
illustrate destructive interference at the side-coupled resonator α
from one incident direction, and the lower panels illustrate perfect
absorption from the opposite incident direction. The dotted line
indicates the equivalently decoupled part. (d) Schematic of
uniform resonator chain with two side-coupled resonators. j is
the resonator index, ωα;0;β ¼ ωc þ Vα;0;β.
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for the CCW mode is a left UPA for the CW mode, and
UPA realizes chiral mode isolation [64–66].
UL occurs at Vα ¼ −e−ik when tR diverges [38,51,96],

where resonator α has an equal amount of gain in contrast
to the UPA. The wave function for the right incidence
consists of an outgoing wave that satisfies the boundary
condition of lasing without any injection, i.e., fj ¼ e−ikj

(j < 0), fj ¼ 0 (j ≥ 0), and fα ¼ 1.
Incident direction independent wave propagation.—UDI

facilitates the design of optical control devices, leading to
an isolation of the side-coupled resonator in one incident
direction and providing an opportunity to unidirectionally
manipulate the waves. When assembling one more side-
coupled resonator, the cooperation between synthetic
magnetic fluxes in UDIs enriches the intriguing asymmetric
dynamics [82].
The equations of motion for the configuration of two

side-coupled resonators [Fig. 1(d)] are Eqs. (1)–(3) and

i
dψ0

dt
¼ ðωc þ V0Þψ0 − ψ−1 − ψ1 − eiϕαψα − eiϕβψβ; ð7Þ

i
dψβ

dt
¼ ðωc þ VβÞψβ − ψ1 − e−iϕβψ0; ð8Þ

i
dψ1

dt
¼ ωcψ1 − ψ0 − ψ2 − ψβ; ð9Þ

where the real (imaginary) parts of Vβ and V0 represent the
frequency detunings (net gains or losses) of resonators β
and 0, respectively.
At fixed synthetic magnetic fluxes ϕα ¼ ϕβ ¼ π þ k,

Figs. 2(a) and 2(b) illustrate the wave propagation for
opposite incidences. In Fig. 2(a), the wave resonantly
transmits at resonator α because of the destructive
interference. Then, the transmitted wave is scattered at
resonator 0, and corresponding reflection and transmission

coefficients are r0 ¼ V0=ð2i sin k − V0Þ and t0 ¼ r0 þ 1
[97]. The reflected portion (cyan arrow) passes through
resonator α from the right side without reflection (green
arrow) and forms the left reflection; the transmitted portion
(purple arrow) passes through resonator β from the left side
without reflection (red arrow) and forms the left trans-
mission. The green (red) arrow represents the reflectionless
transmission modulated by resonator α (β). The reflection
and transmission coefficients are [93]

rL ¼ r0
eik þ Vα

e−ik þ Vα
; tL ¼ t0

eik þ Vβ

e−ik þ Vβ
; ð10Þ

rR ¼ r0
eik þ Vβ

e−ik þ Vβ
; tR ¼ t0

eik þ Vα

e−ik þ Vα
: ð11Þ

The synthetic magnetic fluxes allow that the propagating
waves in the left (right) chain after scattering are VβðαÞ
independent, regardless of the incident direction. This
enables an incident direction independent wave propaga-
tion when jr0j ¼ jt0j (requiring j2 sin k=V0j ¼ 1): the left
reflectivity and transmittivity equal to the right trans-
mittivity and reflectivity, respectively.

jrLj2 ¼ jtRj2; jtLj2 ¼ jrRj2: ð12Þ

The left- and right-going propagating wave intensities after
scattering are identical for incidences impinging from both
directions and are separately tuned by Vα and Vβ, respec-
tively. The wave impinging from either direction is equally
divided at resonator 0 with jr0j ¼ jt0j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð2 − 2 sinφÞp

when V0 ¼ 2eiφ sin k.
The incident direction independent wave propagation

occurs at

ϕα ¼ ϕβ ¼ π þ k; V0 ¼ 2eiφ sin k: ð13Þ

Resonator β (α) being VβðαÞ ¼ −eik induces a perfect
absorption of the right-(left-)going propagatingwave, except
that the system is at the SS when V0 ¼ 2i sin k, where lasing
is bidirectional, or when VαðβÞ ¼ −e−ik, where the lasing is
unidirectional toward the left (right) and the propagating
wave in the right (left) chain vanishes after scattering, e.g.,
UL occurs when Vα¼−e−ik, Vβ¼−eik, and V0¼−2isink.
The lasing wave is emitted from the left chain, independent
of the incident direction, and the right-going propagating
wave vanishes, being absorbed at resonator β. The reflection
and transmission coefficients satisfy

jrLj ¼ jtRj → ∞; tL ¼ rR ¼ 0: ð14Þ

The wave function is fj ¼ e−ikj (j < 0), fj ¼ 0 (j ≥ 0),
fα ¼ 1, and fβ ¼ 0, consisting of the outgoing wave in the

(a) (b)

(c) (d)

FIG. 2. (a), (b) Schematic of the incident direction independent
wave propagation. (c), (d) Simulations of single-direction lasing
at Vα ¼ −e−ik, Vβ ¼ −eik in Fig. 1(d). The Gaussian wave
packet is jΨð0; jÞi ¼ ð ffiffiffi

π
p

=σÞ−1=2Pje
−ðσ2=2Þðj−NcÞ2eikcjjji, cen-

tered at Nc, where kc ¼ π=3 is the wave vector, σ ¼ 0.1, and j is
the resonator index. The resonator chain is cut at j ¼ �100.
The blue curves in (c), (d) depict the wave intensities
PðjÞ ¼ jΨðt; jÞj2 at time t ¼ 60=J. Other parameters are
ϕα ¼ ϕβ ¼ π þ k, V0 ¼ −2i sin k, and k ¼ π=3.
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left chain. For an incidence from either direction, the lasing
wave is emitted in a single direction: leftward.The simulation
of single-direction lasing is depicted in Figs. 2(c) and 2(d). A
Gaussian wave packet excites the wave emission, charac-
terized by a Gaussian error function and its intensity
increases linearly [98]. At V0 ¼ 2i sin k, lasing is bidirec-
tional when Vα;β ≠ −eik; the wave emission is symmetric if
Vα;β is real, but asymmetric if complex Vα ≠ Vβ. When
VαðβÞ ¼ −eik, the wave emission is absorbed at resonator α
(β) and the lasing becomes unidirectional with vanishing
emission toward the left (right). When Vα ¼ Vβ ¼ −e−ik,
lasing is bidirectional and V0 controls the asymmetry of
lasing amplitude.
Another intriguing application is the one-way propaga-

tion at Vα ¼ − cos kþ 3�1i sin k, Vβ ¼ −eik, and
V0 ¼ −2i sin k, previously designed using different strat-
egies [82–84], rectifying waves with jrLj ¼ jtRj ¼ 1
and tL ¼ rR ¼ 0.
For V0 ¼ 0, the scattering is both sides reflectionless

when Vα;β ≠ −e−ik. The left (right) transmission depends
on VβðαÞ. When Vα ¼ Vβ ¼ −e−ik, the transmission coef-
ficients diverge with finite reflections. When
Vα ¼ Vβ ¼ −eik, the system completely absorbs the inci-
dence from either direction without reflection. When
Vα ¼ −e−ik and Vβ ¼ −eik, UL occurs with jrLj ¼ 1,
tL ¼ rR ¼ 0, and jtRj → ∞ (square in Fig. 3).
PT -symmetric side-coupled resonators.—UPA and UL

form a Hermitian conjugation pair. Their SSs coincide
and vanish at series connection of the two structures in a
PT -symmetric manner. The wave emission is absorbed
and leaves finite scattering intensities.
Figure 3 depicts jrL;Rj and jtL;Rj for k ¼ π=3 [93].

jϕαðβÞj ¼ 2π=3 produces a wave emission (absorption).
jrLj ¼ 1 at jϕβj ¼ 2π=3 and jrLj → ∞ at jϕαj ¼ 2π=3
and jϕβj ≠ 2π=3 [Fig. 3(a)]. Vβ ¼ −eik results in f0 ¼ 0

for the right incidence except when rL diverges; conse-
quently, rR ¼ 0. Figures 3(b) and 3(c) depict jtLj and jtRj.
jtLj diverges at ϕα ¼ 2π=3, vanishes at ϕβ ¼ −2π=3, and
becomes unity at ϕα ¼ 2π=3 and ϕβ ¼ −2π=3, where the

SSs of the side-coupled structures coincide. Figure 3(d)
depicts the scattering coefficients at jϕαj ¼ 2π=3 (rL
divergence), implied by the dash-dotted blue line [jtLj in
Fig. 3(b)] and solid red line [jtRj in Fig. 3(c)]. At
ϕα þ ϕβ ¼ 0, the system is PT symmetric; the scattering
coefficients converge when ϕα ¼ −ϕβ ¼ �2π=3. PT sym-
metry ensures that the persistent wave emission from
resonator α is directly absorbed at resonator β and forms
a unity transmittivity. The scattering coefficients satisfy
jrLj ¼ jtLj ¼ jtRj ¼ 1, jrRj ¼ 0, and the SS vanishes. At
ϕα ¼ ϕβ ¼ 2π=3, a persistent right-going wave emission
for the left incidence and a perfect absorption for the right
incidence occur: jrLj ¼ 1, jtLj → ∞, and rR ¼ tR ¼ 0. At
ϕα ¼ ϕβ ¼ −2π=3, a persistent left-going wave emission
for the right incidence and a full reflection for the left
incidence occur [93].
Simultaneous unidirectional lasing and perfect

absorption.—UPA prevents the backward flow without
affecting the forward propagation, which is a versatile
building block for light manipulation. Series combination
of several UPAs and ULs enables more intriguing asym-
metric phenomena (Fig. 4).
Connecting a right UPA on the left side of the two side-

coupled resonators in the situation marked by the magenta
circle in Fig. 3, the finite left reflection from the right two
side-coupled resonators is perfectly absorbed; conse-
quently, a reflectionless left incident unidirectional lasing
and right incident perfect absorption [Figs. 4(a) and 4(b)] is
achieved in the configuration of Fig. 4(c). If all the
synthetic magnetic fluxes in Fig. 4(c) are opposite, which
correspond to the configuration experienced by the CW
mode [Fig. 4(f)], the dynamics switch between the left and
right incidences in contrast to the CCW mode [Figs. 4(d)
and 4(e)]. Unidirectional lasing of different modes are
toward opposite directions. Simultaneously exciting the
CCW and CW modes in the left (right) side, the CCW
(CW) mode induces a unidirectional lasing toward the right
(left) side and the CW (CCW) mode is perfectly absorbed.

(a) (b) (c) (d)

FIG. 3. Density plots of (a) jrLj, (b) jtLj, and (c) jtRj as
functions of ϕα and ϕβ. rR ¼ 0 for jϕαj ≠ 2π=3. (d) jtLj (jtRj) for
ϕα ¼ −2π=3 ð2π=3Þ and jrRj at when rL diverges. Solid white
(dashed yellow) lines indicate the divergence (zero) at the SS. SSs
coincide with unity values at the marked points in (b), (c). Color
bars are all in (c), jrLj and jtL;Rj are cut to five. The parameters
are Vα ¼ −e−iπ=3, Vβ ¼ −eiπ=3, V0 ¼ 0, and the incident wave
vector is k ¼ π=3.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 4. Snapshots of the wave intensities and schematics of
the equivalent systems for (a)–(f) transmissionless and
(g)–(i) reflectionless unidirectional lasing and perfect absorption
for a Gaussian wave packet of σ ¼ 0.1, kc ¼ π=3. The arrows
indicate the phase directions with values inside, k ¼ π=3.
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Connecting two right UPAs on the right side of a single-
direction lasing [Figs. 2(c) and 2(d)] to form the configu-
ration shown in Fig. 4(i), the right incidence is perfectly
absorbed before inducing a unidirectional lasing, resulting
in a transmissionless left incident unidirectional lasing and
right incident perfect absorption [Figs. 4(g) and 4(h)]. The
CW mode experiences opposite synthetic magnetic fluxes,
a left incident bidirectional lasing and right incident perfect
absorption is realized by the left two side-coupled reso-
nators [93] and the right two right UPAs change into left
UPAs, which perfectly absorb the right-going lasing.
Notably, both the CCW and CW modes possess identical
dynamical phenomena.
Discussion.—In summary, the bidirectional reflection-

lessness as a desirable feature of UDI allows scalable
combination of unidirectional dynamics, and properly
assembling distinct UDIs enriches the unidirectionality.
The incident direction independent wave propagation is
proposed, including the unidirectional lasing toward the
single definite direction and the one-way propagation. The
simultaneous unidirectional lasing and perfect absorption
is allowed. Our findings are applicable in optical wave-
guides [80].
The imperfections in the resonator as defects and surface

roughness result in backscattering [99–101], which induces
a mode coupling and mixes the CCWand CW modes [99].
The backscattering results in mode interchanging and is
unfavorable for the desirable unidirectional functionalities
[102]. Directional couplers can be used to reduce the
influence of backscattering [103]. As shown in the
Supplemental Material [93], UPA absorbs one mode with-
out affecting the other mode, which helps prevent the
unwanted backscattering induced mode accumulation in
one side; moreover, the performances of UPA, single-
direction lasing, and transmissionless unidirectional lasing
and perfect absorption remain good at weak backscattering.
Alternatively, the backscattering is a useful resource for
optical sensing [28,29,31].
Synthetic magnetic flux has been realized in quantum

regime [58,79,104], and it would be interesting to inves-
tigate the unidirectionality in quantum dots, cold atoms, or
trapped ions in the frameworks of non-Hermitian physics
and chiral quantum optics [55–59]. Our findings open up
new directions for designing novel lasers and optical
control devices including but not limited to laser, absorber,
rectifier, isolator, and modulator in a variety of areas in
optics and beyond.
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