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Multicomponent meson superfluids in chiral perturbation theory
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We show that multicomponent meson systems can be described by chiral perturbation theory. We chiefly
focus on a system of two pion gases at different isospin chemical potential, deriving the general expression
of the chiral Lagrangian, the ground state properties and the spectrum of the low-energy excitations. We
consider two different kinds of interactions between the two meson gases: one which does not lock the two
chiral symmetry groups and one which does lock them. The former is a kind of interaction that has already
been discussed in multicomponent superfluids. The latter is perhaps more interesting, because it seems to
be related to an instability. Although the pressure of the system does not show any instability, we find that
for sufficiently strong locking, the spectrum of one Bogolyubov mode becomes tachyonic. This unstable
branch seems to indicate a transition to an inhomogeneous phase.
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I. INTRODUCTION

Cold hadronic matter is an interesting playground for a
deep understanding of the properties of the strong inter-
action. At asymptotic baryonic densities the liberated
quarks [1] should pair forming a color superconductor,
see [2—4] for reviews. At large isospin densities a different
kind of collective phenomenon happens, with mesons
forming a Bose-Einstein condensate (BEC) [5-10]. In
general, the matter density of the system is controlled by
the baryonic chemical potential, up, while the isospin
chemical potential, y;, is associated to its degree of isospin
asymmetry, e.g., indicating that the number of neutrons and
protons are different. The properties of matter as a function
of u; have been the subject of intensive investigation for a
number of reasons. Systems with large isospin asymmetry
exist in Nature; in particular neutron stars [11] are believed
to be compact stellar objects with a large isospin asym-
metry. Recently, the possible existence of pion stars has
also been proposed [12—14]. Regarding the microscopic
properties of matter, the inclusion of y; can lead to a better
understanding of quantum chromodynamics (QCD) in
a regime in which lattice QCD simulations are doable
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[15-22]. Remarkably, the lattice QCD simulations of
meson gases with vanishing baryonic density are not
affected by the sign problem and can be implemented
for not too high values of ;. These simulations are steadily
improving [20-22], reaching increasingly precise results on
the thermodynamic properties of the system and thus
offering powerful tests for the methods and models
developed for the effective description of the strong
interaction.

Among the various proposed models, it is worth men-
tioning the Nambu-Jona Lasinio (NJL) model [23-32] and
the quark-meson model [24,33-35], because they can be
used in a wide range of values of y;. Although these models
are useful tools for exploring the properties of hadronic
matter, they are based on a number of parameters that have
to be phenomenologically fixed. Thus, they lead to results
which depend on the choice of these parameters and on the
number of degrees of freedom (d.o.f.) used. A relevant
limitation of these models is that the obtained results cannot
be systematically improved because no expansion param-
eter can be identified.

A systematic analysis of hadronic matter can be obtained
by effective field theories [36—38], which are based on an
expansion in a control parameter. Here we focus on chiral
perturbation theory (yPT), which is an effective theory
designed to describe the low-energy properties of QCD
[39-43]. The yPT Lagrangian is derived by the global
symmetries of QCD, basically integrating out the high-
energy part. The effect of the isospin chemical potential is
conveniently included in covariant derivatives, see
[40,41,44] for a general discussion. This allows us to
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describe the transition to the meson condensed phase in a
straightforward way, see [45,46], and to easily compare
with lattice QCD results [47]. As the above-mentioned
models, the yPT Lagrangian depends on some constants
that have to be fixed in some way, however the obtained
results can be systematically improved including higher
orders in the yPT expansion [41,48]. The thermodynamic
and low-energy properties of mesons at nonvanishing y;
have been studied using the yPT Lagrangian in many
different works [12,45-47,49]. In particular, in these works
it has been confirmed that the pion condensed phase first
discussed in [5-9] sets in at u; = m,, where m,, is the pion
mass. The yPT approach has also been used to study
different gauge theories with isospin asymmetry, including
2 color QCD with different flavors [50-56]. In the present
paper we extend the yPT Lagrangian to study the con-
densation of multicomponent meson systems, which is
relevant for the core of compact stars where pions and
kaons, see e.g., [57], can condense.

The multicomponent condensation can be realized, and it
has been studied, in a variety of systems. In some cases the
two components are neutral, and in this case one realizes a
multicomponent superfluid such as in He’~He* mixtures,
see [58,59], or in other ultracold atoms systems [60—-64]. In
the compact star interior, neutrons and protons are believed
to simultaneously condense [11], forming a system which
is simultaneously superfluid and superconductor where
global and local symmetries are spontaneously broken. If
deconfined quark matter is formed, the color-flavor locked
(CFL) phase [65] could be realized, which is simultane-
ously superfluid and superconductor. When supplemented
with kaon condensation [66,67], the CFL phase has an
additional superfluid component, becoming a phase with
two superfluid modes.

In our work we examine a multicomponent meson
system in which each component is characterized by a
global symmetry. For each component, the spontaneous
breaking of a global symmetry leads to the formation of a
superfluid. We examine the effect of the possible intra-
species interactions on multicomponent superfluidity. In
particular, we focus on the meson condensed phases, which
can be realized in the core of compact stars, see e.g., [11],
employing the yPT framework for deriving the relevant
low-energy Lagrangian. We discuss a system in which the
two meson gases correspond to two fictitious pion systems,
paving the way for the discussion of the simultaneous
condensation of pions and kaons. We identify two very
different types of intraspecies interactions: those that lock
the two global symmetries and those that do not lock them.
The two considered interaction terms lead to two different
symmetry breaking patterns, that could be dynamically
generated by the strong dynamics underlying the yPT
effective description.

Remarkably, at the leading order (LO) in yPT, only the
interactions that lock the two chiral groups are possible. We

find that the strength of the locking term plays a prominent
role: Increasing the locking, the transition to the broken
phase is favored; for sufficiently large couplings the system
becomes unstable. Analyzing the dispersion laws of the
low-energy d.o.f., we find that the instability can be
interpreted as a transition toward an inhomogeneous phase.

At the next-to-leading order (NLO) yPT corrections, it is
possible to include those interactions that do not lock the
two chiral groups. This type of interaction is akin to the one
typically discussed in ultracold atoms systems and indeed
in this case we obtain results similar to those of multi-
component Bose gas, see e.g., [68,69].

The present paper is organized as follows. In Sec. II we
report known results for meson systems in yPT. This is
useful to fix the notation and for comparison with the
multicomponent meson system. In Sec. III we generalize
the yPT Lagrangian to two meson gases, introducing the
leading interaction terms. In Sec. IV we analyze the effect
of one of the possible interaction terms leading to the chiral
locking. In Sec. V we consider the yPT term that does not
lock the two chiral groups. We conclude in Sec. VI. A
number of results are collected in the Appendixes. In the
Appendix A, we report the low-energy excitations of a
single-component pion gas. In the Appendix B, we discuss
the low-energy corrections to the mean-field thermody-
namic quantities arising from the vacuum energy of the
Bogolyubov modes.

II. SINGLE MESON GAS

The yPT description of the single meson gas is based on
the global symmetries

G = SU(N;), x SU(N,)x. (1)

of massless QCD, with N r the number of flavors. The meson
fields are collected in the X field, transforming under G as

¥ — LR, (2)

where L € SU(Ny), and R € SU(Ny)g. The leading
O(p?*) yPT Lorentz-invariant Lagrangian [41,42,45] is
given by

2
L= %Tr(DyzszT )+ Tr(ME" + M),  (3)

where the mass matrix, M, and the so-called pion decay
constant, f,, are the low energy constants (LECs) that
cannot be fixed by the symmetry group G and must be
determined in some other way. The yPT Lagrangian is
constructed assuming that the mass term does not break the
global symmetries, thus that M transforms as X. Then,
the locking of the chiral rotations to the vector SU(Ny)y,
group is induced by the vev of M, see e.g., the discussion
in [39,42].

096011-2



MULTICOMPONENT MESON SUPERFLUIDS IN CHIRAL ...

PHYS. REV. D 99, 096011 (2019)

The covariant derivative in Eq. (3) allows us to take
into account the coupling of the meson fields with gauge
fields and/or with external currents and/or the effect of
different chemical potentials [40,41,44]. In the present
work, we will only consider the effect of the isospin
chemical potential and we will restrict the analysis to
pions, corresponding to the Ny =2 case. Thus, we con-
sider the covariant derivative

DX=0,Z%2— 2 uoﬂl[ﬁ%z]’ (4)

where the isospin chemical potential, y;, is introduced as
the time component of a vector field. Note that the
covariant derivative does not include the baryonic chemical
potential, up, because mesons do not have a baryonic
charge. A useful parametrization is

X =cosp+ i@ -osinp, (5)

where o; are the Pauli matrices. The radial field, p, and the
unit vector field, @, encode in a nontrivial way the three
pion fields. By this parametrization, the LO yPT low-
energy Lagrangian takes the form obtained in [12]

2
L= (0pB,p + sinpd 90,

- 2mn75in2ﬂ€3ik@iao@k) - V(p), (6)

where

Vip) = —f2m 2<cosp—i— 22s1n p) (7)

is the potential and the control parameter is y = y;/m,,. For
ly| < 1, the normal phase is favored, the potential minimum
isat £ =1, and

V= _f%rmizz’ (8)

at the minimum. For |y| > 1, the pion condensed phase is
favored [5-10,45,49] and in the present parametrization the
minimum of the potential is attained for the radial field vev,
p, satisfying

1
Cosp = —. (9)
/4

Therefore, in the broken phase the meson field vev is
given by

Y =cosp+in-osinp, (10)

where n is a unit vector associated to the residual O(2)
symmetry of the vacuum. The pressure and the isospin

number density in the broken phase are respectively given

by [45,47,49]
2 im2 1\2 1

P:—ﬂ ﬂ}/2<1——> s _f%mﬂy<1——>, (11
2 r v )

) equation of state [47]

leading to the O(p?
e(P) = =P + 21/ P(2f2m% + P). (12)

Close to the phase transition point, y 2 1, the system is
dilute and it is possible to expand the pressure P and the
energy density ¢, as a function of the isospin number
density n;. If we define the adimensional isospin density
n=n;/(f2m,), we can expand the control parameter as

n 3n n
Yy = 1+4+§+32+0( ) (13)

which is a meaningful expansion for n < 1. The pressure
can then be expanded as follows

ni n
_8f2+16ff, ;2z+0(n1) (14)

where the leading term is the mean-field expression of the
pressure of a boson system with coupling g, = 1/4f2. This
is indeed the correct expression of the coupling close to the
phase transition, see Eq. (B2) and the discussion in the
Appendix A. The energy density is instead given by

901 92"1
I L O),(15)

which takes into account the energy associated to the mass
of the pions. Note that the above expressions are obtained
in the mean-field approximation, meaning that the low-
energy fluctuations are not included. Indeed, the order n;
corrections are determined by the yPT Lagrangian and not
by the contribution of the Bogolyubov modes. The vacuum
contribution of the Bogolyubov modes is considered in the
Appendix B, and is much smaller than the leading mean-
field contribution. However, it can play an important role in
a multicomponent gas, as we will see below.

III. SYSTEM OF TWO MESON GASES

We now generalize the discussion of the previous section
to a system with two mesonic gases, considering the
simultaneous effect of the chemical potentials and of the
interaction terms. In the second quantization formalism we
assume that two meson systems with densities n; and n, are
described by the fields X; and %,. As for the single meson
gas, we use the global symmetries for constructing the yPT
Lagrangian.
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As a starting point we consider the noninteracting case
with symmetry group

G =G| x G,, (16)
where
Ga:{SU(Nf)LxSU(Nf)R}a with a=1,2 (17)

is the chiral group of the X, field. For simplicity, we will
mainly treat the Ny = 2 case, in which the two meson gases
correspond to two fictitious pion systems, paving the way
for the discussion of the simultaneous condensation of
pions and kaons. For a system of kaons and pions one has
to consider the N, = 3 case, thus including more compli-
cated interaction terms than the ones discussed below for
the Ny = 2 case.

In the present framework, we assume that in the non-
interacting case the fields X; and %, transform independ-
ently under two chiral groups as

¥ = LiZR] and X, - L,3,R], (18)

where L, € SU(2), , and R, € SU(2)g, With a =1, 2.
The most general O(p?) chiral Lagrangian invariant under
these symmetries is

2 2
L= %Tr(D,}ZlD”ZD + %Tr(DmDsz;)
+ Tr(Z, M| + M\ Z) + Tr(Z, M) + M,X)), (19)

where f, and f,,, as well as the matrices M, and M,, are
the low energy constants (LECs) of the system. As for a
single meson system described by the Lagrangian in
Eq. (3), we have constructed this Lagrangian assuming
that the mass terms do not break the global symmetries,
which means that M, transforms as X,. The covariant
derivative D¢ takes into account the interaction of the
mesons of the a system with the external fields. If the two
meson systems have different isospin chemical potentials,
uy and u,, respectively, this can be encoded in the two
covariant derivatives

DT, = %, = 8,005 T, (20)

fora =1, 2.

We now introduce the interaction between the two gases.
Before doing that, let us first recall that under G, the
covariant derivative transforms as the X, fields, that is

D4y, — L,DiS, R, (21)

and therefore the two covariant derivatives are independ-
ently rotated. Let us now consider the possible intraspecies

interaction terms.
Lagrangian the term

If we add to the noninteracting

[fim,l — kfln'on Tr

JrTe(DlE, DT, (22)

it locks the two chiral groups, leaving only the group
Gp =SU(2), x SU(2),, (23)

unbroken, corresponding to the simultaneous chiral rota-
tions of the two systems. Under this group, the two fields
2, and %, transform as in Eq. (18), but with L; = L, and
R, = R,. In principle, the k coefficient is a number that
depends on the interaction strength between the two chiral
fields and, as any LEC, it is independent of the isospin
chemical potentials.

Remarkably, the interaction Lagrangian in Eq. (22) is the
only O(p?) meaningful coupling leaving the G, group
unbroken. One may think to add a Lagrangian term of the
type

Tr(Z,Z)), (24)

which indeed locks chiral rotations. However, if one of the
two fields vanishes, from Eq. (5) we have that, say, Z; = I.
Then the term in Eq. (24) acts as a mass term for the %,
field, breaking G, down to the vector subgroup. Therefore,
this kind of term or any term of the type

Tr(Z,Z5)", (25)

with n > 0 is not allowed. For a similar reason the masslike
terms

Tr(M,Z}(5,2])"). (26)

are not allowed, unless n = 0.

If one wants to preserve the G group defined in (16), then
one has to consider the O(p*) terms. At this order, there are
only two derivative intraspecies interaction terms that do
not lock the two chiral groups:

Lo = L\ Tr(D)Z,DE)) Tr(D2%,D¥))
+ L,Tr(D)x,DVE))Tr(D2Z,D*55),  (27)

where L, and L, are two LECs analogous to the standard
L, and L, of O(p*) yPT [42]. When including these
contributions, one should consistently include the standard
O(p*) chiral terms, as well. However, as was shown in
[12], the effect of the standard NLO terms on the thermo-
dynamic properties of the system is extremely small and
can be accounted for by a renormalization of the LO LECs.
As an aside, we note that in principle one may consider
more complicated intraspecies interaction terms, like
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Lin < kK Tr(DLZ, D)), (28)

with k*¥ a Lorentz tensor and a G singlet. This kind of
interaction term somehow generalizes Eq. (22), however it
is not obvious how to fix the values of the K components
in general.

In the following, we will discuss the effect of the
interaction terms in Eq. (22) and in Eq. (27), separately,
focusing on the pion system.

IV. CHIRAL LOCKING

To gain insight on the system described by Egs. (19) and
(22), let us first assume that we are making a partition of an
ensemble of undistinguishable pions, dividing it in two
(interacting) subsets, in such a way that the X; field
describes the pions of the first subset and %, field the
pions of the second subset. Let us first focus on the kinetic
terms at vanishing isospin chemical potentials. Since the
pions are indistinguishable, one may naively think that the
most general O(p?) Lagrangian is

2 2
L= Z”Tr(ayzlavz'{') + Z”Tr(ayzzavzg)

2
- k% Tr(9,Z,0°%)), (29)

where the first term, respectively the second term, describes
the propagation and self-interactions of the fields of the
subset 1, respectively 2. The third term mixes the two fields
and induces the locking between the two subsets. If it were
absent, that is for k = 0, there would be no interactions
between the two sets.

For subsets made of identical particles there must exist a
way of reshuffling them. Since ;%! + 3,55 =2, any
reshuffling can only correspond to a rotation

¥, — cosOE, + sin6%,,
%, - —sinf%; 4 cos,, (30)

transforming the Lagrangian in Eq. (29) in

2
L= —1—% (1 = ksin(20))Tr(0,Z,0*Z])

2 .
+ 25 (14 ksin(20)) Te(, %,0°T))

2
+ k%cos(Z@)Tr(@DZﬁ”Z;). (31)

To maintain the Lagrangian invariant we have to take k = 0
or, more interestingly, k = 1. Indeed, in the latter case

Vi S gy L 3 & g
L= T”Tr(ayzlavz{) + 55 Tr(9,5,0055)

+ %Tr(aﬁlaﬂig), (32)

where f1, = f2(1 —sin20), f3, = f2(1 +sin26), and
therefore j‘lﬂfz,, = f2 cos 26. Note that one cannot identify
j‘a,, with the pion decay constant of the pions in the subset
a, because the fields are mixed by the locking interac-
tion term.

For nonvanishing locking, if one takes k # 1, the O(2)
symmetry in Eq. (30) does not hold and the coefficient of
the interaction term cannot be expressed as JA‘I,,]ACZ,,, mean-
ing that if one makes the rotation, this term would depend
on the rotation angle. On the other hand, in the Lagrangian
in Eq. (32) it is possible to eliminate the dependence on the
unphysical angle € in the quadratic terms by writing

$, = eioPallun, (33)

which is a generalization of the standard nonlinear expres-
sion of the pion fields. Therefore, the expression in Eq. (32),
where k = 1 is set, is the most general yPT Lagrangian for
two gases of undistinguishable pions. We can easily general-
ize it to N undistinguishable pion gases, writing

L= Zf—zf P Te(9,2,0°%}), (34)
ab
where a =1, ..., N and f, are a generalization of the pion

decay constant. Note that the propagating d.o.f. are obtained
by diagonalizing the quadratic Lagrangian.

We turn now to a system of distinguishable pions.
Including the mass terms, formally considering the vevs
of the fields M, in Eq. (19), we can write the total
Lagrangian of the system as follows
fon

4

2
L= %Tr(@,,Z,@”ZD + 222 Tr(0,%,0°%))

2 m2 f2 m2
+ %Tr(z] +2 + %Tr(z2 + =

4 k%Tr(@DZIE)DZD, (35)

where we have assumed that the two fields have different
mass parameters, m;, and m,,. These parameters have to
be interpreted as the LECs for the coupled system and
correspond to the pion masses only in the k£ = 0 case. The
actual masses can be obtained by the dispersion laws

EL = p*+ M3, (36)

where the masses, obtained diagonalizing the quadratic part
in Eq. (35), are given by
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2 2 2 2 \2 2.2 .2
mi, + My, + \/(mll! - m27z) + 4k My My,

ML = 37
= 2(1 - k) (37)
for k # 1, and equal to the “reduced mass”
2 2
M2 — Tlﬂmzﬂ , (38)
mi, + My,

for k = 1. From the above expressions it is clear that the
interaction term in Eq. (22) induces a mass splitting. For
clarity we report the behavior of the meson masses as a
function of k in Fig. 1.

We remind that k = 0 corresponds to two noninteracting
gases, while k = 1 corresponds to a system with only one
low-energy mode. For k < 1, the mass splitting induced by
the locking term is similar to the one induced by y; between
the charged pions, see e.g., [46]. However, the system is
unstable for k£ > 1. The instability is signaled by the
divergent mass of one mode as k — 1=, which becomes
imaginary for k> 1. In the context of ultracold atoms
physics, where boson condensates are mostly considered,
the latter feature is generally related to the appearance of
spatially inhomogeneous phases, see e.g., [70,71] and
references therein. We stress, however, that here we are
in the presence of an instability with a completely different
origin. Indeed, in ultracold atoms, the instability is trig-
gered by a sufficiently large density-density coupling
between the two systems [70,72,73] (a similar phenomenon
is known also for fermions, called Stoner instability, see
e.g., [74]). Instead, in the present case, the instability is due
to a quadratic symmetry locking term in the fields: it is
precisely the locking that rules the instability. Since & is the
coefficient of a derivative term in Eq. (35), Remarkably, as
k varies, the repulsion between the two systems remains

10 H
1
1
!
II
5r ,
Iy I
— 0
- T
/,’
-5}t I,
/
1
1
1
-10bL ‘ — : :
0.0 0.5 1.0 1.5 2.0
k
FIG. 1. Mass splitting induced by the locking term in Eq. (22)

for the two gases of pions. For simplicity we have assumed that
the pions of the two gases have equal mass parameters, i.e.,
my, = my,. The k parameter indicates the strength of the intra-
species locking, see Eq. (22); k = 0 corresponds to two non-
interacting gases, while k = 1 to a system with one single type
low-energy d.o.f. For k > 1 the system is unstable.

fixed and the total potential energy density is given by and
reads

V= _Zf%ﬂminv (39)

corresponding to the sum of two independent contributions,
see Eq. (8), that can be obtained from the nonderivative
terms of Eq. (35). In spite of this relevant difference and
considering that the locked theory in Eq. (35) is quadratic,
it is still quite natural to postulate that the same theory with
k > 1 cannot exist with the two species coexisting in the
same space domain.

To elucidate the mechanism underlying the locking
instability, and its possible resolution, let us consider a
simple system consisting of two scalar bosons with a
locking term

L=L+ L+ Ly
1 1 1
= 56ﬂ¢laﬂ¢1 - Em%qﬁ% +§8ﬂ¢23"¢2
1
- Em%fﬁ% + k0,¢10" 5, (40)

with a manifest discrete Z, x Z, symmetry for k = 0. This
symmetry corresponds to the transformations ¢p; — —¢, and
¢ = —¢,, separately. For k # 0 the two discrete sym-
metries are locked, with the only remaining Z, symmetry
corresponding to ¢; — —¢; and ¢, = —¢,, simultaneously.

This simple system becomes unstable for k > 1, because
one of the two eigenmodes has an imaginary mass. One
possible solution of the instability corresponds to the reali-
zation of an inhomogeneous phase. Let us give an heuristic
argument in favor of the inhomogeneous phase. If we assume
that one component is realized in the volume V; and the other
in the volume V5, then the action can be written as

S= / d*xL~ | d*xL,+ / d*xL, + / d*xL
Vi Vs Si2

= 81 + SZ =+ Sinterface’ (41)

where S, with @ = 1, 2 are the actions of the free scalar
fields. The effect of the interaction term is only relevant at
the interface, S;,, of the two volumes. In other words, in the
inhomogeneous phase the interaction Lagrangian £;,; has
only support at the interface and therefore the dispersion
laws of the field ¢, respectively ¢,, in the volumes V,
respectively V,, are not tachyonic.

A. Two pion gases at different isospin
chemical potentials

We now consider the effect of the isospin chemical
potentials for the two pion gases. Including them, the
Lagrangian reads
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2 2
L=+ %Tr(DiZlDl”ZT) + %Tr(DgzzD%z;)

%ﬂm%ﬂ T %ﬂ'm%ﬂ il
+ T+ 2) + T (2, + X

+ kf—l”zf 2 Tr(D)x, D*%)), (42)

where the covariant derivatives are given in Eq. (20).
Since the two fields can have different vevs, we general-
ize Eq. (10) to
X, =cosp, +in, - 6sinp; a=1,2, (43)
where p, are the two radial fields and n, are two unit

vectors. Upon substituting Eq. (43) in Eq. (42), we obtain
the tree-level potential

2
Ya .
V= —Zfzmmfm <cos Pa+ ?a smzpa>
a
—kng-nyf\ f oo SINp; Sinp,, (44)

where y, = u,/m,, and the last term on the right-hand side
originates from the locking term, which explicitly breaks
the G symmetry to the diagonal group, G. The interesting
aspect is that the potential depends on the relative angle
between r| and n,. In the ground state the two unit vectors
are locked to be aligned, if the isospin chemical potentials
have equal signs, or antialigned, if the isospin chemical
potentials have opposite signs. We can clearly restrict the
analysis to the case in which both isospin chemical
potentials are positive and aligned. Since the vevs of the
two fields are not independent but tend to align, it is clear
that the condensation of one field favors the condensation
of the other; we will discuss this effect in detail below.
From the above expression it is also clear that the system
has two Nambu Goldstone bosons (NGBs) for k£ =0,
corresponding to the two independent oscillations of the
unit vectors, but only one NGB for k # 0, corresponding to
the locked oscillations of the two fields. The second mode
is massive and corresponds to a pseudo-NGB.

B. Phase diagram of the locked pion gases
At the transition to the broken phase, where both gases
condense, we can expand
cosp, =1—¢; and cosp; =1—¢,, (45)

with €, < 1. Upon replacing this expression in the sta-
tionary condition for the potential, we obtain

6 1-1

e 1- }’%
= = 46
€] kyir2 ( )

and e
€ kyiya

signaling that the condensation of one gas is deeply related
to the condensation of the other: as soon as, say, €; > 0, it
follows that e, > 0. The formation of one superfluid
necessarily makes the other gas superfluid by a simulta-
neous condensation (SCO) mechanism.

Upon solving the above system of equations, we easily
obtain that the SCO happens for

(K =Drirz+ri+r =1, (47)

corresponding to the curve, C on the (y;,7,) plane depicted
in Fig. 2 for various values of k. The existence of this curve
makes explicit that the onset of one condensate induces the
condensation of the other, a manifestation of the interaction
between the two. A remarkable aspect is that the SCO
happens for any nonvanishing value of k. Clearly, the larger
is k, the larger is the effect of one condensate on the other.
Moreover, with increasing values of k, the normal phase
region shrinks. To better understand this process, let us
focus on the y; =y, =y case. Since the two isospin
chemical potentials are equal, it follows has that

pP1=P2=ps

1
Cosp = — (48)

(1 +k)’

and the transition happens for y*> = 1/(k + 1). Therefore,
with increasing values of k, the transition to the SCO phase
happens at lower values of y. One may naively think that
increasing k would lead to a system that becomes

2.0

1.5F SCO

Y2 L0p——==

0.5} N

NOrmalphase“"“n\__ \

0.0 . - .
0.0 0.5 1.0 1.5 2.0

1

FIG. 2. Phase diagram for the coupled superfluid system with
the intraspecies interaction of Eq. (22). The solid black line
corresponds to k = 1073; the dashed red line corresponds to
k =1 and the dotted blue line corresponds to k = 5. For every
considered value of k, the broken phase is the region outside the
corresponding curve. In that region, indicated with SCO, there is
the simultaneous condensation of both fluids. Along the axes,
where y; =0 and y, >1 or y, =0 and y; > 1, only one
component is superfluid. The analysis of the low-energy ex-
citations shows that for k > 1 one of the low-energy modes
becomes tachyonic, meaning that in this case the mean-field
results reported in this figure are not valid.
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superfluid for arbitrary values of the isospin chemical
potential. As we will see below, this is not the case,
because for k > 1 an instability in the low-energy spectrum
is triggered.

In general, close to the transition curve, C, one can
expand the pressure as

1 B 1 _
P = §L11(}’1 —-71)* + ELzz(}’z -72)?
+ Lip(y1 =71)(r2 = 72)s (49)
where 7, € C and
o’p
ab = ; (50)
" OuaOp| e

are the susceptibilities. Upon expressing the isospin chemi-
cal potentials in terms of the number densities, we obtain

9ij
P = Z?]n,-nj, (51)
tj

where the coupling constants are given by

Ly Ly Ly

= — = — = e—— 2
g1 D 92 D 912 D’ (5 )

where D = L, Ly, — L?,, with L,, > 0. It turns out that

912+ 911922 2 0, (53)

the equality corresponding to the case y; =y, = 1/v2.
For nonrelativistic distinguishable and dilute superfluid
bosons, the equality in Eq. (53) corresponds to the stability
threshold against collapse or turn into an inhomogeneous
phase (depending on the sign of gy,) [70,72,73]. By a
similar reasoning, one could argue that, because of the
relation in Eq. (53), the locked system at nonvanishing
isospin density is stable. Let us discuss this important point
more in detail. The condition in Eq. (53) relies on the mean-
field approximation. In condensed matter systems it is
known that when the relation in Eq. (53) is violated the
inclusion of the vacuum energy contribution of the
Bogolyubov modes can turn a collapsing system into an

|

inhomogeneous one, made of droplets of coexisting gases
[73]. In the present case the condition in Eq. (53) is not
violated: the mean-field pressure is well defined, and the
system could be expected to be homogeneous and stable.
However, for k > 1, we found that in the normal phase
there exists a tachyonic mode. It is therefore important to
analyze the low-energy spectrum of the system to figure out
what is the fate of the tachyonic mode in the SCO phase.

C. Low-energy excitations

The low-energy excitations of the multicomponent
system can be determined studying the fluctuations of
the radial component and of the Bogolyubov modes of the
meson fields. We shall employ the same formalism devel-
oped in [12] and briefly discussed in the Appendix A,
extending it to the two-component gas of pions.

1. Radial excitations

In the broken phase, the system has two radial excita-
tions, y; and y,, corresponding to the fluctuations around
the corresponding vevs:

Pu=Pa+ 2. With a=1,2 (54)
where it is assumed that y, < p,. Upon substituting the
above expression in Eq. (42) and restricting to the quadratic
order in the fields, we obtain the Lagrangian

1 1
L, = 58;4)(13")(1 +§aﬂ)(28“;(2 + 201012

RN
2 1

M3

5 25+ Misyix, (55)

where
c1p = cos(p; = Pp2) s12 = sin(p; = py)
M7 = mz(cos py — yi cos 2py + kyyy, sinpy sinp,)
M3 = mz(cos p — y3 €08 2p; + ky 7, sin py sinp,)
M, = kmzyy, cos py cos ps. (56)

The corresponding dispersion laws are given by

E.=p*+

oMy + (M3 +M3)/2 £ \/(coMyy + (M} + M3)/2)? + s3,(M3, — M7M3)

thus the two modes have non-negative masses and are
stable for any value of k. On the transition region to
the BEC phase M, = M;M,, and one of the radial
modes becomes massless. The stability in the radial

, 57
S%z 57)

I

modes for any value of k is clearly a manifestation of
the result obtained in the previous section, that the
pressure close to the transition region is positive
defined.
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2. Bogolyubov modes

Neglecting the radial excitations, thus taking p; = p; and
P> = po, one has the following low-energy Lagrangian

[,(7, — ‘Cl + [/2 + [,12, (58)

where

2o . e . A
L= {(smzm@ﬂwl 0P+ 2p3sin®piespl Oodr),  (59)

and with £, given by a similar expression, while

Ly, = kfz[sinp; sinp,(9,@" - @* + @' - 9*)
+ €3¢ (Sin P12 7 Doy + sin oy §9o@7)],  (60)
stems from the locking term. The unit vectors fields ¢; and

(, describe the two angular fluctuations of the condensates
and can be parametrized as follows

1

@' = (cosa,sina) and @* = (cosf,sinf), (61)

which generalize the expression in Eq. (A7). Upon
substituting the above expression in the low-energy
Lagrangian, we obtain

2
L,— % [sinp, 8,00 a + sin’5, 0,000

+2ksinp; sinp, cos(a—6)(9,a0"0 + puyp,)). (62)
where we have not included the terms
f7 cos(a = 0)(up sin p Do + py sin pr040)  (63)
and
J7(uisin?py Ooa + pasin®py000), (64)

leading to interactions and total derivatives. The Lagrangian
in Eq. (62) describes two coupled modes. We restrict to the
case yy U, > 0; the other case can be treated in a similar way.
The potential term is minimized for « = 6, thus expanding in
(a — 0) and keeping only the quadratic terms, we obtain the
dispersion laws

Et=p?
k(sin?p; +sin®p,) +2k*sinp, sinp,
1—k2 ’

E5=p*+pip; (65)

corresponding to the massless NGB and the massive pseudo-
NGB, respectively. The propagation velocity of the NGB is
equal to 1, however integrating out the radial oscillations

would lead to a propagation velocity equal to the speed of
sound, see [12] and the discussion in the Appendix A. For

k = 0 the mass of the pseudo NGB vanishes and thus the
system has two NGBs describing the independent fluctua-
tions of the two decoupled superfluids.

We notice that for k — 1~ the mass of the pseudo-NGB
diverges and only one low-energy mode exists, which is
consistent with the fact that for k=1 the system is
equivalent to a single superfluid. For k > 1 the mass of
the pseudo-NGB becomes imaginary, signaling an insta-
bility. This is the same instability we previously discussed
in Fig. 1 in the unbroken phase. Thus, the unstable modes is
still present in the SCO phase, now appearing as a pseudo-
NGB with a tachyonic mass. The presence of this mode
indicates that the mean-field approximation breaks down.
Therefore, the expression of the pressure in Eq. (51) is
incorrect for k > 1. This result is discussed in more detail in
the Appendix B, where it is shown that the beyond mean-
field contributions are ill defined for k > 1.

V. INDEPENDENT CHIRAL ROTATIONS

We now consider the interaction terms that do not lock
the two chiral groups. Upon expanding the Lagrangian
given by Egs. (19) and (27), we obtain the potential

2
Ya .
V= —ng,rmﬁ,r <cospa + Eg smzpa>
a
—4(Ly + Ly)uipssin’pysinpy, (66)

where we have assumed the two gases have unequal masses
and decay constant parameters. Unlike the locked case in
the previous sections, now the tree-level potential is
independent of the relative orientation of the two con-
densates, indeed it does not depend on n; - n,. In other
words, the potential does not break the degeneracy of the
two vacua and the two condensates vectors n; and n, can
independently rotate. This is a manifestation of the fact
that the interaction term does not lock the two chiral groups
and thus the system has two NGBs. Considering
Ly +L,~1073, as typical for O(p*) corrections (see
e.g., [42]) the interaction term has a small impact on the
favored ground state. In particular, the onset of the
simultaneous condensation is for y; 2 1 and y, 2 1. In
the following we will consider |L, + L,| = 1072 — 1073,
also taking into account possible negative values of
(Ly + Ly).

In Fig. 3, we report the phase diagrams obtained with
positive (left panel) and negative (right panel) values of
L, + L,. The behavior with the strength of the intraspecies
interaction is very similar to the one obtained for a coupled
two-fluid system in [68]. The L, + L, parameter has the
same effect on the phase diagram of the entrainment
parameter of [68]: a positive value of L, + L, favors the
SCO, while a negative value disfavors it. In [68] it was also
discussed the instability generated by coupled superfluid
flows. Although a similar phenomenon might emerge in
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2.0
1.5¢ SF, SCo
v, 1.0
0.5F Normal phase SF,
%0 05 1.0 Is 2.0

71

FIG. 3.

2.0
1.5F SF, SCo
72 1O
0.5F Normal phase SF;
00 05 1.0 s 2.0

1

Phase diagram for the coupled superfluid system with the intraspecies interaction of Eq. (27). Left panel: case with

L, + L, = +1072. Right panel: L, + L, = —1072. In both panels the phase with simultaneous condensation is indicated with SCO. The
phases indicated with SF; and SF,, correspond to the phases in which only one component is superfluid. Positive values of L; + L,

favor the simultaneous condensation.

our model, we postpone its analysis to future work. In order
to generate such an instability in our model, it would
presumably require NLO yPT effects comparable with the
LO results, thus in a regime where the yPT expansion is not
under quantitative control. Similar results to the one
reported in Fig. 3 have also been reported in [69] by
changing the strength of the density-density interaction
between two scalar fields. In general, we believe that a
phase diagram akin to the one shown in Fig. 3 can be
obtained for any system with two condensates by changing
the density-density interaction between the two fluids.

In order to infer the effect of one superfluid on the other,
we consider the case in which one of the two superfluids is
formed, say the superfluid 2, and we seek the critical value
71.c for the onset of the condensation of the superfluid 1. At
the leading order in the intra-species interaction, we find that
the condensation onset for the first species obeys the equation

RV
1. =1-8(Li + L) Zyz : (67)
2

which is depicted in Fig. 4 for L; + L, = 1073,

1.000

0.995

Vi
0.990

0.985 ) ) ) ) .
1.0 1.2 1.4 1.6 1.8 2.0

Y2

FIG. 4. Critical value for the condensation of the fluid 1,
once the fluid 2 is in the superfluid phase, obtained by
Eq. (67) for L, + L, = 1073,

In principle, for large values of y, it suffices a small g,
isospin chemical potential to drive the system 1 in the
condensed phase. However, for reasonable values of the
NLO LECs, the influence of one condensate on the other is
extremely small. The low-energy spectrum in the broken
phase consists of two well-defined NGBs.

VI. CONCLUSIONS

We have discussed multicomponent meson superfluids
in the yPT framework. We have derived the relevant yPT
Lagrangian restricting most of the analysis to the global
symmetry group given in Eqgs. (16) and (17) with Ny =2,
corresponding to two fictitious pion gases with different
masses and decay constants. In the noninteracting case, if
one of the two isospin chemical potentials exceeds the
corresponding pion mass the system becomes superfluid.
Turning on the interactions the two condensates influence
each other. We have considered two possible interaction
terms, one that locks the two chiral groups and one that
does not lock them.

The Lagrangian term in Eq. (22) leads to the tree-level
potential in Eq. (44), with the peculiar interaction term
between the phases of the two condensates. Minimizing the
potential we have obtained the phase diagram reported in
Fig. 2. With increasing locking parameter k, the region in
which the simultaneous condensation is realized becomes
larger. It seems that one can arbitrarily shrink the normal
phase region by increasing the value of k. However, the
locking turns one low-energy mode becomes in a pseudo
NGB with dispersion law given in Eq. (65). For k > 1 the
mass of the pseudo NGB becomes imaginary and therefore
an instability is triggered. The unusual aspect is that even
for k > 1 the potential has a well defined minimum, indeed
the low-energy radial excitations studied in Sec. A 1 have a
well-defined mass. Since no other homogenous phase is
energetically favored, this suggests that there exists an
energetically favored inhomogeneous phase, where the two
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gases do not coexist any longer. Though not rigorously
proved, this seems an educated guess, also because of the
analysis of the simplified model discussed in Sec. IV. It is
not obvious to us that this inhomogeneous phase can be
treated by a Ginzburg-Landau expansion [75], or any other
improved version [76], because in these approaches one
expects the appearance of an inhomogeneous phases when
the mean-field analysis indicates a first-order phase tran-
sition. Instead, in the present case, the tree-level analysis
does not show any phase transition or any instability: the
only sign of an odd behavior is in the spectrum of the
pseudo-NGB mode.

The Lagrangian term in Eq. (27), which does not lock the
two global symmetries, is also interesting, because it
induces a nontrivial interaction between the two conden-
sates. However, in yPT this term can only arise at the NLO
in the chiral expansion, thus we expect that it is strongly
suppressed. The tree-level interaction potential is reported
in Eq. (60): since it is independent of n; and n,, it is clear
that in this case the two condensates are free to oscillate and
are not locked. The low-energy modes consist of two NGBs
which do not show any singular behavior. Upon minimiz-
ing the potential in Eq. (66) we obtain the phase diagrams
reported in Fig. 3.

The present work can be extended in different ways. As
already anticipated, it paves the way for the discussion of a
two-component system of pions and kaons. We plan to
develop this study shortly. It would also be interesting to
realize the locking instability in two-component ultracold
atoms system.
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APPENDIX A: LOW-ENERGY EXPANSION

In the following we recap and slightly extend the
discussion of the low-energy modes of the pion condensed
phase of [46,12], including higher order terms.

1. Radial field

Expanding the radial field around the stationary value as
p =p+y and neglecting the angular fluctuations we
obtain from Eq. (6)

2
L, :7”8”)(5‘#)(—5—f,2,m,2,< y)/ e

(A1)

where the O(y°) terms and higher have been suppressed. It
is convenient to rescale the field with y — y/f, to put the
kinetic term in the canonical form, obtaining

1 1
L, =50%0u =5 me® = g0 + guxt, (A2)

where the mass and self-couplings are given by

m, = m,y sinp, (A3)

_ mgsinp (Ad)
ST
2 4 4 _ 7

Gay :E 24}/2 .

We notice that the only nonvanishing term at the phase
transition point is the one proportional to y*. Actually, it
can be easily proven that any term proportional to y>"+!
vanishes at y = 1, because in the unbroken phase the
system is symmetric for p — —p. Close to the phase
transition point, the radial fluctuations can be considered
as a self-interacting system of bosons with vanishing mass
and cubic interaction but nonvanishing quartic interaction.
This Lagrangian for the radial fluctuation is valid in the
whole broken phase.

2. Bogolyubov mode
The Lagrangian of the angular field is given by

]AcZ
L=Z0 0,9, (A6)

with f”” = f,sinp playing the role of an effective decay
constant. Since @ is a unit vector, we can parametrize it by a
Bogolyubov mode a as follows:

@ = (cosa,sina), (A7)
leading to
72
L= 7”8”018”0(, (A8)

which is the Lagrangian of a free scalar field, a. It can be
cast in the canonical form by a — a/f‘,,. The Bogolyubov
field can only feel the medium effect by the interactions
with the y field, as will be discussed below. We note that the
NLO chiral terms would be proportional to higher powers
of momentum, therefore this is the relevant Lagrangian
only for p? /f,zr < 1. For this reason, this low-energy
expansion is not valid close to the phase transition point,
corresponding to y = 1, where j‘,, vanishes and thus all the
terms of the effective Lagrangian are equally important.
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Since the momentum scale is dictated by the temperature of
the system, one has to consider the T/j‘,, < 1 case.

3. Mixed terms and dispersion laws

The mixed terms can be obtained from the interaction
terms in Eq. (6) and considering that upon substituting
Eq. (A7) we have the compact expression

631 Pi0oPr = Ooar, (A9)
in terms of the Bogolyubov field a. Thus, up to the fourth
order in the fields, the mixed interaction terms are

L = —g2 1 000a + 931020 + g3 200,00 (A10)
9410700 + g4 0%, a0 a, (A11)
with the couplings given by:

2m, 42
D1 = 931 = —3m My, (A12)

Y V'fx

1 4m
932 = —5=— 941 =55 (A13)

P f 3far
2— y4

—, Al4
9a2 2472 ( )

where the first subscript indicates the total number of fields
and the second one the number of « fields.
The quadratic Lagrangian can be written as

1 1 1
L= 58";(8#;( - Emﬁ;(z + Eauaa"a — gy,  (Al3)

where the mixing term allows oscillations between the radial
and the angular fields. Integrating out the radial fluctuations
one obtains the massless, phononlike, dispersion law

Epn = ¢;p. (A16)

where

m2 -1
¢ = 1| 52— =45 (A17)
m;+g  \rt+3
describes the pressure oscillations propagating at the
sound speed.

Alternatively, one can diagonalize
Lagrangian, obtaining the dispersion laws

the quadratic

E:
* 2

M\ | 5 o
() a9

where

7P +3
b/

mg,ff = m)2( JFQ% =m 2 (A19)

which agree with the expressions reported in [46]. In
conclusion, the low-energy modes of a single-component
pion gas correspond to a NGB with dispersion law in
Eq. (A16) (in the limit p/m, — 0) and to a massive mode
with mass .

APPENDIX B: LHY CORRECTION

Close to the phase transition to the broken phase, the
pressure of the single-component pion gas can be approxi-
mated with the expression in Eq. (11). Therefore, the yPT
analysis gives a correction to the mean-field value propor-
tional to n*, where n = n;/(f2m,). However, in the context
of condensed matter physics, an additional contribution,
due to the vacuum energy of the NGBs, is known to play an
important role in certain regimes. This contribution is
known as the Lee-Huang-Yang (LHY) term, first evaluated
for a hard sphere Bose gas in [77]. The LHY term is
proportional to #°/2 and is therefore the leading correction
to the mean-field results close to the phase transition point.

For a single-component pion gas, one can easily obtain
the LHY correction using the mapping developed in [47]
between the condensed pion gas in yPT and the Gross-
Pitaevskii (GP) Hamiltonian

\& g 5
—y ~—yy — Ty B1
Hop =y v =S Wyl (B1)
where M = u;, and
4 -1 n 3
QIWZQO 1+6 + O(n?), (B2)

where gy = 1/(4f2) is the coupling constant at the phase
transition point. The LHY correction to the pressure close
to the phase transition point is given by

M3/2

152 (gnp)¥? o« mgn®?, (B3)

€GP,LHY —

with the particular dependence on n indicating that this is a
nontrivial beyond mean-field effect. The LHY contribution
is the first one in the series expansion n;a’, where a =
gM/(4r) is the s-wave scattering length. Close to the
transition point and using the values of the coupling
constant and of the mass of the GP expansion, we find
that n;a® < 1 that means the diluition condition for any
y € [1,2]. However, the evaluation of the LHY term by
Eq. (B3) assumes that the GP expansion is reliable,
implying that 1 <y <« 2.
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For a general evaluation of he LHY correction in
the yPT context, we consider the vacuum contribution of
the NGB

1 A
€Ly X —A dp szph7 (B4)

272

where E, is the dispersion law of the NGB obtained
integrating out the radial fluctuations, see Eq. (A16). The
hard cutoff, A, takes into account that the NGB describes
the low-energy fluctuations below the mass scale, m,, of
the radial field, see Eq. (A3). Taking for simplicity A = m,,
considering the expression of the speed of sound in
Eq. (Al17), and that, close to the phase transition,
y =1+ n/4, see Eq. (13), we find

4.5/2
€LHY X My /»

(B5)
in agreement with Eq. (B3). In Fig. 5 we compare the
isospin number density evaluated in yPT (solid red line),
with that obtained including the LHY correction (dashed
blue line), as well as with the results of the Ilattice
simulations of Refs. [13,21,22] using the same value of
their pion mass, m, = 135 MeV, and of the pion decay
constant, f, = 133/1/2.

The yPT results systematically underestimate the num-
ber density. With the inclusion of the LHY term the
agreement slightly improves. The yPT + LHY pressure

1.0}
0.8}
0.6}
0.4}

0.2}

0.0t ..

FIG. 5. Isospin number density as a function of the isospin
chemical potential for a single-component pion gas. The solid red
line corresponds to the LO yPT result. The dashed blue line is
obtained adding the LHY contribution. The dots correspond to
the lattice results of [13,21,22].

is always larger than the yPT one. However, the difference
between the two is extremely small.

Generalizing the previous discussion to the two-
component pion gases with the interaction term in
Eq. (22), it is clear that there are two relevant low-energy
contributions. One from the NGB, and one from the pseudo
NGB. Since the latter becomes tachyonic for k > 1, the
LHY contribution is ill-defined. Again, this is a signal that
the mean-field approximation breaks down for k£ > 1, and
thus the evaluation of the pressure of the system given by
the expression in Eq. (51) is incorrect.
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