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We consider the possible detection of nonclassicality of primordial gravitational waves (PGWs) by
applying Hanbury-Brown–Twiss (HBT) interferometry to cosmology. We characterize the nonclassicality
of PGWs in terms of sub-Poissonian statistics that can be measured by the HBT interferometry. We show
that the presence of classical sources during inflation makes it possible to detect nonclassical PGWs with
the HBT interferometry. We present two examples that realize the classical sources during inflation. It turns
out that PGWs with frequencies higher than 10 kHz enable us to detect their nonclassicality.
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I. INTRODUCTION

One of the cornerstones of inflationary cosmology is that
the large scale structure of the Universe has a quantum
mechanical origin. Primordial gravitational waves (PGWs)
from inflation could also arise out of quantum fluctuations.
These invite the question of whether compelling observa-
tional evidence for the nonclassical nature of the initial
fluctuations can be found.
The direct detection of gravitational waves in 2015 [1]

encouraged us to find a way to address this question. Indeed,
detecting PGWs is now an important target for gravitational
wave physics [2,3]. They interact very weakly with matter,
travel through the Universe virtually unimpeded, and hence
give us information about the origin of the Universe. To
detect them at present, the energy scale that generates them
has to be around the grand unified theory scale in the
conventional inflationary scenario. It is difficult to find a
possible scenario other than the inflationary scenario to
realize such a high energy scale. In this sense, if PGWs were
detected, the detection could be regarded as a proof of
inflationary cosmology. Recently, it was shown that the
necessary energy scale for generating them can be reduced in
the presence of gauge fields during inflation [4]. In this case,
the PGWs have circular or linear polarization and then carry
information about the model of inflation as well. Hence,
besides the quantum mechanical origin of the Universe, they
would tell us the inflationary scenario that the Universe
experienced. On top of that, if we succeeded in detecting the

nonclassicality of PGWs, it would imply the discovery of
gravitons.
In this work, we characterize nonclassicality by counting

graviton numbers in a given state as is often done in quantum
optics [5]. It is known that the particle number distribution
for coherent fields is Poissonian. Namely, the mean number
of gravitons is identical to its variance. In other words, the
Fano factor (the ratio of variance to mean) equals 1. Note that
the distribution of gravitons in classical theory is always
super-Poissonian and the Fano factor is above 1. Hence, sub-
Poissonian distribution of graviton numbers or the Fano
factor below 1 must be a signature of nonclassicality. The
point is that the sub-Poissonian statistics can be detected
with Hanbury-Brown–Twiss (HBT) interferometry [6,7].
In inflationary cosmology, the Bunch-Davies (BD) vac-

uum is usually assumed as the simplest initial state of
quantum fluctuations of the Universe. The BD vacuum looks
like a squeezed state [8] from the point of view of the
radiation-dominated era of the Universe, and the graviton
distribution of the squeezed state shows super-Poissonian.
However, the latest Planck data show the possibility of
deviation from the BD vacuum [9]. Thus, we consider a
non-BD vacuum due to the presence of gauge fields as the
initial state. Remarkably, this initial state becomes a squeezed
coherent state and the graviton distribution of the squeezed
coherent state shows sub-Poissonian.Topredict the frequency
range of nonclassical PGWs, we present two examples that
realize the presence of gauge fields during inflation.We show
that PGWs with frequency higher than 10 kHz enable us to
detect their nonclassicality with the HBT interferometry.

II. QUANTUM INITIAL STATES OF PGWS

We start by reviewing possible initial quantum states in
the Universe [10].
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The metric of tensor perturbations is expressed as

ds2 ¼ a2ðηÞ½−dη2 þ ðδij þ hijÞdxidxj�; ð1Þ

where η is the conformal time, xi are spatial coordinates,
and δij and hij are the Kronecker delta and the tensor
perturbations which satisfy hij;j ¼ hii ¼ 0. The indices
ði; jÞ run from 1 to 3. To determine the scale factor aðηÞ, we
assume the Universe goes through a transition from the
inflationary epoch approximated by de Sitter space (I) to a
radiation-dominated era (R). Suppose that the transition
occurs at η ¼ η1 > 0; then, the scale factor changes as

aðηÞ ¼
(
− 1

Hðη−2η1Þ ; for ðIÞ −∞ < η < η1;
η

Hη2
1

; for ðRÞ η1 < η:
ð2Þ

We can expand the metric field hijðη; xiÞ in terms of the
Fourier modes

aðηÞhijðη; xiÞ ¼
ffiffiffi
2

p

Mpl

1ffiffiffiffi
V

p
X
k

X
A

hAk ðηÞeik·xpA
ijðkÞ; ð3Þ

where M2
pl ¼ 1=ð8πGÞ and a prime denotes the derivative

with respect to the conformal time and we introduced the
polarization tensor pA

ijðkÞ normalized as p�A
ij p

B
ij ¼ 2δAB.

The index A denotes the polarization modes such as A ¼ �
for circular polarization modes and A ¼ þ;× for linear
polarization modes. We note that, since we want to discuss
graviton number distribution later, we consider finite
volume V ¼ LxLyLz and discretize the k mode k ¼
ð2πnx=Lx; 2πny=Ly; 2πnz=LzÞ with integers n.
In quantum field theory, the metric field on the right-

hand side, hAk ðηÞ, in Eq. (3) is promoted to the operator. The
operator hAk satisfies

h00Ak þ
�
k2 −

a00

a

�
hAk ¼ 0: ð4Þ

In the inflationary era, the operator hAk ðηÞ is then expanded
in terms of creation and annihilation operators,

hAk ðηÞ ¼ bAkv
I
kðηÞ þ bA†−kv

I�
k ðηÞ; ð5Þ

where ½bAk ; bB†p � ¼ δABδk;p; k is the magnitude of the
wave number k, and * denotes complex conjugation.
Equation (4) gives the positive frequency modes vIk as

vIkðηÞ≡ 1ffiffiffiffiffi
2k

p
�
1 −

i
kðη − 2η1Þ

�
e−ikðη−2η1Þ: ð6Þ

Similarly, in the radiation-dominated era, we can also
expand the operator hAk ðηÞ as

hAk ðηÞ ¼ cAkv
R
k ðηÞ þ cA†−kv

R�
k ðηÞ; ð7Þ

where ½cAk ; cB†p � ¼ δABδk;p. From Eq. (4), we obtain the
positive frequency mode function

vRk ðηÞ≡ 1ffiffiffiffiffi
2k

p e−ikη: ð8Þ

Note that a00 ¼ 0 for the radiation-dominated era.
The vacuum state for each period is defined as

bAk j0iI ¼ 0, cAk j0iR ¼ 0. Note that j0iI is called the BD
vacuum. Because the equations of motion for different
polarization modes are decoupled in the absence of sources,
we focus on either mode below and omit the label
of polarization modes A for simplicity unless there may
be any confusion. The relation between these different
vacua is expressed by a Bogoliubov transformation bk ¼
α�kck − βkc

†
−k, where the Bogoliubov coefficients are cal-

culated as

αk ¼
�
1 −

1

2k2η21
−

i
kη1

�
e−2ikη1 ; βk ¼

1

2k2η21
; ð9Þ

so that jαkj2 − jβkj2 ¼ 1 holds. Applying the bk in the
Bogoliubov transformation on j0iI and using ½ck;c†p�¼δk;p,

we can express the BD vacuum j0iI in terms of c†k, c
†
−k and

the vacua associated to each mode, j0kiR and j0−kiR,

j0iI ¼
Y
k

X∞
n¼0

einφ
tanhnrk
cosh rk

jnkiR ⊗ jn−kiR; ð10Þ

where we defined jnkiR ¼ 1=
ffiffiffiffiffi
n!

p ðc†kÞnj0kiR and j0iR ¼
j0kiR ⊗ j0−kiR. The φ is an arbitrary phase factor. Here,
instead of using the parameter kη1, we introduced a new
parameter rk known as the squeezing parameter, which
satisfies tanh rk ¼ jβk=α�kj.
The unitary operator to realize Eq. (10) is defined by the

squeezing operator

ŜðζÞ ¼ exp ½ζ�ckc−k − ζc†kc
†
−k�; ð11Þ

where ζ ¼ rkeiφ. Applying the operator Ŝ to j0iR, we find
the resultant state is equivalent to the BD vacuum [5]. From
Eq. (10), we see that the BD vacuum is expressed by a two-
mode squeezed state of the modes k and −k (or an
entangled state) from the point of view of the vacuum in
the radiation-dominated era. In this way, particle creation
occurs in the course of evolution of the Universe.
Next, we introduce matter fields perturbatively during

inflation and see coherent states generated [11].
The coherent state is defined as bkjξkiI ¼ ξkjξkiI,

where we assumed the eigenvalue ξk depends only on the
magnitude of the wave number. Then, we find a relation,
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jξkiI ¼ D̂IðξÞj0iI; ð12Þ

where we defined the displacement operator

D̂IðξÞ ¼ exp ½ξkb†k − ξ�kbk�: ð13Þ

Now, let us consider the general action for matter fields.
From the definition of energy-momentum tensor Tμν,
we obtain

Sm ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p
Tμνδgμν þ � � � ; ð14Þ

where we considered the linear interaction between metric
and the matter field. Hence, the interaction Hamiltonian
becomes

i
Z

dηHint ¼
i
2

Z
dη

Z
d3xa2ðηÞhijðη; xÞTijðη; xÞ: ð15Þ

Here, we used Eqs. (3) and (5). This interaction generates a
coherent state such as

jξAk iI ¼ exp

�
−i

Z
dηHint

�
j0iI

¼
Y
k

Y
A

exp ½ξAk bA†k − ξA�k bAk �j0iI; ð16Þ

where the coefficients ξAk are given by

ξAk ¼ −
iffiffiffi
2

p
Mpl

Z
dη aðηÞpA

ijðkÞvI�k ðηÞTijðη;−kÞ: ð17Þ

We see that the above state is the same form as Eq. (12).
Thus, the BD vacuum in the presence of matter fields
becomes a coherent state [12].

III. GRAVITON STATISTICS

Now, we characterize nonclassicality by counting
graviton numbers (n) in a given state. It is known that
the particle number distribution for coherent fields is
Poissonian. Because the mean of Poisson distribution is
identical to its variance, the Fano factor defined as F ¼
ðΔnÞ2=hni equals 1. Any classical theory leads to the
distribution wider than Poissonian (super-Poissonian), and
the Fano factor is above 1. Thus, any distribution narrower
than Poissonian (sub-Poissonian) or the Fano factor below
1 is a signature of nonclassicality. The point is that these
regimes of statistics can be measured with HBT interfer-
ometry. Let us calculate graviton statistics of quantum
states that the inflationary Universe may have experienced.
We found that the BD vacuum is expressed by a two-

mode squeezed state from the point of view of the vacuum
in a radiation-dominated era. Then, an observer in the

vacuum state of radiation-dominated era will observe
gravitons defined by the operators ck. The expected number
of such gravitons will be given by

Ih0jnkj0iI ¼ Rh0jŜ†ðζÞc†kckŜðζÞj0iR ¼ Ih0jn−kj0iI; ð18Þ

where we used the relation j0iI ¼ ŜðζÞj0iR as explained in
Eq. (11). Since we cannot distinguish between the modes
with k and −k, the standard variance is computed as

ðΔnÞ2 ¼ Ih0jðnk þ n−kÞ2j0iI − Ih0jnk þ n−kj0i2I : ð19Þ

Then, the Fano factor is found to be F ¼ ðΔnÞ2=
Ih0jnk þ n−kj0iI ¼ 2þ 2sinh2rk > 1. This shows that the
graviton distribution in the BD vacuum is super-
Poissonian, and we do not see nonclassicality even if
measurements of gravitons are made.
Next, let us see the BD vacuum in the presence of

classical sources from the point of view of the radiation-
dominated era. In the presence of matter fields, an observer
in a radiation-dominated era will observe gravitons defined
by the operators ck in a squeezed coherent state. The
expectation number of gravitons can be calculated as

IhξkjnkjξkiI ¼ RhξkjŜ†ðζÞnkŜðζÞjξkiR; ð20Þ

where we use the relations Ŝ†ðζÞckŜðζÞ ¼ ck cosh rk−
c†−ke

iφ sinh rk, ckjξkiR ¼ ξkjξkiR, and ξk ¼ jξkjeiθ. The
standard variance is also calculated as

ðΔnÞ2 ¼ Ihξkjðnk þ n−kÞ2jξkiI − Ihξkjnk þ n−kjξki2I ; ð21Þ

where we assumed that nk and n−k are indistinguishable
and calculate the standard variance for the sum of them. In
cosmology, we can take φ ¼ 0 in the Bogoliubov coef-
ficients for kη1 < 1. Also, we will find ξk becomes real for
two models presented later. Hence, let us consider the case
θ − φ=2 ¼ 0. Then, the Fano factor is simplified as

F ¼ jξkj2e−4rk þ 2sinh2rk þ 2sinh4rk
jξkj2e−2rk þ sinh2rk

: ð22Þ

Hence, if the Fano factor satisfies the condition F < 1,

jξkj2ðe−2rk − e−4rkÞ > sinh2rk þ 2sinh4rk; ð23Þ

then graviton statistics become sub-Poissonian, and we
have a chance to detect nonclassical PGWs with the HBT
interferometry in this case.

IV. POSSIBLE DETECTION OF
NONCLASSICAL PGWS

To detect the nonclassical PGWs in the future, we
propose making use of the HBT interferometry.
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Originally, HBT interferometry was introduced in the
context of radio astronomy [6,7]. They showed that the
measurements of intensity-intensity correlations provide
accurate measurements of the diameter of stars. In quantum
optics, the intensity-intensity correlations are utilized to
investigate the nonclassical nature of photons. This concept
was first applied to cosmology in Refs. [13–15] and more
recently in Ref. [16]. In this work, we aim to make use of
the HBT interferometry in order to observe nonclassical
PGWs. The HBT interferometer measures intensity-
intensity correlations, that is, the second-order coherence
function defined as

gð2ÞðτÞ ¼ ha†ðtÞa†ðtþ τÞaðtþ τÞaðtÞi
ha†ðtÞaðtÞiha†ðtþ τÞaðtþ τÞi ; ð24Þ

where the time delay between the signals at the two
detectors is expressed by τ. We can rewrite this function
in terms of the Fano factor as gð2Þð0Þ ¼ 1þ ðF − 1Þ=hni.
Thus, gð2Þð0Þ < 1 if F < 1. Hence, if the inflationary
Universe had experienced a situation in which F < 1,
we would have the chance to detect a nonclassical signature
in PGWs with the HBT interferometer. In principle, gð2Þð0Þ
can be measured by laser interferometers.
In Refs. [17,18], the authors discuss the measurement

performed by the present gravitational wave detectors for
the stochastic background. In Ref. [17], the methodology
for the two-point correlation is extended to the four-point
and higher-order correlations by assuming Gaussian sta-
tistics. Note that the intensity-intensity correlation function
is a special limit of the four-point correlation function.
Hence, if we abandon this assumption and use the temporal
four-point correlations, we would be able to measure sub-
Poisson statistics in terms of ground-based and space
interferometers.
Now, let us rewrite the condition in Eq. (23) in terms

of frequency range of nonclassical PGWs. The squeezing
parameter rk can be expressed in terms of frequency at
present as follows. We translate the comoving wave
number k to the physical frequency f at present as
k=aðt0Þ ¼ 2πf, where t0 is the present time. By using
the conformal time at the moment inflation ends η1, the
parameter kjη1j which corresponds to the squeezing param-
eter is expressed as kjη1j ¼ 2πf=Hðt0=teqÞ2=3ðteq=t1Þ1=2,
where the time of matter-radiation equality is given by teq.
Then, we can define the cutoff frequency for the PGWs
generated at the end of inflation f1 as kjη1j≡ f=f1, where
f1 is calculated as

f1 ¼ 109

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H

10−4Mpl

s
ðHzÞ ð25Þ

and H is the Hubble parameter. Thus, there are no PGWs
generated during inflation with frequency higher than the

cutoff frequency f1. Then, the squeezing parameter is
found to be expressed as sinhrk¼1=2k2η21¼ðf1=fÞ2=2.
If we consider the PGWs on superhorizon scales rk ≫ 1,
Eq. (23) gives jξkj2 > e6rk=8, and the squeezing parameter
becomes erk ¼ f21=f

2. Combining these equations, we find
the condition to detect nonclassical PGWs (23) can be
approximately written as

f >

�
1

8

� 1
12

109jξkj−1
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H

10−4Mpl

s
ðHzÞ: ð26Þ

Since 1 GHz is a cutoff scale for PGWs generated during
inflation, we have the chance to detect the nonclassical
PGWs if the amplitude of jξkj is larger than 1.
To predict the frequency range of nonclassical PGWs

explicitly, we estimate jξkj of Eq. (26) by considering two
models with a gauge field as the classical matter fields.
In both modes, gauge fields grow during inflation and
disappear after the inflation.

A. Anisotropic inflation

The model to realize anisotropic inflation [19,20] is
given by

L¼M2
pl

2
R−

1

2
ð∂μϕÞð∂μϕÞ−UðϕÞ−1

4
J2ðϕÞFμνFμν; ð27Þ

where UðϕÞ and JðϕÞ are arbitrary potential and
coupling functions that satisfy a relation JðϕÞ ¼
exp½q=M2

pl

R
dϕUðϕÞ=∂ϕUðϕÞ�. Here, q is a dimensionless

parameter. The equation of motion for the gauge field
Aiðη; kÞ satisfies

A00
i ðη; kÞ þ 2

J0

J
A0
iðη; kÞ þ k2Aiðη; kÞ ¼ 0: ð28Þ

The solutions of the electric and magnetic fields are given
in terms of the gauge fields

Eiðη; kÞ ¼ −J∂ηAiðη; kÞ ≃
ffiffiffiffi
p

p �
1

pη

�
ν

≫ Biðη; kÞ; ð29Þ

and this contributes to Tij in Eq. (17). Then, we find

ξk ≃
ffiffiffiffiffiffiffiffiffi
Vp3

p
Mpl

E2
i ðη; pÞjp∼k; ð30Þ

where we used Eq. (6) for kη ≪ 1 and estimated the
generation of gravitons for the duration of inflation and
then replaced the time integral by 1=H, which should be the
minimum estimation. We also regarded the volume V is
large enough and replaced the summation with respect to p
by integration. We then simply approximated it by p3 on

SUGUMI KANNO and JIRO SODA PHYS. REV. D 99, 084010 (2019)

084010-4



dimensional grounds. Since Ei and Bi are rapidly oscillat-
ing, we can approximate k ≃ p.
The duration of the growth of gauge fields is given by

the number of e-foldings Ngauge ¼ − logð−pηÞ. Thus, the
electric field of the solution in Eq. (29) can be written as

Eiðη; pÞ ≃
ffiffiffiffi
p

p
eνNgauge ; ð31Þ

where ν ∼ qU=ðMpl∂ϕUÞ. It would be legitimate to con-
sider V as an observable region, that is, V ∼ 1=H3

0, where
H0 is the Hubble constant at present. Then, if we write
p ¼ 2πf ∼ f, we obtain

jξkj2 ≃ 1019
�

f
1 GHz

�
5

e4νNgauge : ð32Þ

Plugging this into Eq. (26), we find

f > 108.1e−
4
17
νNgauge

�
H

10−4Mpl

� 6
17 ðHzÞ: ð33Þ

Hence, we can detect nonclassical PGWs for f > 100 kHz
with νNgauge ∼ 30 and H ¼ 10−4Mpl. The boundary of the
frequency range of nonclassical PGWs for anisotropic
inflation model is depicted by a dotted-dashed green line
in Fig. 1. As was shown in Refs. [21,22], the density
parameter of PGWs ΩGW can be sufficiently large depend-
ing on the model parameter.

B. Axion inflation

In the axion model [23–27], an axion field ϕ couples to
gauge fields and experiences a tachyonic instability. This
instability leads to the exponential growth of gauge fields.

The model we consider is

L ¼ M2
pl

2
R −

1

2
ð∂μϕÞð∂μϕÞ −UðϕÞ − 1

4
FμνFμν

−
λ

8fa
ϕϵμναβFμνFαβ; ð34Þ

where fa is an axion decay constant, λ is a dimensionless
parameter, and ϵμναβ is the Levi-Cività tensor. The potential
UðϕÞ is the conventional cosine potential.
The gauge field obeys the following equation of motion:

� ∂2

∂η2 þ k2 � 2kχ
η

�
A�
i ðη; kÞ ¼ 0; χ ≡ λϕ0

2afaH
: ð35Þ

In this model, we have a classical source,

Eiðη; kÞ ≃ Biðη; kÞ ≃
aHffiffiffi
k

p
�

k
χaH

�1
4

eπχ : ð36Þ

Thus, we obtain

jξkj2 ¼
k
H0

a4H4

M2
plH

2
0

ð−kη1Þ
e4πχ

χ
: ð37Þ

This can be translated into the frequency range in which we
can detect the nonclassicality

f > 107.9e−
2
7
πχχ

1
14

�
H

10−4Mpl

� 9
28 ðHzÞ: ð38Þ

For example, if we take χ ∼ 10 and H ¼ 10−4Mpl, this
reduces to f > 10 kHz. Namely, we can marginally detect
nonclassicality in the PGWs with the LIGO detector. The
boundary of the frequency range of nonclassical PGWs for
the axion inflation model is depicted by the dotted-dashed
red line in Fig. 1.
Regarding sensitivity, we note here that the current

gravitational wave detectors measure the amplitude-
amplitude correlations (two-point correlations) and we
need to measure the intensity-intensity correlations (four-
point correlations) in order to make use of the HBT
interferometry. In principle, there would not be big differ-
ence in methodology from the current detectors, although
we would need more sensitivity to detect PGWs. As for the
detection of gravitational waves with high frequency, we
would need gravitational wave detectors with smaller arms.

V. CONCLUSION

We considered the possible detection of nonclassicality
of PGWs by applying HBT interferometry to cosmology.
We characterized the nonclassicality of PGWs in terms of
sub-Poissonian statistics and the Fano factor below 1, as is
often done in quantum optics. We showed that the initial

FIG. 1. Normalized GW energy density vs frequency. The
frequency range in which we can detect nonclassicality is higher
than 105 Hz (dotted-dashed green) for the anisotropic inflation
model and higher than 104 Hz (dotted-dashed red) for the axion
inflation model.
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presence of classical sources induces coherent states during
inflation, and theBunch-Davies vacuum looks like squeezed
coherent states from the point of view of the radiation-
dominated era. We calculated graviton statistics of the
squeezed coherent states and showed that it becomes sub-
Poissonian. We proposed the HBT interferometry to detect
the nonclassical PGWs and gave a criterion for the non-
classicality in terms of the frequency of the PGWs in
Eq. (26). To predict the frequency range of nonclassical
PGWs, we presented two concrete models, namely, the
anisotropic inflationmodel due to gauge fields and the axion
inflationmodel with Chern-Simons coupling.We found that
if the PGWswith a frequency range higher than 100 kHz for
anisotropic inflation or 10 kHz for axion inflation model
were detected, the PGWs could tell us information about the
quantum mechanical origin of the Universe.
There are many directions we can pursue. We can extend

our analysis to PGWs with polarizations in terms of Stokes
parameters. This would be useful to narrow down the
inflation models that produce PGWs with polarizations

[28–32]. Recently, it was shown that there exists entangle-
ment with causally disconnected regions [33–48]. If we
consider the effect of entanglement on the initial quantum
state, we may be able to prove the existence of other
universes by the nonclassical PGWs. Although we assumed
that gravitons travel through the Universe virtually unim-
peded, we need to clarify the effect of decohenrece on
graviton statistics in the future [49,50]. Needless to say, it is
essential to develop a more concrete HBT method to detect
nonclassical PGWs.
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