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Very recently LHCb reported the evidence of a new charged charmoniumlike structure in the J/yz~
invariant mass spectrum near 4600 MeV. In this work we investigate this structure together with three other
charged charmoniumlike states, the Z,.(3900), Z.(4020), and Z.(4430). Our results suggest that the two
higher states can be established as the first radial excitations of the two lower ones, all of which have the

quantum numbers J”¢ = 17~ We propose to search for more connections among exotic hadrons in order

to better understand them.
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I. INTRODUCTION

Since the discovery of the X(3872) by the Belle
Collaboration in 2003 [1], there have been tens of char-
moniumlike XYZ states observed in various particle experi-
ments [2], all of which are good multiquark candidates.
Their relevant theoretical and experimental studies have
significantly improved our understanding on the internal
structure of (exotic) hadrons and the nonperturbative
property of the strong interaction at the low energy region
[3-8]. Some of these XYZ states are not isolated, e.g., the
Y(4260) can decay radiatively to the X(3872) [9]. These
connections can give important hints on their properties. It
is thus important to search for possible connections among
different XYZ states, which shall shed light on our under-
standing of their underlying properties.

To date, the charged charmoniumlike Z. family already
has at least five members: the Z.(3900) [10,11], Z.(4020)/
Z.(4025) [12,13], Z.(4100) [14], Z.(4200) [15], and
Z.(4430) [16,17], etc. Very recently, the evidence of another
charged charmoniumlike structure was reported by the
LHCb Collaboration in the J/ywz~ invariant mass spectrum
near 4600 MeV, after performing an angular analysis of the
B® — J/wK*n~ decay [18]. We temporarily denote it as
Z.(4600). Actually, the Belle Collaboration has also studied
the B® — J/wK~n" process in 2014 [15], where they found
the evidence for the Z.(4430), that is the effect of destructive
interference in the J/wz™ mass spectrum near 4485 MeV,
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instead of a peaking structure near 4600 MeV. Hence, it is
crucial to verify whether there exists the Z.(4600) or not
experimentally.

Recalling that one possible explanation of the Z.(4430)
is to interpret it as the first radial excitation of the Z.(3900)
[19-24] (see reviews [3—8] for more possible explanations),
which seems to be reasonable because their mass difference
is about 591 MeV, very close to the mass difference
between the w(2S) and w(1S). Accordingly, it is natural
to consider the Z.(4600) as the first radial excitation of
some other Z,. state, such as the Z.(4020). Moreover, in the
diquark model [20] there exist two S-wave tetraquark
states with J”¢ = 1=, which can be used to explain the
Z,.(3900) and Z,.(4020). Therefore, it seems to exist a close
relationship among the Z.(3900), Z.(4020), Z.(4430),
and Z.(4600).

In this paper we study the Z.(4600) together with the
Z.(3900), Z.(4020), and Z.(4430). We first use the
diquark model proposed in Ref. [20] to perform a phe-
nomenological analysis, and then apply the method of
QCD sum rules [25,26] to study their relationship. The
results obtained from these two approaches both suggest
the following explanations to be possible, as illustrated in
Fig. 1: (a) the Z.(4430) and Z.(4600) are the first radial
excitations of the Z.(3900) and Z.(4020), respectively;
(b) all of them are composed of S-wave charmed diquarks
and antidiquarks; (c) all of them have the quantum numbers
JPC€ = 17~ (for neutral charge states). Since we have
studied them as a whole, several assumptions/predictions
are used/made at the same time, and we propose the
experimentalists to: (a) verify whether the Z.(4600) exists
or not, (b) determine its quantum numbers as well as those
of the Z.(4020), (c) search for their partner states with
different quark contents. Especially, both theoretical and
experimental studies on the relationship of exotic hadrons
are intriguing research topics.
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FIG. 1. Possible explanations of the Z.(3900), Z.(4020), Z

other S-wave tetraquarks

> I,

other excited tetraquarks

(4430), and Z.(4600) as a whole, supported by (a) the phenomenological

analyses within the diquark model [20], and (b) the QCD sum rule analyses performed in the present study.

II. PHENOMENOLOGICAL ANALYSES WITHIN
THE DIQUARK MODEL

First, let us phenomenologically estimate the masses of
the Z.(3900), Z.(4020), Z.(4430), and Z.(4600), assum-
ing that they are composed of one charmed diquark (cq)
and one charmed antidiquark (¢ g). To do this we use the
“type-II"’ diquark-antidiquark model proposed in Ref. [20],
and we refer to Refs. [20,27-29] for its detailed discus-
sions. In this model, the S-wave tetraquarks can be written
in the spin basis as |s, 5),, where s = s5,, and § = s are
the charmed diquark and antidiquark splns respectively.

There are two S-wave diquarks: the “good” diquark with
JP'=0" and the “bad” diquark with J¥ = 1T (other
diquarks are “worse”) [30], so s/5 can be either O or 1.
Consequently, there are altogether seven S-wave tetraquark
states, denotes as |X;JFC):

[X0: 07

) = 10,0)o,
[X0:077) = [1, 1o,
V2x X 177) = [0.1), + [1.0),.
V2x|Z;:177) = [0.1), = 1,0}y,
|Z5; 177 >E|Z’1,1+ ) =111,
[X2;277) = |1, 1),. (1)

Especially, there are two tetraquark states with J7¢ = 1+~
|Z;) and |Z,). Note that the notation |Z}) is used in
Ref. [20], while |Z,) is used in this paper for convenience.
In the “type-II” diquark-antidiquark model, their masses
can be evaluated through [20]

My = 2M ., + 2K,y (. - S, + 5. - 5,), (2)

where M, is the effective charmed diquark mass, and
S./8,/5./§, are the quark and antiquark spins. According to
this mass formula:
(1) Identifying Z; — Z.(3900) and Z, — Z.(4020), we
can use the experimental masses of the Z.(3900)
and Z.(4020) to obtain

M., ~ 1978 MeV. (3)

(2) With the above diquark mass, we can use the Cornell
potential for charmonia [31-34]

47
V(r) = _047 +rx0.19 GeV?, (4)
r

to roughly estimate the radial excitation energy

between charmed diquark and antiquark to be about

581 MeV.
Accordingly, the masses of the first radial excitations of the
Z.(3900) and Z,.(4020) are about 4467 MeV and 4605 MeV,
respectively. These two values are well consistent with the
experimental masses of the Z.(4430) and Z.(4600), sug-
gesting that the latter two can be interpreted as the first radial
excitations of the former two. Again, we refer to Fig. 1 foran
illustration of this picture.

III. CONSTRUCTIONS OF TETRAQUARK
INTERPOLATING CURRENTS

In the following we shall use the method of QCD sum
rules [25,26] to investigate the above interpretations.
Similar to the above nonrelativistic case, there are two
S-wave diquark fields:
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abc

C?’s Chs
abc

C}/ﬂcb,

where a/b are color indices. We can combine them to
construct the tetraquark current corresponding to |Z;;177) =

(10,1, -[1.0),):
Jlﬂ = ( abe TC]’SCh) ( aqua/},”CCb/)
- (eabc nycb> 2 (ea v CQa’ySCCb’)
= gL Cyscp(qay,Ceh — Gy, Cel)
— 45 Cy,cp(GaysCel — gyysCel). (7)

We need to use the tensor diquark field e“”"qZCoﬂ,,}gcb to
construct another tetraquark current with J©¢ = 1+~

12 ( abc

9a C}/ Cb) ( a/b,CQu’GyvySCEZ’)

— (€ g Carsey) X (V1 CE])

u"

Qba/wyi Cca )
gy Cey). (8)

=44 C}/ Cb(qa MuySCCb
- CIaCU W¥5Cs(Gar Cep —

In principle, the tensor diquark field e“””anCam,yscb can
couple to both J” = 1% and 1~ channels. However, its
positive-parity component e“quZCG,-ﬂgcb (i, j=1,2,3)
gives the dominant contribution to J,,. Hence, the tetraquark
interpolating current J,, with JPC€ =17~
o [Z:17) = |1, 1),.

The tetraquark currents J;, and J,, have been used in
Ref. [35] to perform QCD sum rule analyses, and the masses
extracted are about 4.02 +=0.09 MeV and 4.14 £+ 0.09 MeV,
respectively. These two values are slightly larger than the
experimental masses of the Z.(3900) and Z.(4020). Such
results may imply that J,, and J,, can couple to both the
ground-state tetraquarks as well as their radial excitations. In
the present study we shall consider both the contributions of
ground states and their radial excitations.

corresponds

IV. QCD SUM RULE ANALYSIS AT THE
QUARK-GLUON LEVEL

Since the relation between physical states and their
relevant interpolating currents is complicated, for example,
it is possible that J;, couples to both the Z.(3900) and
Z.(4020) as well as their radial excitations, we need to
study Jy, and J,, themselves as well as their mixing in
order to achieve a more reliable analysis, given that we do
not know how to evaluate the mixing between the Z.(3900)
and Z.(4020) theoretically. We refer to Refs. [36,37] for
detailed discussions.

We investigate both the diagonal and off-diagonal
correlation functions (i/j = 1/2):

Hij;;w(q2> =

j / e (0T, (x)7', (0)]0)

9.9y 9,49y
(; g,w) () + 2511 (). (9)

In QCD sum rule studies we express I1;;(¢?) in the form of
the dispersion relation with spectral functions p;;(s):

(4% = /OCJ %d& (10)
am2 S —q° — i€
which can be further transformed into
m,063) = [ e Mipy(syas. (1)

by using the Borel transformation. Here Mp is the
Borel mass.

At the quark and gluon level, we can calculate p;;(s)
using the method of operator product expansion (OPE). In
the present study we have done this up to dimension eight
condensates. The diagonal spectral densities p;;(s) and
p2o(s) have been calculated and given in Ref. [35], and the
off-diagonal spectral density p,(s) is

(GG) _ amax ﬂmax
P9 = 3686471 / /ﬁ

(1—a- ﬁ)[ :;—14ﬂ 7) -
8 7

ws]}

2laps|

_6lm2(da+4p-5) -
af
x [(a+p)mE — aps](s),

quG Gq amdx ﬂmdx
pli97 ) =D [ o [ ap
Qmin ﬂmm

8 [3mc(a + /) — Saps]

ﬂ 9
- — . 1

pngGﬂl) (s) = (qq)(qgqu)/ af(s —m?)da,

967 0

where 0(s — /m2) is a step function and

1 —4m2/s 1—+/1—4m2/s

Amax = D) s amin:f’
2 2
am N m?

ﬂmale_av ﬁmin:as_;n%v m% (1—(X>'

To perform numerical analyses, we use the values listed in
Ref. [35] for the charm quark mass and various condensates
(see also Refs. [2,38-44]). We show I1;,(M%) in Fig. 2 as a
function of the Borel mass M%, compared with I1;, (M%)
and Iy (M3). It shows that Jy, and J,, only weakly
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FIG. 2. |“12<MB> (blue dotted line) and |“” |(red solid line),

as functlons of the Borel mass M2

correlate to each other, and thus cannot strongly couple to
the same physical state.

V. QCD SUM RULE ANALYSES
AT THE HADRON LEVEL

In the present study we assume that J;, couples to
both the ground-state tetraquark Z;, and its first radial
excitation Z,:

(O1,1Z1,)

:flge ’ <O|J1,u|zlr>

= f1r€us (12)
while J,, couples to other states. After inserting Eqs. (12)
into the two-point correlation function (9), we obtain its
expression at the hadron level:

2 2

I,(q%) = <+ I+ (13)
M%y_pz Al%r_p2

where - - - denote the contribution from other higher states
(the continuum); M, and M, are the masses of Z;, and
Z,,, respectively. Again, we perform the Borel transforma-
tion to Eq. (13) and obtain
Iy (M) = fR,e™ Mo 4 e 4o (14)

One important assumption in the QCD sum rule
approach is the quark-hadron duality, which ensures the
equivalence of the correlation functions obtained at the
quark-gluon level and the hadron level. Accordingly, we
assume the contribution from the continuum states can be
approximated well by the OPE spectral density above a
threshold value s, and obtain
Mlq/MB +f2 —M /M

I (M3, s0) = f1,e

= Lo(M3. 5). (15)

where we have used the notation

c,,(Mg,so)EA‘ My (s)sds. (16)

mg

To extract M, and M ,, one can differentiate Eq. (15) with
respect to (—=1/M3%) up to three times [23]:

M2 f2 oMMy a2

—M2 M% 2
1g. lq i/ M _‘CI(MB’SO)’

e MMy = L, (M3, 50),

6 2 M2 /M 6 2 MM >
M3 fre” T + MY, f,e My = L3(M3, sp).

4 -M3 /M 4 2
M, lge e+ My, fe

The unknown parameters M, f1, M;,, and f;, can be
obtained by solving the above three equations together with
Eg. (15). Focusing on the hadron masses, both M, and M,
can satisfy the following equation

—bM* + ¢ =0, (17)
where
b L3Ly— L0 B LLy — LoL, (18)
_£2£0—£1£1 ’ _Ezﬁo—ﬁlﬁl ’

After carefully investigating (a) the OPE convergence,
(b) the pole contribution, and (c) the mass dependence
on the two free parameters M and s,, we obtain reliable
QCD sum rule results in the regions 3.5 GeV? < M3 <
4.5 GeV? and 21 GeV? < s < 23 GeV?, where the hadron
masses are extracted to be

M,, = 38501 GeV, (19)
M, = 4537018 Gev. (20)

Here the central values correspond to M% = 4.0 GeV? and
so = 22 GeV?, and the uncertainties are due to the Borel
mass Mp, the threshold value s,, and various QCD
condensates. These two mass values are consistent with
the experimental masses of the Z.(3900) and Z.(4430).
Similarly, we assume that J,, couples to another ground-
state tetraquark Z,, as well as its first radial excitation Z,,:
<0‘J2y|22g> = f2g€;u

<0|J2;4|22r> :f2r€;u (21)

whose masses are extracted to be
M, = 4.055035 GeV, (22)
2 = 470507 GeV. (23)

Here the central values correspond to M3 = 4.5 GeV? and
5o = 23 GeV?2. These two mass values are in good agree-
ment with the experimental masses of the Z.(4020) and
Z.(4600). Our investigations support the picture illustrated
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in Fig. 1 that the Z.(4430) and Z.(4600) can be well
interpreted as the first radial excitations of the Z.(3900)
and Z.(4020), respectively, consistent with the phenom-
enological analyses within the diquark model [20].

VI. SUMMARY AND DISCUSSIONS

Very recently, the LHCb Collaboration reported the
evidence of a new charged charmoniumlike structure in
the J/wn~ invariant mass spectrum near 4600 MeV [18]. In
this work we investigate it together with three other charged
charmoniumlike structures, the Z.(3900), Z.(4020), and
Z,.(4430). We first estimate their masses within the diquark
model proposed in Ref. [20], and then study them using the
method of QCD sum rules. Especially, in sum rule analyses
we have used two weakly correlated interpolating currents,
Ji, and Jy,, which independently couple to different
tetraquark states. The results from both approaches suggest
the following possible explanations, as illustrated in Fig. 1:

(i) The Z.(3900) and Z.(4020) are S-wave tetraquark

states with JP€ = 17=. The Z.(3900) contains one
“good” diquark with J¥ = 0% and one “bad” di-
quark with J¥ = 1, while the Z.(4020) contains
two “bad” diquarks with J¥ = 1.

(i) The Z.(4430) and Z.(4600) are the first radial

excitations of the Z.(3900) and Z.(4020), respec-

tively. They also have the quantum numbers
JPC =11,

Note that there are many other possible explanations for the
Z.(3900), Z.(4020), and Z.(4430), and we refer interested
readers to Refs. [3—8] for more discussions.

In the present study we have studied the Z.(3900),
Z.(4020), Z.(4430), and Z.(4600) as a whole, and used/
made several assumptions/predictions at the same time. To
verify these assumptions/predictions, we propose the
experimentalists to: (a) further study the structure observed
in the J/wz~ mass spectrum near 4600 MeV to verify
whether there exists a genuine charged charmoniumlike
state, (b) determine its quantum numbers as well as those of
the Z.(4020), and (c) search for their partner states with the
quark contents [cs][¢ 3] and [bg][b G], etc. Especially, we
propose to establish more connections among exotic
hadrons in order to better understand them. Both theoretical
and experimental studies on this topic are intriguing, which
can further improve our understanding on the internal
structure of (exotic) hadrons and the nonperturbative
property of the strong interaction at the low energy region.
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