
 

Gauge field theories with Lorentz-violating operators
of arbitrary dimension

V. Alan Kostelecký and Zonghao Li
Physics Department, Indiana University, Bloomington, Indiana 47405, USA

(Received 7 January 2019; published 27 March 2019)

The classification of Lorentz- and CPT-violating operators in non-Abelian gauge field theories is
performed. We construct all gauge-invariant terms describing propagation and interaction in the action for
fermions and gauge fields. Restrictions to the Abelian, Lorentz-invariant, and isotropic limits are presented.
We provide two illustrative applications of the results to quantum electrodynamics and quantum
chromodynamics. First constraints on nonlinear Lorentz-violating effects in electrodynamics are obtained
using data from experiments on photon-photon scattering, and corrections from nonminimal Lorentz and
CPT violation to the cross section for deep inelastic scattering are derived.
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I. INTRODUCTION

Non-Abelian gauge theories, introduced by Yang and
Mills in 1954 [1], play a central role in physics.
Applications to particle physics such as the Standard
Model (SM) typically combine non-Abelian gauge invari-
ance with the foundational Lorentz symmetry of relativity.
In recent years, however, attention has been drawn to the
possibility that tiny violations of Lorentz symmetry could
arise in a unified theory of gravity and quantum physics
such as strings [2], triggering many searches for potentially
observable signals in laboratory experiments and astro-
physical observations [3]. Studies of Lorentz-violating non-
Abelian gauge theories are therefore of immediate interest
in the phenomenological context.
Using effective field theory [4], a realistic and compre-

hensive description of Lorentz violation encompassing the
non-Abelian gauge symmetry of the SM can be developed.
This approach starts with the SM action coupled to general
relativity (GR) and adds all coordinate-independent terms
formed as the contraction of a Lorentz-violating operator
with a coefficient governing the size of its physical effects.
The resulting framework is called the Standard-Model
Extension (SME) [5,6]. The SME also provides a general
description of CPT violation in realistic field theory
because CPT invariance follows from Lorentz invariance
in effective field theory [5,7].
In Minkowski spacetime, the SME is a Lorentz-violating

non-Abelian gauge theory based on the gauge group

SUð3Þ × SUð2Þ × Uð1Þ. The subset of terms constructed
from operators with mass dimensions d ≤ 4 forms the
minimal SME, which is power-counting renormalizable. In
a scenario with the SM and GR emerging as the low-energy
limit of a unified theory of quantum physics and gravity,
operators with smaller d can be expected to dominate the
low-energy Lorentz-violating physics. The experimental
viability of any specific Lorentz-violating model compat-
ible with realistic effective field theory can be determined
by matching the model parameters to the corresponding
subset of SME coefficients and their known experimental
bounds [3,8].
Most treatments of Lorentz violation to date emphasize

effects in the minimal SME. For the nonminimal sector, a
complete enumeration exists of operators at arbitrary d that
modify the gauge-invariant propagation of various particle
species, including scalars, Dirac fermions, neutrinos, pho-
tons, and gravitons [9,10]. However, much less is known
about the general form of gauge-invariant interactions at
arbitrary d. In particular, no general treatment of the non-
Abelian case exists to date, although a few works consider
special nonminimal non-Abelian Lorentz-violating opera-
tors [11–18]. Even in the comparatively simple case of
Lorentz-violating quantum electrodynamics (QED), only a
subset of interactions for d ≤ 6 has been systematically
classified [19].
The focus of the present work is closing this gap in the

literature.We exhibit here a constructionofLorentz-violating
terms at arbitrary d in the Lagrange density for a generic non-
Abelian gauge field theory with fermion couplings. The case
of Lorentz-violating QED emerges as the Abelian limit of
this theory. For definiteness, we assume here a Minkowski
background spacetime and an action invariant both under a
non-Abelian gauge group and under spacetime translations,
thereby insuring conservation of energy and momentum.
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This setup generates a framework appropriate for many
experimental applications, as we illustrate below with
examples drawn from Lorentz-violating QED and from
the theory of Lorentz-violating quantum chromodynamics
(QCD) and QED coupled to quarks. The operators con-
structed here are potentially of formal theoretical importance
in contexts such as studies of causality and stability [20] and
the recently uncovered links to Riemann-Finsler geometry
[10,21]. They also offer prospective applications to searches
for Lorentz-invariant geometric forces extendingGR such as
torsion [22] and nonmetricity [23], as well as to studies of
phenomenological Lorentz-violating scenarios focusing on
operators with d > 4 such as supersymmetric models [24]
and noncommutative quantum field theories [25].
This work is organized as follows. In Sec. II, we

demonstrate that any gauge-covariant combination of covar-
iant derivatives and gauge-field strengths can be expressed in
a standard form, and we derive some useful properties. The
general non-Abelian gauge field theory including Lorentz
and CPT violation is constructed in Sec. III. We present in
turn the fermion sector, the pure-gauge sector, and the
fermion-gauge sector of this theory, providing in tabular
form the explicit expressions for all operators of mass
dimension d ≤ 6. This section also considers several limits
of interest, including Lorentz-violating QED, Lorentz-vio-
lating QCD and QED, the Lorentz-invariant restriction, and
the isotropic case.
Two experimental applications of the results are consid-

ered inSec. IV.One is the effect on light-by-light scattering of
certain nonminimal operators in Lorentz-violating QED.
Data froman experiment at theLargeHadronCollider (LHC)
are used to obtain first constraints on some coefficients for
Lorentz violation. The second application is to deep inelastic
scattering (DIS). Corrections to the cross section for electron-
proton scattering arising from certain nonminimal Lorentz-
and CPT-violating operators are obtained. Throughout this
work, our conventions follow those of Ref. [9]. In particular,
the Minkowski metric ημν has negative signature, and the
Levi-Civita tensor ϵκλμν is defined with ϵ0123 ¼ þ1.

II. GAUGE-COVARIANT OPERATORS

One goal of this work is to classify and enumerate all
terms in the Lagrange density for a Lorentz- and CPT-
violating non-Abelian gauge theory. For this purpose, it is
useful first to establish a standard basis spanning the space
of all gauge-covariant operators. A generic term in the
Lagrange density can then be decomposed in terms of the
standard basis. In this section, we identify a suitable
standard basis and establish some of its properties.

A. Setup

Consider a gauge field theory of a Dirac fermion ψ taking
values in a specific representation U of the gauge group G.
Assuming G is a compact Lie group, a suitable inner product

can be chosen to make the representation unitary [26],
UU† ¼ U†U ¼ 1. Under a gauge transformation, ψ trans-
forms covariantly by construction, ψ → Uψ , while its Dirac
conjugate ψ̄ ≡ ψ†γ0 transforms as ψ̄ → ψ̄U†.
Acting on ψ , the gauge-covariant derivative can be

written as Dμψ ¼ ∂μψ − igAμψ , where g is the gauge
coupling constant and Aμ is the gauge field in the U
representation. Since U is unitary, Aμ is Hermitian. By
definition, the covariant derivative satisfies Dμ → UDμU†

under a gauge transformation, and so the gauge field
obeys Aμ → UAμU† þ ði=gÞU∂μU†.
The commutator of two covariant derivatives acting on ψ

generates the gauge-field strength Fμν in the U representa-
tion, ½Dμ; Dν�ψ ¼ −igFμνψ . Like Aμ, Fμν is Hermitian.
Under a gauge transformation, Fμν → UFμνU†. The action
of the covariant derivative on the field strength is
DμFβγ ¼ ∂μFβγ − ig½Aμ; Fβγ�, while the product of two
covariant derivatives acting on the field strength
obeys DμðDνFβγÞ −DνðDμFβγÞ ¼ −ig½Fμν; Fβγ�.
The above results imply that a gauge transformation on

single covariant derivatives of the fields yields Dμψ →
UðDμψÞ and Dμψ → ðDμψÞU† for fermions, along with
DμFβγ → UðDμFβγÞU† for the gauge-field strength. By
induction, we can prove that multiple covariant derivatives
on each field transform according to

Dα1…Dαnψ → UðDα1…DαnψÞ;
Dα1…Dαnψ → ðDα1…DαnψÞU†;

Dα1…DαnFβγ → UðDα1…DαnFβγÞU†: ð1Þ
It is convenient to call an operator O a gauge-covariant

operator if O → UOU† under a gauge transformation.
Gauge-covariant operators are of interest in the present
context because they can be used to construct gauge-
invariant terms such as trðOÞ and ðO1ψÞO2ψ , which are
therefore candidates for inclusion in the general Lagrange
density for the Lorentz-violating gauge field theory. In
particular, we see that any operator O formed as a mixture
of D and F is gauge covariant.

B. Result

In principle, one could construct the desired general
Lagrange density for a Lorentz- and CPT-violating gauge
field theory by adding all possible gauge-invariant oper-
ators to the usual minimal-coupling terms. However, this
procedure would introduce substantial redundancies due to
relations among the gauge-invariant operators. Instead, we
can characterize gauge-covariant operators in terms of a
standard basis set, which can then be used to construct the
Lagrange density with controlled or no redundancy.
The key result is that the gauge-covariant operators

formed as any mixture of D and F can be expressed as
a linear combination of operators of the standard form
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ðDðn1ÞFμ1ν1ÞðDðn2ÞFμ2ν2Þ…ðDðnmÞFμmνmÞDðnmþ1Þ; ð2Þ

where DðnÞ ¼ ð1=n!ÞPDα1Dα2…Dαn with the summation
performed over all permutations of α1; α2;…αn. In what
follows, we prove this result and present some of its
properties.

1. Proof

For the proof, we suppose that the operator (2) acts on ψ .
An analogous argument applies for the case where the
operator acts on F instead.
Given a gauge-covariant operator O formed as an

arbitrary mixture of D and F, we first use standard product
rules likeDμFαβDν ¼ ðDμFαβÞDν þ FαβDμDν to express it
as a linear combination of terms in the block form

O ¼
X

ðDD…DFÞ…ðDD…DFÞDD…D; ð3Þ

where all subscripts are omitted for simplicity. Each
covariant derivative D then acts on at most one field
strength F. To prove the main result, it therefore suffices
to show that terms like Dα1Dα2…Dαn can be expressed as
linear combinations of the form (2).
We use mathematical induction. For n ¼ 1, Dα1 already

takes the form (2). Assume that for n ≤ k the term
Dα1Dα2…Dαn can be written as a linear combination of
terms having the form (2). Then, for n ¼ kþ 1 we must
consider Dα1Dα2…DαkDαkþ1

. Replacing the first k deriva-
tives by the appropriate linear combination of terms having
the form (2) yields expressions with the structure
ðDðn1ÞFβ1γ1Þ…Dðnmþ1ÞDαkþ1

. This shows that it suffices to
focus only on the term Dðnmþ1ÞDαkþ1

.
If nmþ1 ≤ k − 1, then we get at most k covariant

derivatives. By induction, all such terms can be written
as a linear combination of terms having the form (2).
For nmþ1 ¼ k, we must consider DðkÞDαkþ1

. The index
symmetries of this product can be displayed using Young
tableaux,

ð4Þ

The first Young tableau on the right-hand side represents
Dðkþ1Þ, which has the claimed form. We can therefore limit
further consideration to the second Young tableau.
We can prove that the expression involving the second

Young tableau contains least one factor of the field strength
F. Explicitly, we can write this expression in the form

Dðα1Dα2…DαkÞDαkþ1
−Dðαkþ1

Dα2…DαkÞDα1

¼ 2

k

Xk−1
t¼0

DðtÞD½α1Dðk−t−1ÞDαkþ1�; ð5Þ

where the parentheses around indices indicate symmetri-
zation with a factor of 1=k! and the brackets indicate
antisymmetrization on α1 and αkþ1 with a factor of 1=2.
Note that this result is symmetric under the interchange of
the indices in DðtÞ with those in Dðk−t−1Þ.
A specific term inside the sum in Eq. (5) takes the form

DðtÞD½α1Dðk−t−1ÞDαkþ1�

¼DðtÞD½α1Dαkþ1�Dðk−t−1Þ þDðtÞD½α1 ½Dðk−t−1Þ;Dαkþ1��: ð6Þ

The first term on the right-hand side involves
½Dα1 ; Dαkþ1

� ¼ −igFα1αkþ1
, thus confirming the appearance

of a factor of F. For the second term, we note that

DðtÞDα1 ½Dðk−t−1Þ; Dαkþ1
�

¼ 1

ðk − t − 1Þ!
X

DðtÞDα1 ½Dβ1Dβ2…Dβk−t−1 ; Dαkþ1
�

¼ 1

ðk − t − 1Þ!
X

DðtÞDα1ðDβ1 ½Dβ2…Dβk−t−1 ; Dαkþ1
�

þ ½Dβ1 ; Dαkþ1
�Dβ2…Dβk−t−1Þ

¼ 1

ðk − t − 1Þ!
X

ðDðtÞDα1Dβ1 ½Dβ2…Dβk−t−1 ; Dαkþ1
�

− igDðtÞDα1Fβ1αkþ1
Dβ2…Dβk−t−1Þ; ð7Þ

where the summations are over all permutations of
β1; β2;…βk−t−1. Continuing this reductive process yields
a string of terms, each of which contains one factor of Fμν

along with (k − 1) covariant derivatives. Therefore, every
term in the expression for the second Young tableau in
Eq. (5) involves at least one field strength F. Each such
term has the general formDγ1…DγsFμνDγsþ1

…Dγk−1 . Using
product rules as before, we can transform this into the block
form (3). In each block, we have at most k − 1 ≤ k
covariant derivatives. By the induction assumption, these
terms can all be written as linear combinations having the
form (2). This completes the induction step and proves the
claimed result.

2. Linear independence

The above argument shows that the basis (2) of gauge-
covariant operators is complete, but it leaves open the
question of linear independence. The situation in this
respect can differ depending on whether the group G is
Abelian or non-Abelian.
Consider first an Abelian gauge field theory, for which

DðnÞFβγ ¼ ∂ðnÞFβγ . Note that ∂ðn1ÞFβ1γ1 commutes with
∂ðn2ÞFβ2γ2 and also that the operators f∂ðnÞFβγg are linearly
independent for different n. A complete set of linearly
independent basis operators can therefore be selected as

fð∂ðn1ÞFβ1γ1Þ…ð∂ðntÞFβtγtÞDðntþ1Þjn1 ≤ … ≤ ntg: ð8Þ
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This set can be used to classify all gauge-covariant
operators formed from mixtures of D and F in QED, in
a manner free of redundancy.
For a non-Abelian group, the noncommutativity of

products of the field strengthF implies that gauge-covariant
operators having the form (2) are generically linearly
independent. When G is SU(2), for example, the three
generators of G are mutually noncommutative, implying
that basis elements of the form (2) are linearly independent.
However, if a non-Abelian G has an Abelian Lie

subgroup of dimension two or more, the choice of linearly
independent basis becomes more intricate. In QCD, for
example, U is the vector representation of the gauge group
SU(3), which has a subgroup Uð1Þ × Uð1Þ homomorphic
to the torus T2. This subgroup is spanned by 3 × 3
commuting matrices with diagonal elements of the form
feiθ1 ; eiθ2 ; e−iðθ1þθ2Þg. Gauge-covariant operators for basis
elements in Uð1Þ × Uð1Þ can therefore be taken to have the
form (8), while other basis elements are of the form (2).
This shows that in a non-Abelian gauge field theory the
selection of a basis for the gauge-covariant operators
depends on the gauge group. For simplicity in what
follows, we adopt basis elements of the form (2) for
non-Abelian gauge field theory and tolerate any ensuing
partial redundancy.

3. Hermitian conjugation

For some of the applications to follow, it is useful to have
explicit expressions for the Hermitian conjugates of the
component terms in the gauge-covariant operators (2) and
of general fermion bilinears. We obtain these next.
First, we prove the identity

ðDðnÞFβγÞ† ¼ DðnÞFβγ: ð9Þ

To begin, use direct calculation to show ðDαFβγÞ† ¼DαFβγ.
We can then use mathematical induction to show that
ðDα1…DαnFβγÞ† ¼ Dα1…DαnFβγ for any n, as follows.
The result is true for n ¼ 1. Assuming it holds for n ¼ k,
we find

ðDαDα1…DαkFβγÞ†
¼ ∂αDα1…DαkFβγ þ ig½Dα1…DαkFβγ; Aα�
¼ DαDα1…DαkFβγ: ð10Þ

The result therefore also holds for n ¼ kþ 1, as required.
The desired identity (9) then follows by symmetrization on
indices.
For conjugation of expressions involving fermions,

two results are useful. For one, the identity (9) directly
implies

ðDðnÞFβγÞψ ¼ ψ̄ðDðnÞFβγÞ: ð11Þ

The other identity involves Hermitian conjugation
of a general gauge-invariant bilinear of the form
ðO1ψÞΓIðO2ψÞ, where O1 and O2 are gauge-covariant
operators and the spinor space is spanned by the 16
matrices ΓI ∈ f1; iγ5; γμ; γ5γμ; σμν=2g. Following the argu-
ment in Sec. II B, we can choose O1 and O2 to have the
form (2) and thereby write the general bilinear as

ðDðn0ÞψÞΓIðDðn1ÞFβ1γ1Þ…ðDðnmÞFβmγmÞðDðnmþ1ÞψÞ: ð12Þ

To find the Hermitian conjugate of the bilinear (12), note
that ðDμψÞ† ¼ ðDμψÞγ0 and ðDμψÞ† ¼ γ0ðDμψÞ. In anal-
ogy with the proof of the identity (9), we can use
mathematical induction to show the two results ðDðnÞψÞ† ¼
ðDðnÞψÞγ0 and ðDðnÞψÞ† ¼ γ0ðDðnÞψÞ. Recalling the rela-

tion ΓI ¼ γ0Γ
†
I γ0, we finally arrive at the elegant conjuga-

tion identity

½ðDðn0ÞψÞΓIðDðn1ÞFβ1γ1Þ…ðDðnmÞFβmγmÞðDðnmþ1ÞψÞ�†
¼ðDðnmþ1ÞψÞΓIðDðnmÞFβmγmÞ…ðDðn1ÞFβ1γ1ÞðDðn0ÞψÞ:

ð13Þ

III. GAUGE FIELD THEORY

To construct the general gauge-invariant theory includ-
ing Lorentz and CPT violation, it is convenient to separate
the full Lagrange density L into three parts,

L ¼ Lψ þ LA þ L0; ð14Þ

where Lψ denotes the fermion sector including covariant-
derivative couplings, LA denotes the pure-gauge sector, and
L0 is a fermion-gauge sector containing products of
operators appearing in the first two parts. In this section,
each of these pieces of L are considered in turn. We offer
some observations about the general situation and provide
explicit expressions for terms of low mass dimensionality.

A. Fermion sector

For a Dirac fermion, the general gauge-invariant
Lagrange density Lψ involving self interactions and gauge
interactions via covariant derivatives can be expanded in a
series of the schematic form

Lψ ¼ 1

2
ψ̄ðDμγ

μ −mÞψ þ H:c:

þ ψ̄ Q̂ψ þ H:c:

þ ðψ̄Q̂1ψÞððDðm1ÞψÞQ̂2ψÞ þ H:c:

þ ðψ̄Q̂3ψÞððDðm2ÞψÞQ̂4ψÞððDðm3ÞψÞQ̂5ψÞ þ H:c:

þ � � � ; ð15Þ
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where Q̂; Q̂1; Q̂2;… are understood to be gauge-covariant
operators. Adopting the results in Sec. II, each of these
operators can be expressed as a linear combination
of operators of the form

ΓIðDðn1ÞFβ1γ1Þ…ðDðnmÞFβmγmÞDðnmþ1Þ: ð16Þ
For brevity, the expression (15) for Lψ omits spacetime
indices in all but the conventional Dirac term and also omits
all coefficients for Lorentz violation. It is understood that
each term in Lψ comes with a coefficient having spacetime
indices contracted with all free spacetime indices on the
total operator for that term, thereby maintaining observer
Lorentz symmetry of the theory [5]. Note also that no
derivative DðnÞ acts on ψ̄ in the first bilinear of each
unconventional term in Lψ . Any terms with these deriv-
atives are equivalent to the displayed ones via partial
integration, modulo possible surface terms in the action.
For practical applications and to obtain explicit expres-

sions, it is useful to expand Lψ in a series organized
according to the mass dimensions of the operators. This
series can be written as

Lψ ¼ Lψ0 þ Lð3Þ
ψ þ Lð4Þ

ψ þ Lð5Þ
ψ þ Lð6Þ

ψ þ � � � ; ð17Þ

where Lψ0 is the conventional Dirac Lagrange density and
where the superscript d onLðdÞ denotes the mass dimension
of operators included in LðdÞ.

Table I displays all terms appearing in the fermion
Lagrange density Lψ with mass dimension six or less.
The first column of the table lists the components of the
Lagrange density. For d ¼ 3 and 4, the terms displayed are
power-counting renormalizable and match the correspond-
ing ones found in the non-Abelian sector of the minimal
SME [5]. The component of the Lagrange density with

d ¼ 5 is split into two pieces, Lð5Þ
ψ ¼ Lð5Þ

ψD þ Lð5Þ
ψF. The first

contains terms involving only symmetrized covariant
derivatives, while the second contains ones involving the
gauge-field strength. Analogously, it is convenient to
separate the component of Lψ with d ¼ 6 into four pieces,

Lð6Þ
ψ ¼ Lð6Þ

ψD þ Lð6Þ
ψF þ Lð6Þ

ψDF þ Lð6Þ
ψψ , by grouping terms

with related structures. Except for Lð6Þ
ψψ , the terms with d ¼

5 and 6 are non-Abelian generalizations of ones already
characterized in the QED context [19].
The second column of the table presents the explicit

expressions for the terms in the Lagrange density. To match
conventional notation used in the literature in the QED limit
[9], the coefficients in Q̂ associated with the spinor matrices
1, iγ5, γμ, γ5γμ, and σμν=2 in operators of odd mass
dimension are denoted by −m, −m5, −aμ, −bμ, and
−Hμν, respectively, while those in operators of even mass
dimension are denoted by e, f, cμ, dμ, and gμν. Following
standard usage, the dimension d is omitted on coefficients
for d ¼ 3 and 4. The labeling of spacetime indices is
chosen so that the indices α; β;… correspond to gauge

TABLE I. Terms of low mass dimension d ≤ 6 in the fermion Lagrange density Lψ.

Component Expression

Lψ0
1
2
ψ̄ðγμiDμ −mψ Þψ þ H:c:

Lð3Þ
ψ −im5ψ̄γ5ψ − aμψ̄γμψ − bμψ̄γ5γμψ − 1

2
Hμνψ̄σμνψ

Lð4Þ
ψ

1
2
cμαψ̄γμiDαψ þ 1

2
dμαψ̄γ5γμiDαψ þ 1

2
eαψ̄ iDαψ þ 1

2
ifαψ̄γ5iDαψ þ 1

4
gμναψ̄σμνiDαψ þ H:c:

Lð5Þ
ψD − 1

2
mð5Þαβψ̄iDðαiDβÞψ − 1

2
imð5Þαβ

5 ψ̄γ5iDðαiDβÞψ
− 1

2
að5Þμαβψ̄γμiDðαiDβÞψ − 1

2
bð5Þμαβψ̄γ5γμiDðαiDβÞψ − 1

4
Hð5Þμναβψ̄σμνiDðαiDβÞψ þ H:c:

Lð5Þ
ψF − 1

2
mð5Þαβ

F ψ̄Fαβψ − 1
2
imð5Þαβ

5F ψ̄γ5Fαβψ − 1
2
að5ÞμαβF ψ̄γμFαβψ − 1

2
bð5ÞμαβF ψ̄γ5γμFαβψ − 1

4
Hð5Þμναβ

F ψ̄σμνFαβψ

Lð6Þ
ψD

1
2
cð6Þμαβγψ̄γμiDðαiDβiDγÞψ þ 1

2
dð6Þμαβγψ̄γ5γμiDðαiDβiDγÞψ

þ 1
2
eð6Þαβγψ̄iDðαiDβiDγÞψ þ 1

2
ifð6Þαβγψ̄γ5iDðαiDβiDγÞψ þ 1

4
gð6Þμναβγψ̄σμνiDðαiDβiDγÞψ þ H:c:

Lð6Þ
ψF

1
4
cð6ÞμαβγF ψ̄γμFβγiDαψ þ 1

4
dð6ÞμαβγF ψ̄γ5γμFβγiDαψ

þ 1
4
eð6ÞαβγF ψ̄FβγiDαψ þ 1

4
ifð6ÞαβγF ψ̄γ5FβγiDαψ þ 1

8
gð6ÞμναβγF ψ̄σμνFβγiDαψ þ H:c:

Lð6Þ
ψDF − 1

2
mð6Þαβγ

DF ψ̄ðDαFβγÞψ − 1
2
imð6Þαβγ

5DF ψ̄γ5ðDαFβγÞψ
− 1

2
að6ÞμαβγDF ψ̄γμðDαFβγÞψ − 1

2
bð6ÞμαβγDF ψ̄γ5γμðDαFβγÞψ − 1

4
Hð6Þμναβγ

DF ψ̄σμνðDαFβγÞψ
Lð6Þ
ψψ

kSSðψ̄ψÞðψ̄ψÞ − kPPðψ̄γ5ψÞðψ̄γ5ψÞ þ ikSPðψ̄ψÞðψ̄γ5ψÞ
þðkSVÞμðψ̄ψÞðψ̄γμψÞ þ ðkSAÞμðψ̄ψÞðψ̄γ5γμψÞ þ 1

2
ðkSTÞμνðψ̄ψÞðψ̄σμνψÞ

þiðkPVÞμðψ̄γ5ψÞðψ̄γμψÞ þ iðkPAÞμðψ̄γ5ψÞðψ̄γ5γμψÞ þ 1
2
iðkPTÞμνðψ̄γ5ψÞðψ̄σμνψÞ

þ 1
2
ðkVVÞμνðψ̄γμψÞðψ̄γνψÞ þ 1

2
ðkAAÞμνðψ̄γ5γμψÞðψ̄γ5γνψÞ þ ðkVAÞμνðψ̄γμψÞðψ̄γ5γμψÞ

þ 1
2
ðkVTÞλμνðψ̄γλψÞðψ̄σμνψÞ þ 1

2
ðkATÞλμνðψ̄γ5γλψÞðψ̄σμνψÞ þ 1

8
ðkTTÞκλμνðψ̄σκλψÞðψ̄σμνψÞ
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couplings while μ, ν correspond to spin properties.
Parentheses enclosing n spacetime indices represent total
symmetrization with a factor of 1=n!. Other symmetries can
be determined by inspection. The abbreviation “H.c.”
appearing at the end of some entries in the table implies
the addition of the Hermitian conjugate of all previous
terms in the expression.
Each displayed term in the Lagrange density is the

contraction of a coefficient and an operator invariant under
non-Abelian gauge transformations. Both Lorentz-invariant
and Lorentz-violating terms are included. Physical effects
violating CPT are produced by terms containing operators
with an odd number of spacetime indices, all of which
violate Lorentz invariance [5,7]. All coefficients can be
taken as real constants in an inertial frame in the vicinity of
the Earth [5,6], and each coefficient has dimension GeV4−d.
Note that the conventional mass term is included as part of

Lψ0 rather than part of Lð3Þ
ψ . Also, the component of the

coefficient cμα proportional to ημα represents a Lorentz-
invariant contribution that acts merely to renormalize the
conventional Lorentz-invariant kinetic term in Lψ0, so cμα

can be chosen traceless without loss of generality.
We remark in passing that the freedom to adopt suitable

canonical variables by judicious use of field redefinitions
implies that some of the terms shown in the table may
describe the same effects as others and hence can be
removed without changing the physics. A simple example
is the term −im5ψ̄γ5ψ , which modulo possible anomalies
can be absorbed into the conventional mass term by a chiral
redefinition of the Dirac field. A general study of the
implications of field redefinitions would be of interest but
lies outside our present focus.

B. Pure-gauge sector

In the pure-gauge sector, gauge-invariant terms in the
Lagrange density LA can be constructed as traces trðOÞ in
the group space [27] of gauge-covariant operators O con-
taining mixtures of covariant derivatives and field strengths.
Assuming the coefficients in the Lagrange density LA are
constants and recalling the form (2) for arbitrary gauge-
covariant operators, we find that the structure of a generic
gauge-invariant term for the pure-gauge sector can be
written schematically as

LA ⊃ k…ðtr½ðDFÞ…ðDFÞ�Þ…ðtr½ðDFÞ…ðDFÞ�Þ; ð18Þ
where all spacetime indices are suppressed and D denotes
DðnÞ. Note that the cyclic property of the trace implies that
the factorDðnmþ1Þ in the form (2) is irrelevant here. Note also
that some terms (18) may be related to others up to a surface
term via the identity trðO1DμO2Þ ¼ −tr½ðDμO1ÞO2�, which
holds for any two gauge-covariant operators O1 and O2.
In the expression (18), k… denotes a generic coefficient

having indices understood to be contracted with all indices
on the factors of D and F, thus insuring observer Lorentz

invariance of LA. For some terms, Hermiticity imposes a
symmetry on the indices. The traces are understood to be
taken in theU representation of the gauge group G. IfU is a
reducible representation of a semisimple Lie group, then
the trace can be any combination of traces taken in the
irreducible subrepresentations.
In addition to gauge-invariant operators, the Lagrange

density LA can also contain operators that generate surface
terms under a gauge transformation. Although these oper-
ators cause the Lagrange density to violate gauge invari-
ance, they nonetheless leave invariant the action and are
therefore also of interest in the present context. Some of
these operators fall outside the construction (18) and must
thus be obtained separately, as described below.
The Lagrange density LA can be separated into compo-

nents containing operators of fixed mass dimension d. It is
convenient to write LA in the form

LA¼LA0þLð1Þ
A þLð2Þ

A þLð3Þ
A þLð4Þ

A þLð5Þ
A þ��� ; ð19Þ

whereLA0 is the conventional Yang-Mills Lagrange density
in the U representation and the superscripts denote the
operator mass dimension.
Table II displays terms in the pure-gauge Lagrange

density with mass dimension d ≤ 8. The components of
the Lagrange densityLA are listed in the first column, while
the second column contains the explicit expressions formed
via contractions of coefficients and field operators. Note
that both Lorentz-invariant and Lorentz-violating terms
appear, with the former emerging by specifying coefficients
purely in terms of the Minkowski metric and Levi-Civita

TABLE II. Terms of low mass dimension d ≤ 8 in the pure-
gauge Lagrange density LA.

Component Expression

LA0 ∝ −trðFμνFμνÞ
Lð1Þ
A

kð1ÞμtrðAμÞ
Lð3Þ
A

kð3ÞκϵκλμνtrðAλFμν þ 2
3
igAλAμAνÞ

Lð4Þ
A

− 1
2
kð4ÞκλμνtrðFκλFμνÞ

Lð5Þ
A

− 1
2
kð5ÞακλμνtrðFκλDαFμνÞ

Lð6Þ
A − 1

2
kð6ÞαβκλμνD trðFκλDðαDβÞFμνÞ
− 1

6
kð6ÞκλμνρσF trðFκλFμνFρσÞ

Lð7Þ
A − 1

2
kð7ÞαβγκλμνD trðFκλDðαDβDγÞFμνÞ
− 1

6
kð7ÞακλμνρσF trðFκλFμνDαFρσÞ

Lð8Þ
A − 1

2
kð8ÞαβγδκλμνD trðFκλDðαDβDγDδÞFμνÞ
− 1

6
kð8ÞαβκλμνρσDF trðFκλðDαFμνÞðDβFρσÞÞ

− 1
24
kð8ÞκλμνρστυF trðFκλFμνFρσFτυÞ

− 1
24
kð8ÞκλμνρστυFF trðFκλFμνÞtrðFρσFτυÞ
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tensor. Any term involving an operator with an odd number
of spacetime indices is odd under CPT.
The coefficients appearing in the table have dimension

GeV4−d and can be assumed real and constant in an inertial
frame near the Earth [5,6]. The notation for coefficients
adopted in the table is generic and can be used for any
gauge group G. Standard alternative notations used in the
literature for coefficients with d ≤ 4 appear in physical
applications involving certain limiting cases. For each
term in the second column of the table, the spacetime
indices are chosen so that α; β;… are associated with
symmetrized covariant derivatives and κ; λ;… with field
strengths. Parentheses around a set of n spacetime indices
imply total symmetrization with a factor of 1=n!. Other
index symmetries are inherited from the antisymmetry of
Fμν or the cyclic property of the trace. For example, the
identity trðFκλDðnÞFμνÞ ¼ −trðFμνDðnÞFκλÞ implies a cor-
responding antisymmetry property for odd-d terms quad-
ratic in the field strength.
Some of the contributions at mass dimensions d ≤ 3 lie

outside the construction (18). The component at
mass dimension one involves the gauge field Aμ and is
gauge invariant up to a surface term provided kð1Þμ is
constant. Note that this component vanishes if the gauge
group G is SUðNÞ but can be nonzero if G contains an
Abelian component. At mass dimension two, the only
contribution to the gauge-invariant action is of the form
Lð2Þ ¼ −kð2ÞμνtrðFμνÞ. This operator also vanishes for
SUðNÞ and more generally is a total derivative representing
a surface term when kð2Þμν is constant, so we omit it from
Table II. At mass dimension three, a gauge-invariant term
of the form Lð3Þ ⊃ −kð3ÞαμνtrðDαFμνÞ can be envisaged.
This is again a term vanishing for SUðNÞ and generically
reducing to a total derivative when kð3Þαμν is constant, so we
omit it from the table as well. Another contribution at mass
dimension three contains the non-Abelian Chern-Simon
operator shown in the table, which is gauge invariant up to a
surface term when the corresponding coefficient kð3Þκ is
constant.
For mass dimensions d ≥ 4, the construction (18) can be

applied systematically. As before, factors of trðFμνÞ and
trðDαFμνÞ vanish for SUðNÞ and hence can be disregarded.
Note that the piece of the coefficient kð4Þκλμν proportional to
products of the Minkowski metric is Lorentz invariant
and therefore acts merely to renormalize the conventional
Yang-Mills term LA0. The double trace kð4Þκλκλ can
therefore be set to zero without loss of generality.

Inspection of Lð8Þ
A might suggest an additional term of

the form trðFκλFμνDðαDβÞFρσÞ, but up to surface terms it
can be written as a linear combination of the opera-
tors tr½FκλðDαFμνÞðDβFρσÞ�.
We note in passing that Table II is constructed

assuming constant coefficients, but allowing for spacetime

dependence of the coefficients has minimal effect on the
structure of the Lagrange density. The terms shown in the
table then appear with spacetime-dependent coefficients,
while any components of the Lagrange density that are
surface terms when the coefficients are constant become
equivalent to existing terms at lower d involving derivatives
of the coefficients. An effective reduction in mass dimen-
sion also occurs when the gauge fields are constant back-
grounds for the physics [19].
The subset of LA consisting of terms quadratic in Aμ

governs the propagation of the non-Abelian gauge field.
Introducing the linearized non-Abelian field strength
FL
μν ≡ ∂μAν − ∂νAμ, the quadratic terms for d ≥ 4 are

found to take the generic form kκλμν…trðFL
κλ∂ðnÞFL

μνÞ, where
the ellipsis on each coefficient kκλμν… is understood to be
contracted with the n indices on the derivatives. Previous
work [9] has shown that the quadratic Lagrange density in
the QED limit can be written as a sum of two kinds of
terms, kκλμν…Fκλ∂ðnÞFμν for even n and kκ…ϵκλμνAλ∂ðnÞFμν

for odd n. This matches the present result for even n, while
suggesting a correspondence of the form

kκλμν…trðFL
κλ∂ðnÞFL

μνÞ ↔ kα…ϵαλμνtrðAλ∂ðnþ1ÞFLμνÞ ð20Þ

for odd n.
The correspondence (20) can be verified directly, assum-

ing all coefficients are constants. Up to surface terms, the
operator on the left-hand side of Eq. (20) can be written as

Lκλμν ¼ trð−Aλ∂κ∂ðnÞFL
μν þ Aκ∂λ∂ðnÞFL

μνÞ: ð21Þ

Expanding ∂ðnþ1Þ ¼ ∂ðnÞ∂κ and noting the antisymmetriza-
tion due to the Levi-Civita tensor, the operator on the right-
hand side of Eq. (20) takes the form

Rκλμν¼ trðAλ∂ðnÞ∂κFL
μνþAμ∂ðnÞ∂κFL

νλþAν∂ðnÞ∂κFL
λμÞ:

ð22Þ

Direct calculation reveals that Lκλμν and Rκλμν are linearly
related up to surface terms,

Lκλμν þ Lκμνλ þ Lκνλμ ¼ −Rκλμν;

Rκλμν − Rλκμν ¼ −2Lκλμν; ð23Þ

thereby confirming the correspondence (20).
The correspondence (20) reveals that for odd d the

operator trðFL
κλ∂ðnÞFL

μνÞ can be viewed as a higher-d
generalization of the quadratic part of the Chern-Simons

operator appearing in Lð3Þ
g . By direct calculation modulo

surface terms, we find that the full nonlinear operator
trðFκλDðnÞFμνÞ with odd d can be related to a generalized
Chern-Simons operator according to
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kκλμν…trðFκλDðnÞFμνÞ¼−kκα…CS ϵαλμνtrðFλ
κDðnÞFμνÞ

¼kκα…CS ϵαλμνtrðAλDκDðnÞFμν

þ ig½Aλ;Aκ�DðnÞFμνþAκDðnÞDλFμν

−AκDλDðnÞFμνÞ; ð24Þ

where

kκα…CS ¼ 1

2
ϵαλμνkκλμν… ð25Þ

Together with the correspondence (20), the result (24)
shows that for odd d > 3 all terms in LA containing the
linearized operators ϵκλμνtrðAλ∂ðnÞFL

μνÞ can be written as
combinations of the operators trðFκλDðn−1ÞFμνÞ. This
provides strong support for the notion that the form (18)
incorporates every term with odd d > 3 in the gauge-
invariant action. It remains an interesting open problem to
prove this rigorously or to demonstrate a counterexample
by presenting a purely nonlinear gauge-invariant contribu-
tion to the action with odd d > 3.

C. Fermion-gauge sector

The remaining partL0 of the full Lagrange density (14) is
the fermion-gauge sector, which involves products of
operators appearing in the fermion and pure-gauge
Lagrange densities Lψ and LA. Suppressing indices, the
general structure of gauge-invariant terms in the fermion-
gauge sector can therefore be written schematically as

L0 ⊃ k…ðtr½ðDFÞ…ðDFÞ�Þ…ðtr½ðDFÞ…ðDFÞ�Þ
× ½ðDψÞΓðDFÞ…ðDFÞðDψÞ�…
×…½ðDψÞΓðDFÞ…ðDFÞðDψÞ� þ H:c: ð26Þ

These gauge-fermion terms typically appear only at com-
paratively high values of the mass dimension d. Consider,
for example, gauge-fermion terms in an SUðNÞ gauge
theory. The nontrivial gauge-invariant pure-gauge operator
of lowest mass dimension has structure trðFFÞ because
both trðFÞ and trðDFÞ vanish. Also, the gauge-invariant
fermion-sector operators of lowest mass dimension have
structure ψ̄Γψ . The operator of lowest mass dimension in
the gauge-fermion sector therefore has the product structure
trðFFÞψ̄Γψ and has d ¼ 7.
The gauge-fermion operators of the form (26) are

relevant only for the non-Abelian case because for U(1)
all operators are already included in the construction of the
fermion sector. For example, the Abelian versions of terms
of the form trðFÞψ̄Γψ are included as part ofLð5Þ

ψF in Table I,

while ones of the form trðDFÞψ̄Γψ are included in Lð6Þ
ψDF.

Since the SM gauge group is SUð3Þ × SUð2Þ × Uð1Þ, no
terms in the fermion-gauge sector appear for d ≤ 6. We can
therefore disregard L0 in physical applications of the SME

involving operators with these comparatively low mass
dimensions. The same line of reasoning holds for the gauge
theory combining QCD and QED, as the corresponding
gauge group is SUð3Þ × Uð1Þ. However, more general
gauge theories or investigations of physical effects in
fermion-gauge couplings for d > 6 may require inclusion
of these extra gauge-invariant terms.

D. Limiting cases

For certain specific applications, it can be useful to
consider restrictions of the general Lagrange density (14) to
a subset of relevant terms. In this section, we discuss in turn
the limiting cases of Lorentz-violating QED, Lorentz-
violating QCD and QED, Lorentz-invariant gauge field
theories, and isotropic Lorentz-violating models.

1. Lorentz-violating QED

One limit with broad applicability is the Abelian restric-
tion of the general non-Abelian gauge theory obtained by
choosing the gauge group G to be U(1). With the Dirac field
identified as the electron field and the gauge field identified
with the photon, we obtain a Lorentz- and CPT-violating
extension of the conventional theory of QED for electrons
and photons. The Abelian restriction is also relevant for the
description of electromagnetic interactions of other fer-
mions, including ones that are uncharged.
A generic term in the Lagrange density for the Abelian

theory takes the form

L ⊃ k…ð∂FÞ…ð∂FÞðDψÞΓðDψÞ…ðDψÞΓðDψÞ þ H:c:;

ð27Þ

where all spacetime indices and gamma matrices are
understood, ∂ represents ∂ðnÞ, and D represents DðnÞ.
Note that the factors involving the gauge field strength
decouple from the fermion in gauge space, and hence the
term (27) can be treated as the product of distinct factors
involving either the field strength or the fermion fields. To
avoid redundancy in the term (27), the basis (8) for the
gauge-covariant operators can be chosen.
Table III presents all terms with mass dimension six

or less in the Lagrange density for the single-fermion
QED limit. The first column displays the components
of the Lagrange density, while the second column provides
the explicit form of the terms in each component. The
component L0 is the conventional Lagrange density for
QED. Other components with d ≤ 4 are power-counting
renormalizable and form the minimal QED extension [5].
The coefficients for these minimal terms are denoted using
conventions widely adopted in the literature. The compo-
nents of the Lagrange density with d ≥ 5 in the fermion
sector are separated into pieces according to the scheme
adopted in Table I. Note that both Lorentz-invariant and
Lorentz-violating terms are encompassed by the entries in
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the table, depending on the structure of the coefficients.
Operators with odd numbers of spacetime indices are odd
under CPT transformations, and they all break Lorentz
symmetry [5,7].
The coefficients of all terms in the table have dimension

GeV4−d and are real. They can be assumed constant in an
inertial frame near the Earth [5,6]. In the fermion sector the
spacetime indices μ, ν are linked to the gamma matrices and
hence to spin properties, while in the pure-gauge sector
they are associated with the gauge field strengths. In both
sectors, the spacetime indices α; β;… are associated
with derivatives. As before, parentheses around n space-
time indices represent total symmetrization with a factor
of 1=n!.
Where possible, the table follows the notation for the

fermion sector adopted in Ref. [19]. Also, all quadratic
terms in the pure-gauge sector of the QED extension have
been obtained in Ref. [9]. In contrast, the terms represent-
ing self interactions, including those in Lð6Þ

ψψ and the one

cubic in F in Lð6Þ
A , represent new arenas for investigation.

Table II contains also contributions to the non-Abelian
pure-gauge action for d ¼ 7 and 8. For operators of mass
dimension seven, restricting these terms to the QED limit
yields the expressions

Lð7Þ
A ¼ −

1

4
kð7Þαβγκλμν∂ Fκλ∂α∂β∂γFμν

−
1

12
kð7ÞακλμνρσF FκλFμν∂αFρσ; ð28Þ

while for those of mass dimension eight we find

Lð8Þ
A ¼ −

1

4
kð8Þαβγδκλμν∂ Fκλ∂α∂β∂γ∂δFμν

−
1

12
kð8Þαβκλμνρσ∂F Fκλð∂αFμνÞð∂βFρσÞ

−
1

48
kð8ÞκλμνρστυF FκλFμνFρσFτυ: ð29Þ

The nonlinear interactions of the photon predicted by
these terms are also of potential interest in both the

TABLE III. Terms of low mass dimension d ≤ 6 in the Lagrange density for single-fermion QED.

Component Expression

L0
1
2
ψ̄ðγμi∂μ −mψ Þψ þ H:c: − 1

4
FμνFμν

Lð3Þ
ψ −im5ψ̄γ5ψ − aμψ̄γμψ − bμψ̄γ5γμψ − 1

2
Hμνψ̄σμνψ

Lð4Þ
ψ

1
2
cμαψ̄γμiDαψ þ 1

2
dμαψ̄γ5γμiDαψ þ 1

2
eαψ̄ iDαψ þ 1

2
ifαψ̄γ5iDαψ þ 1

4
gμναψ̄σμνiDαψ þ H:c:

Lð5Þ
ψD − 1

2
mð5Þαβψ̄iDðαiDβÞψ − 1

2
imð5Þαβ

5 ψ̄γ5iDðαiDβÞψ
− 1

2
að5Þμαβψ̄γμiDðαiDβÞψ − 1

2
bð5Þμαβψ̄γ5γμiDðαiDβÞψ − 1

4
Hð5Þμναβψ̄σμνiDðαiDβÞψ þ H:c:

Lð5Þ
ψF − 1

2
mð5Þαβ

F Fαβψ̄ψ − 1
2
imð5Þαβ

5F Fαβψ̄γ5ψ − 1
2
að5ÞμαβF Fαβψ̄γμψ − 1

2
bð5ÞμαβF Fαβψ̄γ5γμψ − 1

4
Hð5Þμναβ

F Fαβψ̄σμνψ

Lð6Þ
ψD

1
2
cð6Þμαβγψ̄γμiDðαiDβiDγÞψ þ 1

2
dð6Þμαβγψ̄γ5γμiDðαiDβiDγÞψ

þ 1
2
eð6Þαβγψ̄iDðαiDβiDγÞψ þ 1

2
ifð6Þαβγψ̄γ5iDðαiDβiDγÞψ þ 1

4
gð6Þμναβγψ̄σμνiDðαiDβiDγÞψ þ H:c:

Lð6Þ
ψF

1
4
cð6ÞμαβγF Fβγψ̄γμiDαψ þ 1

4
dð6ÞμαβγF Fβγψ̄γ5γμiDαψ

þ 1
4
eð6ÞαβγF Fβγψ̄iDαψ þ 1

4
ifð6ÞαβγF Fβγψ̄γ5iDαψ þ 1

8
gð6ÞμναβγF Fβγψ̄σμνiDαψ þ H:c:

Lð6Þ
ψ∂F − 1

2
mð6Þαβγ

∂F ð∂αFβγÞψ̄ψ − 1
2
imð6Þαβγ

5∂F ð∂αFβγÞψ̄γ5ψ
− 1

2
að6Þμαβγ∂F ð∂αFβγÞψ̄γμψ − 1

2
bð6Þμαβγ∂F ð∂αFβγÞψ̄γ5γμψ − 1

4
Hð6Þμναβγ

∂F ð∂αFβγÞψ̄σμνψ
Lð6Þ
ψψ

kSSðψ̄ψÞðψ̄ψÞ − kPPðψ̄γ5ψÞðψ̄γ5ψÞ þ ikSPðψ̄ψÞðψ̄γ5ψÞ
þðkSVÞμðψ̄ψÞðψ̄γμψÞ þ ðkSAÞμðψ̄ψÞðψ̄γ5γμψÞ þ 1

2
ðkSTÞμνðψ̄ψÞðψ̄σμνψÞ

þiðkPVÞμðψ̄γ5ψÞðψ̄γμψÞ þ iðkPAÞμðψ̄γ5ψÞðψ̄γ5γμψÞ þ 1
2
iðkPTÞμνðψ̄γ5ψÞðψ̄σμνψÞ

þ 1
2
ðkVVÞμνðψ̄γμψÞðψ̄γνψÞ þ 1

2
ðkAAÞμνðψ̄γ5γμψÞðψ̄γ5γνψÞ þ ðkVAÞμνðψ̄γμψÞðψ̄γ5γμψÞ

þ 1
2
ðkVTÞλμνðψ̄γλψÞðψ̄σμνψÞ þ 1

2
ðkATÞλμνðψ̄γ5γλψÞðψ̄σμνψÞ þ 1

8
ðkTTÞκλμνðψ̄σκλψÞðψ̄σμνψÞ

Lð1Þ
A

−ðkAÞμAμ

Lð3Þ
A

1
2
ðkAFÞκϵκλμνAλFμν

Lð4Þ
A

− 1
4
ðkFÞκλμνFκλFμν

Lð5Þ
A

− 1
4
kð5ÞακλμνFκλ∂αFμν

Lð6Þ
A − 1

4
kð6Þαβκλμν∂ Fκλ∂α∂βFμν − 1

12
kð6ÞκλμνρσF FκλFμνFρσ
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theoretical and experimental contexts. We revisit this point
in Sec. IVA below.

2. Lorentz-violating QCD and QED

Another interesting model contained in our general
framework is the limit of QCD and QED coupled to
quarks. For this model, the gauge group G is SUð3Þ ×
Uð1Þ and we allow quark fields ψA with multiple flavors
labeled by indices A;B;…. In the usual six-quark scenario,
these indices span the values u; d; s; c; b, and t. Each quark
lies in the 3 representation of SU(3) and carries U(1) charge
denoted qA.
The covariant derivative acting on the quark fields

can be written asDμψA ¼ ð∂μ þ iqAAμ − ig3GμÞψA, where
Aμ is the photon field, g3 is the QCD coupling constant,
and Gμ is the gluon field. Acting on the photon field
strength Fμν, the covariant derivative givesDαFμν ¼ ∂αFμν,
while acting on gluon field strength Gμν gives DαGμν ¼
∂αGμν− ig3½Gα;Gμν�.
Table IV lists all terms with mass dimension six or less in

the Lagrange density for this model. The first column
shows the components of the Lagrange density, and the
second column displays the explicit expression for each
component. The conventional Lorentz-invariant Lagrange
density L0 for QCD and QED coupled to quarks is given in
the first line of the table. The terms in the model with d ≤ 4
are power-counting renormalizable and form a subset of the
minimal SME [5,6]. The notation for the corresponding
coefficients is chosen to match the standard one in the
literature. The table includes both Lorentz-invariant and
Lorentz-violating terms. All terms with an odd number of
spacetime indices are odd under CPT.
For an operator of mass dimension d, the corresponding

coefficient has mass dimension 4 − d. The coefficients in
the fermion sector are tensors in flavor space with complex
entries restricted by the requirement that the Lagrange
density is Hermitian, while the coefficients in the gauge
sector are real. When evaluated in an inertial frame near the
Earth, all coefficients can be treated as spacetime constants
[5,6]. The notation for the spacetime indices follows that
for Table III.
The model describes the general interactions of quarks,

photons, and gluons, and it can be viewed as an effective
field theory incorporating all Lorentz invariant terms
along with violations of Lorentz and CPT symmetry.
Note that the presence of two gauge groups in the model
implies that the pure-gauge sector contains terms
involving cross couplings of both sets of gauge fields.

For example, the last term in Lð6Þ
AG in the table represents a

photon-gluon-gluon interaction. We remark that this term
has a Lorentz-invariant component of potential phenom-
enological interest, although Furry’s theorem prevents its
generation via one-loop radiative corrections in the conven-
tional SM. Also, the presence of multiple fermion flavors in

the model leads to flavor dependence of the coefficients in
the fermion sector and hence introduces various flavor-
mixing effects. Overall, the model predicts a rich phenom-
enology with many avenues open for experimental
exploration. One aspect of this is considered in Sec. IV B
below.

3. Lorentz-invariant limit

The general Lagrange density L for the non-Abelian
gauge theory (14) incorporates both Lorentz-invariant and
Lorentz-violating pieces. A given term is Lorentz invariant
if the coefficient can be written as a product of the invariant
tensors of the Lorentz group, which are the Minkowski
metric ημν and the Levi-Civita tensor ϵκλμν. As a simple
example, any part of the coefficient cμα proportional to ημα

generates a Lorentz-invariant contribution toLð4Þ
ψ in Table I.

All the Lorentz-invariant operators are isotropic in any
inertial frame, and they are also all CPT even.
Since both ημν and ϵκλμν have an even number of indices,

no coefficient with an odd number of indices can be
expressed as a Lorentz-invariant tensor. Equivalently, no
operator with an odd number of spacetime indices can
contain a Lorentz-invariant piece. In the fermion sector, this
implies only about half the terms in Table I contain
Lorentz-invariant components. In the pure-gauge sector,
we find the elegant result that no Lorentz-invariant terms
exist for operators of odd mass dimension d.
Table V displays the Lorentz-invariant components of

certain operators in gauge field theories. The first column
identifies the non-Abelian and Abelian cases. Note that the
Abelian fermion sector is a direct limit of the non-Abelian
one. Each entry in the second column lists a specific type of
operator in schematic form, with all spacetime indices
omitted and using the placeholder ΓI for any gamma-matrix
structures. The third column shows the allowed mass
dimension d of each operator, which is specified in terms
of an integer n ¼ 1; 2;…. The final column provides the
possible Lorentz-invariant components. In these expres-
sions, the covariant derivatives are understood to be totally
symmetrized, and we use the abbreviations

X¼FμνFμν; Y ¼FμνF̃μν; DLI
ð2nÞ ¼ ðDμDμÞn; ð30Þ

where F̃μν ¼ ϵμνρσFρσ=2 is the dual field strength.
In the QED limit, all Lorentz-invariant terms in the pure-

gauge sector must be constructed as combinations of the
two invariants X and Y, which can be expressed in terms of
the electric field E and the magnetic induction B as X ¼
−2ðE2 −B2Þ and Y ¼ −4E ·B. Since both X and Y have
mass dimension four, the mass dimensions of all Lorentz-
invariant pure-gauge terms must be multiples of four. For
d ¼ 4n, the independent terms number nþ 1 and each is a
monomial of order n in X and Y. Note that for the special
case n ¼ 1 the monomial Y is a total derivative and so can
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be disregarded in the Lagrange density if its scalar
coefficient is constant. Related results hold in the full
non-Abelian theory. However, as X and Y then have a
nontrivial commutator, there are typically more indepen-
dent Lorentz-invariant monomials in the non-Abelian case.

The pure-gauge sector also contains quadratic terms of
the schematic form trðFDð2nÞFÞ, as shown in the table. The
Lorentz-invariant components of these can be obtained
directly by contracting indices. A useful identity in this
respect is 2FμρDμDνDLI

ð2n−2ÞF
νρ ¼ FμρDLI

ð2nÞF
μρ, which can

TABLE IV. Terms of low mass dimension d ≤ 6 in the Lagrange density for QCD and QED with multiple flavors of quarks.

Component Expression

L0
1
2
ψ̄Aγ

μiDμψA þ H:c: − ψ̄AmABψB − 1
4
FμνFμν − 1

2
trðGμνGμνÞ

Lð3Þ
ψ −im5ABψ̄Aγ5ψB − aμABψ̄AγμψB − bμABψ̄Aγ5γμψB − 1

2
Hμν

ABψ̄AσμνψB

Lð4Þ
ψ

1
2
cμαABψ̄AγμiDαψB þ 1

2
dμαABψ̄Aγ5γμiDαψB

þ 1
2
eαABψ̄AiDαψB þ 1

2
ifαABψ̄Aγ5iDαψB þ 1

4
gμναAB ψ̄AσμνiDαψB þ H:c:

Lð5Þ
ψD − 1

2
ðmð5ÞÞαβABψ̄AiDðαiDβÞψB − 1

2
iðmð5Þ

5 ÞαβABψ̄Aγ5iDðαiDβÞψB − 1
2
ðað5ÞÞμαβAB ψ̄AγμiDðαiDβÞψB

− 1
2
ðbð5ÞÞμαβAB ψ̄Aγ5γμiDðαiDβÞψB − 1

4
ðHð5ÞÞμναβAB ψ̄AσμνiDðαiDβÞψB þ H:c:

Lð5Þ
ψF − 1

2
ðmð5Þ

F ÞαβABFαβψ̄AψB − 1
2
iðmð5Þ

5F ÞαβABFαβψ̄Aγ5ψB

− 1
2
ðað5ÞF ÞμαβAB Fαβψ̄AγμψB − 1

2
ðbð5ÞF ÞμαβAB Fαβψ̄Aγ5γμψB − 1

4
ðHð5Þ

F ÞμναβAB Fαβψ̄AσμνψB

Lð5Þ
ψG − 1

2
ðmð5Þ

G ÞαβABψ̄AGαβψB − 1
2
iðmð5Þ

5GÞαβABψ̄Aγ5GαβψB

− 1
2
ðað5ÞG ÞμαβAB ψ̄AγμGαβψB − 1

2
ðbð5ÞG ÞμαβAB ψ̄Aγ5γμGαβψB − 1

4
ðHð5Þ

G ÞμναβAB ψ̄AσμνGαβψB

Lð6Þ
ψD

1
2
ðcð6ÞÞμαβγAB ψ̄AγμiDðαiDβiDγÞψB þ 1

2
ðdð6ÞÞμαβγAB ψ̄Aγ5γμiDðαiDβiDγÞψB þ 1

2
ðeð6ÞÞαβγAB ψ̄AiDðαiDβiDγÞψB

þ 1
2
iðfð6ÞÞαβγAB ψ̄Aγ5iDðαiDβiDγÞψB þ 1

4
ðgð6ÞÞμναβγAB ψ̄AσμνiDðαiDβiDγÞψB þ H:c:

Lð6Þ
ψF

1
4
ðcð6ÞF ÞμαβγAB Fβγψ̄AγμiDαψB þ 1

4
ðdð6ÞF ÞμαβγAB Fβγψ̄Aγ5γμiDαψB

þ 1
4
ðeð6ÞF ÞαβγAB Fβγψ̄AiDαψB þ 1

4
iðfð6ÞF ÞαβγAB Fβγψ̄Aγ5iDαψB þ 1

8
ðgð6ÞF ÞμναβγAB Fβγψ̄AσμνiDαψB þ H:c:

Lð6Þ
ψG

1
4
ðcð6ÞG ÞμαβγAB ψ̄AγμGβγiDαψB þ 1

4
ðdð6ÞG ÞμαβγAB ψ̄Aγ5γμGβγiDαψB

þ 1
4
ðeð6ÞG ÞαβγAB ψ̄AGβγiDαψB þ 1

4
iðfð6ÞG ÞαβγAB ψ̄Aγ5GβγiDαψB þ 1

8
ðgð6ÞG ÞμναβγAB ψ̄AσμνGβγiDαψB þ H:c:

Lð6Þ
ψ∂F − 1

2
ðmð6Þ

∂FÞαβγAB ð∂αFβγÞψ̄AψB − 1
2
iðmð6Þ

5∂FÞαβγAB ð∂αFβγÞψ̄Aγ5ψB

− 1
2
ðað6Þ∂FÞμαβγAB ð∂αFβγÞψ̄AγμψB − 1

2
ðbð6Þ∂FÞμαβγAB ð∂αFβγÞψ̄Aγ5γμψB − 1

4
ðHð6Þ

∂FÞμναβγAB ð∂αFβγÞψ̄AσμνψB

Lð6Þ
ψDG − 1

2
ðmð6Þ

DGÞαβγAB ψ̄AðDαGβγÞψB − 1
2
iðmð6Þ

5DGÞαβγAB ψ̄Aγ5ðDαGβγÞψB

− 1
2
ðað6ÞDGÞμαβγAB ψ̄AγμðDαGβγÞψB − 1

2
ðbð6ÞDGÞμαβγAB ψ̄Aγ5γμðDαGβγÞψB − 1

4
ðHð6Þ

DGÞμναβγAB ψ̄AσμνðDαGβγÞψB

Lð6Þ
ψψ

ðkSSÞABCDðψ̄AψBÞðψ̄CψDÞ − ðkPPÞABCDðψ̄Aγ5ψBÞðψ̄Cγ5ψDÞ
þiðkSPÞABCDðψ̄AψBÞðψ̄Cγ5ψDÞ þ ðkSVÞμABCDðψ̄AψBÞðψ̄CγμψDÞ
þðkSAÞμABCDðψ̄AψBÞðψ̄Cγ5γμψDÞ þ 1

2
ðkSTÞμνABCDðψ̄AψBÞðψ̄CσμνψDÞ

þiðkPVÞμABCDðψ̄Aγ5ψBÞðψ̄CγμψDÞ þ iðkPAÞμABCDðψ̄Aγ5ψBÞðψ̄Cγ5γμψDÞ
þ 1

2
iðkPTÞμνABCDðψ̄Aγ5ψBÞðψ̄CσμνψDÞ þ 1

2
ðkVVÞμνABCDðψ̄AγμψBÞðψ̄CγνψDÞ

þ 1
2
ðkAAÞμνABCDðψ̄Aγ5γμψBÞðψ̄Cγ5γνψDÞ þ ðkVAÞμνABCDðψ̄AγμψBÞðψ̄Cγ5γμψDÞ

þ 1
2
ðkVTÞλμνABCDðψ̄AγλψBÞðψ̄CσμνψDÞ þ 1

2
ðkATÞλμνABCDðψ̄Aγ5γλψBÞðψ̄CσμνψDÞ

þ 1
8
ðkTTÞκλμνABCDðψ̄AσκλψBÞðψ̄CσμνψDÞ

Lð1Þ
AG

−ðkAÞμAμ

Lð3Þ
AG

1
2
ðkAFÞκϵκλμνAλFμν þ ðk3ÞκϵκλμνtrðGλGμν þ 2

3
ig3GλGμGνÞ

Lð4Þ
AG

− 1
4
ðkFÞκλμνFκλFμν − 1

2
ðkGÞκλμνtrðGκλGμνÞ

Lð5Þ
AG − 1

4
kð5ÞακλμνFκλ∂αFμν − 1

2
kð5ÞακλμνD trðGκλDαGμνÞ

Lð6Þ
AG − 1

4
kð6Þαβκλμν∂ Fκλ∂α∂βFμν − 1

12
kð6ÞκλμνρσF FκλFμνFρσ

− 1
2
kð6ÞαβκλμνD trðGκλDðαDβÞGμνÞ − 1

6
kð6ÞκλμνρσG trðGκλGμνGρσÞ − 1

4
kð6ÞκλμνρσFG FκλtrðGμνGρσÞ
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be proved by dualizing the field strengths and using the
homogeneous equation DμF̃μσ ¼ 0. This procedure yields
the two non-Abelian quadratic pure-gauge terms presented
in the table. In the Abelian limit, the homogeneous equation
implies that the second expression can be neglected up to a
surface term, thereby leaving only one Lorentz-invariant
quadratic contribution at each n.
Field redefinitions may also reduce the number of

independent Lorentz-invariant terms. For example, in the
Abelian limit of the spinor sector, the quadratic term of the
schematic form ψΓIDð2n−1Þψ þ H:c: and ψΓIDð2n−2Þψ þ
H:c: can be reduced via field redefinitions to include only
coefficients of the a, c, g, and H types [9]. Table V then
reveals that the only remaining Lorentz-invariant term is
ψ̄γμDμDLI

ð2n−2Þψ , which has even mass dimension d, in

agreement with known results [9].
The literature contains several classical models of non-

linear electrodynamics that maintain Lorentz symmetry.
These models must therefore be special cases of the
Lorentz-invariant Abelian terms listed in Table V. One
example is the Euler-Heisenberg lagrangian [28], which is
the effective one-loop Lagrange density emerging from
radiative corrections in QED. The general form is a
complicated function of X and Y, but in the weak-field
limit it can be written in the form

LEH ¼ −
1

4
X þ α2

90m4

�
X2 þ 7

4
Y2

�
; ð31Þ

where α ≃ 1=137 is the fine-structure constant and m is the
mass of the electron. This is a linear combination of
Lorentz-invariant components of the nonlinear pure-gauge
terms with d ≤ 8 shown in Table V. Note the absence of the
parity-odd monomials Y and XY, as required by the parity
invariance of QED.
Another example is the Born-Infeld model [29], which

introduces an upper bound for the electric field near the
electron that can eliminate the divergence of the self-energy.

In terms of X and Y, the Lagrange density of this model can
be written as

LBI ¼ b2 − b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ X

2b2
−

Y2

16b4

s
; ð32Þ

where b is a scale parameter representing the maximum
attainablevalue of a pure electric field. Expanding the square
root for small X and Y reveals that the Lagrange density in
this model can be viewed as a linear combination of all the
Lorentz-invariant components of the nonlinear pure-gauge
terms shown in Table V except those containing an odd
power of Y. The latter are parity odd, and hence their
omission again reflects the parity invariance of the electro-
magnetic interaction.

4. Isotropic limit

Models exhibiting isotropic physics can be generated by
restricting the operators in the general non-Abelian gauge
theory to those that preserve rotation invariance. Isotropic
models are often adopted in the literature due to their
comparative simplicity. Note, however, that the isotropy
can hold only in a specified inertial frame and must be
violated in other inertial frames. Indeed, Lorentz violation
always implies rotation violation because boost transfor-
mations close into rotations under commutation. Moreover,
the rotation of the Earth about its axis and the orbital
revolution around the Sun imply that no laboratory is
inertial, so the set of isotropic operators is insufficient to
characterize all physical effects even in isotropic models.
Nonetheless, the isotropic limit is useful in describing the
subset of rotation-invariant effects.
Table VI lists the isotropic components of some oper-

ators in gauge field theories. The first column distinguishes
the non-Abelian and Abelian scenarios. The Abelian
fermion sector is obtained directly by restricting the
non-Abelian one and so is omitted from the table.
Schematic forms for the operators are presented in the

TABLE V. Lorentz-invariant components of operators in gauge field theories.

Theory Operator Dimension Lorentz-invariant components

Non-Abelian ψ̄ΓIDð2n−2Þψ þ H:c: Odd, d ¼ 2nþ 1 ψ̄DLI
ð2n−2Þψ þ H:c:, iψ̄γ5DLI

ð2n−2Þψ þ H:c:

ψ̄ΓIDð2n−1Þψ þ H:c: Even, d ¼ 2nþ 2 ψ̄γμDμDLI
ð2n−2Þψ þ H:c:, ψ̄γ5γμDμDLI

ð2n−2Þψ þ H:c:

ψ̄ΓIFDð2n−2Þψ þ H:c: Odd, d ¼ 2nþ 3 1
2
ψ̄σμνFμνDLI

ð2n−2Þψ þ H:c:, 1
2
ψ̄σμνF̃μνDLI

ð2n−2Þψ þ H:c:

ψ̄ΓIFDð2n−1Þψ þ H:c: Even, d ¼ 2nþ 4 ψ̄γμFμνDνDLI
ð2n−2Þψ þ H:c:, ψ̄γμF̃μνDνDLI

ð2n−2Þψ þ H:c:;

ψ̄γ5γ
μFμνDνDLI

ð2n−2Þψ þ H:c:, ψ̄γ5γμF̃μνDνDLI
ð2n−2Þψ þ H:c:

Non-Abelian trðFF…FÞ Even, d ¼ 2nþ 2 Traces of full contractions of products of Fμν, ημν, ϵκλμν

trðFDð2nÞFÞ Even, d ¼ 2nþ 4 trðFμνDLI
ð2nÞF

μνÞ, trðFμνDLI
ð2nÞF̃

μνÞ
Abelian FF…F Even, d ¼ 4n Xn, Xn−1Y; Xn−2Y2;…; XYn−1; Yn

F∂ð2nÞF Even, d ¼ 2nþ 4 Fμνð∂α∂αÞnFμν
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second column, using ΓI to denote a generic gamma-matrix
structure and suppressing all spacetime indices. The oper-
ator mass dimensions are listed in the third column, with
some values of d specified in terms of an integer
n ¼ 1; 2;…. The fourth column displays the isotropic
components of the Lagrange density. The last column
provides the number of independent operators except for
the non-Abelian combination trðFF…FÞ, which is com-
plicated by the noncommutativity of products of the field
strength. Note that isotropic operators with an odd number
of spacetime indices are odd under CPT.
In the table, all covariant derivatives are assumed to be

totally symmetrized, and we define

X
∘
1 ¼ F0jF0j; X

∘
2 ¼ FjkFjk; Y

∘ ¼ F0jF̃0j: ð33Þ

By convention, a ring diacritic on a quantity denotes its
isotropic component. Also, the covariant derivative D

∘
ðnÞ

represents a symmetrized monomial of n covariant deriv-
atives involving products of D0 and DjDj, with a similar

definition holding for the partial derivative ∂∘ ðnÞ. Both D
∘
ðnÞ

and ∂∘ ðnÞ therefore contain ðnþ 2Þ=2 independent isotropic
operators for even n and ðnþ 1Þ=2 ones for odd n.
For the restriction to QED, the field strength Fμν is

determined by the electric field E and the magnetic
induction B, both of which have mass dimension two
and transform under rotations as ordinary vectors. All
operators of the form trðFF…FÞ must therefore be

polynomials formed from the three rotation invariants

X
∘
1 ¼ −2E2, X

∘
2 ¼ 2B2, Y

∘ ¼ −2E ·B and hence can exist
only for d ¼ 4n. For each n, ðnþ 1Þðnþ 2Þ=2 independent
operators exist. In the full non-Abelian theory, more
independent isotropic operators can be expected because
the three invariants have nontrivial commutators.
Table VI also displays terms in the pure-gauge sector of

the schematic form trðFDðnÞFÞ, which represent contribu-
tions to the gauge propagator. The isotropic components of
these terms can be obtained by adopting F0j and F̃0j ¼
ϵ0jklFkl=2 as the fundamental variables contained in
Fμν and contracting indices to form rotation invariants.
Some operators generated in this way, such as

F0jDjDkD
∘
ðn−2ÞF0k or ϵjklF0jDkD

∘
ðn−1ÞF̃0l, are equivalent

to others modulo surface terms when the homogeneous
equation is imposed. In the Abelian limit, the homogeneous
equation further reduces the number of independent oper-
ators, producing the results shown. As before, the total
number of independent operators may be further reduced
via field redefinitions.

IV. EXPERIMENTS

The previous section presents the construction of the
general Lagrange density for a non-Abelian gauge field
theory describing Lorentz and CPT violation. The con-
struction contains numerous predictions for physical effects.
In particular, the special limiting cases of Lorentz-violating
QED and of Lorentz-violating QCD and QED coupled to

TABLE VI. Isotropic components of operators in gauge field theories.

Theory Operator Dimension Isotropic components Number

Non-Abelian ψ̄ΓIψ þ H:c: d ¼ 3 ψ̄ψþH:c:, iψ̄γ5ψ þ H:c:, ψ̄γ0ψ þ H:c:, ψ̄γ5γ0ψ þ H:c: 4

ψ̄ΓIDðnÞψ þ H:c: d ≥ 4 ψ̄D
∘
ðnÞψ þ H:c:;, iψ̄γ5D

∘
ðnÞψ þ H:c:

ψ̄γ0D
∘
ðnÞψ þ H:c:, ψ̄γ5γ0D

∘
ðnÞψ þ H:c:

ψ̄γjDjD
∘
ðn−1Þψ þ H:c:, ψ̄γ5γjDjD

∘
ðn−1Þψ þ H:c:

1
2
ψ̄σ0jDjD

∘
ðn−1Þψ þ H:c:, 1

4
ψ̄ϵjklσ

klDjD
∘
ðn−1Þψ þ H:c: Total 4d − 8

Non-Abelian Lð3Þ
A

d ¼ 3 ϵjkltrðAjFkl þ 2
3
igAjAkAlÞ 1

trðFF…FÞ d ¼ 2nþ 2 Traces of full contractions of products of Ej, Bj, δjk, and ϵjkl
trðFDðn−1ÞFÞ Even, d ≥ 4 trðF0jD

∘
ðn−1ÞF0jÞ, trðF0jD

∘
ðn−1ÞF̃0jÞ, trðF̃0jD

∘
ðn−1ÞF̃0jÞ 3

2
ðd − 2Þ

trðFDðnÞFÞ Odd, d ≥ 5 trðϵjklF0jDkD
∘
ðn−1ÞF0lÞ, trðϵjklF̃0jDkD

∘
ðn−1ÞF̃0lÞ d − 3

Abelian Lð3Þ
A

d ¼ 3 ϵjklAjFkl 1

FF…F d ¼ 4n Any polynomial of order n in X
∘
1, X

∘
2, Y

∘
1
32
ðdþ 4Þðdþ 8Þ

F∂ðn−1ÞF Even, d ≥ 4 F0j∂
∘
ðn−1ÞF0j, F̃0j∂

∘
ðn−1ÞF̃0j d − 2

F∂ðnÞF Odd, d ≥ 5
ϵjklAj∂∘ ðnþ1ÞFkl

1
2
ðd − 1Þ
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quarks, given explicitly in Tables III and IV, offer many
prospects for experimental study. To illustrate some of the
possibilities, we consider here two applications to experi-
ments. The first involves the effects on photon-photon
scattering of certain d ¼ 8 operators in Lorentz-violating
QED, and the second involves implications for deep inelastic
scattering of some d ¼ 5 Lorentz- and CPT-violating
operators in the QCD and QED interactions of quarks.

A. Light-by-light scattering

Light-by-light scattering in the vacuum is a nonlinear
process forbidden in classical linear Maxwell electrody-
namics but predicted to occur in QED via radiative
quantum corrections and described by the Euler-
Heisenberg Lagrange density (31) [28]. Although the direct
cross section for this process is tiny, various techniques can
be used to study it indirectly [30]. Direct observation of
light-by-light scattering has recently been demonstrated by
the ATLAS collaboration using ultraperipheral collisions of
heavy ions in the LHC [31].
The nonminimal sector of Lorentz-violating QED given

in Table III contains numerous operators that contribute to
the cross section for light-by-light scattering. One-loop
corrections due to some d ¼ 5 operators in the fermion
sector have been considered in Ref. [32]. Here, we study
instead tree-level corrections to the cross section, arising
from d ¼ 8 photon-interaction operators in the pure-photon
sector. We calculate the effects of these corrections on the
experiment at the LHC and use published data to obtain
first constraints on the corresponding coefficients for
Lorentz violation.

1. Setup

The dominant SM contributions to light-by-light scatter-
ing arise from one-loop radiative corrections. In contrast,
the pure-photon sector of Lorentz-violating QED contains
nonlinear operators with four powers of the photon field
that yield tree-level contributions to light-by-light scatter-
ing at leading order in Lorentz violation. The dominant
contribution of this type is expected to arise from the
operator with mass dimension d ¼ 8. The corresponding
contribution to the Lagrange density is the last term
in Eq. (29).
The Feynman diagram for the tree-level process in

Lorentz-violating QED is displayed in Fig. 1. The
Feynman rule

−8iðk1Þμ1ðk2Þμ2ðk3Þμ3ðk4Þμ4k
ð8Þμ1α1μ2α2μ3α3μ4α4
F ð34Þ

depends on the momenta of the four photon lines and is

governed by the coefficient kð8Þμ1α1μ2α2μ3α3μ4α4F . This coef-
ficient is antisymmetric under the exchange of indices
μj ↔ αj for each j ¼ 1, 2, 3, 4. It is also totally symmetric
under exchanges of any pair of indices μjαj. These

symmetries imply that the coefficient contains a total of
126 independent components, each describing a distinct
physical effect.
The total cross section for light-by-light scattering is the

integral of the spin-averaged squared modulus of the
scattering amplitude over the phase space, as usual. In
the laboratory frame, we denote the four-momenta of the
two incoming photons by k1 and k2 and the four-momenta
of the two outgoing photons by k3 and k4. The spin-
averaged squared modulus of the scattering amplitude then
takes the form

1

4
ΣjT fij2¼16ηα1α01ηα2α02ηα3α03ηα4α04

×ðk1Þμ1ðk1Þμ01ðk2Þμ2ðk2Þμ02ðk3Þμ3ðk3Þμ03ðk4Þμ4ðk4Þμ04
×kð8Þμ1α1μ2α2μ3α3μ4α4F k

ð8Þμ0
1
α0
1
μ0
2
α0
2
μ0
3
α0
3
μ0
4
α0
4

F : ð35Þ

Note that this expression is quadratic in the coeffi-

cient kð8Þμ1α1μ2α2μ3α3μ4α4F .
The result (35) exhibits an interesting duality symmetry.

Direct calculation reveals that it is invariant under the
replacement of kð8Þμ1α1μ2α2μ3α3μ4α4F with its quadruple dual

k̃ð8Þμ1α1μ2α2μ3α3μ4α4F defined by

k̃ð8Þμ1α1μ2α2μ3α3μ4α4F ¼ 1

16
kð8ÞF μ0

1
α0
1
μ0
2
α0
2
μ0
3
α0
3
μ0
4
α0
4

× ϵμ1α1μ
0
1
α0
1ϵμ2α2μ

0
2
α0
2ϵμ3α3μ

0
3
α0
3ϵμ4α4μ

0
4
α0
4 :

ð36Þ

This symmetry guarantees that the experimental constraints
on a component of the coefficient and the corresponding
component of its dual are the same.
Denoting by Ω the solid angle subtended by the

momentum k3 relative to k1, the theoretical differential
cross section dσ=dΩ can be written in the form

dσ
dΩ

¼ 1

256π2½ðω1þω2Þ− ðω1−ω2Þcosθ�2
ΣjT fij2: ð37Þ

FIG. 1. Dominant contribution to light-by-light scattering.
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In this expression, the energies of the two incoming
photons are ω1 and ω2, and θ is the angle between the
momenta k1 and k3. Note that the differential cross section
has nontrivial dependence on the azimuthal scattering angle
ϕ arising from the Lorentz violation in the scattering
amplitude T fi.

2. Cross section and constraints

Our present interest is the application of the above
derivation to the data for light-by-light scattering obtained
from ultraperipheral collisions of lead ions [31]. The
relevant process is shown schematically in Fig. 2, which
displays the role of the four-point photon vertex. The
photons from the high-energy lead ions can be viewed as
photon beams in the equivalent photon approximation [33].
In the experiment, the two incoming photons emitted by

the lead ions are almost collinear. The experimental cross
section can be taken as a convolution of the differential
cross section (37) with the incoming photon-flux factors,
integrated over the range of observed solid angle and
outgoing photon energies [34]. It can be written in the form

σexpt ¼
Z

dΩdmγγdyγγ
mγγ

2

nðω1Þ
ω1

nðω2Þ
ω2

dσ
dΩ

; ð38Þ

where the diphoton mass mγγ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
ω3ω4

p
and the diphoton

rapidity yγγ ¼ lnðω4=ω3Þ=2 are functions of the energies
ω3 and ω4 of the outgoing photons. The photon-flux factors
nðω1Þ and nðω2Þ depend on the incoming photon energies
ω1, ω2, which can be expressed in terms of ω3, ω4 and the
scattering angle θ by

ω1¼
1

2
ω3ð1þ cosθÞþ1

2
ω4

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ω2
3

ω2
4

sin2θ

s 1
A;

ω2¼
1

2
ω3ð1− cosθÞþ1

2
ω4

0
B@1∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

ω2
3

ω2
4

sin2θ

s 1
CA: ð39Þ

For the calculation, we assume ω3 ≤ ω4 for convenience.
The ATLAS experiment [31] is sensitive to most of the

4π solid angle, implying that the integral (38) ranges over

0.18≲ θ ≲ 2.96 and 0 ≤ ϕ ≤ 2π. The data span the dipho-
ton-mass range 6 GeV≲mγγ ≲ 24 GeV, so we restrict the
integral (38) to this range and adopt the corresponding
diphoton-rapidity range 0≲ yγγ ≲ lnðmγγ=6Þ. Unlike the
SM result, which is tiny for large diphoton masses, the
maximum of σexpt in Lorentz-violating QED is attained for
a diphoton mass of around 600 GeV. Our restriction on the
upper value of the diphoton mass therefore ultimately
translates into conservative constraints on the coefficients

kð8Þμ1α1μ2α2μ3α3μ4α4F . Future experiments at higher energies
can be expected to increase significantly the sensitivity to
these effects.
The photon-flux function nðωÞ is determined by the

elastic form factor Fðq2Þ, which is the Fourier trans-
formation of the charge distribution of the nucleus. It
can be written as [35]

nðωÞ¼Z2α

π2

Z
d2q⊥

q2⊥
½ðω=γÞ2þq2⊥�2

F2

��
ω

γ

�
2

þq2⊥
�
; ð40Þ

where Z is the atomic number of the ion, α ≃ =137 is the
fine-structure constant, γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
is the Lorentz

factor of the nucleus, q⊥ is the transverse momentum,
and the integral of q⊥ ranges over the whole plane. Taking
the form factor as [35] Fðq2Þ ¼ Θð1=R2 − q2Þ, where R is
the nuclear radius, yields nðωÞ ¼ ð2Z2α=πÞ lnðγ=ωRÞ at
leading order. However, this expression for the photon flux
becomes negative for ω > γ=R, which is potentially prob-
lematic. Instead, we approximate Fðq2Þ as a monopole
form factor [36] Fðq2Þ ¼ Λ2=ðΛ2 þ q2Þ, where Λ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
6=hr2i

p
and hr2i is mean squared radius of the nucleus.

For 208Pb, experimental data [37] give hr2i1=2 ¼ 5.5 fm and
Λ ¼ 0.088 GeV.We find that the photon-flux function (40)
then becomes

nðωÞ¼ 2Z2α

π

�
2ðω=γÞ2þΛ2

2Λ2
ln

�
1þ Λ2

ðω=γÞ2
�
−1

�
: ð41Þ

This expression is positive for any ω and converges to zero
as ω tends to infinity, matching physical expectations. For
definiteness and simplicity, we use the above expression to
calculate the cross section. As a cross check, we have also
used the fivefold integral presented in the literature [38] to
estimate the photon flux and calculate the cross section,
obtaining results close to those using the expression (41).
The LHC experiment measured the cross section as 70�

24ðstat:Þ � 17ðsyst:Þ nb [31]. The theoretical SM predic-
tion is 49� 10 nb [38]. The difference between these
results is 21� 31 nb, which is compatible with zero. An
upper limit for the additional tree-level contribution in
Lorentz-violating QED can therefore be taken as 83 nb at
the 95% confidence level. We can use this result to

constrain the coefficients kð8Þμ1α1μ2α2μ3α3μ4α4F .

FIG. 2. Light-by-light scattering in ultraperipheral collisions.
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The rotation of the Earth and its revolution about the Sun
imply that the laboratory is a noninertial frame, which
induces time dependence in the coefficients for Lorentz
violation. Experimental results on the coefficients must
therefore be reported in a prescribed inertial frame. By
standard convention in the literature, this frame is taken to
be the Sun-centered frame [39] with spatial coordinates XJ,
J ¼ X, Y, Z chosen so that the Z axis is aligned along the
rotation axis of the Earth. The X axis points from the Earth
to the Sun at the 2000 vernal equinox, which is adopted as
the origin of the time T. The Y axis completes the right-
handed orthogonal coordinate system. The contribution to
the cross section therefore can be viewed as determined by
a nonlinear combination of the 126 independent compo-

nents of the coefficient kð8Þμ1α1μ2α2μ3α3μ4α4F expressed in the
Sun-centered frame. The experimental result from the LHC
places a single constraint on this combination. However,
the result is unwieldy. To gain insight, we follow here the
standard practice in the literature of extracting constraints
in various limiting scenarios.
Consider first the Lorentz-invariant limit. Inspection of

Table V reveals that there are three Lorentz-invariant
combinations of components of the coefficient

kð8Þμ1α1μ2α2μ3α3μ4α4F . The orientation and velocity of the
laboratory relative to the canonical Sun-centered frame
plays no role for these combinations, so constraints can be
derived directly from the experimental data. The first three
rows of Table VII lists the results of this analysis. Each row
specifies a Lorentz-invariant coefficient combination and
the corresponding constraint, obtained under the
assumption that other independent coefficient combina-
tions vanish. The fractions appearing in front of the
combinations are chosen to insure the combination
has the same weight as a single component of

kð8Þμ1α1μ2α2μ3α3μ4α4F . In terms of the invariants (30), the
operators in the Lagrange density associated with the first,
second, and third row are X2, Y2, and XY, respectively.

We can also consider the isotropic limit of Lorentz-
violating QED. According to the results in Table VI, the
coefficient kð8Þμ1α1μ2α2μ3α3μ4α4F contains six isotropic combi-
nations of components. Since isotropic effects are inde-
pendent of the laboratory orientation and since the
laboratory boost β ≃ 10−4 is negligible in the Sun-centered
frame, we can again obtain constraints on the isotropic
combinations directly from an analysis performed in the
laboratory. The resulting constraints in the Sun-centered
frame are displayed in the second part of Table VII.
The isotropic combinations are listed in the second
column, where the summations are over spatial indices
J; K;… ¼ X; Y; Z. The third column presents the corre-
sponding constraint on the modulus of each combination
expressed in the Sun-centered frame, determined assuming
other coefficient components vanish. The constraints on the
first two and last two isotropic combinations are identical,
as a consequence of the duality symmetry associated with
the quadruply dualized coefficients (36).
To implement a complete analysis, the cross section

expressed using coefficients in the laboratory frame must
be transformed to the Sun-centered frame. To a good
approximation, the small Earth boost can be neglected in
the transformation. Denoting the spatial coordinates in the
laboratory frame by xj, the rotation matrix between the two
frames is given by

RjJ ¼

0
B@

cos χ cosω⊕T⊕ cos χ sinω⊕T⊕ − sin χ

− sinω⊕T⊕ cosω⊕T⊕ 0

sin χ cosω⊕T⊕ sin χ sinω⊕T⊕ cos χ

1
CA;

ð42Þ

where ω⊕ ≃ 2π=ð23 h 56 minÞ is the Earth’s sidereal
rotation frequency, T⊕ is a convenient local sidereal time,
and χ is the angle between the beam direction and the Z
axis. For the ATLAS detector at the LHC, χ ≃ 81.4°.

TABLE VII. Constraints from light-by-light scattering on the modulus of combinations of photon coefficients.

Limiting case Coefficient combination Constraint

Lorentz invariant 1
144

ηκμηλνηρτησυk
ð8Þκλμνρστυ
F

< 9.5 × 10−8 GeV−4

1
576

ϵκλμνϵρτσυk
ð8Þκλμνρστυ
F

< 9.5 × 10−8 GeV−4

1
288

ηκμηλνϵρτσυk
ð8Þκλμνρστυ
F

< 7.5 × 10−8 GeV−4

Isotropic 1
9

P
J;Kk

ð8ÞTJTJTKTK
F

< 1.2 × 10−7 GeV−4

1
9

P
J<K;L<Mk

ð8ÞJKJKLMLM
F

< 1.2 × 10−7 GeV−4

1
9

P
J;M;K<L;N<PϵJKLϵMNPk

ð8ÞTJTMKLNP
F

< 9.5 × 10−8 GeV−4

1
9

P
J;K<Lk

ð8ÞTJTJKLKL
F

< 2.3 × 10−7 GeV−4

1
9

P
J;K;L<MϵKLMk

ð8ÞTJTJTKLM
F

< 5.6 × 10−8 GeV−4

1
9

P
L;J<K;M<NϵLMNk

ð8ÞJKJKTLMN
F

< 5.6 × 10−8 GeV−4
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Implementing this transformation on the cross section
generates a lengthy expression containing up to fourth
harmonics of the sidereal frequency. The measured cross
section is therefore predicted to display sidereal variations
in time at all these harmonics. Analyzing experimental data
to search for these time variations would be of great
interest, but insufficient data are presently available to
implement this. Instead, we consider here the time-aver-
aged cross section, which selects the time-independent
contributions for consideration. Calculation reveals that all

126 independent components of kð8Þμ1α1μ2α2μ3α3μ4α4F contrib-
ute to this result.
Table VIII presents the constraints on all 126 compo-

nents, taken one at a time with all others set to zero. The
first column lists the components, and the second column
shows the constraint on the modulus of each one. These
results are the first in the literature on nonlinear Lorentz-
violating photon interactions. Existing constraints on d ¼ 8
pure-photon terms in Lorentz-violating QED are restricted
to effects on photon propagation in the astrophysical and
laboratory contexts [9,40,41]. Inspection confirms that the
constraints in the table exhibit the duality symmetry
associated with Eq. (36), as expected. The results also
reveal symmetry under interchange of the X and Y indices.
This is a consequence of the rotation of the Earth about the
Z axis, which implies that the time-averaged cross section
must be invariant under rotation in the X-Y plane and hence
under the exchange ðX; YÞ ↔ ðY;−XÞ. The sign in this
exchange has no effect on the constraints because the cross
section depends only on the square of the coefficients.

B. Deep inelastic scattering

Deep inelastic scattering offers crucial experimental
support for the existence of quarks and the predictions
of QCD, and it serves as a tool in searches for physics
beyond the SM [42,43]. An initial study of the effects of
Lorentz violation on deep inelastic electron-proton scatter-
ing [44] has studied the use of DIS to search for Lorentz-
violating effects of c-type coefficients in the QCD and
QED interactions of quarks. This work complements recent
theoretical and experimental efforts to investigate Lorentz
and CPT violation in the quark sector involving operators
of mass dimensions d ¼ 3 [45,46], d ¼ 4 [47], and d ¼ 5
[16]. The construction of the nonminimal operators given
in Table IV offers numerous interesting prospects for
further exploration in Lorentz-violating QCD.
Here, we illustrate the possibilities by investigating the

effects on the DIS cross section of a subset of nonminimal
Lorentz- and CPT-violating terms in the Lagrange density
for QCD andQED coupled to quarks. Following the general
approach presented in Ref. [44], we focus on unpolarized
electron-protonDIS, forwhich it suffices to limit attention to
spin-independent operators. For definiteness, we work with
spin-independent operators of lowest nonminimal mass
dimension, which turn out to be governed by the

að5Þ- and að5ÞF -type coefficients. Calculation reveals that

the að5ÞF -type coefficients leave unaffected the DIS cross
section at leading order, so in what follows we focus on
the experimentally measurable signals produced by the
að5Þ-type coefficients.

1. Setup

For electron-proton DIS, the relevant terms in the
Lagrange density that involve the valence quarks in the
proton are

−
1

2

X
f

að5Þμαβf ψ̄fγμiDðαiDβÞψf þ H:c:

¼ −
X
f

að5Þμαβf ½ψ̄fγμi∂αi∂βψf − qfAαψ̄fγμi∂βψf

þ qfAαði∂βψ̄fÞγμψf þ q2fAαAβψ̄fγμψf�; ð43Þ
where some surface terms are neglected. In this expression,
we limit attention to flavor-diagonal effects and the two
dominant quark flavors f ¼ u, d. The coefficients að5Þμαβf
are symmetric under interchange of the last two indi-

ces, að5Þμαβf ¼ að5Þμβαf .
At leading order, the DIS process of interest involves the

exchange of a photon between the scattered electron and
the proton. We can therefore in principle expect Lorentz-
violating effects in the photon and electron sectors to play a
role, along with potential effects caused by the binding of
the valence quarks to form the proton. For simplicity and
definiteness, we neglect here effects from the photon and
electron sectors, many of which are already tightly bounded
[3]. Note in particular that existing limits on d ¼ 5 operators
in the photon sector lie far below DIS sensitivities [9,48].
Also, while precision studies of d ¼ 5 operators in the
electron sector are less broadly constrained [9,49,50], they
nonetheless also lie below the DIS sensitivities estimated
below. In contrast, in the d ¼ 5 proton sector the coefficients

að5Þμαβp are only partially bounded [50], and the existing DIS
sensitivities are roughly comparable to those estimated
below. Since the structure of the proton is nontrivial and
little is known about Lorentz andCPT violation in the strong
binding by the gluons and sea species, we treat the

coefficients að5Þμαβf and að5Þμαβp as independent here.
Coefficients of the að5Þ type affect various particle

properties. Consider first effects at the level of relativistic
quantum mechanics. In the presence of these Lorentz- and
CPT-violating effects, the Dirac equation for a freely
propagating fermion is modified to

ðiγμ∂μ − að5Þμαβγμi∂αi∂β −mÞψ ¼ 0: ð44Þ
For perturbative Lorentz violation, this equation has two
positive-energy and two negative-energy solutions. As
usual, we reinterpret the negative-energy solutions as
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TABLE VIII. Constraints from light-by-light scattering on the modulus of individual photon coefficients.

Coefficient Constraint

kð8ÞTXTXTXTXF , kð8ÞTYTYTYTYF , kð8ÞXZXZXZXZF , kð8ÞYZYZYZYZF
<1.0 × 10−6 GeV−4

kð8ÞTZTZTZTZF , kð8ÞXYXYXYXYF
<5.9 × 10−7 GeV−4

kð8ÞTXTXTXTYF , kð8ÞTYTYTYTXF , kð8ÞXZXZXZYZF , kð8ÞYZYZYZXZF
<6.4 × 10−7 GeV−4

kð8ÞTXTXTXTZF ; kð8ÞTYTYTYTZF ; kð8ÞXZXZXZXYF ; kð8ÞYZYZYZXYF
<4.9 × 10−7 GeV−4

kð8ÞTXTXTXXYF ; kð8ÞTYTYTYXYF ; kð8ÞXZXZXZTZF ; kð8ÞYZYZYZTZF
<5.5 × 10−7 GeV−4

kð8ÞTXTXTXXZF ; kð8ÞTYTYTYYZF ; kð8ÞXZXZXZTXF ; kð8ÞYZYZYZTYF
<1.0 × 10−6 GeV−4

kð8ÞTXTXTXYZF ; kð8ÞTYTYTYXZF ; kð8ÞXZXZXZTYF ; kð8ÞYZYZYZTXF
<5.2 × 10−7 GeV−4

kð8ÞTZTZTZTXF ; kð8ÞTZTZTZTYF ; kð8ÞXYXYXYXZF ; kð8ÞXYXYXYYZF
<3.8 × 10−7 GeV−4

kð8ÞTZTZTZXYF ; kð8ÞXYXYXYTZF
<3.0 × 10−7 GeV−4

kð8ÞTZTZTZXZF ; kð8ÞTZTZTZYZF ; kð8ÞXYXYXYTXF ; kð8ÞXYXYXYTYF
<4.2 × 10−7 GeV−4

kð8ÞTXTXTYTYF ; kð8ÞXZXZYZYZF
<5.6 × 10−7 GeV−4

kð8ÞTXTXTZTZF ; kð8ÞTYTYTZTZF ; kð8ÞXYXYXZXZF ; kð8ÞXYXYYZYZF
<3.6 × 10−7 GeV−4

kð8ÞTXTXXYXYF ; kð8ÞTYTYXYXYF ; kð8ÞTZTZXZXZF ; kð8ÞTZTZYZYZF
<9.7 × 10−7 GeV−4

kð8ÞTXTXXZXZF ; kð8ÞTYTYYZYZF
<1.1 × 10−6 GeV−4

kð8ÞTXTXYZYZF ; kð8ÞTYTYXZXZF
<4.3 × 10−7 GeV−4

kð8ÞTZTZXYXYF
<2.4 × 10−7 GeV−4

kð8ÞTXTXTYTZF ; kð8ÞTYTYTXTZF ; kð8ÞXZXZXYYZF ; kð8ÞYZYZXYXZF
<3.4 × 10−7 GeV−4

kð8ÞTXTXTYXYF ; kð8ÞTYTYTXXYF ; kð8ÞXZXZTZYZF ; kð8ÞYZYZTZXZF
<4.0 × 10−7 GeV−4

kð8ÞTXTXTYXZF ; kð8ÞTYTYTXYZF ; kð8ÞXZXZTXYZF ; kð8ÞYZYZTYXZF
<5.2 × 10−7 GeV−4

kð8ÞTXTXTYYZF ; kð8ÞTYTYTXXZF ; kð8ÞXZXZTYYZF ; kð8ÞYZYZTXXZF
<4.2 × 10−7 GeV−4

kð8ÞTXTXTZXYF ; kð8ÞTYTYTZXYF ; kð8ÞYZYZTZXYF ; kð8ÞXZXZTZXYF
<2.8 × 10−7 GeV−4

kð8ÞTZTZTXYZF ; kð8ÞTZTZTYXZF ; kð8ÞXYXYTXYZF ; kð8ÞXYXYTYXZF
<2.8 × 10−7 GeV−4

kð8ÞTXTXTZXZF ; kð8ÞTYTYTZYZF ; kð8ÞXZXZTXXYF ; kð8ÞYZYZTYXYF
<5.1 × 10−7 GeV−4

kð8ÞTXTXTZYZF ; kð8ÞTYTYTZXZF ; kð8ÞXZXZTYXYF ; kð8ÞYZYZTXXYF
<2.9 × 10−7 GeV−4

kð8ÞTXTXXYXZF ; kð8ÞTYTYXYYZF ; kð8ÞXZXZTXTZF ; kð8ÞYZYZTYTZF
<6.0 × 10−7 GeV−4

kð8ÞTXTXXYYZF ; kð8ÞTYTYXYXZF ; kð8ÞXZXZTYTZF ; kð8ÞYZYZTXTZF
<3.0 × 10−7 GeV−4

kð8ÞTXTXXZYZF ; kð8ÞTYTYXZYZF ; kð8ÞXZXZTXTYF ; kð8ÞYZYZTXTYF
<4.8 × 10−7 GeV−4

kð8ÞTZTZTXTYF ; kð8ÞXYXYXZYZF
<2.9 × 10−7 GeV−4

kð8ÞTZTZTXXYF ; kð8ÞTZTZTYXYF ; kð8ÞXYXYTZXZF ; kð8ÞXYXYTZYZF
<2.3 × 10−7 GeV−4

kð8ÞTZTZTXXZF ; kð8ÞTZTZTYYZF ; kð8ÞXYXYTXXZF ; kð8ÞXYXYTYYZF
<3.9 × 10−7 GeV−4

kð8ÞTZTZXYXZF ; kð8ÞTZTZXYYZF ; kð8ÞXYXYTXTZF ; kð8ÞXYXYTYTZF
<2.4 × 10−7 GeV−4

kð8ÞTZTZXZYZF ; kð8ÞXYXYTXTYF
<7.3 × 10−7 GeV−4

kð8ÞTXTYTZXYF ; kð8ÞTZXYXZYZF
<2.2 × 10−7 GeV−4

kð8ÞTXTYTZXZF ; kð8ÞTXTYTZYZF ; kð8ÞTXXYXZYZF ; kð8ÞTYXYXZYZF
<2.9 × 10−7 GeV−4

kð8ÞTXTYXYXZF ; kð8ÞTXTYXYYZF ; kð8ÞTXTZXZYZF ; kð8ÞTYTZXZYZF
<3.2 × 10−7 GeV−4

kð8ÞTXTYXZYZF
<3.4 × 10−7 GeV−4

kð8ÞTXTZXYXZF ; kð8ÞTYTZXYYZF
<3.8 × 10−7 GeV−4

kð8ÞTXTZXYYZF ; kð8ÞTYTZXYXZF
<3.5 × 10−7 GeV−4
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positive-energy antiparticle solutions with reversedmomen-
tum. The plane-wave eigenfunctions can be written as
ψ ðsÞðxÞ ¼ expð−ipu · xÞuðsÞðp; aÞ for the positive-energy
solutions and ψ ðsÞðxÞ ¼ expðþipv · xÞvðsÞðp; aÞ for the
negative-energy ones, where pμ

u ¼ ðEu;pÞ and pμ
v ¼

ðEv;pÞ are the four-momenta of the particle and antiparticle,
p is the three momentum, and s ¼ 1, 2 labels the spin.
Since the Lorentz-violating terms in the Lagrange

density contain only spin-independent operators, the ener-
gies Eu and Ev are independent of the spins. However, the
Lorentz violation typically implies that Eu ≠ Ev, as can be
seen from the dispersion relations

ðpμ
u − að5ÞμpupuÞημνðpν

u − að5ÞνpupuÞ ¼ m2;

ðpμ
v þ að5ÞμpvpvÞημνðpν

v þ að5ÞνpvpvÞ ¼ m2: ð45Þ
In these expressions, an index pu or pv implies contraction
with the corresponding four-momentum. For example, we
write að5Þμpupu ≡ að5Þμαβpuαpuβ. The dispersion relations
(45) reveal that the energies of the particle and antiparticle
are related by Euðp; aÞ ¼ Evðp;−aÞ, as is expected given
that the að5Þ-type coefficients govern CPT-odd operators.
The momentum-space solutions of the modified Dirac

equation (44) can be written as

uðsÞðp; aÞ ¼ pμ
uγμ − að5Þμpupuγμ þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eu − að5Þ0pupu þm

p uðsÞ0 ;

vðsÞðp; aÞ ¼ −pμ
vγμ − að5Þμpvpvγμ þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ev þ að5Þ0pvpv þm

p vðsÞ0 ; ð46Þ

where uð1Þ0

† ¼ ð1; 0; 0; 0Þ, uð2Þ0

† ¼ ð0; 1; 0; 0Þ and similarly

vð1Þ0

† ¼ ð0; 0; 1; 0Þ, vð2Þ0

† ¼ ð0; 0; 0; 1Þ. These solutions
can be obtained from the conventional Lorentz-invariant
ones by the substitutions pμ → pμ

u − að5Þμpupu and pμ →
pμ
v þ að5Þμpvpv . They therefore obey the usual normalization

relations,

ūðsÞðp;aÞuðs0Þðp;aÞ¼−v̄ðsÞðp;aÞvðs0Þðp;aÞ¼2mδss
0
: ð47Þ

However, the traditional orthogonality relations are
replaced by

ūðsÞðp; aÞvðs0Þðp;−aÞ ¼ v̄ðsÞðp; aÞuðs0Þðp;−aÞ ¼ 0; ð48Þ
incorporating a sign change of the coefficients.
The solutions (46) imply modifications to the conven-

tional spin sums. We findX
s

uðsÞðp; aÞūðsÞðp; aÞ ¼ pα
uγα − að5Þαpupuγα þm;

X
s

vðsÞðp; aÞv̄ðsÞðp; aÞ ¼ pα
vγα þ að5Þαpvpvγα −m: ð49Þ

As in the usual Lorentz-invariant case, we can write two
projection operators from these expressions,

Λuðp; aÞ ¼
1

2m

X
s

uðsÞðp; aÞūðsÞðp; aÞ;

Λvðp; aÞ ¼ −
1

2m

X
s

vðsÞðp; aÞv̄ðsÞðp; aÞ: ð50Þ

As required, both these operators are idempotent,Λuðp;aÞ2¼
Λuðp;aÞ and Λvðp; aÞ2 ¼ Λvðp; aÞ, and hence can be
used as projectors in the two energy subspaces. However,
they are no longer directly complementary. Instead, we
find Λuðp; aÞ þ Λvðp;−aÞ ¼ 1.
At the level of the quantum field theory, the modified

Feynman propagator is found to be

iSFðpÞ ¼
i

γμpμ − að5Þμαβγμpαpβ −mþ iϵ
: ð51Þ

The Feynman rule for the photon-fermion-fermion vertex
shown in Fig. 3 becomes

−iqΓμðpin; poutÞ ¼ −iq½γμ − að5Þαβμγαðpin þ poutÞβ�; ð52Þ
where pin and pout are the four-momenta of the incoming
and outgoing fermions. The coefficient að5Þαβμ is also
associatd with a new vertex involving two photon lines
and two fermion lines, as displayed in Fig. 3. The
corresponding Feynman rule is

iq2Γð4Þμν ¼ −2iq2að5Þαμνγα: ð53Þ

This vertex does not contribute to the DIS process at tree
level, but it must be included if loops are considered.

2. Cross section and constraints

The DIS differential cross section is a function of the
phase-space variables for the scattered electron. Taking the
z axis as aligned with the incoming beam direction and
denoting by θ, ϕ the scattering angles of the electron in
spherical polar coordinates, the four-momenta for the
incoming electron, incoming proton, and outgoing electron
can be written as kμ ¼ Eð1; 0; 0; 1Þ, pμ ¼ Epð1; 0; 0;−1Þ,
and k0μ ¼ E0ð1; sin θ cosϕ; sin θ sinϕ; cos θÞ, respectively.
The intermediate photon then has four-momentum
q ¼ k − k0. It is convenient to introduce the standard
Mandelstam s and Bjorken x and y variables via

FIG. 3. The Aψψ vertex (left) and the AAψψ vertex (right).
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s ¼ ðpþ kÞ2; x ¼ −q2

2p · q
; y ¼ p · q

p · k
: ð54Þ

In the expressions to follow, we can safely disregard the
proton mass M because in DIS experiments M2 ≪ Q2 ¼
−q2 and M2 ≪ 2p · q. The quark masses can similarly be
neglected.
In the presence of Lorentz violation, the unpolarized

differential cross section for the DIS process can be written
in the form [44]

dσ
dxdydϕ

¼ α2y
2πq4

LμνImWμν; ð55Þ

where α is the fine structure constant, Lμν ¼ 2ðkμk0ν þ
kνk0μ − k · k0ημνÞ is the electron tensor, and Wμν is the
proton tensor. To calculate the explicit form ofWμν, we use
the parton model. Since the coefficients að5Þμαβ are assumed
perturbatively small, we keep only terms at first order in
what follows.

In the standard parton model, the parton momentum
pf ¼ ξp is taken to be a fraction ξ of the proton momentum
p. However, the modified dispersion relation (45) enforces

the conditions p2 ¼ 2að5Þpppp and p2
f ¼ 2a

ð5Þpfpfpf

f , which
are incompatible with pf ¼ ξp. Instead, we assume pμ

f ¼
ξpμ þ δμf with a small momentum correction δμf. Noting

that p · δf ¼ ξ2að5Þf ppp − ξað5Þpppp , we find

pμ
f ¼ ξpμ − ξað5Þμppp þ ξ2að5Þμppf : ð56Þ

The implication of this shift for the parton distribution
functions is an interesting topic for future investigation.
Following the treatment in Ref. [44], we can use the

parton model and the optical theorem to obtain the explicit
form of ImWμν. The contribution involving the AAψψ
vertex shown in Fig. 3 is purely real and so is irrelevant in
this context. After some calculation, we find that the
contribution involving the Aψψ vertex is

Wμν ¼−
1

2

Z
1

0

dξ
X
f

q2f
ffðξÞ
ξ

tr½γαðpα
f−a

ð5Þαpfpf

f Þðγμ−að5Þα
0β0μ

f γα0 ð2pfþqÞβ0 Þγβðpβ
fþqβ−að5Þβρσf ðpfþqÞρðpfþqÞσÞ

× ðγν−að5Þα
00β00ν

f γα00 ð2pfþqÞβ00 Þ�ð½γβðpβ
fþqβ−að5Þβρσf ðpfþqÞρðpfþqÞσÞ�2þ iϵÞ−1þðμ↔ ν;q↔−qÞ; ð57Þ

We are interested in the imaginary part of this expression.
This comes from the propagator factor,

Imð½γβðpβ
f þ qβ − að5Þβρσf ðpf þ qÞρðpf þ qÞσÞ�2 þ iϵÞ−1

¼ −δfδðξ − x0fÞ; ð58Þ

where

δf ¼
π

ys

�
1þ 2

s
að5Þpppp þ 2

ys
ðað5Þqppp þ 4xað5Þppqf

þ 2að5Þqqpf þ að5Þpqqf Þ
�
; ð59Þ

and x0f ¼ x − xf with

xf ¼ −
2

ys
ðxað5Þqppp þ 2x2að5Þppqf þ 2xað5Þqqpf

þ xað5Þpqqf þ að5Þqqqf Þ: ð60Þ
As a check on these calculations, we have used the

explicit results for δf and xf to verify the Ward identity
qμImWμν ¼ 0. This requires incorporating both the mod-
ifications in the propagator and in the vertex, which together
insure the preservation of gauge invariance. Note that the
photon-photon-fermion-fermion vertex (53) can be omitted
from the calculation because it contributes only at loop level.
We also remark that the modification (56) of the parton
momentum is crucial for the Ward identity to hold.
After contracting the result for the imaginary part of the

proton tensor (57) with the electron tensor Lμν, some
calculation yields the differential cross section as

dσ
dxdydϕ

¼ α2

q4
X
f

F2f

�
ys2

π
½1þ ð1 − yÞ2�δf þ

yðy − 2Þs
x

xf − 4½1þ ð1 − yÞ2�að5Þpppp þ 4ðy − 2Það5Þkppp − 2yað5Þqppp

−
4

x
ð4x2að5Þppkf þ 2xað5Þpkqf þ 2xað5Þqkpf þ 2xað5Þkpqf þ að5Þqqkf þ að5Þkqqf Þ

þ 2yð4x2að5Þpppf þ 2xað5Þppqf þ 2xað5Þqppf þ að5Þqqpf þ 4xað5Þppkf þ 2að5Þpkqf Þ

− y2sημνð2xað5Þμνpf þ að5Þμνqf Þ þ 4y
x
ð2xað5Þkkpf þ að5Þkkqf Þ

�
; ð61Þ
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where F2f ¼ q2fffðx0fÞx0f. The structure of this result has
enticing similarities to the differential cross section ob-
tained for c-type coefficients in Eq. (14) of Ref. [44]. The
role of the coefficients cpqf in that equation parallels the role

of the coefficients að5Þkpq here.
Given the similarities between the structures of the differ-

ential cross section (61) and the result in Ref. [44], it is
reasonable to expect that the strongest constraints arise from
low-x data. This suggests the best sensitivities are likely to

involve the coefficientsað5Þqqqf ,að5Þqqkf ,að5Þkqqf , andað5Þkkqf . In
principle, data from the H1 and ZEUS collaborations at
HERA [51] and perhaps from a future electron-ion collider
[52] could be analyzed to obtain constraints on the various
coefficients að5Þμαβ. Given that the HERA energies lie in the
range 1–100 GeV, the estimated constraints obtained in
Ref. [44] via theoretical simulation of theHERAexperiments
suggest it is feasible to achieve competitive sensitivities of
order 10−7–10−4 GeV−1 to the coefficients að5Þμαβ. Verifying
this by direct simulation of the experimental effects predicted
by the differential cross section (61)would beworthwhile but
lies beyond our present scope.
Since the laboratory frame for the DIS process is non-

inertial, experimental results must be expressed in an inertial

frame. Most coefficients in the noninertial laboratory frame
differ from those in the canonical inertial Sun-centered
frame [39] by the time-dependent rotation (42), due to the
Earth’s rotation about its axis. Nonetheless, the differential
cross section contains a time-independent part. The dis-
cussion in Sec. III D 3 shows that the coefficients að5Þμαβ
cannot contain a Lorentz-invariant piece, but the analysis in
Sec. III D 4 implies they do incorporate the three isotropic
combinations að5ÞTTT; að5ÞTjj; að5ÞjjT in each of the quark
and proton sectors. These isotropic components can gen-
erate a time-independent contribution to the differential
cross section. Given that the Earth rotates about the Z axis,
we can expect this contribution to be expressed in the Sun-
centered frame in terms of the coefficient components
að5ÞTZZ, að5ÞTTZ, að5ÞTTT , að5ÞZTT , að5ÞZZT , að5ÞZZZ,
að5ÞTXXþað5ÞTYY , að5ÞZXXþað5ÞZYY , að5ÞXXT það5ÞYYT ,
að5ÞXXZ þ að5ÞYYZ.
The time-dependent part of the differential cross section

involves contractions of the coefficients að5Þμαβ with three
four-momenta. It therefore contains harmonics of the
sidereal time up to third order in the Earth’s sidereal
frequency ω⊕ ≃ 2π=ð23 h 56 minÞ [45] and can be
expanded in the form

σðT⊕; x; Q2Þ ¼ σSMðx;Q2Þð1þ að5Þλμνf0 αf
0

λμν þ að5Þλμνf0 βf
0

λμν cosω⊕T⊕ þ að5Þλμνf0 γf
0

λμν sinω⊕T⊕ þ að5Þλμνf0 δf
0

λμν cos 2ω⊕T⊕

þ að5Þλμνf0 ϵf
0

λμν sin 2ω⊕T⊕ þ að5Þλμνf0 εf
0

λμν cos 3ω⊕T⊕ þ að5Þλμνf0 ζf
0

λμν sin 3ω⊕T⊕Þ; ð62Þ

where αf
0

λμν, β
f0
λμν, γ

f0
λμν, δ

f0
λμν, ϵ

f0
λμν, ε

f0
λμν, ζ

f0
λμν are functions of x

and Q2, and summation over the flavors f0 ¼ f and p is
assumed. The explicit forms of these functions can be
obtained from Eq. (61). Note that the appearance of third
harmonics is a qualitatively new feature relative to the
results in Ref. [44].
Finally, we remark that the coefficients að5Þμαβ govern

CPT-odd operators, so their contribution to the differential
cross section change sign if the proton is replaced with an
antiproton. This can also be verified by an explicit
calculation of the antiproton version of Eq. (57). Since
the coefficients belong to the quark and proton sectors, they
have no effects on the lepton or photon. Also, neglecting
masses implies that the projectors for electrons and
positrons are equal,

P
su

ðsÞðkÞūðsÞðkÞ¼P
sv

ðsÞðkÞv̄ðsÞðkÞ,
so the electron tensor Lμνje− and positron tensor Lμνjeþ are
identical. As a result, replacing the electron with a positron
has no effect in our calculation. The four possibilities for
the cross section are therefore related by

dσ
dxdydϕ

����
e−p;a

¼ dσ
dxdydϕ

����
eþp;a

¼ dσ
dxdydϕ

����
e−p̄;−a

¼ dσ
dxdydϕ

����
eþp̄;−a

: ð63Þ

Any differences between these cross sections could in
principle be used to isolate effects from the coefficients
að5Þμαβ and hence as a direct test of CPT symmetry.

V. SUMMARY

This work investigates Lorentz- and CPT-violating
operators in gauge field theories. We construct gauge-
invariant terms of arbitrary mass dimension d in the
Lagrange density describing fermions interacting with
non-Abelian gauge fields. The construction is based on a
technical result, demonstrated in Sec. II, that any gauge-
covariant combination of covariant derivatives and gauge-
field strengths can be written in the standard form (2).
The form of a generic gauge-invariant term in the

Lagrange density is discussed in Sec. III. Explicit expres-
sions for all terms in the spinor sector with d ≤ 6 are given
in Table I, while all terms in the pure-gauge sector with
d ≤ 8 are displayed in Table II. We then discuss several
interesting limiting cases of the general formalism. One is
Lorentz-violating QED, for which all operators with d ≤ 6
are collected in Table III. Another is the Lorentz-violating
theory of QCD and QED with multiple flavors of quarks,
which has terms with d ≤ 6 compiled in Table IV. A third
limit of interest is the Lorentz-invariant case, where the

GAUGE FIELD THEORIES WITH LORENTZ-VIOLATING … PHYS. REV. D 99, 056016 (2019)

056016-21



relevant operators are presented in Table V. We also
consider the situation where Lorentz violation is isotropic
in a specified frame, restricting attention to the operators
listed in Table VI.
To illustrate the application of the results, we study two

experimental scenarios in Sec. IV. First, corrections are
calculated to the cross section for light-by-light scattering
arising from nonminimal operators appearing at tree level
in Lorentz-violating QED. The results are combined with
experimental data obtained at the LHC to place first
constraints on 126 nonlinear operators with d ¼ 8, col-
lected in Tables VII and VIII. Second, we determine the
modifications to the cross section for DIS arising from
certain nonminimal Lorentz- and CPT-violating operators
in the theory of QCD and QED coupled to quarks. The
expression (61) for the differential cross section suggests

that an analysis of existing data has the potential to place
first constraints on the corresponding nonminimal quark-
sector coefficients.
The framework developed here encompasses a large

variety of physical effects, making them accessible to
quantitative theoretical analysis. It is evident that many
avenues for phenomenological and experimental investi-
gation of realistic gauge field theories remain open for
future investigation, with a definite potential for the
discovery of novel physical effects.
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