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We consider the general higher derivative field theories of derived type. At free level, the wave operator
of derived-type theory is a polynomial of the order n > 2 of another operator W which is of the lower order.
Every symmetry of W gives rise to the series of independent higher order symmetries of the field equations
of derived system. In its turn, these symmetries give rise to the series of independent conserved quantities.
In particular, the translation invariance of operator W results in the series of conserved tensors of the
derived theory. The series involves n independent conserved tensors including canonical energy-
momentum. Even if the canonical energy is unbounded, the other conserved tensors in the series can
be bounded, that will make the dynamics stable. The general procedure is worked out to switch on the
interactions such that the stability persists beyond the free level. The stable interaction vertices are
inevitably non-Lagrangian. The stable theory, however, can admit consistent quantization. The general
construction is exemplified by the order N extension of Chern-Simons coupled to the Pais-Uhlenbeck-type

higher derivative complex scalar field.
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I. INTRODUCTION

The higher derivative field theories are notorious for the
stability problems at interacting level, and also in quantum
theory, see [ 1-4] for discussions and further references. The
most frequently discussed higher derivative field theories
are the modified models of gravity where the stability is an
issue [5-7]. Among the modified gravity theories, f(R)
models (for review and further references see [8,9]) provide
the best known example of stable nonlinear higher deriva-
tive field theory. Some other models with similar properties
can be found in the Refs. [10-12]. The stability of this
exceptional class of higher derivative theories is related to
the fact that the canonical energy is bounded because of
strong second class constraints. For discussion of stability
in various nonlinear higher derivative mechanical models
we refer to [13—17] and references therein.

In this paper, we consider a certain class of higher
derivative models which we call derived theories. At free
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level, the field equations of the derived theory are defined
by the higher derivative wave operator M being a poly-
nomial of another differential operator W. The latter is
supposed to be of the first or second order. As we
demonstrate, this class of systems admits, under certain
conditions, inclusion of stable interactions, and the stability
persists at quantum level.

Many well-known higher derivative models fall into the
class of derived theories. For example, the higher derivative
scalar field of the Pais-Uhlenbeck type [1] is a derived
system, where W is the d’Alembert operator. Podolsky
electrodynamics [18] is a derived system, with the wave
operator being a second-order polynomial of Maxwell
operator. The extended Chern-Simons [19] is a derived
theory of the vector field in 3d Minkowski space, with the
wave operator being a third-order polynomial in the Chern-
Simons operator *d, where * is the Hodge star operator and
d is the de Rham differential. The Podolsky and Chern-
Simons electrodynamics have been discussed for many
years from various viewpoints, see [20-22] and references
therein. In the conformal gravities in 4 and 6 dimensions
[23,24] the linearized equations of motion for spin 2 fields
belong to the derived type. The stability is studied in these
works for the small fluctuations in the vicinity of constant
curvature backgrounds further extending earlier observa-
tion of the work [25]. With a special choice of boundary
conditions, it is observed that the theory might be stable.

Published by the American Physical Society
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In the present work, we follow a different idea being
unrelated to the special boundary conditions.

The simplest derived-type field equations correspond to
the wave operator being the second-order polynomial in
another operator. This case has been studied in [26]. In this
class of models, it turns out that at free level one can
connect two different conserved quantities to the time-shift
symmetry. One of these quantities is the canonical energy,
while another one is a different independent integral of
motion. If the second quantity is bounded, the theory will
be stable at classical level, and the stability can be promoted
to quantum level [26]. In the paper [27], a more general
setup of the derived systems is studied when the wave
operator is a polynomial of arbitrary finite order n in
another operator [see relation (6) in the present work]. Once
the primary operator W admits some symmetry, it can be
connected to n conserved quantities of the derived system.
In particular, if one of the symmetries of W is the
homogeneity of time, then one gets n independent con-
served quantities, which includes the canonical energy. In
this paper, we adopt a slightly more general setup for the
derived systems aimed at relaxing restrictions on inclusion
of stable interactions. The fields are divided into several
subsets such that the wave operator in each subset is a
polynomial in a certain operator. Unlike a more simple case
studied in [27], the primary operators can be different for
different subsets of fields, and the wave operators are
defined by different polynomials for different fields. This
more general setup at free level provides more flexibility
for inclusion of stable interactions.

The stability of interactions in various particular types of
higher derivative theories of derived type has been pre-
viously studied in [26-29]. The proper deformation method
has been suggested in [30] to systematically include stable
interactions in the derived theory which is stable at free
level. The crucial ingredient of the proper deformation
method is the Lagrange anchor. The Lagrange anchor has
been first introduced in the work [31] to Becchi-Rouet-
Stora-Tyutin embed and quantize not necessarily
Lagrangian dynamics. Later, it has been found [32] that
the Lagrange anchor connects conserved quantities to
symmetries for any system of field equations, be they
Lagrangian or not. For the Lagrangian system the unit
operator serves as the Lagrange anchor that establishes one-
to-one correspondence between symmetries and conserved
currents. In principle, the Lagrange anchor is not neces-
sarily unique for given system of field equations. Once the
field equations admit multiple Lagrange anchors, the same
symmetry can be connected to different conserved quan-
tities. As is noticed in the paper [26], even the simplest
derived system, with the wave operator M being the
second-order polynomial of another differential operator
W, admits two different Lagrange anchors. This explains
the existence of one more conserved quantity connected to
time-independence besides the canonical energy. Given the

Lagrange anchor, the general method of [30] allows one to
consistently include the interactions into field equations of
motion deforming the conserved quantities connected with
the symmetries by the anchor. If the anchor connects the
symmetry with the bounded quantity, the system remains
stable upon inclusion of interaction by the proper defor-
mation scheme of [30].

In this paper, we provide a more simple scheme for
inclusion stable interactions in a wider class of derived
theories, skipping to explicitly employ the Lagrange
anchor. The basic idea is that we have two subsets of
fields such that the wave operator in each subset is a
polynomial in certain primary operator. The primary
operators are assumed to be Poincaré invariant. One of
the primary wave operators is supposed to be gauge
invariant. We also assume that the primary theories admit
appropriate covariant interaction vertex consistent with the
gauge symmetry. To construct the stable interactions
between two derived theories, we identify the series of
conserved tensors at free level such that every item is
connected to the space-time translation symmetry. Some of
the conserved tensors can have bounded 00-component,
while the other ones are unbounded. Then, we seek for the
interactions in the derived theories such that generalize
couplings between primary models and keep the appro-
priate bounded quantity conserved at interacting level. If
the theory admits bounded conserved quantity, the stability
will persist at the interacting level once it is constructed by
this method. The proposed construction can reproduce all
the previously known stable interactions in higher deriva-
tive systems of derived type [26-28] and we also add a new
example in this paper, to illustrate the method.

As the illustration of the general method described in the
paper, we construct the consistent and stable interaction
between the order N extension of Chern-Simons and order
2n Pais-Uhlenbeck-type higher derivative complex scalar
field. These models have been discussed earlier at free level
in the papers [26-29] for some specific orders n and N. In
this paper, the N + n-parameter series of conserved sec-
ond-rank tensors is constructed for the free model being
connected to the translation invariance. Also n-parameter
series of conserved currents is identified to be connected to
a single U(1)-symmetry of the scalar. There are bounded
quantities among the conserved observables that make the
theory stable at free level, while the canonical energy is
unbounded. Nonminimal gauge invariant couplings are
identified such that the higher derivative theory remains
stable at interacting level. The stable interaction vertices are
inevitably non-Lagrangian. That does not necessarily
obstruct quantization as we explain in the conclusion.

The article is organized as follows. In the next section,
we define the free derived theories and elaborate on the
series of symmetries and conserved quantities connected to
each symmetry of the primary wave operator W. In Sec. 111,
we identify the gauge invariant couplings such that provide
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conservation of any fixed representative of the series of
conserved quantities of the derived-type free system. In
Sec. IV, we consider interactions between the higher
derivative complex scalar field and higher derivative
extension of Chern-Simons. Following general pattern of
the previous section, we explicitly construct the conserved
quantities and keep track of the stability making use of the
bounded integrals of motion. In the conclusion, we discuss
the results.

II. DERIVED-TYPE THEORIES, HIGHER
SYMMETRIES, AND CONSERVATION LAWS

Consider a set of fields ¢ in d-dimensional Minkowski
space with local coordinates x*,u =0, ...,d — 1. We sys-
tematically use the DeWitt condensed notation [33] in this
paper. The fields are labeled by the condensed indices
a,b,.... Every condensed index accommodates all the
vector, tensor, spinor, isotopic, etc. indices and the
space-time coordinates. Summation in the condensed
indices implies integration in x*. In this notation, the linear
differential operators are represented by matrices with
condensed indices. We assume that the theory admits a
constant metric which is used to raise and lower multi-
indices. In this way, every linear operator has the quadric
form. These quadratic forms correspond to the local func-
tionals which are bilinear in the fields. We also imply that
the fields vanish at the infinity, so if the quadratic form
vanishes in the condensed notation, this means that the
corresponding local functional is the integral of total
divergence.

In the condensed notation, any system of linear field
equations reads:

M ab¢b =0, (1)
where M, is the integral kernel of matrix differential
operator. For the sake of simplicity, we assume that the
matrix M, is square, so that the number of equations in
each space-time point coincides with the number of fields.
In this class of theories, M, is usually called the wave
operator. The formal adjoint of the wave operator is
defined by

M Tab = Mp,. (2)
The field equations are variational whenever M™ = M, in
which case the action functional S[¢] reads

Sg] = 5 (. M), o)

where the brackets (,) denote the natural pairing between
the fields,
(M¢)a = Mab¢b’

(@.Mp) = ¢* (M), (4)

and summation is implied over the repeated multi-indices
a when they stand at different levels. If Ml =—-M, for
some other operator M,, its diagonal elements are total
divergencies,

[ a0, = ). Yo )

Once the expression M ¢ vanishes on-shell (1), the latter
formula establishes the relation between conserved currents
and anti-self-adjoint operators.

We say that the variational theory (1) is of the derived-
type if the wave operator is a finite-order polynomial of
another self-adjoint operator W, i.e.,

n
M(a; W) = Z a,Wp,
p=0

(Wp)ab = Wac‘l we (& W bs

p=2,..n, wi=w, (6)
where all the multi-indices are raised and lowered by the
metric, and a,, p =0, ..., n, are some real constants. The
order of the polynomial is assumed to be irreducible, so
the coefficient at the highest order is nonzero, a, # 0. In
accordance with the definition, each derived theory is
defined by two ingredients: the self-adjoint operator W%,
and finite-order polynomial,

n

M(a;z) = Za,,z”,

p=0

(7)

with z being formal complex-valued variable. We call
M(a;z) the characteristic polynomial, while W9, is
referred to as the primary wave operator. Being considered
in itself, the primary operator defines the primary free field
theory,

Wab¢h =0. (8)
As W, is self-adjoint, the primary theory is variational. In
our article, we mostly deal with the class of theories, where
the primary wave operator does not involve higher deriv-
atives. In this setting, the higher derivative derived model
(1), (6) can be considered as originating from the lower
order primary theory (8).

In this paper, we consider the linear operator X¢, as
a symmetry1 of linear equations (1) if it is interchangeable
with the wave operator of theory in the following sense:

"The notion of symmetry can be understood in various ways.
In this section, we provide the simple non-rigorous understand-
ing, which is sufficient for the purposes of this work.
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(X, M]*, = Y M,
(X, M), = XMy — M X, ©)

with Y“_. being some other operator. Once this relation is
valid, the operator X“; defines the linear transformation of
the fields such that leaves the mass shell (1) intact,

5:(Mg)* = £(X +Y)*,(Mgp)" ~ 0.
Sep” = X", (10)

where ¢ is the transformation parameter, being some
constant. The sign ~ means equality modulo equations (1).
Each theory admits the trivial symmetries that read

X, = X.M¢,, Y, = [X, M), (11)
where X%, can be any operator. The corresponding trans-
formations of fields vanish on-shell and do not contain any
valuable information about the dynamics of model. We
systematically ignore the trivial symmetries, considering
any symmetry modulo trivial one.

The nontrivial symmetries of linear system are known to
form an associative algebra. The multiplication operation is
just a composition of operators. It is easy to verify the latter
fact: for each pair of symmetries (X;)%,. (X,)%,, we get

(X1 X5, M|, = (X)" [X5, M|, + X1, M) .(X5)
= (V)" 4(X2) 4+ (X1)4(Y2) . 4+ (Y2)* )ME,,.
(12)

The elements of associative algebra that commute with the
wave operator form a subalgebra. In this paper, we mostly
consider this subalgebra as it is connected to conserved
quantities.

Now, consider the derived equations (1), (6). Assume
that the primary model (8) has the symmetry X, such that
commutes with the primary wave operator,

X, W] = 0. (13)

Even if the primary theory admits a single symmetry, the
associative algebra of symmetries of derived theory has the
two natural generators—X and W—that commute with
each other,

[X,M] =[W,M] =0. (14)
By composing the primary symmetry X with the degree of
the primary wave operator W we get the symmetry of the

derived equations (6):

[X,.M] =0,
(Xp)ah = Xac(Wp)va p

0....n—1. (15

Only the terms with p =0, ..., n — 1 are relevant, because
the higher powers of primary operator can be absorbed by
the wave operator (6). In this way, for p > n, the symmetry
reduces on-shell to the symmetry with p < n. The gen-
erators X, can be assembled into the n-parameter series of
derived symmetries of derived model,

n—1

X(B) =Y Bp(X,)%. (16)

with ,, p =0, ...,n — 1, being real numbers. As is seen,
all the representatives of the series originate from one and
the same symmetry X of primary model.

The symmetry (9) preserves the action functional (3) if
its operator is anti-self-adjoint and commutes with the wave
operator,

[X,M] =0, X' =-X. (17)
The corresponding conserved current j*(¢), being quad-
ratic in the fields, is defined by the condition

/ X0, () = (¢ XMp). (18)

This formula represents the Noetherian relationship
between symmetries and conservation laws. In the class
of derived theories, a single symmetry (13) of primary
model (8) determines the series of derived symmetries (16).
The associated n-parameter series of conserved currents
reads

0 =S B @).
p=0
/ &0, . () = (b X, M), (19)

where the quantities j,*,p =0,...,n—1, come from
symmetries (15). In particular, j,* represents the Noether
conserved current for the symmetry (13) of primary model,
while jp”, p =1,...,n—1, are other quantities.

The simplest possible symmetry of the free field theory is
the translation invariance. The translation generators 0, are
automatically anti-self-adjoint and they commute with the
primary wave operator (8),

(0", W] = 0. (20)

Once the primary wave operator is translation invariant, the
derived theory enjoy n-parameter series (16) of derived
symmetries originating from this invariance:
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Xy (p) = riﬁp(Xp)”“b,
p=0
(Xp)y = (WD), (21)

Each of these symmetries preserves the action (3) of the
derived model (1), (6). The corresponding conserved
currents (19) constitute the series of second-rank energy-
momentum tensors

n—1
O (B) => BT, (¢).
p=0
O, ($) = (b, WPMp). (22)

This series includes the canonical energy-momentum as
Ty (¢), while T,**,p =1,....,n—1, are different con-
served tensors associated with space-time translation
invariance of the model. In this way, the translation
invariance of the derived-type field theory results in the
series of the conserved tensors.

As the stability of higher derivative model is concerned,
the 00-component of the conserved tensor is of interest. The
00-component of tensor (22) reads

n—1
O%(B) =" B,T,*(¢). (23)
p=0

This expression is given by the sum of canonical energy T,°
and the other contributions 7,%°, p =1, ...,n — 1. Even if
the canonical energy is unbounded due to higher derivatives,
the quantity (23) can define bounded conserved charge. The
bounded conserved quantity, if it exists, stabilizes classical
dynamics of derived model (1), (6) at free level.

The entries of conserved current series (19) [or con-
served tensor series (22)] are independent in general, even
though it is not a theorem. This fact is supported by the
following observations: (i) the quantities j,” are bilinear
forms in the fields ¢ and their space-time derivatives, and
(ii) the total number of derivatives involved in j,* increases
with p. Once the symmetry X and primary operator W are
the matrix differential operators of orders ny and ny, the
conserved current j,* involves at most

(p+n)ny +ny —1 (24)

derivatives of fields. The term with the highest number of
derivatives contributes to the conserved quantity, and it is
on-shell nontrivial at least in the case without gauge
symmetry and constraints. Applying this argument to
Jn—1", we conclude that the highest order term cannot
come from the linear combination of other currents with the
lower number of derivatives. Thus, j,_;* is an independent
conserved quantity. Proceeding with the same argument to

Jno*, ju_3*, ..., jo, we conclude that all these quantities
are not functions of each other. The maximal number of
independent entries in the conserved current series (19)
equals to the order n of characteristic polynomial (7). In the
higher derivative scalar field model the maximal number of
independent conserved quantities is connected with the
space-time translation invariance [26]. In gauge theories,
some generators of series (19) can be on-shell trivial. For
example, the extended Chern-Simons model of order n
admits n — 1 independent conserved tensors (22) [27]. All
the above applies to free theories. At the nonlinear level, the
procedure of inclusion of interaction is sensitive to the
choice of representative in the conserved tensor series (19)
which is conserved at the interacting level. This motivates
us to work with the full series of conserved quantities, even
if some of its generators are dependent.

The discussion above does not address the gauge
symmetries. Now we explain how the gauge symmetry
is accounted for in the field theories of derived type. The
wave operator may have a null-vector,

M9,Rb, = 0. (25)

In this case, the derived theory (1), (6) admits the gauge
transformation such that preserves the mass shell,
5(Mug?) =0, 84" =R%e"  (26)
where ¢* are the gauge parameters, being arbitrary func-
tions of space-time coordinates. The operator R?, is the
gauge symmetry generator. In the present work, we con-

sider the class of derived models whose gauge symmetries
come from null-vectors of primary model, i.e.,

M4,Rb, =0« Wi,Rb, = 0. (27)

This property is not automatically satisfied for general
derived theory, so this is an additional assumption. The
Podolsky’s electrodynamics and the extended Chern-
Simons are consistent with this assumption, for example.

III. CONSISTENT INTERACTIONS
OF DERIVED MODELS

In this section, we construct the class of consistent
interactions between two Poincaré invariant derived theo-
ries, with one of them being gauge. At free level, these
theories admit series of conserved energy-momentum
tensors. We construct the interaction such that provides
conservation of the deformation of certain representative of
energy-momentum tensor series. In so doing, we admit not
necessarily Lagrangian vertices.” To solve the problem we

*For general problems of inclusion of consistent interactions
between not necessarily Lagrangian theories see [34].
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proceed from the assumption that the two primary theories
admit consistent interaction vertex. Then, we seek for the
way to lift this vertex to the level of derived theory in such a
way that does not spoil the stability of the free derived
theory.

Consider two subsets of fields ¢, ® on d-dimensional
Minkowski space, with the multi-indices a, i labeling the
fields. The primary operators are denoted by W, and W;
so the primary field equations read

jo

Wad? =0, W@/ = 0. (28)
These equations are variational, with the action functional
being the sum of actions (3) of the fields ¢* and ®'. The
primary operators are assumed to be invariant under the
space-time translations,

[, W] = [9*, W] = 0. (29)

The Poincaré symmetry implies the existence of conserved
energy-momentum tensor

(¢, @) = T(¢) + T (D), (30)

where T"(¢) and T#(®) denote the contributions of free
fields ¢ and ®. The quantity ®* is determined by the
formula

/ 410,00 (¢, ®) = (, P'Wh) + (@, #Wd). (31)

The theory of the field @' is assumed to be gauge invariant.
The gauge symmetry generator R, of the field is the null-
vector of the primary operator W,

Winja =0, (32)

see Eq. (25). The corresponding gauge transformation
reads

5, =Rie"  5,4°=0, (33)

where £ are gauge parameters. We do not allow gauge
freedom for the fields ¢“.

We assume that there exists a variational interaction
vertex between primary models such that (i) the gauge
transformation (33) is preserved at the interacting level and
(ii) the action functional is at most quadratic in ¢». The most
general action such that meets these requirements has the
form

S[h. @] = 3 (W + Ty (B0))°00 + 3 W, 00, (34

N[ =

where the operator of vertex I',,(f®) is a function of
quantity p®, and f is the coupling constant, which can be

arbitrary real number. We assume that I",,;,(f®) is a finite-
order polynomial in @', i.e.,

kmax

Lo (f®) =Y fTH (),

k=1

kmax < +o00, (35)

with T, T®@ , .. being linear, quadratic etc. in the
field ®. The expression % means the kth power of . The
presence of such decomposition ensures that the equations
of motion of the model are finite-order polynomials in the
coupling constant . The Lagrange equations for the action
functional (34) read

9,8 = Wab(/}q)>¢b =0,
0:S =W,;;® + pJ (¢, pO) = 0, (36)

where

Wab(ﬁq)) =Wy, + Fab(ﬁq))’
Ji(¢. p®) = O,y (BP) 9", (37)

and the derivatives 0,, 0; are understood as variational in
@, ®'. As is seen, in the model with interaction, the
operator of vertex I',,(f®) is added to free equations of
originally nongauge field ¢“, while the gauge field theory
get additional current-like contribution J;(¢, f®). This
structure of nonlinear theory is typical for lower spin
fields. For example, it includes the minimal coupling
between the electromagnetic field and the charged matter
fields.
The infinitesimal gauge transformation of the action
functional (34) reads
5s¢u = ﬂRubad)bgav éeq)i = Riag(l7 (38)
where R', is the null-vector of primary operator W;; (32),
and R%,, is some field-independent structure function. We
assume that it is antisymmetric in the indices ab,

Raba = _Rbaa' (39)

The invariance of action (34) with respect to the gauge
transformations (38) is equivalent to the condition

(W +T(pD))* Ry — R co(W +T(p®)),
L RLOT, (D) = 0. (40)

As the gauge symmetries and gauge identities of
Lagrangian theories are connected by the Noether theorem,
conditions (39), (40) determine the selection rule for the
structure functions I'“;, R%;,. The meaning of these con-
ditions is that the wave operator W ,,(f®) (37) is gauge
invariant in the following sense:
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[W(ﬁq))7Ra]ab + Riaairab<ﬁq)) =0,
[W(ﬂq))v R Wac (ﬁq)>RCba - Racawcb(ﬁq))7 Vﬂ
(41)

a]ab =

The latter relation immediately ensures the gauge invari-
ance of equations of motion of the field ¢“.

The translation invariance of interacting theory (34) is
understood in the following sense:

[W(p®D), 0], + pOFD'O,T,, (fP) =0,
[(W(B®),0"] ) = Wap (D) — FW 4, (D), V. (42)

ab —
Once this condition is met, the action functional (34) is
preserved by the space-time translations. The energy-
momentum tensor of the nonlinear theory has the following
structure:

O (. @) = (. @) + TH(®). (43
The expression T+ (¢, @) is the gauge invariant extension
of the tensor 7" (¢) (30) of free theory, while 7#(®) is the
energy-momentum of free gauge field. The defining con-
dition for the conserved tensor reads

/ 40,00 (. D) = (¢, W (BD) ) + (D, FWD). (44)

The right-hand side (rhs) of this expression is a total
divergence because O*W(p®), 0V are anti-self-adjoint
operators.

Let us explain the meaning of conditions (39), (40) and
its impact on the structure of interactions. Assume that the
gauge transformation of the gauge field ®' has a null-mode
e = £(x) such that

Ri&* = 0. (45)

In this case, the action functional (34) is preserved by the
following transformation:

O0zp* = ER“},,E%, 50 =0, (46)
with the parameter £ being a constant. In the free limit, this
transformation corresponds to certain internal symmetry of
the free model of the fields ¢“, which localizes at the
interacting level. This symmetry does not follow from the
relativistic invariance of equations (28), so we have addi-
tional prerequisite for constriction of interaction at free
level. As we deal with internal symmetry, this gives a
restriction on the multiplet of fields ¢“ that are involved
into the interaction.

The currentlike term J; (37) originates from the internal
symmetry (46). As a consequence of relations (39), (40), it
is gauge invariant and satisfies gauge identity,

o.J; =0, R J; + R%,,0,5¢" = 0. (47)
If the internal symmetry is the U(1)-transformation, and
gauge generator R', is gradient, the currentlike term
literally corresponds to the current of the U(1)-charge,

Ji=J,(x), (48)

which meets condition (47). Once currentlike term J; is
added to the equations of motion of the gauge field, and the
primary operator W is replaced by its gauge invariant
extension W(p®), the nonlinear theory remains gauge
invariant. This means that interactions (36) imitate the
electromagneticlike couplings between gauge and matter
fields.

Let us now turn to the details of inclusion of interactions
between derived theories. The most general ansatz for two
derived theories with the primary operators W and WV has
the form

M, (a; W)p? = 0, M (A W) =0.  (49)
The characteristic polynomials of derived models (49) are
the most general of orders n and N, respectively,

n N
7) = Zapzp, 7) = Zquq, (50)
p=0 q=1

where z is a formal complex-valued variable. The real
numbers a,, p =0,...,n,and A, g =1, ..., N, are model
parameters that distinguish different theories in the con-
sidered class.

The derived theories (49) have the same space-time and
gauge symmetries as primary models. In particular, models
(49), (50) are invariant under gauge transformation (33). As
for space-time translation, a single symmetry of primary
theory induces the n 4 N-parameter series of derived
symmetries such that

n—1
Xty () =) _Pp(orwr)e,
p=0
N-1
Xt (B) =) B, ("W1), (51)
q=0

where the real numbers f,, B, are parameters. The
corresponding set of the conserved quantities is given by
the series of energy-momentum tensors

ZﬁpT (o

e (B, B) )+ ZB T /( (52)
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where the quantities 7,/ (¢), T, (®) are defined by the
conditions

n—1
[ a50,0%0.8) = 3, 9. 0wrmg)

=0

<

N-1
+) B (@.WIM®D).  (53)

q=0

By construction, the canonical energy-momentum tensor of
the model is included in the series as
Olan(p, @) = Ty () + Ty (D). (54)
Even though the canonical energy-momentum is almost
always unbounded due to higher derivatives, the other
bounded quantities can present in the series. Free higher
derivative theory can be stabilized by these quantities.
By interaction between two gauge models (49) we mean

a formal deformation of free theory with coupling param-
eter f such that the nonlinear equations of motion read

Ea(ﬁ) ab¢b+2ﬁkr ¢ (I)) _O

Ei(p) = M + Zﬂkr

=1

(p.®)=0.  (55)

The structure functions ') are assumed to have the
homogeneity degree k+ 1 in the variables ¢¢, @', so
'™ are quadratic in the fields, '@ are cubic, and etc.
No action principle is required for interacting theory, so
nonlinear equations (55) can be non-Lagragian. We con-
sider interaction (55) consistent if the number of gauge
symmetries and gauge identities is preserved by coupling
and at least one representative of the free series of energy-
momentum tensors (52) is still conserved at the non-
linear level.

The n + N-parameter series of interaction vertices for
free equations (49) can be presented in the following form

Ea = Mab(ﬁvB)¢b =0,
n—1

&= M;® + Zﬂp(jp)i(ﬁvB) =0,
p=0

where the notation is used:

ZaW (8. B),

= 30U W . B

abﬂB

(J,)i(B.B) (B, B)g),  (57)

and the line above means that the gauge field @' is replaced
by more general expression:

W(/iB) = W(ﬁq))|/i<l>:d>(/)’,3)7

N-1
®'(B,B) = O + Y B, (Wid)".

q=1

(58)

The coupling constants are real numbers f,f,, B,
p=0,...n—1,g=1,...,N — 1. Interactions (56) gen-
eralize couplings of the primary theory (36) in the follow-
ing sense: the free wave operator M of the fields ¢“ is
replaced by its gauge invariant extension M (3, B), and the
series of current like terms (J,);(f, B) is added to the free
gauge equations.

The following facts ensure consistency of interaction
(56): (i) the equations of motion are preserved by the gauge
transformation (38), while transformation law for the
equations of motion reads

6.E* = R, Ele 5. =0; (59)
(i1) there are the gauge identities between equations of
motion,

n—1

RYGE+ Y BoRapa( WP E =0

p=0

(60)

(iii) the second-rank conserved tensor ®** is defined by the
condition

n—1

/ d?x8,0" (. B) Z B, (¢, " WPE)

N-1
+) B (@.0WIE).,  By=p.
q=0
(61)
The proof of relations (59), (60) uses identities
(a) B(WP)* = PR a(WP ) e
(b) R'a(Jp); + Rapa(WP)" E“¢p° =0
(c) 6.(J,); =0, (62)

which hold for p =0, ..., n — 1. We deduce these relations
in the Appendix A. The conserved tensor @ (61) is a
deformation of a selected representative of free energy-
momentum series (53), whose parameters are defined by
coupling constants. In Appendix B, we ensure the rhs of
Eqg. (61) is a total divergence and establish the structure of
conserved quantity.
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Let us comment on the origin of interactions (56). The
model (49) admits n-parameter series of gauge invariant
currentlike terms

U, )iB) = 30,0 Wo oI (pO)P).  (63)
Once the primary wave operator W is replaced by its gauge
invariant extension W(A®), the inclusion of such current-
like terms preserves gauge invariance. This means that
theory (56) with the gauge-invariant primary operator (37)
and current-like term (63) is consistent. At this ways, we
conclude that there is n 4 1-parameter series of interactions
with coupling constants j, f, ..., #,_;. To involve coupling
constants B, into account, we perform the shift of the gauge
field p® +— @ (B, B) (58). This step preserves consistency
of interactions and inserts N — 1 coupling parameters
By, ..., By_, into the field equations.

The nonlinear theory (56) is stable if the bounded
representative of free energy-momentum tensor series
(52) is still conserved at the interacting level. The latter
requirement can be interpreted as the selection rule for
admissible couplings. The derived theories, whose charac-
teristic polynomial (7) has nondegenerate real roots, are
usually stable at free level.> This gives a good chance for
existence of stable interactions between such models. The
theories with multiple real or/and complex roots of the
characteristic polynomial usually have the degrees of
freedom whose dynamics is unbounded by any conserved
quantity. These degrees of freedom are the true ghosts
unless they are suppressed by constraints or gauged out.
The stability of interactions in the models having no
bounded conserved quantity at free level is a subtle issue,
which we do not consider in the present paper.

The general representative in the class of interacting
theories (56) is non-Lagrangian as the equations of motion
are not given by the variational derivatives of any func-
tional. The field equations are Lagrangian if the values of
coupling parameters meet the condition

Po = P, (64)

and all other constants vanish. The action functional reads

§ =5 (. M(p®)g) + (@, MD)). (65)

N[ =

The corresponding conserved quantity is the canonical
energy-momentum tensor of the model. In the class of higher
derivative derived equations, the variational interaction

3Several known examples confirm this observation [27,29,28],
though it is not a theorem at the moment.

vertex usually suffers from the Ostrogradski instability.
In contrast to Lagrangian interactions, the non-Lagrangian
couplings can preserve bounded representative in the series
of free conserved quantities (52). These couplings define
the stable nonlinear theory.

Let us summarize the results of this section. Relations
(56)—(58) provide a general receipt of construction of series
of gauge invariant interaction vertices between two derived
theories, if the gauge invariant coupling is known for
primary models. The structure of interaction vertex resem-
bles couplings between electromagnetic field and charged
matter: the wave operator of originally non-gauge field is
replaced by its gauge invariant extension, while the current-
like term is added to equations of motion of gauge field.
If the characteristic polynomials of derived theories have
the orders n and N, there are n + N coupling constants.
Any specific choice of coupling constants selects certain
representative in the series of free conserved energy-
momentum such that still conserves at the interacting level.
If the free theory has bounded conserved quantities, it
admits the stable interactions, though the stable couplings
are non-Lagrangian.

IV. COUPLINGS BETWEEN EXTENDED
CHERN-SIMONS AND HIGHER
DERIVATIVE SCALAR

Following the general pattern of the previous section, let
us consider the interactions between the gauge vector field
and the charged scalar. In this case, we have two subsets of
fields on 3d Minkowski space,

9" = (Reg)(x) + i(Imp)(x), ~ @' =D(x). (66)
The primary operators read
W =m™29,0", W, =m™ e, 00 (67)

To make contact with the general scheme of previous
section, we identify the d’Alembertian as the primary
operator for the scalar. For the vector field, the Chern-
Simons operator serves as the primary operator. The
constant m > 0 has the dimension of mass. Here we use
it to make the primary operators dimensionless. The
primary equations of motion,

0"P’ =0,

-1
m= €,

m=29,0'p =0, (68)
have the gauge symmetry (33), with the gauge generator for
the vector field being gradient, R', = 0.

The primary models (68) admit obvious variational

interaction vertex,

S[p. @] = % / ("D, D" + me,,, D> dPx,  (69)
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where D, is the covariant derivative,

D, (P)¢ = (9 = if®)¢. (70)

For the complex conjugate field ¢*, the covariant derivative
is given by the complex conjugation of (70). The action
functional (69) has form (34) with the operator of vertex,

I'=D,D" - 0,0
= (0, — ip®,) (0" — ipd+) — 0,0, (71)
being the second-order polynomial in the coupling constant

p. The Lagrange equations for the action functional (69)
read

oS o s %

e me,,,0"®” +ip(¢*D,¢p — pD,p*) = 0,

oS 1

—==-D,D'¢* =0. 2
55 =2 DuD " =0 (72)

These equations have form (36) with

Ji=J,(¢,p®) = i(¢* Dy — $D,9"),
W(p®) = D,D*. (73)

As the gauge field is a vector, the current-like term holds
world index. As we can see, the quantity J,(¢, f®) is the
charge current of complex scalar field. The infinitesimal
gauge transformation (38) of the action functional (69)
reads

o = if*e, SD* = QHe. (74)
The canonical energy-momentum tensor (43) for the action
(69) has the form

1
0,=FF, - EnﬂuF/lFﬁ +D,¢*D,¢p+ D,¢p*D,¢p

- nyuD/lgb*Digbv Fy = mg;w/)

0P’ (75)
It is obvious that its 00-component is bounded. So, the
theory of interacting Chern-Simons and charged scalar is
stable at the level of primary theories.

Now we consider interactions between two derived
theories, whose primary operators are given by (67). The
free equations (49) are chosen in the form

n—1
M(a: W) =m? [ [(m™20,0" + a3)dp = 0,
p=0
m?
M, (AAW)DY = TZA(I(WQ)W}I)” = 0. (76)
qg=1

Here we assume that all the roots of characteristic poly-
nomial (7) for scalar field are different and positive. We
ignore all the other options because they do not result to the
stable theory at the free or interacting level. The extended
covariant derivative l_)” is defined as follows:

N-1

D,(p.B)p = <aﬂ —iy Bq(Wq)Wtb”> ¢,  By=p.

q=0
(77)

The gauge invariant extension of the free wave operator
M(a; W) (76) reads

n—1
M(a; W(p®))p = m* [ [(m™2D, D" + aZ)p =0.  (78)
p=0

The series of currentlike terms (63) can be represented in
the form

(Jp)” = i(¢*(p)[)ﬂ¢(p) _¢(p)1')ﬂ¢*(p)), p=0,...n—1,
(79)
where the notation is used:*
n=lm=2D Dt + o2,
¢(17):H%¢’ p=0,...n—1. (80)

Let us notice that (J,), are the linear combinations of
(Jp); in (63). We deal with objects (J,), for reasons of
convenience.

The n 4+ N-parameter series of interaction vertices (56)

for free equations (76) read

n—1

E=m?*[(m™2D,(8.B)D*(B.B) +a2)p=0,

p=0
m? N
£,= 7ZAq(wq)chv
q=1
n—1
+iY B, (¢" "D, (B.B)p) VD, (B.B)p" ") =0,
p=0

(81)

“The fields ¢?) describe irreducible components of reducible
representation of the Poincaré group that is described by the
higher derivative theory of complex scalar. The vectors
(Jp)u»p =0,...,n—1, are charge currents of irreducible com-
ponents, while the coupling constants $,, p =0,...,n—1, can
be interpreted as the charges of components.
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where l_),, (B, B) is the covariant derivative (77), PP is given
by (80), and 3,5,.B,,p =0,....n—1,g=1,....N—1,
are the coupling parameters.

Equations (81) are obviously gauge invariant with
respect to gauge symmetry (74). The gauge identity
between Eq. (81) is seen in the form

n—1 n—1

g, -i> ] 2 o P PE—pPE) =0. (82)
P

p= Op: oal’
#p

The series of the energy-momentum tensors (52) for
nonlinear theory (81) has the structure

n—1 N-1

0,,(¢. @)= By(T,)u($.®)+ Y B,(T,),,(P). (83)
p=0 q=0

where the quantities (7),,,p =0,...,n—1, and (T,),,,

q=20,...,N—1, read

(T))u(b. @) = D,d*") D, ") + D, D, ¥

Dld) apnyu¢* )¢(p)’

(84)

- ’quDMb

N
YA (00,00, + 0,0,

s =1
— 1, @), ), =W, 00 (85)

The constants C?s are defined as follows:

-l.g>¢q, q>rs,
qg+q =r+s+1;
C[r]jsq’ =< l,g<¢, g<r,s, (86)

g+q =r+s+1;
0, otherwise.

As is seen from (83), the quantity @ is the deformation of
selected representative of energy-momentum tensor series
of free complex scalar and Chern-Simons,

N—-1 n—1
Ol (. @) = Y By(T),, (@) + > B,(0,0" 10,07
q=0 p=0
4 ay(p*(p)aﬂ(ﬁ(m _ nwald)*(l’)aﬂqﬁ(ﬂ)
2, P pr)). (87)

In this formula all the parameters of the conserved quantity
are fixed by the interaction, so a single representative of
free series of conserved quantities survives at the interact-
ing level.

Let us discuss the stability of the theory (81) at the
interacting level. The 00-component of (83) can be written
in the form

2 N=I
m
Oy (¢, ®) =75 ) Crs(A B)O, @),
r.s=1
n—1 B
+ ) _Bp(Dup"' D, ¢ Pr)
p=0
(88)
where the matrix C, (A, B) is defined by
N-1 N /
rs(A,B) = Z CliB,Ay. (89)
q=0 ¢'=1

The expression (88) is a quadratic form in the variables
@, ¢P) It is bounded if C, (A, B),r.s =1,....N — 1,
is a positive definite matrix, and g, > 0,p =0,...,n -1,
are positive numbers.’

We consider the stability condition of interacting theory
as the natural selection rule for admissible couplings. In the
sector of scalar field, it restricts the coupling parameters f3,,.
In the sector of gauge field, the matrix C, (A, B) can be
positive definite or indefinite depending on the values of the
free model parameters A, and coupling constants B,. In the
work [27] the following fact is noticed about the free
extended Chern-Simons theory: the series of conserved
quantities (85) includes the bounded representative if the
characteristic polynomial of the theory (76) has simple real
nonzero roots and a zero root of multiplicity one or two. In
all the other cases, the theory is unstable. For the viewpoint
of representation theory, the stability condition requires
from the free extended Chern-Simons theory to describe the
unitary representation of the Poincaré group. The roots of

>The quantity C, ;(A, B) is the Bezout matrix of the character-
istic polynomial (7) of free extended Chern-Simons theory and
characteristic polynomial of derived symmetry (15), (16). It is
defined by the relation

— M(A;u)N(B;z2)

)

N—1
M(A;z)N(B;
S ¢, By = MAINEL)
Z—u

rs=1

where

=

M(A;z) = Zquq

Accounting this definition, formula (86) takes the form

N(B:z) = » B, z7™.

i
o

crd 9*C(A,B)
" 0A0B,
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characteristic equation determine the masses of irreducible
representations in this case. Once the roots of the character-
istic equation of extended Chern-Simons theory are such
that any conserved quantity is unbounded in the series (85),
and therefore the stable interactions are impossible to
include, the free theory corresponds to the nonunitary
representation. It seems quite natural that the nonunitary
theory cannot be stable at interacting level.

In general, the interaction (81) is non-Lagrangian. The
Lagrangian interaction vertex corresponds to the following
values of coupling parameters:
=P, Bi=..=By=p=..=,,=0 (90)
The conserved quantity for variational couplings is the
canonical energy-momentum tensor. As the canonical energy
(Bcan) oo is unbounded, the Lagrangian interaction is unsta-
ble. The field equations (81) include stable interactions, so
the corresponding coupling is non-Lagrangian. The coupling
parameters that lead to stable interactions are determined by
conditions g, > 0,p =0,...,n— 1, and positive definite-
ness requirement for the form C, (A, B) (89).

V. CONCLUSION AND DISCUSSION
OF RESULTS

At first, let us summarize the basic assumptions about
their consequences for the class of higher derivative field
theories we study in this paper. We consider inclusion of
stable interactions in certain class of higher derivative field
theories which we term as derived models. The derived
higher derivative theory implies that the same field admits
free field equation with the wave operator W without higher
derivatives. We call this model a primary theory. The wave
operator of the derived theory is a nth order polynomial in
W. We call it a characteristic polynomial of the derived
theory. Every symmetry of primary theory results in the n-
parametric series of symmetries of the derived theory.
These symmetries are connected to the series of indepen-
dent conserved quantities. In particular, the translation
invariance of the primary model results in the n-parametric
series of conserved tensors. Under certain assumptions
about the roots of characteristic polynomial, the series can
include bounded conserved quantities. The canonical
energy-momentum is included into the series, though it
is always unbounded. Once the free derived theory admits
bounded conserved quantities, it is considered stable.

We consider inclusion of interactions between two
different derived field theories. One of these is supposed
to be gauge invariant, and another one is non-gauge. We
assume that the primary theories of these two models admit
consistent and stable interactions, with the gauge symmetry
remaining Abelian at interacting level. We also impose
certain technical restrictions on the interaction between
primary theories as explained in the Sec. III. In particular,
these restrictions exclude the “gauging” scenarios of

inclusion of interactions.® In principle, these restrictions
could be relaxed without breaking the general scheme of
inclusion of stable interactions in the derived-type theories,
though this would make the consideration much more
cumbersome. Once the primary theories admit consistent
interactions, these can be lifted to the level of derived
theory. The lift is not unique, we get n 4+ N-parametric
series of consistent interactions, where n, N are the orders
of characteristic polynomials of the two models. At free
level, the two derived theories admitted n 4+ N-parametric
series of the conserved tensors. Upon inclusion of inter-
action, only one tensor conserves with any fixed set of the
interaction parameters. The canonical energy momentum is
conserved if the interaction is Lagrangian. As the canonical
energy is unbounded, the Lagrangian interaction is unsta-
ble. Once the free derived theory admits bounded con-
served quantity, its conservation can be always preserved
with appropriate consistent and Poincaré invariant inter-
action, so the stability persists at interacting level, though
with the non-Lagrangian vertex.

Also notice that even if the interaction is included in such
a way that none of the bounded conserved quantities (from
the series identified in Sec. II) of the free theory remains
conserving at interacting level, these nonconserved currents
can be still informative. So they can be still relevant for
Lagrangian interactions. If the dynamics is known of
bounded nonconserved quantity, than we learn about the
compact evolving phase-space surface where the dynamics
is confined. This might be useful for identifying the isles of
stability, and evaluating the velocity of running away
solutions. For discussion of these ideas and further refer-
ences see the recent work [37].

Even though the vertices of stable interactions are always
non-Lagrangian in this class of higher derivative theories,
they can still admit quantization. The matter is that these
non-Lagrangian field equations can admit Lagrange anchor
which allows one to quantize the non-Lagrangian field
theory. The examples are provided in the paper [26] where
the some special interactions are considered between the
derived model with the quadratic characteristic polynomial,
and the theory without higher derivatives. Another side of
the existence of the Lagrange anchor is that the theory
should admit Hamiltonian formalism even though the
higher derivative equations are non-Lagrangian. The
explicit examples of Hamiltonian formalism for third-order
non-Lagrangian derived systems can be found in papers
[28,29]. The constrained Hamiltonian formalism for n-th
order derived theory with the stable interactions con-
structed in Sec. IV is developed in the recent work [38].

®The “gauging” schemes mean that the gauge symmetry of
self-interacting gauge fields can change upon inclusion of the
non-gauge matter fields. Concerning the literature on gauging, we
can mention [35,36] and references therein.
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APPENDIX A: THE PROOF OF IDENTITIES (62)

Let us mention at first the obvious fact we make use of
below. The anticommutator {, } of self-adjoint and anti-
self-adjoint operators is anti-self-adjoint. This means, the
diagonal elements vanish of the anticommutator

(. {WP R} ) =0, p=0,1,2.... (Al)
If the space-time translation, being the anti-self-adjoint
operator, is substituted in this relation, the diagonal element
will vanish. This means, we get the integral of a total
divergence

(b (WP, V) — /ddxﬁyZp””(qﬁ,d)), p=0102..,
(A2)

with X/ being some second-rank tensor.

The relation (62.a)) is proved by induction. The state-
ment is obviously true for p = 0. Assuming that (62.a))
holds for some unspecified value of p = k and using (40),
we find

(W) = e (WA R py + RIGOT,) (WE)”

— BeTR (WH1 )P, (A3)
As k is arbitrary positive number, the statement holds for
any nonnegative p =0,1,2, ....

Consider relation (62.b). Using the Leibnitz rule to
compute variational derivative, we can represent the quan-
tity (J,,); in the following form

n ptk

ZZak

kOl

Wl—lﬁv‘vp+k—l¢>' (A4)

Contracting this relation with the gauge generator R',,
we get

n ptk

R, 17) = Zzak

kOl

¢, WHEIRIOTWPH=lg). (AS)

With the account of relations (A1) and equations of motion
(56), we see that

Raba(Wp)bc¢CEa = <¢ MWRa¢>

*Zak

The latter quantity can be expressed as a sum of commu-
tators,

(WPHE R ). (A6)

+k
[Row Wp+k] — wi-
=1

S|

R, WIWPH =1 (A7)

Substituting this expression into (A6) and adding the result
to (AS), we obtain

Ria(jp)i + Raba(Wp)bc¢cEa
1 n p+k

2220‘" ¢, WEH(W, R,] + RIOT)WPHh=lg),

k=0 I=
(A8)

Due to identity (41), this expression vanishes identically.
This proves the formula (62.b).

Now consider the issue of gauge invariance of current-
like term (J,);. Computing the gauge variation of the
expression (A5) and using formula (62.a), we obtain

n ptk

53,0 = 5P Dl WO, R,

k=0 I=1
+ RI,0;D)Wrtk=lg). (A9)
Again, this expression vanishes identically as a result of
identity (41). This proves formula (62.c).

APPENDIX B: EXISTENCE AND STRUCTURE
OF SECOND-RANK CONSERVED
TENSOR 6" (8.B)

In this Appendix, we prove that the rhs of Eq. (61) is the
conserved tensor. Substituting the equations of motion (56)
into this relation, using the definition of currentlike term
(57), we get

[ atw0.0%p.5)
n n—l1

-3y kﬁ,,<¢, (aﬂWP+k+%ci>ia,.aﬂWp+k)¢>

k=0 p=

N-1
+) B (®. 0" M),

=0

(B1)
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The second term defines the series of energy-momentum
tensors of free theory of gauge field (53),

N-1
0,T(®) = > B,® (0 M),
q=0
N-1
(@) =S BT (®). (B2)
q=0

It remains to prove that the first term is a divergence of
some tensor. Integrating by parts, we decompose the entries
of the sum into three contributions

S (.09 0450, W+ 4)) + (9. (W, ) )

T / AW (.50, (B3)
where the square brackets [,] and braces {, } denote the
commutator and anticommutator of enclosed operators.
The first term vanishes identically due to (42). The second
term is the total divergence (A2), as well as the third one.
The consistency of formula (61) is proven.

The conserved tensor @*“(f#,B) has the following
structure:

n n—1
o (ﬂ7 B) = akﬁp (2p+kﬂv<¢’ (D)
k=0 p=0
1 o N-1
+5nﬂb<¢,¢'8iwp+’<¢>> 2B MO),
q=
(B4)

where T /(@) are the energy-momentum tensors of free
gauge field, and X, , ,** (¢, @) is defined in (A2). As in the
free limit

T(p) = @, ($P0Wrtg) =0, (BS)
k=0

the quantity @ (3, B) is a deformation of an exclusive
representative in the series of energy-momentum
tensors (53).
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