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We study how vortices in dense superfluid hadronic matter can connect to vortices in superfluid quark
matter, as in rotating neutron stars, focusing on the extent to which quark-hadron continuity can be
maintained. As we show, a singly quantized vortex in three-flavor symmetric hadronic matter can connect
smoothly to a singly quantized non-Abelian vortex in three-flavor symmetric quark matter in the color-
flavor locked phase, without the necessity for boojums appearing at the transition.
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I. INTRODUCTION

In a rotating neutron star, the superfluid components—
the nuclear liquid at lower densities and a possible color-
flavor locked (CFL) quark phase [1] at higher densities
in the interior—carry angular momentum in the form of
quantized vortices. How, we ask, are the vortices in these
two phases connected? Can one have continuity or must
there be a discontinuity? How do the possible connections
depend on the particular flavor structure of the matter? In
the ground state of dense matter, the picture of quark-
hadron continuity [2,3] is that as the baryon density is
increased matter undergoes a smooth crossover from the
hadronic phase to the quark phase. By studying how such
vortices connect we can shed further light on whether the
notion of quark-hadron continuity can be extended to
angular momentum carrying states of dense hadronic matter.
To summarize the problem in matching hadronic with

CFL vortices we note that superfluid vortices in the
Bardeen-Cooper-Schrieffer (BCS)-paired hadronic phase
have quantized circulation, CB, i.e.,

CB ¼
I
C
v⃗ · dl⃗ ¼ 2π

νB
2μB

; ð1Þ

where the contour C of integration encircles the vortex, μB
is the baryon chemical potential, and νB is an integer. We

detail this result further below. (We work in units ℏ ¼
c ¼ 1.) All but singly quantized vortices (νB ¼ �1) are
unstable. In a BCS-paired CFL quark phase on the other
hand, the simple Abelian vortex [4,5], the analog of the
hadronic vortex, has circulation [6]

CA ¼
I
C
v⃗ · dl⃗ ¼ 2π

νA
2μq

; ð2Þ

where μq ¼ μB=3 is the quark chemical potential, and again
νA is an integer. Singly quantizedUð1ÞB Abelian vortices in
the quark phase have three times the circulation of singly
quantized hadronic vortices.
Thus if one were to imagine a singly quantized hadronic

vortex turning into a singly quantized Abelian CFL vortex,
the baryon velocity would have to jump discontinuously
by a factor of 3 from the hadronic to the quark phase,
eliminating any possibility of quark-hadron continuity.
Indeed, to make the velocity continuous one would have
to join three hadronic vortices to a single Abelian quark
vortex, as illustrated in Fig. 1(a). Such a join is known as a
boojum [7].
Single Abelian vortices in the CFL phase, however, are

unstable against separating into three non-Abelian vortices
[8–10], each of which has 1=3 the circulation of the Abelian
vortex.1 Thus one might envisage a join with a continuous
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1In Ref. [8] these configurations were referred to as “semi-
superfluid strings”; however, we call them “non-Abelian vorti-
ces” to emphasize the presence of non-Abelian color magnetic
flux in the core combined with vortexlike global rotation of the
quark condensate.
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baryon velocity, as shown in Fig. 1(b), where a boojum
connects three hadronic vortices with three non-Abelian
CFL vortices [11,12]. However, as we discuss in this paper,
one does not have to make a join involving three vortices in
the hadronic phase, but rather one can make a baryon-
velocity conserving join between a single hadronic vortex
and a single non-Abelian vortex in the CFL phase, as
shown in Fig. 1(c), without any need for a boojum. To the
extent that the various flavor quantum numbers permit a
smooth transition from the hadronic to the CFL quark
phase, angular momentum carrying states remain consistent
with quark-hadron continuity.
To spell out this picture in detail, we first discuss more

precisely the nature of quark-hadron continuity between the
hadronic and quark phases. On the deconfined quark side the
(ideal) CFL phase contains u (up), d (down), and s (strange)
quarks, all with the same mass, with a Fermi sea equally
populated with all three flavors and all three colors of quarks.
The corresponding hadronic phase, three-flavor hyperonic
matter, contains all members of the light baryon flavor octet,
n, p, Λ, Σ0, Σ�, Ξ0, and Ξ−, all of the same mass. In the
ground state at finite density, the particles populate a Fermi
sea with all states of the octet equally present.
Both phases break chiral symmetry [1] and Uð1ÞB,

with the same symmetry breaking pattern [SUð3ÞL ⊗
SUð3ÞR ⊗ Uð1ÞB → SUð3ÞV]. In the hadronic phase, the
dibaryon condensate, which breaks Uð1ÞB, is formed from
two paired flavor octets, while in the CFL phase, a diquark
condensate is formed, which in the unitary gauge has the
same color-flavor orientation everywhere.2 Also, in the
hadronic phase, chiral symmetry is spontaneously broken
by a quark-antiquark chiral condensate, producing a light
octet of pseudoscalar mesons, i.e., π0, π�, K0, K̄0, K�, and

η, while in the CFL phase, the diquark condensate
spontaneously breaks chiral symmetry, producing a light
octet of pseudoscalar mesons [15–17]. Previous studies
[2,3,18,19] have established the continuity between the
low-energy excitations of such three-flavor hadronic and
three-flavor quark matter.3 The nine single-quark excita-
tions of different colors and flavors can be mapped, in the
unitary gauge, onto the baryon octet plus a baryon singlet,
which is usually not mentioned in discussions of the
confined phase because it is much heavier than the octet
baryons [3].
One can further understand quark-hadron continuity in

terms of the anomaly-induced coupling between the chiral
and diquark condensates [21,22]. The implications of
quark-hadron continuity for the QCD phase diagram are
reviewed in Ref. [23], and for neutron stars in Ref. [24].
Figure 2 summarizes our results. In the confined phase

(upper half of the figure) the hadronic vortex carries
angular momentum via the circulation of a gauge-invariant
dibaryon condensate that acquires a phase of 2π when
transported around the core. This vortex can be continu-
ously connected to a non-Abelian CFL vortex [8] in the
CFL quark phase (lower half of the figure) where the vortex
has the same baryon circulation, but it arises in the unitary
gauge from three diquark condensates, one of which
acquires a phase of 2π when transported around the core.
On the other hand, in the gauge-invariant picture, described
in detail in Sec. III D, the phase increase is attributed to the
entire six-quark order parameter.
This paper is organized as follows. In Sec. II we

review the generic properties of vortices in a superfluid.
In Sec. III we discuss the vortex configurations that exist in

FIG. 2. Schematic illustration of the smooth evolution of a
hadronic vortex into a non-Abelian CFL vortex. In the hadronic
phase, the phase of the condensate corresponding to paired
baryons (six quarks) increases by 2π in winding around the
vortex core. In the CFL phase in the gauge-fixed picture, one
component of the order parameter picks up a phase 2π in
winding, as shown. In the gauge-invariant picture the phase of
the entire six-quark order parameter changes by 2π in winding.

(a)

Hadronic Vortices

Abelian
Vortex

(b)

Non-Abelian
Vortices

(c)

FIG. 1. Schematic illustrations for connecting vortices: (a) If
angular momentum in the CFL phase is carried by Abelian CFL
vortices then in the crossover to the hadronic phase a boojum
(shaded circle) joins three hadronic vortices to a single Abelian
CFL vortex; (b) because Abelian CFL vortices are unstable, three
hadronic vortices match onto three non-Abelian CFL vortices
through a modified boojum; or (c) each hadronic vortex matches
onto a single non-Abelian CFL vortex without the need for a
boojum.

2With full three-flavor symmetry, CFL pairing is the most
stable [13,14].

3This continuity is an example of the complementarity
between the confined and Higgs phases of a non-Abelian gauge
theory [20].
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three-flavor hadronic and quark matter. After discussions of
hadronic vortices in Sec. III A, we describe two different
vortex configurations that have been constructed in three-
flavor quark matter, Abelian CFL vortices in Sec. III B
and non-Abelian CFL vortices in Sec. III C, and then we
show how a non-Abelian vortex can be continuously
connected with a hadronic vortex. In Sec. III D we show
how these non-Abelian vortices can be understood in a
gauge-invariant description, focusing in Sec. III D 2 on the
continuity of flavored vortices. Finally, in Sec. IV we
discuss the role of color magnetic flux. We focus through-
out on the properties of connecting single vortices, and
leave the discussion of an array of vortices in the CFL
phase at finite rotation for the future.

II. VORTEXQUANTIZATIONANDCIRCULATION

We first review the basics of vortex quantization,
circulation, and angular momentum, which are common
to all the vortices we discuss here: hadronic vortices,
Abelian CFL vortices, and CFL vortices carrying non-
Abelian color flux.
Quantized vortices arise in superfluids under rotation.

A superfluid can be described by a complex scalar field; the
ground state expectation value Φðr⃗; tÞ of the field, in the
conventional description in terms of broken symmetry,
represents the condensate of bosons (or Cooper pairs of
fermions) that gives rise to superfluidity. The Hamiltonian
for the field is invariant under a global Uð1Þ symmetry,
so that the number of bosons or fermions is conserved by
the dynamics. However, if Φ is nonzero then the ground
state of the Hamiltonian spontaneously breaks the Uð1Þ
symmetry.
In general, the condensate can be written in terms of its

modulus and phase ϕ as

Φ ¼ eiϕjΦj: ð3Þ

In the local rest frame of the condensate,

ϕ ¼ −μst; ð4Þ

where μs is the chemical potential of the conserved particles
in the ground state, namely the minimum energy required to
add one boson or one pair of fermions to the system.
Boosting to a frame in which the condensate is in uniform
motion [25], we find

ϕ ¼ pνxν ¼ p⃗ · r⃗ − μt; ð5Þ

where pνpν ¼ −μ2s and μ ¼ γðvÞμs with γðvÞ≡
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
. The superfluid velocity is simply

v⃗ ¼ p⃗
jp0j

¼ p⃗
μ
: ð6Þ

We can thus write the momentum carried by the unit of
conserved charge and the chemical potential as

p⃗ ¼ ∇⃗ϕðr⃗; tÞ; μ ¼ −
∂ϕðr⃗; tÞ

∂t ð7Þ

for general space-time dependent ϕ.
For a static superfluid vortex, ϕðr⃗; tÞ ¼ ϕðr⃗Þ − μt; thus

Φðr⃗Þ ¼ eiϕðr⃗Þ−iμtjΦðr⃗Þj; ð8Þ

where jΦðr⃗Þj is vanishing at the center of the vortex and in
uniform density matter is independent of position well
outside the vortex core. Far from the vortex core the only
spatial variation is in the phase ϕðr⃗Þ.
For the mathematically simplest vortex aligned along the

z axis, ϕ ¼ νφ, where φ is the azimuthal angle. Thus the
momentum per particle or pair is

p⃗ðrÞ ¼ ∇⃗ϕ ¼ ν

r
φ̂; ð9Þ

where r is the distance from the vortex core and φ̂ is a unit
vector in the φ direction. From Eq. (6) the superfluid
velocity is

vðrÞ ¼ ν

μr
φ̂: ð10Þ

Integrating p⃗ along a closed contour C surrounding the
vortex we obtain the total change Δϕ in the phase,

Δϕ ¼
I
C
p⃗ · dl⃗ ¼ 2πν: ð11Þ

In a three-dimensional system, the winding number ν must
be an integer. From Eqs. (6) and (11) [or from Eq. (10)] the
superfluid velocity obeys the circulation condition,

C ¼
I
C
v⃗ · dl⃗ ¼ 2π

ν

μ
; ð12Þ

as mentioned in the introduction.
Lastly we compute the angular momentum, Lz, of a

vortex centered on the z axis. From Eq. (7) the local
azimuthal momentum density is pφn where n is the particle
density (as distinguished from the condensate density),
which is independent of φ. Thus

Lz ¼
Z

d3rrpφnðrÞ ¼ ν

Z
2πrdrdznðrÞ ¼ Nν; ð13Þ

where N is the total number of particles or pairs. The
angular momentum per particle for bosons or per fermion
pair is simply ν, the winding number of the vortex.
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III. VORTICES IN HADRONIC AND CFL
QUARK MATTER

We now consider the circulation and the angular
momentum associated with vortices in hadronic and
CFL quark matter.

A. Hadronic vortices

In the SUð3Þ classification, baryon pairs can be decom-
posed into irreducible representations as

8 ⊗ 8 ¼ 1 ⊕ 8 ⊕ 27|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
sym

⊕ 8 ⊕ 10 ⊕ 10�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
anti-sym

: ð14Þ

Here and below, sym and anti-sym stand for the symmetry
under the flavor exchange of two baryons. The baryon-
baryon interaction in the SUð3Þ limit is most attractive in
the flavor-singlet channel (1 representation) [26] with a

pairing gap of the formΔð1Þ
B ¼h−

ffiffi
1
8

q
½ΛΛ�symþ

ffiffi
3
8

q
½ΣΣ�symþffiffi

4
8

q
½NΞ�symi. In the ground state of three-flavor hyperonic

matter, flavor nonsinglet pairings in other attractive
channels can coexist with the flavor-singlet pairing,
e.g., the standard nucleon pairing in the spin-singlet

isospin-triplet channel, Δð27Þ
B ¼ h½NN�symi, and the

possible pairing in the spin-singlet isospin-doublet channel,

Δð8symÞ
B ¼ h− 1

10
½NΛ�sym þ

ffiffiffiffi
9
10

q
½NΣ�symi [27].

In any of these pairings, the chemical potential entering
Eq. (12) is 2μB, that of a pair of baryons. Therefore,
no matter whether it is flavor singlet or nonsinglet, a
hadronic vortex with winding number νB has circulation
2πνB=ð2μBÞ, Eq. (1). The corresponding angular momen-
tum per baryon is [see Eq. (13)]

LBz

NB
¼ 1

2
νB; ð15Þ

since there are NB=2 pairs in the system.

B. Abelian CFL vortices

The order parameter of quark matter in the CFL phase in
the unitary gauge can be written in terms of the color and
flavor triplet diquark operator [1]

Φ̂αi ¼ N ϵαβγϵijkqβjCγ5qγk; ð16Þ

where C ¼ iγ0γ2 is the charge conjugation operator, and
greek and latin letters denote color and flavor indices,
respectively; N is a normalization constant. The order
parameter is then

Φαi ¼ hΦ̂αii: ð17Þ

The matrix Φαi can be diagonalized by a combination of
color and flavor rotations, so that without loss of generality
we write

Φ ¼

0
B@

Φr̄ ū 0 0

0 Φḡ d̄ 0

0 0 Φb̄ s̄

1
CA; ð18Þ

where r, g, b (r̄; ḡ; b̄) denote colors (anticolors) and u, d, s
flavors; in the ground state, Φr̄ ū ¼ Φḡ d̄ ¼ Φb̄ s̄ ¼ ΔCFL.
Naively one would expect the angular momentum

carrying states with lowest energy per unit of angular
momentum to be global Uð1ÞB or “Abelian CFL” vortices.
In these vortices each of the three nonzero components of
the order parameter winds around the core of the vortex, so
for an Abelian CFL vortex aligned along the z axis the
order parameter assumes the form

ΦA ¼ ΔCFLeiνAφ

0
B@

fðrÞ 0 0

0 fðrÞ 0

0 0 fðrÞ

1
CA; ð19Þ

where fðrÞ varies monotonically from 0 at r ¼ 0 to unity as
r → ∞, with νA being the winding number of the Abelian
CFL vortex.
The quark chemical potential is μq ¼ μB=3, and thus the

chemical potential per quark pair is 2μq ¼ 2
3
μB, so from

Eqs. (6) and (7) and the total momentum per quark pair in
the condensate is

p⃗ ¼ 2

3
μBv⃗; ð20Þ

where as before v⃗ is the superfluid velocity, so the
circulation is

CA ¼ 3νA
2μB

I
dl⃗ · ∇⃗φ ¼ 3νA

2
·
2π

μB
: ð21Þ

The angular momentum per baryon of the vortex is

LAz

NB
¼ 3

2
νA: ð22Þ

We now ask how the vortices in hadronic matter would
match on to Abelian vortices in CFL quark matter at a
crossover between these phases. If the superfluid velocity,
and hence the circulation, Eq. (12), and angular momentum
per baryon, Eq. (13), do not match in the two phases, then
quark-hadron continuity would be violated. By comparing
Eqs. (1) and (21), or equivalently (15) and (22), we see that
matching would require

νB ¼ 3νA: ð23Þ
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The matching relation (23) implies that three singly
quantized hadronic vortices should merge into one
Abelian CFL vortex, violating quark-hadron continuity
in states with finite angular momentum. This merging
would require a boojum [7] at the interface between the two
phases, as sketched in Fig. 1(a). As we discuss in the next
section, the violation need not be present for the more
stable non-Abelian vortices in the CFL phase.

C. Non-Abelian CFL vortices

An Abelian CFL vortex is energetically unstable against
formation of three non-Abelian vortices [8,9]. The con-
densate of the antired-antiup (r̄ ū) non-Abelian vortex is

Φð1Þ ¼ ΔCFL

0
B@

eiν1φfðrÞ 0 0

0 gðrÞ 0

0 0 gðrÞ

1
CA; ð24Þ

with corresponding gluon field

Að1Þ
φ ¼ −

ν1
gcr

½1 − hðrÞ�

0
BB@

− 2
3

0 0

0 1
3

0

0 0 1
3

1
CCA; ð25Þ

where gc is the QCD coupling and the boundary conditions
are

f → 0; g0 → 0; h → 1 as r → 0;

f → 1; g → 1; h → 0 as r → ∞: ð26Þ

Single valuedness of the condensate requires that ν1 be an
integer. Antigreen-antidown (ḡ d̄) and antiblue-antistrange
(b̄ s̄) versions, Φð2Þ with ν2 and Φð3Þ with ν3, can be
obtained by permuting the diagonal elements.
To obtain the superfluid velocity and angular momentum

per baryon of the non-Abelian vortex, we rewrite
Eq. (24) as

Φð1Þ ¼ ΔCFLe
i
3
ν1φ

0
BB@

e
2i
3
ν1φfðrÞ 0 0

0 e−
i
3
ν1φgðrÞ 0

0 0 e−
i
3
ν1φgðrÞ

1
CCA:

ð27Þ

In this form the overall factor of e
i
3
ν1φ is the Uð1ÞB phase,

while the phase factors within the matrix are a color
rotation. [We note for later computation of the covariant
derivative of Φð1Þ that the gradients of these phases are
compensated by the color gauge field (25).]
The chemical potential per quark pair is 2μq ¼ 2

3
μB, so

from Eqs. (6), (7), and (9) the total momentum per quark
pair is related to the superfluid velocity v⃗ by

p⃗ ¼ 1

3
·
ν1
r
φ̂ ¼ 2

3
μBv⃗: ð28Þ

The circulation around the vortex, Eq. (12), is

Cð1Þ ¼
I
C
v⃗ · dl⃗ ¼ πν1

μB
: ð29Þ

Correspondingly, the angular momentum per baryon of the
vortex of the form (24) or (27) is

Lð1Þz
NB

¼ 1

2
ν1: ð30Þ

The same relations also hold for Φð2Þ with ν2 and Φð3Þ
with ν3.
We see from Eqs. (1) and (29) and from Eqs. (15) and

(30) that singly quantized (νB ¼ 1) vortices in hadronic
matter can match onto singly quantized (ν1 ¼ 1, ν2 ¼ 1, or
ν3 ¼ 1) non-Abelian vortices in CFL quark matter at a
crossover between these phases, with no discontinuity in
baryon velocity and angular momentum.
This result can be understood intuitively as follows. In

the hadronic vortex, the dibaryon condensate acquires a
phase of 2π as one follows it along a contour encircling
the vortex core. Since the dibaryon can be viewed as three
diquarks, this corresponds to each diquark acquiring a
phase of 2π=3. The non-Abelian vortex in the CFL
condensate has exactly the same circulation: each diquark
acquires a phase4 of 2π=3.
We conclude, in agreement with Ref. [11], that a single

non-Abelian CFL vortex has the same circulation as a
hadronic vortex. However, Ref. [11] suggests that, in order
to neutralize the color flux contained in the non-Abelian
vortices, three non-Abelian CFL vortices must merge to
form a boojum at the CFL-hadronic boundary to which
three hadronic vortices then connect [see Fig. 1(b)]. As
we argue below, there is no need for such a boojum: a
single non-Abelian CFL vortex can smoothly evolve into a
single hadronic vortex [as in Fig. 1(c)]. To show this,
further consideration of the flavor structure of the vortices
is necessary in the hadronic and the CFL phases, as we
discuss in Sec. III D.

D. Gauge-invariant description

In Sec. III we described the CFL condensate in the
unitary gauge. Although such a gauge-fixed description is
convenient for writing down the non-Abelian vortex
solution explicitly and showing the continuity of the
circulation and angular momentum between the hadronic

4If Uð1ÞB were a local gauge symmetry, the vortex would
become a Uð1ÞB flux tube. The hadronic vortex and the non-
Abelian vortex would both have the same Uð1ÞB flux in their
cores.
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phase and the CFL phase, it is not clear how the flavor
structures in the two phases are connected. To resolve this
problem, in this section we describe vortices in the CFL
phase in a gauge-invariant manner [28] using diquarks in
Eqs. (16) and (17) as building blocks. We can write down
mesonlike and baryonlike gauge-invariant combinations of
diquark operators,

M̂j
iðr⃗Þ≡ Φ̂†

iαΦ̂
αj; ð31Þ

ϒ̂ijkðr⃗Þ≡ 1

6
ϵαβγΦ̂αiΦ̂βjΦ̂γk: ð32Þ

We focus on ϒ̂ijkðr⃗Þ for the moment and consider M̂j
iðr⃗Þ

later in Sec. III D 3. According to quark-hadron continuity,
hϒ̂ijkðr⃗Þi is nonzero in both the CFL and hadronic phases
because both phases break baryon number, via diquark
and dibaryon condensates, respectively. In Secs. III D 1
and III D 2 below we discuss the projection of ϒ̂ijkðr⃗Þ onto
specific flavor representations.
In the CFL phase, in the mean-field approximation,

ϒijkðr⃗Þ≡ hϒ̂ijkðr⃗Þi ¼ 1

6
ϵαβγΦαiΦβjΦγk: ð33Þ

ϒijkðr⃗Þ provides a gauge-invariant description of the non-
Abelian vortex originally defined through the gauge-
dependent condensate Φ.
Note that the irreducible flavor SUð3Þ decomposition of

ϒijkðr⃗Þ is

3� ⊗ 3� ⊗ 3� ¼ 1 ⊕ 8 ⊕ 8 ⊕ 10�; ð34Þ

so that not only flavor-singlet but also flavored vortices
can be obtained from Φ by appropriate projections. These
would match to certain of the hadronic vortices classified
in Eq. (14).
According to (33) the total number of 6-quark conden-

sates in the CFL phase is 3 × 3 × 3 ¼ 27, while the number
of pairs of octet baryons in the hadronic phase is
8 × 8 ¼ 64. One might think that there is a mismatch,
but this is because our diquark condensate Φ only includes
flavor antisymmetric diquarks. We discuss this point in
Sec. III D 2.
In the hadronic phase a nonzero expectation value of

ϒ̂ijkðr⃗Þ is an order parameter for baryon number violation,
which is manifest with ϒ̂ijkðr⃗Þ rewritten in terms of the
baryon-interpolating operator, B̂ia

j ≡ Ψ̂αiq̂aαj; the spin 1=2

is represented by the index a on qaαj. In writing B̂ia
j as

interpolating operators for spin-1=2 baryons, we simplify
the operator structure by neglecting the axial vector diquark
(called the “bad diquark” in hadron structures), which is a
reasonable approximation for low-lying baryons. The

operator B̂ia
m can be written as a sum of flavor-singlet

and flavor-octet operators as

B̂ia
m ¼ B̂a

1ðδim=
ffiffiffi
6

p
Þ þ B̂Aa

8 ðtAÞim; ð35Þ

where the tA are the SU(3) generators (A ¼ 1;…; 8) in
flavor space, with the normalization trðtAÞ2 ¼ 1=2. Then
B̂a
1 ≡ 2trðB̂aÞ= ffiffiffi

6
p

and B̂Aa
8 ≡ 2trðtAB̂aÞ.

Forming B̂ia
j by combining the quark operator with the

diquark operator written in terms of two quarks, (16), we
find the operator relation

ϒ̂ijkðr⃗Þ ¼ 1

3
ϵkmnðCγ5ÞabB̂ia

mB̂
jb
n : ð36Þ

Clearly, a dibaryon condensate hB̂ B̂i ≠ 0 in the hadronic
phase makes ϒijk nonzero.

1. Flavor-singlet vortex

We first consider vortices in the flavor-singlet projection
of the gauge-invariant order parameter,

ϒ̂1ðr⃗Þ ¼ ϵijkϒ̂
ijkðr⃗Þ: ð37Þ

We can equivalently express this expectation value using
Eq. (36) in terms of the baryon operators, (35),

ϒ1ðr⃗Þ ¼
1

3
ðCγ5Þabðδmi δnj − δni δ

m
j ÞhB̂ia

mB̂
jb
n i

¼ 1

3
ðCγ5Þab

�
hB̂a

1B̂
b
1i −

1

2
hB̂Aa

8 B̂Ab
8 i

�
; ð38Þ

in hadronic language ϒ1ðr⃗Þ corresponds to a flavor-singlet
condensate made with flavor-singlet and flavor-octet
baryons.
In the CFL phase insertion of any of Φð1Þ, Φð2Þ or Φð3Þ

gives the same form

ϒ1 ¼ eiνqφΔ3
CFLfðrÞg2ðrÞ; ð39Þ

which implies that the non-Abelian vortices Φð1;2;3Þ have a
common flavor-singlet component. A singly quantized
(νq ¼ 1) vortex has the same circulation 2π=2μB as a
singly quantized (νB ¼ 1) hadronic vortex in the flavor-
singlet channel; its phase winds by 2π on a contour
encircling the vortex core, consistent with our finding that
these two vortices match smoothly onto each other, with
quantized vortex circulation 2π=2μB.
If, on the other hand, we were to substitute the field

configuration for an Abelian vortex ΦðAÞ in Eq. (19) into
Eq. (37), we would find
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ϒA ¼ e3iνAφΔ3
CFLf

3ðrÞ; ð40Þ

the gauge-invariant form of a singly quantized Abelian
vortex winds three times more (by 6π) on a contour
encircling the vortex core. This winding is consistent with
needing three hadronic vortices to match to one Abelian
vortex [11].
We now consider the vortex energy in terms of the

gauge-invariant order parameter. Because of the boundary
condition (26), the extra energy density of a vortex far away
from its core arises from the derivative terms; for a non-
Abelian vortex the energy density is asymptotically

ϵð1Þ ¼ trjDΦð1Þj2; ð41Þ

where the covariant derivative is D ¼ ∇ − igcA, and the
trace is taken with respect to color-flavor matrix indices.
The gluon field (25) in D exactly cancels the derivatives of

the phases in the color-flavor matrix part ofΦð1Þ
αi in Eq. (27).

As a result only the derivative of the Uð1ÞB phase
contributes to the energy density at large distance from
the vortex core,

ϵð1Þ ¼ 3 ·
ν1

2

9r2
jΔCFLj2: ð42Þ

Calculating ∇ϒ1 from Eq. (39) we can write the energy in
terms of the gauge-invariant order parameter as

ϵ1 ¼
1

3ðΔCFLÞ4
j∇ϒ1j2: ð43Þ

This is the kinetic term of a Ginzburg-Landau theory [29] at
large distance for the gauge-invariant flavor-singlet order
parameter ϒ1.
We can write the full gauge-invariant Ginzburg-Landau

free energy in two dimensions in the form

F ¼ N
Z

d2r

�
j∇ϒ̃1j2 −m2jϒ̃1j2 þ

λ

2
jϒ̃1j4

�
; ð44Þ

where we rescale ϒ1 → ϒ̃1 to make the coefficient of the
gradient term be unity at the mean-field level. The full
determination of the coefficients, m2 and λ, from QCD is a
challenging future problem. This form of the Ginzburg-
Landau free energy describes the interaction between the
flavor-singlet parts of non-Abelian vortices (see also
Ref. [30]).
As in simple superfluids, e.g., 4He, the interaction energy

of two non-Abelian vortices in the gauge-invariant picture
is essentially the integral of the product of the two vortex
velocities, v1 · v2, which is generally negative between two
similarly quantized vortices; for two singly quantized
vortices whose cores are separated by L, assumed much

greater than the coherence length 1=m, the interaction
energy is5

Fint ¼ −
2πm2

λ
lnðmLÞ: ð45Þ

Here, the coefficient appears from the normalized con-
densate, jϒ̃1j2 ¼ m2=λ in the mean-field approximation.
This logarithmically diverging result (see [31]) indicates
that the two vortices repel.

2. Flavored vortices

We now consider vortices in the flavor-octet projection
of the gauge-invariant order parameter,

ϒ̂A
8 ¼ ϵijlðtAÞlkϒ̂ijkðr⃗Þ: ð46Þ

This term vanishes in the mean-field approximation, but
beyond mean field the flavor-octet part of non-Abelian CFL
vortices could smoothly connect to flavor-octet hadronic
vortices, just as the flavor-singlet part of a non-Abelian
vortex can smoothly connect to a flavor-singlet hadronic
vortex. As with the flavor singlet, we can express ϒa

8ðr⃗Þ in
terms of the baryon operators,

ϒA
8 ðr⃗Þ ¼

1

3
ðCγ5ÞabϵijlðtAÞlkϵkmnhB̂ia

mB̂
jb
n i

¼ 1

6
ðCγ5Þab

�
dABChB̂Ba

8 B̂Cb
8 i −

ffiffiffi
6

p

3
hB̂a

1B̂
b
8i
�
; ð47Þ

where the d tensor is defined by fλA; λBg ¼
1
3
δAB þ dABCλC. Equation (47) shows how the flavor-octet

vortex ϒA
8 can be understood as a symmetric 8 made with

two octet baryons [as classified in Eq. (14)].
We note that the flavor structure of dibaryon pairings

such as hnni and hppi in two-flavor superfluid nuclear
matter cannot be realized in the present setup for the CFL
phase. For example, a neutron pair condensate, hnni, has an
overlap with the diquark condensate, hudihudihddi; how-
ever, because hddi is flavor symmetric, it must be color
symmetric for a spin-singlet (antisymmetric) pair, and thus
cannot be constructed out of ϒijk given in terms of Φαi.
Such pairing is possible in the color sextet channel;
although single gluon exchange is repulsive for color-
triplet diquarks, and such pairing is presumably less

5The interaction free energy of two vortices, one at the origin
with phase ϕ1 and the second with phase ϕ2, where the ϕ’s are the
azimuthal angles φ measured from the individual vortex cores, is
Fint ¼

R
d2r∇ϕ1 · ∇ϕ2jϒ̃0j2. After integration by parts only the

surface term remains, since ∇2φ ¼ 0, and choosing the branch
cut in the phase along the x axis, the integral becomesR
L
1=m dx∂yϕ1 · Δϕ2jϒ̃0j2. Since the discontinuity of φ2 across
the x axis, Δϕ2, is −2π (except at its core, where the order
parameter vanishes), we find Eq. (45).
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favored, this pairing breaks the same symmetries and is
therefore induced by color antisymmetric pairing [3,32].
Another possible way to form hddi is with color-triplet and
spin-triplet pairing [33,34], which has spin 1 and breaks
rotational symmetry. Such states could connect naturally to
3P2 pairing in dense nuclear matter. We leave the question
of vortex continuity between neutron 3P2 pairing and color-
triplet. spin-triplet paired quark matter for the future.

3. Flavor symmetry breaking in the vortex core

At least at the level of the mean-field approximation,
flavor symmetry is spontaneously broken in the core of a
CFL vortex [12], SUð3Þ → SUð2Þ ⊗ Uð1Þ, which can be
characterized by the flavor-octet order parameter Mj

i ¼
hM̂j

ii introduced in Eq. (31). For a Φð3Þ condensate, for
example, we have

trðtAMÞ ¼ −
2ffiffiffi
3

p ½fðrÞ2 − gðrÞ2�δA;8: ð48Þ

Whether this prediction survives beyond mean field
requires analysis of the fluctuation modes of a CFL vortex
in (3þ 1) dimensions. If the core is effectively a (1þ 1)-
dimensional system, the Mermin-Wagner-Hohenberg-
Coleman theorem [35–37] would imply that fluctuations
in the order parameter along the symmetry broken direc-
tions (the CP2 mode [12]) would prevent spontaneous
breaking of continuous symmetries in systems in (1þ 1)
dimensions at T ≥ 0 [and in (2þ 1) dimensions at T > 0
[38]]. This indicates that if the Hamiltonian is flavor
symmetric no flavor-breaking condensate would be able
to appear in the vortex core. (See Ref. [39] and references
therein for detailed discussions on the absence of flavor
symmetry breaking in the vortex core in relativistic theories
as well as possible exceptions in nonrelativistic theories.)
Even if flavor symmetry is spontaneously broken in the CFL
vortex, e.g., due to a coupling between the Kelvin mode and
the CP2 mode, which requires (3þ 1)-dimensional analysis,
the octet components of ϒ̂ijk could develop an expectation
value inside the hadronic vortex core.
Therefore, in either scenario, the flavor transformation

properties of the CFL vortices do not prevent continuity of
vortices between the hadronic and CFL phases.

IV. COLOR FLUX

In Sec. III we argued that at a crossover between the
hadronic phase and the CFL phase, a hadronic vortex can
smoothly evolve into a non-Abelian CFL vortex, in keeping
with quark-hadron continuity. More generally, even if there
is a first order phase transition between the CFL and
hadronic phase (terminating a CFL vortex in much the
same way as vortex terminates at a free surface in a liquid),
it is hard to avoid a hadronic vortex, since then one
would have to have a layer of discontinuity in the baryonic

current. This raises the question of what happens to
the color magnetic flux in the non-Abelian CFL vortex.
Reference [11] argued that at the quark-hadronic boundary
there must be a boojum where three non-Abelian CFL
vortices with different color magnetic fluxes come together
so that their color fluxes cancel, and they can then connect to
three hadronic vortices [see Fig. 1(b)]. However, we argue
that there is no need for such an elaborate construction.
The gauge-invariant characterization of the color mag-

netic flux was recently discussed in Ref. [40], which noted
that, just as for local non-Abelian flux tubes [41,42], the
color magnetic flux in the non-Abelian CFL vortex can be
characterized by the Aharonov-Bohm phase acquired by a
heavy “probe” quark when transported around the vortex.
This is manifest in the expectation value of the trace of the
Wilson loop operator,

W3ðCÞ ¼
1

Nc
trP exp

�
igc

I
C
dsμAμAtA3

�
; ð49Þ

where Nc is the number of colors (i.e., Nc ¼ 3), P denotes
path ordering, the tA3 are the SUð3Þ color generators in the
triplet representation, and C is a closed contour encircling
the vortex. If the contour is large enough then the Wilson
loop follows a perimeter law hW3ðCÞi ¼ χC expð−κLðCÞÞ
in both phases, where LðCÞ is the length of the contour, and
κ is an effective mass. The prefactor χC contains the
Aharonov-Bohm phase for the path C, normalized so that
for a large contour C0 that does not encircle a vortex,
χC0 ¼ 1.
Reference [40] emphasized that, for a non-Abelian CFL

vortex, χC is a Z3 phase, an element of the center of the
color gauge group, whereas in the hadronic phase we
expect that for a contour C encircling a hadronic vortex
there will be no such phase, χC ¼ 1, since there is no color
flux in the hadronic vortex. However, as we now explain,
this does not mean that a boojum is required at the quark-
hadron boundary.
One of the leading scenarios for explaining confinement

is the condensation of “center vortices” [43–47]; for a
recent review see [48]. According to this picture, the
confining QCD vacuum is filled with flux tubes that carry
Z3 color flux. It is therefore quite possible that when a non-
Abelian CFL vortex arrives at the CFL-hadronic boundary,
its color flux can leak away into the confined hadronic
phase, indistinguishable from the preexisting condensate of
center vortices. There is no reason why multiple CFL
vortices should be constrained to converge at a boojum
before entering the hadronic phase: even if they are far apart
their color fluxes can still cancel by connecting with each
other through the putative condensate of color vortices in
the hadronic phase.
Now, let us consider a spherical compact stellar object

made of SUð3Þ-symmetric matter, rotating so slowly
around the central z axis that it contains exactly one vortex
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lying along this axis. We assume that the lower-density
mantle is in the hadronic phase and the higher-density core
is in the CFL phase. The vortex has a “southern” hadronic
segment, a central CFL segment, and a “northern” hadronic
segment, Since such a system cannot contain a boojum,
which requires three vortices, what then is configuration of
the color flux? When the CFL vortex reaches the hadronic
phase, at the north pole of the core, its Uð1ÞB circulation
becomes the northern segment of the hadronic vortex,
which continues upwards along the z axis.
In the center vortex picture, its color flux would become

another member of the existing condensate of center
vortices in the hadronic phase. That color flux is redis-
tributed through a chain of monopoles and antimonopoles
connected by color flux tubes [48] in the hadronic mantle
and ultimately links to the south pole of the core, where it
would combine with the southern segment of the hadronic
vortex to create the CFL vortex that begins at the south pole
of the core.

V. CONCLUSIONS

We have argued here that singly quantized superfluid
vortices in three-flavor symmetric hadronic matter can
transform smoothly into singly quantized non-Abelian
superfluid vortices in three-flavor symmetric color-flavor
locked quark matter, without the need to include boojums
to mark the transition at the interface between the two
phases. One can make a one-to-one correspondence
between vortices in the baryonic and quark phases. We
have constructed a gauge-invariant description of non-
Abelian vortices. A natural next step is to spell out the
full Ginzburg-Landau theory for non-Abelian vortices in
terms of their gauge-invariant order parameter.
We have only studied the question of the connections of

single vortices in fully SUð3Þ flavor symmetric matter. To
make our analysis applicable to more realistic situations in
neutron stars where one does not have even isospin

symmetry requires extending the analysis to flavor-sym-
metry broken states, resulting from the higher mass of the
strange quark (for a discussion of the ramifications for CFL
superfluid vortices see Ref. [12]). The extension requires
considering BCS pairing states in the quark phase beyond
ideal CFL with simple color, flavor, and spin asymmetry.
Ultimately we would like to determine the extent to which
one can connect the hadronic and quark matter phases and
their vortices in a smooth way. Furthermore, at large
rotational rates one expects an array of vortices. While
in the hadronic phase the vortices are expected to form a
triangular lattice; determining the optimal lattice configu-
rations in the quark phase requires better understanding the
interactions of non-Abelian vortices. For such systems with
the interactions of multiple vortices, other types of con-
nections from multiple non-Abelian vortices to multiple
hadronic vortices may be realized by dynamics, which is
not excluded from our analysis on single vortex.
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