
 

Chiral partner structure of light nucleons
in an extended parity doublet model

Takahiro Yamazaki* and Masayasu Harada†

Department of Physics, Nagoya University, Nagoya 464-8602, Japan

(Received 20 September 2018; published 20 February 2019)

We study chiral partner structure of four light nucleons, Nð939Þ, Nð1440Þ, Nð1535Þ and Nð1650Þ, using
an effective chiral model based on the parity doublet structure. In our model we introduce four chiral
representations, (1,2), (2,1), (2,3) and (3,2), under SUð2ÞL ⊗ SUð2ÞR symmetry. We determine the model
parameters by fitting them to available experimental values of masses, widths and the axial charge of
Nð939Þ together with the axial charges of Nð1535Þ and Nð1650Þ by lattice analyses. We find five groups of
solutions: In a group the chiral partner to Nð939Þ is Nð1440Þ having small chiral invariant mass. In another
group, the chiral partner is a mixture of Nð1535Þ and Nð1650Þ having a large chiral invariant mass. Using
the solutions, we give phenomenological predictions on the axial charges and changes of masses associated
with chiral symmetry restoration.

DOI: 10.1103/PhysRevD.99.034012

I. INTRODUCTION

One of the most important features of QCD relevant to
the low-energy hadron physics is the chiral symmetry and
its spontaneous breaking. The spontaneous symmetry
breaking generates mass differences between chiral part-
ners as well as the mixing among different chiral repre-
sentations. It is interesting to study the role of the chiral
symmetry breaking to determine the properties and struc-
tures of baryons such as amount of the masses of baryons
generated by the chiral symmetry breaking and the chiral
partner of ground state nucleon.
In a hadronic model for light nucleons based onthe parity

doublet structure [1–5] the chiral partner ofNð939Þ is
Nð1535Þ. One of the important features of the model is
the existence of the chiral invariant mass denoted by m0

which is not originated from the spontaneous chiral
symmetry breaking. In other words, the mass splitting
between Nð939Þ and its chiral partner Nð1535Þ is given by
the spontaneous chiral symmetry breaking, which implies
that the masses of Nð939Þ and Nð1535Þ approach m0 when
the chiral symmetry is restored.
This parity doublet structure is extended to include

hyperons and/or excited nucleons such as Nð1440Þ and
Nð1650Þ (see, e.g., Refs. [6–16]).

Particularly, in Ref. [15], two ½ð1; 2Þ ⊕ ð2; 1Þ� represen-
tations under the chiral SUð2ÞL ⊗ SUð2ÞR are introduced
to study Nð939Þ, Nð1440Þ, Nð1535Þ and Nð1650Þ. Two
types of solutions were found: In one type, the chiral
partner of Nð939Þ is a mixture of Nð1535Þ and Nð1650Þ
and two chiral invariant masses are almost 200 MeV. In
another type, Nð939Þ and Nð1535Þ are chiral partners to
each other and two chiral invariant masses are about
1000 MeV. On the other hand, in Ref. [14], a model is
constructed in the three-flavor framework to further intro-
duce the chiral ½ð3; 6Þ ⊕ ð6; 3Þ� representations under the
chiral SUð3ÞL ⊗ SUð3ÞR symmetry, which corresponds to
the chiral ½ð2; 3Þ ⊕ ð3; 2Þ� representations under the chiral
SUð2ÞL ⊗ SUð2ÞR symmetry. It was shown that the
Nð939Þ is dominated by the ½ð3; 6Þ ⊕ ð6; 3Þ� to reproduce
the axial charge of nucleon as pointed in Ref. [8], and that
the chiral invariant mass of the Nð939Þ is about 800 MeV.
The large value of the chiral invariant mass of Nð939Þ
seems consistent with the results by the lattice QCD
analysis in Refs. [17,18], which shows that is almost
constant even if temperature is increased.
In this paper, we make a general analysis using a two-

flavor parity doublet model including chiral ½ð1; 2Þ ⊕
ð2; 1Þ� and ½ð2; 3Þ ⊕ ð3; 2Þ� representations under the chiral
SUð2ÞL ⊗ SUð2ÞR symmetry, with including derivative
interactions to the pion fields. We will show that there
exist five groups of solutions distinguishable by chiral
invariant masses and mixing rates of nucleons. In a group of
solutions, the chiral partner of Nð939Þ is Nð1440Þ having
small chiral invariant mass of about 100 MeV and Nð939Þ
is dominated by the ½ð2; 3Þ ⊕ ð3; 2Þ� representation. In
another group, on the other hand, Nð939Þ belongs domi-
nantly to the ½ð1; 2Þ ⊕ ð2; 1Þ� representation having a large

*yamazaki@hken.phys.nagoya-u.ac.jp
†harada@hken.phys.nagoya-u.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 99, 034012 (2019)

2470-0010=2019=99(3)=034012(11) 034012-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.034012&domain=pdf&date_stamp=2019-02-20
https://doi.org/10.1103/PhysRevD.99.034012
https://doi.org/10.1103/PhysRevD.99.034012
https://doi.org/10.1103/PhysRevD.99.034012
https://doi.org/10.1103/PhysRevD.99.034012
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


chiral invariant mass, and the chiral partner of Nð939Þ is a
mixture of Nð1535Þ and Nð1650Þ. Furthermore, we give
predictions of axial charges, which could be checked in
future experiments and/or lattice analyses. We also show
changes of nucleon masses when the vacuum expectation
value of σ, which is an order parameter of the spontaneous
chiral symmetry breaking, is changed.
This paper is organized as follows: In Sec. II, we construct

an extended model with parity doublet structure. Section III
is a main part, wherewe show the numerical results of fitting
on the chiral invariant masses and chiral partner structure.
In Sec. IV, we provide our predictions on the axial charges
and the changes of nucleon masses. Finally we will give a
brief summary and discussions in Sec. V.

II. AN EXTENDED PARITY DOUBLET MODEL

In this section we introduce four baryon fields with
parity doublet structure and construct a Lagrangian for
baryons and scalar and pseudoscalar mesons based on the
SUð2ÞL ⊗ SUð2ÞR chiral symmetry.

A. Model construction

The chiral representations of quarks under SUð2ÞL ⊗
SUð2ÞR are written as

qL ∼ ð2; 1Þ; qR ∼ ð1; 2Þ; ð1Þ

where the 2 and 1 in the above bracket express doublet and
singlet, respectively. Since baryons are expressed as direct
products of three quarks, we have the following possi-
bilities for the chiral representations of baryons:

q ⊗ q ⊗ q ∼ ½ð2; 1Þ ⊕ ð1; 2Þ�3
∼ 5½ð2; 1Þ ⊕ ð1; 2Þ� ⊕ 3½ð3; 2Þ ⊕ ð2; 3Þ�
⊕ ½ð4; 1Þ ⊕ ð1; 4Þ�: ð2Þ

After the chiral symmetry is spontaneously broken down to
the flavor symmetry, nucleons appear from the representa-
tions of ð2; 1Þ ⊕ ð1; 2Þ and ð3; 2Þ ⊕ ð2; 3Þ. In this paper we
introduce two baryon fields corresponding to these two
representations:

ψ1l ∼ ð2; 1Þ; ψ1r ∼ ð1; 2Þ
ψ2l ∼ ð1; 2Þ; ψ2r ∼ ð2; 1Þ
η1l ∼ ð2; 3Þ; η1r ∼ ð3; 2Þ
η2l ∼ ð3; 2Þ; η2r ∼ ð2; 3Þ: ð3Þ

Here the subscripts l and r express the chirality:

γ5ψ il ¼ −ψ il; γ5ψ ir ¼ þψ ir

γ5ηil ¼ −ηil; γ5ηir ¼ þηir ð4Þ

for i ¼ 1, 2.
For clarifying the representations under the chiral sym-

metry, we explicitly write the superscripts of the baryon
fields as

ðψ1lÞa; ðψ1rÞα; ðψ2lÞα; ðψ2rÞa

ηða;αβÞ1l ; ηðab;αÞ1r ; ηðab;αÞ2l ; ηða;αβÞ2r ; ð5Þ

where a, b ¼ 1, 2 are for SUð2ÞL and α, β ¼ 1, 2 for
SUð2ÞR. Note that the superscripts ab and αβ of η
fields are symmetrized to express 3 representation: e.g.,

ηða;αβÞ1l ¼ ηða;βαÞ1l . These fields transform under chiral
SUð2ÞL ⊗ SUð2ÞR symmetry as

ðψ1lð2rÞÞa → gabL ðψ1lð2rÞÞa; ð6Þ

ðψ1rð2lÞÞα → gαβR ðψ1lð2rÞÞα; ð7Þ

ðη1lð2rÞÞða;αβÞ → gabL gαγR gβδR ðη1lð2rÞÞða;αβÞ; ð8Þ

ðη1rð2lÞÞðab;αÞ → gacL gbdL gαβR ðη1rð2lÞÞðcd;βÞ; ð9Þ

where a, b, c, d ¼ 1, 2 are for SUð2ÞL and α, β, γ, δ ¼ 1, 2
for SUð2ÞR. The transformation properties under the parity
and the charge conjugation are defined as

Ψ1l;1r→
P
γ0Ψ1r;1l; Ψ2l;2r→

P
− γ0Ψ2r;2l; ð10Þ

Ψ1l;1r→
C
CðΨ̄1r;1lÞT; Ψ2l;2r→

C
− CðΨ̄2r;2lÞT; ð11Þ

where C ¼ iγ2γ0 and Ψ ¼ ψ , η. The covariant derivatives
for the fields are expressed as

Dμψ1r;2l ¼ ð∂μ − iRμÞψ1r;2l;

Dμψ1l;2r ¼ ð∂μ − iLμÞψ1l;2r; ð12Þ

and

ðDμη1l;2rÞða;αβÞ ¼ ∂μη
ða;αβÞ
1l;2r − iðLμÞabηðb;αβÞ1l;2r

− i½ðRμÞαρδβσ þ δαρðRμÞβσ�ηða;ρσÞ1l;2r ;

ðDμη1r;2lÞðab;αÞ ¼ ∂μη
ðab;αÞ
1r;2l − iðRμÞαβηðab;βÞ1r;2l

− i½ðLμÞacδbd þ δacðLμÞbd�ηðcd;aÞ1r;2l ; ð13Þ

where Lμ and Rμ are the external gauge fields introduced
by gauging the chiral SUð2ÞL ⊗ SUð2ÞR symmetry.
Next we introduce a 2 × 2 matrix field M expressing

scalar and pseudoscalar mesons made of a quark and an
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antiquark. The representation under SUð2ÞL ⊗ SUð2ÞR of
the M is

M ¼ σ

2
þ iπ⃗ · T⃗ ∼ ð2; 2Þ: ð14Þ

The transformation properties under the parity and the
charge conjugation are given by

M→
P
M†; M→

C
MT: ð15Þ

The covariant derivative for M is expressed as

ðDμMÞaα ¼ ∂μMa
α − iðLμÞabMb

α þ iMa
βðRμÞβα: ð16Þ

Using the fields introduced above we construct a
Lagrangian invariant under the chiral SUð2ÞL ⊗ SUð2ÞR
symmetry.
Let us first consider terms including only ψ1 and ψ2 and

their Yukawa interaction to the M field. In the present
analysis, we include interaction terms with one M field.
We expect that terms with more than one M field are
suppressed. Then, possible terms are expressed as

Lð1Þ ¼ ψ̄1liDψ1l þ ψ̄1riDψ1r þ ψ̄2liDψ2l þ ψ̄2riDψ2r − g1ðψ̄1lMψ1r þ ψ̄1rM†ψ1lÞ − g2ðψ̄2rMψ2l þ ψ̄2lM†ψ2rÞ
−mð1Þ

0 ðψ̄1lψ2r − ψ̄1rψ2l − ψ̄2lψ1r þ ψ̄2rψ1lÞ: ð17Þ

A part including η1 and η2 with one M is

Lð2Þ ¼ ðη̄1lÞða;αβÞiDðη1lÞða;αβÞ þ ðη̄1rÞðab;αÞiDðη1rÞðab;αÞ þ ðη̄2lÞðab;αÞiDðη2lÞðab;αÞ þ ðη̄2rÞða;αβÞiDðη2rÞða;αβÞ
− g3½ðη̄1rÞðab;αÞðMÞaβðη1lÞðb;αβÞ þ ðη̄1lÞða;αβÞðM†Þαbðη1rÞðab;βÞ�
− g4½ðη̄2lÞðab;αÞðMÞaβðη2rÞðb;αβÞ þ ðη̄2rÞða;αβÞðM†Þαbðη2lÞðab;βÞ�
−mð2Þ

0 ½ðη̄1lÞða;αβÞðη2rÞða;αβÞ − ðη̄1rÞðab;αÞðη2lÞðab;αÞ þ ðη̄2rÞða;αβÞðη1lÞða;αβÞ − ðη̄2lÞðab;αÞðη1rÞðab;αÞ�: ð18Þ

Yukawa interaction terms connecting ψ fields to η fields with one M field are expressed as

Lð3Þ ¼ −y1½ϵbcðψ̄1rÞαðMÞbβðη1lÞðc;αβÞ þ ϵβσðψ̄1lÞaðM†Þβbðη1rÞðab;σÞ þ ϵbcðη̄1lÞðc;αβÞðM†Þβbðψ1rÞα þ ϵβσðη̄1rÞab;σðMÞbβðψ1lÞa�
− y2½ϵβσðψ̄2rÞaðM†Þβbðη2lÞðab;σÞ þ ϵbcðψ̄2lÞαðMÞbβðη2rÞðc;αβÞ þ ϵβσðη̄2lÞðab;σÞðMÞbβðψ2rÞa þ ϵbcðη̄2rÞðc;αβÞðM†Þβbðψ2lÞα�:

ð19Þ

In addition to the nonderivative interactions shown above, we need to include derivative interactions. Possible interaction
terms including one derivative are given by

Lð4Þ ¼ i
fπ

ð−a1½ψ̄1lDMψ2l − ψ̄1rDM†ψ2r þ ψ̄2lDM†ψ1l − ψ̄2rDMψ1r�

− a2½η̄1rðab;αÞðDMÞaβηðb;αβÞ2r − η̄1lða;αβÞðDM†Þαbηðab;βÞ2r þ η̄2rða;αβÞðDM†Þαbηðab;βÞ1r − η̄2lðab;αÞðDMÞaβηðb;αβÞ1l �
− a3½ϵabψ̄1rαðDMÞaβηðb;αβÞ2r − ϵαβψ̄1laðDM†Þαbηðab;β2l þ ϵabη̄2rðb;αβÞðDM†Þβaψα

1r − ϵαβη̄2lðab;βÞðDMÞbαψa
1l�

− a4½ϵαβψ̄2raðDM†Þαbηðab;βÞ1r − ϵabψ̄2lαðDMÞaβηðαβ;bÞ1l þ ϵαβη̄1rðab;βÞðDMÞbαψa
2r − ϵabη̄1lðαβ;bÞðDM†Þβaψα

2l�Þ: ð20Þ

Combining the above terms together, the Lagrangian in the present analysis is given by

L ¼ Lð1Þ þ Lð2Þ þ Lð3Þ þ Lð4Þ þ Lmeson; ð21Þ

where the mesonic part Lmeson is written as

Lmeson ¼ Tr½DμM ·DμM†� − VðMÞ; ð22Þ

where VðMÞ is a meson potential term. In this paper, we do not specify the form of the potential, but we assume that this
potential provides the vacuum expectation value (VEV) of M as hMi ¼ diagðfπ=2; fπ=2Þ, where fπ is the pion decay
constant.
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B. Mass matrix

We have constructed the Lagrangian by requiring the
chiral SUð2ÞL ⊗ SUð2ÞR invariance. To study the proper-
ties of nucleons, we decompose baryons in the chiral
representation to irreducible representations of the flavor
symmetry as

ψ1l;2r ¼ Nð1Þ
1l;2r; ψ1r;2l ¼ Nð1Þ

1r;2l; ð23Þ

ηða;αβÞ1l;2r ¼ Δaαβ
1l;2r þ

1ffiffiffi
6

p ðϵαaδβk þ ϵβaδαkÞðNð2Þ
1l;2rÞk; ð24Þ

ηðab;αÞ1r;2l ¼ Δabα
1r;2l þ

1ffiffiffi
6

p ðϵaαδbk þ ϵbαδakÞðNð2Þ
1r;2lÞk: ð25Þ

In the following, for convenience we redefine the nucleon
fields as

N0ðiÞ
1 ¼ NðiÞ

1 ; N0ðiÞ
2 ¼ γ5N

ðiÞ
2 ; ði ¼ 1; 2Þ: ð26Þ

The mass terms for the redefined fields are expressed as

−N̄0M0
NN

0 ð27Þ

with

N0T ≡ ðN0ð1Þ
1 ; N0ð2Þ

1 N0ð1Þ
2 N0ð2Þ

2 Þ ð28Þ

and

M0
N ¼

0
BBBBBB@

g1
2
fπ − 3y1

2
ffiffi
6

p fπ mð1Þ
0 0

− 3y1
2
ffiffi
6

p fπ
g3
4
fπ 0 mð2Þ

0

mð1Þ
0 0 − g2

2
fπ

3y2
2
ffiffi
6

p fπ

0 mð2Þ
0

3y2
2
ffiffi
6

p fπ − g4
4
fπ

1
CCCCCCA
: ð29Þ

The mass eigenstates denoted by

N0T
phys ≡ ðN0ð1Þþ ; N0ð2Þþ ; N0ð1Þ

− ; N0ð2Þ
− Þphys ð30Þ

are obtained by diagonalizing the above mass matrix M0
N .

We note that parities of all fields in N0 are even due to the
redefinition given in Eq. (26). Two eigenvalues of the mass
matrix M0

N are negative in our analysis, and we regard the
parities of these states as negative.

C. One pion interactions and axial charges

The interaction terms of nucleons to one pion are given
from the Lagrangian as

N̄0C0
πNNiγ5πN

0 þ N̄0C0∂πNNγ
μ∂μπγ5N0; ð31Þ

where π ¼ π⃗ · τ⃗ and

C0
πNN ¼

0
BBBBBB@

− g1
2

− y1
2
ffiffi
6

p 0 0

− y1
2
ffiffi
6

p 5g3
12

0 0

0 0 − g2
2

− y2
2
ffiffi
6

p

0 0 − y2
2
ffiffi
6

p 5g4
12

1
CCCCCCA
; ð32Þ

C0∂πNN ¼

0
BBBBBB@

0 0 − a1
2fπ

− a3
2
ffiffi
6

p
fπ

0 0 − a4
2
ffiffi
6

p
fπ

5a2
12fπ

− a1
2fπ

− a4
2
ffiffi
6

p
fπ

0 0

− a3
2
ffiffi
6

p
fπ

5a2
12fπ

0 0

1
CCCCCCA
: ð33Þ

The axial-vector charge matrix is determined as

N̄0G0
Aγ

μAμγ5N0; ð34Þ

where

G0
A ¼

0
BBBBBB@

−1 0 − a1σ0
fπ

− a3σ0ffiffi
6

p
fπ

0 5
3

− a4σ0ffiffi
6

p
fπ

5a2σ0
6fπ

− a1σ0
fπ

− a4σ0ffiffi
6

p
fπ

1 0

− a3σ0ffiffi
6

p
fπ

5a2σ0
6fπ

0 − 5
3

1
CCCCCCA
: ð35Þ

In the present analysis, we identify the mass eigenstates as

NT
phys ≡ ðNð939Þ; Nð1440Þ; Nð1535Þ; Nð1650ÞÞphys. ð36Þ

III. CHIRAL INVARIANT MASSES
AND PARTNER STRUCTURE

In this section we determine the values of model
parameters and study the mixing structure of relevant
baryons.
As we said in the previous section, we set the VEVof σ

to be the pion decay constant:

σ0 ¼ fπ ¼ 92.4 MeV ð37Þ

Beside this parameter, there are twelve parameters in this
model:

mð1Þ
0 ; mð2Þ

0 ; g1; g2; g3; g4; y1; y2; a1; a2; a3; a4: ð38Þ

We list values of relevant physical quantities determined
from experiments and lattice analyses in Table I. Among
them, we use the following 10 physical values as inputs:
nucleon masses:
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mNð939Þ ¼ 939 MeV;

mNð1440Þ ¼ 1430 MeV;

mNð1535Þ ¼ 1535 MeV;

mNð1650Þ ¼ 1650 MeV; ð39Þ

partial decay widths:1

ΓðNð1440Þ → Nð939Þ þ πÞ ¼ 228 MeV;

ΓðNð1535Þ → Nð939Þ þ πÞ ¼ 68 MeV;

ΓðNð1650Þ → Nð939Þ þ πÞ ¼ 84 MeV;

ΓðNð1650Þ → Nð1440Þ þ πÞ ¼ 22 MeV; ð40Þ
and axial charges:

gAðNð939ÞÞ ¼ 1.272;

gAðNð1650Þ ¼ 0.55: ð41Þ
In addition to the above inputs, we use the following range
of gAðNð1535ÞÞ to restrict the parameters:

−0.25 ≤ gAðNð1535ÞÞ ≤ 0.25: ð42Þ

Furthermore, we restrict the parameters by requiring all the
components of axial-charge matrix on the physical base are
no larger than 5.
In this analysis, we first fix the chiral invariant masses

mð1Þ
0 and mð2Þ

0 to certain values of every 5 MeV from 0 to
1500 MeV, and determine other ten parameters from the

values shown in Eqs. (39)–(41). Here, mð1Þ
0 and mð2Þ

0 are
chiral invariant masses of ½ð1; 2Þ ⊕ ð2; 1Þ� and ½ð2; 3Þ ⊕
ð3; 2Þ� representations, respectively.
We find that solutions are categorized into five

groups as shown in Fig. 1. In group 1 indicated by purple
þ symbols, both chiral invariant masses are less than

100 MeV. In the range where mð1Þ
0 is between 200 and

900 MeV, three lumps exist: group 2 indicated by
blue ▪ symbols; group 3 by light green × symbols;
and group 4 light blue □ symbols. They are characteri-
zed by

mð1Þ
0 ∼mð2Þ

0 ½group 2�;
mð1Þ

0 ≥ mð2Þ
0 ½group 3�;

mð1Þ
0 < mð2Þ

0 ½group 4�;
mð1Þ

0 ≥ mð2Þ
0 ½group 5�: ð43Þ

In group 5 indicated by yellow □, the chiral invariant

mass mð1Þ
0 takes a large value of about 1000 MeV.

In Fig. 2, we show the mixing structure of nucleons:
Nð939Þ, Nð1440Þ, Nð1535Þ and Nð1650Þ for group 1 to
group 5. Here the horizontal axis shows the value of axial
charge of Nð1535Þ and the vertical axis shows the
percentages of ψ1 indicated by magenta ▿ symbols, η1
by brown ∘ symbols, ψ2 by green ⋄ symbols and η2 by
navy ▵ symbols. In Table II, we summarize features of
mixing rates for each group. The first row in Fig. 2 shows
that the dominant component of Nð939Þ is η1 indicated by
brown ∘ belonging to ½ð2; 3Þ ⊕ ð3; 2Þ� representation. We
note that we cannot find any solutions for gAðNð1535ÞÞ≳
−0.1 in group 1. One can easily see that Nð1440Þ is
dominated by η2 (navy ▵), Nð1535Þ by ψ1 (magenta ▿)
belonging to ½ð1; 2Þ ⊕ ð2; 1Þ� representation and Nð1650Þ
bv η2 (green ⋄). Since η1 and η2 are chiral partners to each
other, we conclude that Nð1440Þ dominated by η2 is the
chiral partner to Nð939Þ dominated by η1. We would like
to stress that this partner structure can be realized when

TABLE I. Experimental values of masses and partial decay
widths of baryons listed in Ref. [19]. The column indicated by
P ¼ � shows the parity of the nucleon. Unit of masses and
widths is MeV. The error ofmNð939Þ expresses the mass difference
between the proton and neutron. [lat] indicates that the value is
obtained by the lattice analysis in Ref. [20].

P Mass Width [ΓN�→Nπ] Axial charge

N(939) þ 939.0� 1.3 � � � 1.272� 0.002
N(1440) þ 1430� 20 228� 74 � � �
N(1535) − 1535� 10 68� 19 Oð0.1Þ [lat]
N(1650) − 1655� 15

84� 23 [to N(939)]
0.55 [lat]

22� 15 [to N(1440)]

FIG. 1. Chiral invariant masses for which we find solutions to
reproduce the values in Eqs. (39)–(41).

1In calculating the decay widths, we use the pion mass as
mπ ¼ 137 MeV.
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the chiral invariant masses of Nð939Þ and Nð1440Þ
are small.
In group 2 (the second row of Fig. 2), η1 (brown ∘)

belonging to ½ð2; 3Þ ⊕ ð3; 2Þ� representation is a dominant
component in the Nð939Þ and ψ1 (magenta ▿) almost
occupies Nð1535Þ, similarly to group 1. A difference
between group 1 and group 2 appears in the rate of ψ2

(green ⋄) in Nð1440Þ. In group 1, the mixing rate of ψ2

in Nð1440Þ is smaller than 0.1 as can be seen in the first
row of Fig. 2. On the other hand, the rate of ψ2 is larger than
0.2 and ψ2 is included in Nð1440Þ dominantly as shown in
the second row of Fig. 2. Here the rate of η2 component
(navy ▵) included in Nð1650Þ is high, but Nð1440Þ and
Nð1535Þ include a certain amount of the η2 component.
So, it is difficult to identify the chiral partner of Nð939Þ in
group 2.
In group 3, group 4 and group 5,Nð939Þ is composed of

ψ1 (magenta ▿) or η2 (navy ▵) dominantly and negative
parity nucleons, Nð1535Þ and Nð1650Þ have ψ2 (green ⋄)
or η2 (brown ∘) mainly, as can be seen in the third, fourth
and fifth rows in Fig. 2. This indicates that the chiral
partner of Nð939Þ is a mixture of two negative parity
nucleons in these groups, differently from group 1 and
group 2. Table II shows that group 5 is distinguished from
group 3 by the mixing rate of η2 component in Nð1650Þ:
The rate is larger than 0.1 in group 3, while it is no greater
than 0.1 in group 5. On the other hand, it is difficult to
distinguish group 4 with group 5 and group 3 with group 4
by mixing rates. In the present work, we use the values of
chiral invariant masses in addition to the mixing rates to
separate these groups: The chiral invariant masses satisfy

mð1Þ
0 < mð2Þ

0 in group 4; group 3 is characterized by mð1Þ
0 ≥

mð2Þ
0 and η2 > 0.1 in Nð1650Þ, while group 5 by mð1Þ

0 ≥
mð2Þ

0 and η2 ≤ 0.1 in Nð1650Þ. In Ref. [15], two ½ð1; 2Þ ⊕
ð2; 1Þ� representations are used to study Nð939Þ, Nð1440Þ,
Nð1535Þ and Nð1650Þ. The authors found two types of
solutions. In one type (“minimum 1” and “minimum 2”),
the chiral partner of Nð939Þ is a mixture of Nð1535Þ and
Nð1650Þ in vacuum and both chiral invariant masses
are almost 200 MeV. In another type (“minimum 3”)
Nð939Þ and Nð1535Þ are chiral partners to each other and
both chiral invariant masses are about 1000 MeV. In the
present analysis, we find solutions for which Nð939Þ is
dominated by ½ð1; 2Þ ⊕ ð2; 1Þ� representation in groups 3,
4 and 5. Comparing mixing structure and the chiral
invariant masses, we think that the minimum 1 and
minimum 2 are consistent with group 3 and minimum
3 with group 4 or 5. We show typical examples of mixing
rates of nucleons in Table III.
In Ref. [14], ½ð3; 3̄Þ ⊕ ð3̄; 3Þ� and ½ð3; 6Þ ⊕ ð6; 3Þ� rep-

resentations under the chiral Uð3ÞL ⊗ Uð3ÞR symmetry
are introduced to study six nucleons including Nð939Þ,
Nð1440Þ, Nð1535Þ and Nð1650Þ. This analysis indicates
that Nð939Þ have ½ð3; 6Þ ⊕ ð6; 3Þ� dominantly and the

FIG. 2. Mixing rates of nucleons. The first to fifth rows show
group 1 to group 5.
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chiral invariant mass is 500–800 MeV. This is consistent
with group 2 in our analysis.

IV. PHENOMENOLOGICAL PREDICTIONS

In the previous section, we showed the mixing structure
of nucleons together with their chiral invariant masses. In
this section, we present phenomenological predictions on
the axial charges and the changes of nucleon masses against
the change of VEV of σ.

A. Axial charges

We define transition axial charge as off-diagonal elements
of the following axial-charge matrix on the physical base:

N̄0
physG

0
Aphysγ

μAμγ5N0
phys; ð44Þ

where

G0
Aphys¼

0
BBB@

gAðN1Þ gAðN1N2Þ gAðN1N3Þ gAðN1N4Þ
gAðN1N2Þ gAðN2Þ gAðN2N3Þ gAðN2N4Þ
gAðN1N3Þ gAðN2N3Þ gAðN3Þ gAðN3N4Þ
gAðN1N4Þ gAðN2N4Þ gAðN3N4Þ gAðN4Þ

1
CCCA

ð45Þ

and

ðN1; N2; N3; N4Þ≡ ðN0ð1Þ
þ N0ð2Þ

þ N0ð1Þ
− N0ð2Þ

− Þphys: ð46Þ
In the present model, the following relation for the diagonal
axial charges is satisfied:

X4

i¼1

gAðNiÞ ¼ 0: ð47Þ

Now we use axial charge: gAðN1Þ ¼ gAðNð939ÞÞ ¼ 1.272
and gAðN4Þ ¼ gAðNð1650ÞÞ ¼ 0.55 as input. So this
relation is

gAðN2Þ þ gAðN3Þ ¼ −1.822: ð48Þ
We plot this relation in Fig. 3. This plot shows that, when
the axial charge of Nð1535Þ is in the range consistent with

TABLE II. Features of mixing rates. For example, in the column for group 1, η1 > 0.8 in the row ofNð939Þ implies that the percentage
of η1 component in Nð939Þ is always larger than 0.8.

Group color Group 1 purple Group 2 blue Group 3 light green Group 4 sky Group 5 yellow

Nð939Þ η1 > 0.8 η1 > 0.35 η1 < 0.45 η1 < 0.35 η1 < 0.35
Nð1440Þ ψ1 < 0.01 ψ1 < 0.025 ψ1 > 0.25 ψ1 < 0.75 ψ1 < 0.6

ψ2 < 0.1 ψ2 > 0.2 ψ2 > 0.15 ψ2 < 0.2 ψ2 < 0.35
Nð1650Þ η2 < 0.1 η2 > 0.1 η2 > 0.1 η2 < 0.3 η2 ≤ 0.1

FIG. 3. The values of gAðN2Þ and gAðN3Þ: points of all groups.
This relation is determined by

P
4
i¼1 gAðNiÞ ¼ 0.

FIG. 4. Predicted values of gAðN2N3Þ and gAðN2N4Þ.

TABLE III. Typical values of mixing rates of nucleons.

Nucleon Group 1 Group 2 Group 3 Group 4 Group 5

Nð939Þ ψ1 0.113 0.21 0.518 0.677 0.768
η1 0.856 0.735 0.098 0.032 0.001
ψ2 0.002 0.052 0.133 0.163 0.227
η2 0.029 0.002 0.251 0.128 0.004

Nð1440Þ ψ1 0.002 0.003 0.355 0.092 0.002
η1 0.029 0.043 0.021 0.223 0.041
ψ2 0.033 0.627 0.368 0.01 0.001
η2 0.936 0.327 0.256 0.675 0.956

Nð1535Þ ψ1 0.819 0.641 0.126 0.012 0.137
η1 0.109 0.222 0.801 0.212 0.322
ψ2 0.068 0.007 0.057 0.615 0.528
η2 0.004 0.130 0.015 0.161 0.013

Nð1650Þ ψ1 0.066 0.146 0.001 0.218 0.093
η1 0.006 0.0 0.08 0.533 0.636
ψ2 0.897 0.314 0.442 0.212 0.244
η2 0.031 0.540 0.477 0.037 0.027
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the lattice analysis, the axial charge of Nð1440Þ is negative.
We compare these values with other models. In Ref. [15]
the sum of diagonal axial charges is about 3.2 and

that of Nð1440Þ is positive [gAðNð1440ÞÞ ∼ 1.2]. On the
other hand, the axial charge of Nð1440Þ is negative
[−1 ≤ gAðNð1440ÞÞ ≤ −0.5] in Ref. [14]. In Fig. 4 we
plot predicted values of gAðN2N3Þ and gAðN2N4Þ. This
shows that jgAðN2N3Þj of group 1 and group 2 is always
larger than 2 and 0.5, respectively. On the other hand,
jgAðN2N4Þj of group 1 is smaller than 2 and that of
group 2 is above 1. We see that group 1 is able to be
distinguished from other groups. Predicted values of
gAðN3N4Þ and gAðN1N3Þ are plotted in Fig. 5. We note
that jgAðN1N3Þj belonging to group 1 and group 2 are
larger than 1, and that jgAðN3N4Þj of group 2 and group 5
lies between 1 and 3 and that of group 1 is above 1. In
particular, jgAðN3N4Þj ∼ 2 in group 5. We plot the values
of gAðN1N2Þ and gAðN1N4Þ in Fig. 6. From Fig. 6,
we can find that jgAðN1N2Þj belonging to group 1 (purple
þ symbols) and group 2 (blue ▪ symbols) are no larger
than 1, while that belonging to group 3 (light green
× symbols) and group 4 light blue � symbols are
below 1.5. jgAðN1N4Þj belonging to group 3 (light green
× symbols) are larger than 0.5.
We summarize typical predicted values of transition

axial charges and the range of transition axial charges in
Table IV.

B. Change of nucleon masses

We plot the dependences of nucleon masses on the value
of the VEV for groups 1–4 in Fig. 7 and those for group 5 in
Fig. 8 for some choices of the chiral invariant masses, mð1Þ

0

and mð2Þ
0 . Figure 7 shows that nucleons masses are

FIG. 6. Predicted values of gAðN1N2Þ and gAðN1N4Þ: There are
no points of group 3 in the vicinity of jgAðN1N4Þj ∼ 0. Values of
group 1, 2, 4 and 5 are mixed there.

FIG. 5. Predicted values of gAðN3N4Þ and gAðN1N3Þ.

TABLE IV. Typical predicted values of axial charges. Rows indicated by :j: (j ¼ 1;…; 5) show that the absolute value of axial charge
lies in the range shown in the rows.

Group (mð1Þ
0 , mð2Þ

0 ) gAðN1N2Þ gAðN1N3Þ gAðN1N4Þ gAðN2N3Þ gAðN2N4Þ gAðN3N4Þ
1 (5, 100) 0.689 1.707 −0.159 −4.512 −0.197 −4.303
1 (40, 95) −0.505 −1.353 0.417 −2.859 1.310 0.804
:1: � � � jgAj < 1 1 < jgAj < 2 jgAj < 1 jgAj > 2.5 jgAj < 2 jgAj > 0.5

2 (510, 540) 0.449 −2.224 0.247 −4.644 2.614 −1.979
2 (645, 715) −0.434 1.868 −1.132 −1.039 2.204 −0.921
2 (790, 855) 0.252 −1.912 −1.306 −1.294 −1.614 1.238
:2: � � � jgAj < 1 jgAj > 1 jgAj < 2.5 jgAj > 0.5 jgAj > 1 jgAj > 0.5

3 (400, 175) 0.906 −1.197 −1.697 0.935 −1.394 1.561
3 (695, 330) 0.206 1.549 0.888 2.825 2.394 4.95
3 (940, 620) 0.203 1.963 1.597 1.197 1.324 −0.242
:3: � � � jgAj < 1.5 jgAj < 2.5 jgAj < 4 jgAj < 3 jgAj < 2.5 gA > −1
4 (365, 685) 1.328 −1.694 0.175 −2.219 2.028 −1.419
4 (650, 945) −0.099 −0.149 1.959 −0.534 −1.386 0.795
4 (1070, 1150) −0.755 −0.303 2.136 −0.293 −0.159 1.714
:4: � � � jgAj < 1.5 jgAj < 2 gA < 2.5 jgAj < 3.5 jgAj < 3 gA < 2

5 (1070, 50) −0.514 −1.350 −1.454 0.075 −0.548 −1.415
5 (1085, 500) 0.713 1.210 −1.599 −0.058 0.107 1.492
5 (1210, 1050) −0.295 0.175 1.788 −0.245 0.116 1.867
:5: � � � jgAj < 2 jgAj < 2.5 jgAj < 2.5 jgAj < 3 jgAj < 2 1 < jgAj < 3
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decreased as σ0 is decreased in groups 1, 2, 3 and 4, if chiral
invariant masses are smaller than the mass of Nð939Þ. We
note that, for some parameter choices in group 4, the mass
of the ground state nucleon is increased as σ0 is decreased.
In the case of group 5 shown in Fig. 8, the value ofmð1Þ

0 is

about 1000 MeV, whilemð2Þ
0 takes values in the wide range.

The left panel of Fig. 8 [ðmð1Þ
0 ; mð2Þ

0 Þ ¼ ð1070 MeV;
50 MeVÞ] shows that the mass of the ground state is stable

for σ0 > 60 MeV and it decreased towards mð2Þ
0 as σ0 is

decreased from 60 MeV. On the other hand, the right panel
[(1210 MeV, 1050 MeV)] shows that all the masses are
stable against the change or σ0.
Since σ0 is an order parameter of chiral symmetry,

Figs. 7 and 8 show that nucleon masses are degenerated
to chiral invariant masses when the chiral symmetry is
restored in e.g., high temperature and/or density.
In Ref. [3], only one pair of ½ð1; 2Þ ⊕ ð2; 1Þ� representa-

tion is included and the chiral invariant mass is determined as
270 MeV. The dependence of the masses of Nð939Þ and
Nð1535Þ on the VEV is consistent with the ones for group 3

and group 4 in Fig. 7. The dependences of four masses for
minimum1 andminimum2 inRef. [15] are similar to the one
for group 3, while that for minimum 3 is to group 4.

V. SUMMARY AND DISCUSSIONS

We introduced two types of nucleons belonging to
½ð2; 1Þ ⊕ ð1; 2Þ� and ½ð2; 3Þ ⊕ ð3; 2Þ� representations of
the chiral SUð2ÞL ⊗ SUð2ÞR group together with their
parity partners. We constructed an effective chiral
Lagrangian based on the parity doublet structure. We
fitted model parameters to the masses, decay widths and
axial charges of Nð939Þ, Nð1440Þ, Nð1535Þ and Nð1650Þ.
Our results show that there are five groups of solu-
tions which are separated by chiral invariant masses and
mixing structure of nucleons. In group 1, both the chiral

invariant masses, mð1Þ
0 for ½ð2; 1Þ ⊕ ð1; 2Þ� and mð2Þ

0 for
½ð2; 3Þ ⊕ ð3; 2Þ�, are small as seen from Fig. 1. In this
group, the ground state Nð939Þ is dominated by the
½ð2; 3Þ ⊕ ð3; 2Þ� component and its chiral partner is
Nð1440Þ. In group 5, on the other hand, the dominant
component of Nð939Þ is ½ð2; 1Þ ⊕ ð1; 2Þ�, whose chiral
invariant mass is about 1000 MeV, and the chiral partner of
Nð939Þ is a mixture of negative parity nucleons.
In the present analysis, the sum of four axial charges

satisfies the sum rule in Eq. (47). When the axial charges of
Nð939Þ and Nð1650Þ are fixed as we have done in this
paper, the charges of Nð1440Þ and Nð1535Þ follow the
relation as shown in Fig. 3.
We also gave predictions on transition axial charges. We

expect that some groups can be excluded when some of
them are determined by e.g., lattice analysis in the future.
We note here that theNð939Þ is not always dominated by η1
which carries the axial charge 5=3. The derivative inter-
action terms provide important contributions to axial
charges in the present model, so that Nð939Þ is not
dominated by η1 in groups 3–5.
We also study the change of nucleon masses when the

VEVof σ, σ0, is changed. In groups 1–4, all nucleon masses
are decreased with decreasing σ0 if two chiral invariant
masses are smaller than the mass of Nð939Þ as shown in
Fig. 7. In group 5, on the other hand, the behavior depends

on the value of mð2Þ
0 : For small mð2Þ

0 the mass of Nð939Þ is
stable for σ0 > 60 MeV and it decreases towardmð2Þ

0 , while

for large mð2Þ
0 it is stable for all σ0. This seems consistent

with the lattice analysis in Refs. [17,18], which shows that,
with increasing temperature, the mass of the positive parity
nucleon mass is stable, while that of the negative parity
nucleon mass decreased. From this, one might be able to
exclude group 1 in which both the chiral invariant masses
are small.
It would be useful to construct interpolating operators for

e.g., the microscopic currents of four baryonic fields in
terms of quarks for making a comparison with lattice
results. We leave this for future work.

FIG. 7. Dependences of nucleon masses on the VEV of σ for

groups 1–4.Values of chiral invariant masses used are ðmð1Þ
0 ;

mð2Þ
0 Þ¼ð40MeV;95MeVÞ (group 1), ðmð1Þ

0 ;mð2Þ
0 Þ¼ð645MeV;

715MeVÞ (group 2), ðmð1Þ
0 ; mð2Þ

0 Þ ¼ ð400 MeV; 175 MeVÞ
(group 3) and ðmð1Þ

0 ; mð2Þ
0 Þ ¼ ð365 MeV; 685 MeVÞ (group 4).

FIG. 8. Dependences of nucleon masses on the VEV of σ in

group 5 for ðmð1Þ
0 ; mð2Þ

0 Þ ¼ ð1070 MeV; 50 MeVÞ (left figure)
and (1210 MeV, 1050 MeV) (right figure).
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The chiral representation of ½ð2; 3Þ ⊕ ð3; 2Þ� includes
Δ baryon in addition to nucleons. For studying Δ, we
need to include ½ð4; 1Þ ⊕ ð1; 4Þ� representations which
do not include nucleons. It is interesting to study Δ baryons
by constructing a model including ½ð4; 1Þ ⊕ ð1; 4Þ� represen-
tations. [Study of the Δ baryon based on the parity doublet
structure is done in e.g., Refs. [3,21–24].]
We can extend the model to three flavor case based on

the SUð3ÞL ⊗ SUð3ÞR symmetry to study hyperons as done
in Refs. [6,7,10–16]. The parity doublet structure can also

be extended to the baryons including heavy quarks as done
in Refs. [25–28].
It is interesting to construct nuclear matter in the present

model and the density dependences of effective masses of
nucleons as done in Refs. [23,29–42]. We leave this for
future work.
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