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We study the triangle mechanism for the decay τ− → ντπ
−f0ð980Þ, with the f0ð980Þ decaying into

πþπ−. The mechanism for this process is initiated by τ− → ντK�0K− followed by the K�0 decay into π−Kþ,
then the K−Kþ produce the f0ð980Þ through a triangle loop containing K�KþK− which develops a
singularity around 1420 MeV in the πf0ð980Þ invariant mass. We find a narrow peak in the πþπ− invariant
mass distribution, which originates from the f0ð980Þ amplitude. Similarly, we also study the triangle
mechanism for the decay τ → νπ−a0ð980Þ, with the a0ð980Þ decaying into π0η. The formalism leads to
final branching ratios for π−f0ð980Þ and π−a0ð980Þ of the order of 4 × 10−4 and 7 × 10−5, respectively,
which are within present measurable range. Experimental verification of these predictions will shed light on
the nature of the scalar mesons and on the origin of the “a1ð1420Þ” peak observed in other reactions.

DOI: 10.1103/PhysRevD.99.016021

I. INTRODUCTION

Triangle singularities were studied in detail by Landau
[1], and they emerge from a process symbolized by a
triangle Feynman diagram in which one particle A decays
into 1 and 2, 2 decays into Bþ 3, and 1þ 3 merge to give
another state C or simply rescatter. Under certain con-
ditions where all particles 1,2,3 can be placed on shell, 1
and B are antiparallel and the process can occur at the
classical level [2] (Coleman Norton Theorem), the process
develops a singularity visible in a peak in the corresponding
cross sections. While no clear such physical processes were
observed for a long time, the situation reverted recently
where clear cases have been observed and many reactions
have been suggested to show such phenomena. A particular
case is the triangle singularity studied in [3–5] where a
peak seen by the COMPASS Collaboration in the πf0ð980Þ
final state [6], branded originally as a new resonance,
“a1ð1420Þ,”was naturally explained in terms of the triangle
singularity stemming from the original production of K�K̄,
decay of K� into πK, and fusion of KK̄ to give the f0ð980Þ
resonance.

The interest in triangle singularities has grown recently.
In addition to the interpretation of the “a1ð1420Þ” as a
triangle singularity, the f1ð1420Þ, officially in the PDG
tables [7], was also shown to correspond to the “f1ð1285Þ”
decay into K�K̄, with the “πa0ð980Þ decay width” [8] also
corresponding to the “f1ð1285Þ” [9]. Similarly, the
“f2ð1810Þ” was also shown to come from a triangle
singularity [10]. Some particular reactions have also been
studied and partial contributions or peaks in the cross
sections have also been associated with triangle singular-
ities, and suggestions of new reactions to see them have
been proposed [11–29].
The issue of triangle singularities got a revival when it

was suggested that the narrow signal at 4450 MeVobserved
by the LHCb Collaboration and branded as a pentaquark
state, Pcð4450Þ [30], could be due to a triangle singularity
[31–33]. Concretely, in [33], the mechanism is assumed to
beΛb → Λ� χc1 , followed byΛ

� → KN and χc1N → J=ψp
(N, p and Λ� stand for nucleon, proton, and excited Λ state,
respectively), but it was shown in [34] that with the
experimentally preferred quantum numbers of the
Pcð4450Þ this mechanism requires the scattering χc1p →
J=ψp at threshold, demanding p-wave or d-wave, which
vanishes, and thus cannot be the explanation for the
experimental peak.
In the present work, we study the reactions τ− →

ντπ
−f0ð980Þ and τ− → ντπ

−a0ð980Þ. The original τ−

decays into a ντ and a dū state that has I3 ¼ −1, I ¼ 1.
The further hadronization including a q̄q pair forms two
mesons conserving isospin. Hence, both decays modes are
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allowed. Since f0ð980Þ, a0ð980Þ couple mostly to KK̄, the
reaction favors the formation of this pair, in addition to the
π−. Hence it proceeds via K�K̄ production, followed by K�

decay to π−K and the KK̄ fuse to produce the f0ð980Þ or
the a0ð980Þ. Then we have a triangle mechanism that could
or not produce a singularity. However we show that it
develops a triangle singularity at an invariant mass
MinvðπRÞðR≡ f0; a0Þ ≃ 1420 MeV. Interestingly, the tri-
angle mechanism that produces a peak in this invariant
mass distribution is the same one that produced the
“a1ð1420Þ” peak observed in the COMPASS experiment.
One should note that in τ− → ντπ

−f0ð980Þ, after the
decay of f0ð980Þ into πþπ− we have the final product
ντπ

−πþπ−. This reaction has been measured experimentally
[35–40], and the main feature is a dominance of a1ð1260Þ
production which decays into πρ. This decay mode is also
very important, with a branching ratio of about 10−1. This
is interesting to mention because the branching ratios that
we get for our reactions are of the order of 10−4. They have
not been yet measured, but there is a related reaction τ− →
ντπ

−f1ð1285Þ which has been measured, with a branching
ratio 3.9 × 10−4. The good thing for the proposed reaction
is that it peaks mostly aroundMinvðπ−πþπ−Þ ∼ 1420 MeV,
which is at the tail of the a1ð1260Þ,1 and hence by looking
in detail in this region one gets rid of the bulk of the
ντπ

−πþπ− strength. For the τ− → ντπ
−π0η there are also

experiments performed [41–43]. Once again, the π0η
invariant mass distribution around the a0ð980Þ with
Minvðπ−π0ηÞ around 1420 MeV has not been explicitly
measured and we hope the present work encourages future
experiments looking in detail into this region.
The theoretical works on the τ− → ντπ

−πþπ− are also
extense [44–50], and the τ− → ντπ

−π0η has also got
attention in [51,52]. Some recent reviews on these issues
can be seen in [53,54]. There is a consensus on the
relevance of the a1ð1260Þ production in all these works,
which is visible in the Minvðπ−πþπ−Þ distribution, and its
decay to πρ, where ρ is also visible in the Minvðπ−πþÞ
distribution, with some smaller contribution from the
σðf0ð500ÞÞ. A detailed study of the reaction, paying special
attention to analyticity and three body unitarity, has been
done in [55], which allows to obtain the a1ð1260Þ pole in
the complex plane.
However, the channel that we study τ− → ντπ

−f0ð980Þ
is a very particular channel, which is unrelated to the
dynamics used in the former works to study the main decay
channel in ντπ

−πþπ− (τ− → ντπ
−π0η). As we shall see,

given the fact that the f0ð980Þ couples mostly to KK̄ (and
so does the a0ð980Þ) and the fact that these resonances are
dynamically generated from the meson interaction, we
must rely upon a mechanism whereKK̄ has to be produced.

If in addition we want to have an extra pion this calls for
KK̄π production, and theKπ will be dominated byK�, such
that K�K̄ production is at the root of the π−f0ðπ−a0Þ
production. This dynamics is quite different from the one
applied in former theoretical papers to explain the bulk of
the τ− → ντπ

−πþπ− reaction.
The other issue present in this reaction is the G-parity.

Its relevance in τ− decays was put forward in Ref. [56].
The π−f0ð980Þ and π−a0ð980Þ have negative and positive
G-parity, respectively. The formalism has to provide the
means to filter the states of G-parity just after the weak
decay, from the operators involved in the Wdū vertex.
Fortunately a formalism has been developed recently
[57,58] in which the G-parity appears explicitly in the
amplitudes written at the macroscopic meson level after the
hadronization to produce two mesons. By means of this
formalism, we can easily evaluate the loops involved in the
triangle mechanism and predict quantitative mass distribu-
tions for the τ− decay in these modes. This is made possible
because the radial matrix elements of the quark wave
functions, which are a source of large uncertainties and we
do not explicitly evaluate, are implicitly taken into account
by making use of the experimental value of the τ →
ντK�0K− branching ratio, which is the first step in our
loop mechanism.
By means of this approach, we obtain d2Γ

dMinvðπ−RÞdMinvðπþπ−Þ
or d2Γ

dMinvðπ−RÞdMinvðπ0ηÞ which show the shapes of the f0ð980Þ
and a0ð980Þ resonances in the πþπ− or π0η mass distri-
butions, respectively. Then we integrate over the πþπ− or
π0η invariant masses and obtain d2Γ

dMinvðπ−RÞ, which shows a

clear peak around Minvðπ−RÞ ≃ 1420 MeV. The further
integration overMinvðπ−RÞ provides us branching ratios for
τ− → ντπ

−f0ð980Þ and τ− → ντπ
−a0ð980Þ production, and

we obtain values of 4 × 10−4 and 7 × 10−5 for these two
ratios, respectively, which are well within measurable
range.
The measurement of such reactions and comparison with

the present results should be very useful since it conjugates
several interesting issues:

(i) It provides one more measurable example of a
triangle singularity, which have been quite sparse
up to now.

(ii) It serves as a further test of the nature of the f0ð980Þ
and a0ð980Þ, since they are not directly produced
from the weak decay, but come from fusion ofKK̄ in
a scattering process, establishing a link with the
chiral unitary approach to these resonances where
they are shown not to correspond to qq̄ state but are
generated by the scattering of pseudoscalar mesons
in coupled channels.

(iii) The filters of the G-parity in the amplitudes can also
provide information that can be extrapolated to τ− →
ντM1M2 decays withM1M2 pairs of states that have
a given G-parity as πρ, πω, ηρ and η0ρ.

1See Fig. 1 of Ref. [40] where it is shown that the strength of
πππ mass distribution in that region is 5–6 times smaller than that
at the peak.
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With the possible advent of future τ− facilities,2 pre-
dictions like the present one and the motivation given,
should provide the grounds for proposals at that machine.
Yet, other existing facilities have also access to these
reactions since rates of 10−5 and smaller are common in
τ− decays [7].
A reaction close to the present one is the

τ− → ντπ
−f1ð1285Þ. The reaction has been measured [7]

with a branching ratio ð3.9� 0.5Þ × 10−4. In [62], a
mechanism similar to the present one is presented in which
K�K̄ in an intermediate state merge to produce the
f1ð1285Þ, also dynamically generated from the K�K̄
interaction [63,64]. In this case, a triangle singularity
appearing around 1800 MeV in the π−f1ð1285Þ invariant
mass only shows up at the end of the phase space, such that
no visible peak associated to this triangle singularity is seen
in the mass distribution and other interpretations are
possible [65]. In the present case, we shall see that the
peak in the π−f0ða0Þ mass distributions is very strong
and clear.

II. FORMALISM

We will study the effect of triangle singularities in the
decay of τ− → ντπ

−πþπ− and τ− → ντπ
−π0η decays with

πþπ− forming the f0ð980Þ and π0η the a0ð980Þ. The
complete Feynman diagrams for the decay with the triangle
mechanism through the f0ð980Þ and a0ð980Þ are shown in
Figs. 1 and 2.
In Fig. 1, we investigate the τ− → ντπ

−πþπ− decay via
f0ð980Þ formation, where Fig. 1(a) shows the process τ− →
ντK�0K− followed by the K�0 decay into π−Kþ and the
merging of theK−Kþ into f0ð980Þ, and Fig. 1(b) shows the
process τ− → ντK�−K0 followed by the K̄�0 decay into
π−K̄0 and the merging of the K0K̄0 into f0ð980Þ. Each
process generates a singularity, and we will see a signal for
the isospin I ¼ 0 resonance state f0ð980Þ formation in the
invariant mass of πþπ−. In the study of Refs. [66–71], the
f0ð980Þ appears as the dynamically generated state from
the πþπþ, π0π0, KþK−, K0K̄0, and ηη in the coupled-
channels calculation.
Similarly, in Fig. 2, we investigate the τ− → ντπ

−π0η
decay via a0ð980Þ formation, where Fig. 2(a) shows the
process τ− → ντK�0K− followed by the K�0 decay into
π−Kþ and the merging of the K−Kþ into a0ð980Þ, and the
process τ− → ντK�−K0 followed by the K�− decay into
π−K̄0 and the merging of the K0K̄0 into a0ð980Þ. Both
processes also generate a singularity, and we will see a
signal for the isospin I ¼ 1 resonance state a0ð980Þ in the
invariant mass of π0η. In the study of Refs. [66–71], the
a0ð980Þ appears as the dynamically generated state of

KþK−, K0K̄0, and π0η in the coupled-channels calculation.
The momenta assignment for the decay process is given in
Fig. 1(a).
Let us address, next, the evaluation of the τ → ντK�0K−,

ντK�−K0 parts. The production is assumed to proceed first
from the Cabibbo favored ūd production from the W−

which then hadronizes producing an ss̄ with quantum
numbers of the vacuum, which are implemented with the
3P0 model [72–74]. This leads to the K�0K− and K0K�−
states with the same weight. In Refs. [57,58], the mecha-
nism for hadronization is done in detail. The first step
corresponds to the flavor combinations in the hadroniza-
tion. There it is shown that dðs̄sÞū ¼ ðds̄Þsū gives rise to
K0K�− and K�0K− with the same weight (see Eqs. (2) and
(3) of Ref. [57]). The second step corresponds to the
detailed study of the spin-angular momentum algebra to
combine the quarks for the 3P0 s̄s state (L0 ¼ 1, S0 ¼ 1,
J0 ¼ 0) with a d̄ quark in L ¼ 1 to have finally s-wave
production of the two mesons. In Ref. [57], the p-wave
vector-pseudoscalar production was ruled out based on the
theoretical results, and experimental results that show the
vector-pseudoscalar pairs coupling to an axial vector
resonance JPC ¼ 1þþ [75], which proceeds with s-wave.
The needed results from [57,58] are given in the next
subsection.

A. τ → ντK�0K − decay

The elementary quark interaction is given by

H ¼ CLμQμ; ð1Þ

where C contains the couplings of the weak interaction. The
leptonic current is given by

Lμ ¼ hūνjγμ − γμγ5juτi; ð2Þ

and the quark current by

Qμ ¼ hūdjγμ − γμγ5jvūi: ð3Þ

As is usual in the evaluation of decay widths to three final
particles, it is convenient to evaluate the phase space in a
frame where two final particles are at rest. We choose
the frame where the two mesons system is at rest. For the
evaluation of the matrix element Qμ we assume that the
quark spinors are at rest in that frame [57,58], then we have
γ0 → 1, γiγ5 → σi in terms of bispinors χ and after the spin
angular momentum combination we have

Q0 ¼ h χ0j1j χi → M0;

Qi ¼ h χ0jσij χi → Ni: ð4Þ

Denoting for simplicity,

2Projects exist, one of them at Hefei, China [59], another one at
Novosibirsk [60], and the Belle II update [61] (X. G. He, private
communication).
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Lμν ¼
XX

LμLν†; ð5Þ

to obtain the τ width we must evaluate

XX
jtj2¼

XX
LμLν†QμQ�

ν;

¼ L̄00M0M�
0þ L̄0iM0N�

i þ L̄i0NiM�
0þ L̄ijNiN�

j ;

ð6Þ

with L̄μν given by

XX
LμLν†

¼ 1

mνmτ
ðp0μpνþp0νpμ−gμνp0 ·pþ iϵαμβνp0

αpβÞ; ð7Þ

wherep,p0 are themomenta of the τ and ντ, respectively, and
we use the field normalization for fermions of Ref. [76].
From the work [57,58] we obtain the results for the

J ¼ 1, J0 ¼ 0 case, which correspond to the τ → ντK�0K−

decay.

M0 ¼
1ffiffiffi
6

p 1

4π
; for any M;

Nμ ¼ ð−1Þ−μ 1ffiffiffi
3

p 1

4π
Cð111;M;−μ;M − μÞ; ð8Þ

where M is the third component of J and μ is the index
of Ni in spherical basis, with Cð� � �Þ a Clebsch-Gordan
coefficient.
It was shown in [57,58] that the order in which the vector

and pseudoscalar mesons are produced is essential to under-
stand the G-parity symmetry of these reactions. Then from
[57,58] we write here the results for PV production J ¼ 0,
J0 ¼ 1, which correspond to the τ → ντK0K�− decay,

M0 ¼
1ffiffiffi
6

p 1

4π
; for any M0;

Nμ ¼ −ð−1Þ−μ 1ffiffiffi
3

p 1

4π
Cð111;M0;−μ;M0 − μÞ: ð9Þ

Note that whileM0 is the same for VP and PV productions,
Ni changes sign for VP and PV. This sign is essential for

(a) (b)

FIG. 2. Diagram for the decay of τ− → ντπ
−π0η. (a) The process τ− → ντK�0K− followed by the K�0 decay into π−Kþ and the

merging of the K−Kþ into a0ð980Þ; (b) The process τ− → ντK�−K0 followed by the K�− decay into π−K̄0 and the merging of the K0K̄0

into a0ð980Þ. The double line, labeled R, indicates that we are taking the KK̄ → π0η scattering amplitudes.

(a) (b)

FIG. 1. Diagram for the decay of τ− → ντπ
−πþπ−. (a) The process τ− → ντK�0K− followed by the K�0 decay into π−Kþ and the

merging of the K−Kþ into f0ð980Þ; (b) The process τ− → ντK�−K0 followed by the K�− decay into π−K̄0 and the merging of the K0K̄0

into f0ð980Þ. The double line, labeled R, indicates that we are taking the KK̄ → πþπ− scattering amplitudes. The brackets in figure
(a) indicate the momenta of the particles.
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the conservation ofG-parity in the reaction, as we shall see.
Indeed, at the quark level the primary dū state produced has
I3 ¼ −1 and hence I ¼ 1. TheG-parity of a qq̄ pair is given
by ð−1ÞLþSþI. As we mentioned L ¼ 1, I ¼ 1 and the spin
of the state is 0 for the 1 operator and 1 for the σi operator of
Eq. (4). This means that the termM0 proceeds with positive
G-parity, while Ni has negative G-parity. Since π, f0ð980Þ,
and a0ð980Þ have G-parity −;þ;−, respectively, then
π−f0ð980Þ will proceed with the Ni amplitude, while
π−a0ð980Þ proceeds with the M0 term and there is no
simultaneous contribution of the two terms in these
reactions. This we shall see analytically when evaluating
explicitly the amplitudes for the processes of Figs. 1 and 2.
As seen in Eq. (1), we have the unknown constant C in

our approach which includes factors involving the matrix
elements of the radial quark wave functions (the spin-
angular momentum variables are explicitly accounted for in
the work of [57,58]). We then determine C from the
experimental ratio of τ → ντK�0K−. For this we use the
results of [57,58] for this reaction.
By taking the quantization axis along the direction of the

neutrino in the τ− rest frame, we find

X̄ X
jtj2 ¼ C2

mτmν

�
1

4π

�
2

×

�
ðEτEν þ p2Þ 1

2
h2i þ

�
EτEν −

1

3
p2

�
h̄2i

�

¼ C2

mτmν

�
1

4π

�
2
�
3

2
EτEν þ

1

6
p2

�
ð10Þ

where hi ¼ h̄i ¼ 1, p is the momentum of the τ, or ντ, in
the K�0K− rest frame, given by

p ¼ pν ¼ pτ ¼
λ1=2ðm2

τ ; m2
ν;M2

invðK�0K−ÞÞ
2MinvðK�0K−Þ ; ð11Þ

and Eν ¼ p, Eτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

τ þ p2
p

.
Now for τ → ντK�0K− decay, we obtain

dΓ
dMinvðK�0K−Þ ¼

2mτ2mν

ð2πÞ3
1

4m2
τ
p0
νp̃K

X̄ X
jtj2; ð12Þ

where p0
ν is the neutrino momentum in the τ rest frame

p0
ν ¼

λ1=2ðm2
τ ; m2

ν;M2
invðK�0K−ÞÞ

2mτ
; ð13Þ

and p̃K the momentum of K− in the K�0K− rest frame
given by

p̃K ¼ λ1=2ðM2
invðK�0K−Þ; m2

K�0 ; m2
K−Þ

2MinvðK�0K−Þ : ð14Þ

Experimentally, the branching ratio of Bðτ → ντK�0K−Þ
decay,

Bðτ → ντK�0K−Þ ¼ 1

Γτ
Γðτ → ντK�0K−Þ

¼ ð2.1� 0.4Þ × 10−3; ð15Þ

and then

C2

Γτ
¼ Bðτ → ντK�0K−ÞRmτ

mK−þmK�0
1

ð2πÞ3
1
m2

τ
p0
νp̃K

1
ð4πÞ2 ð32EτEν þ 1

6
p2ÞdMinvðK�0K−Þ ; ð16Þ

from which we can evaluate the value of the constant C
2

Γτ
. We

obtain C2
Γτ
¼ ð2.10� 0.40Þ × 10−5 MeV−3, where the errors

come from the uncertainty of Bðτ → ντK�0K−Þ.
In the evaluation of Eq. (16), we have considered K�0 as

an elementary particle, while it should be taken into account
that it has a mass distribution since it decays to πK. The
proper way to do this is to fold the Γðτ → ντK�0K−Þ width
with the spectral function (mass distribution) of the K�0.
This is done explicitly in [57,58], and we have also done it
here. We find that the difference between these two
calculations is 4%, which is much smaller than the uncer-
tainty that we have at the end fromother sources. Due to this,
we stick to the simple elementary particle formulation for
the K�.
It should be interesting to compare the K�0K− mass

distribution of Eq. (12) with experiment. However, this

observable is not available. There are invariant mass
distributions for Kþπ−K− in τ− → ντKþπ−K− (see
Fig. 1 of Ref. [77] and Fig. 7 of Ref. [39]) but they
contain other contributions than K�0K−. However, accord-
ing to Ref. [77] the Kþπ−K− spectrum is dominated by
K�0K−. The τ− → ντKþπ−K− has also received much
attention theoretically related to issues of neutrino masses,
the determination of αs, and the contribution of the
vector and axial vector currents, which is still under debate
[78–81]. Yet, the τ− → ντK�0K− part of it has not been
isolated in these studies. For the present work we do not
need to enter this discussion, it is sufficient to show that the
K�0K− mass distribution is in a reasonable agreement with
data. Since this comparison is not possible at the present
time, we mention in support of our picture the mass of
distribution of ηK�− in the τ− → ντηK�− decay, see Fig. 3,
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which is in remarkable agreement with experiment. With
the necessary caveat, it is also interesting to see what we
obtain for the K�0K− mass distribution with the present
formalism [57]. We show this in Fig. 4.
We refrain from plotting data in Fig. 4 since they

contains K−Kþπ− events from all sources. Yet, assuming,
as in Ref. [77], that the K−Kþπ− distribution is dominated
by K�0K−, the agreement of Fig. 4 with the data of
Refs. [39,77] is very good.

B. Evaluation of the triangle diagram

The first thing that we should note is that in Figs. 1 and 2
the double line R stands for f0ð980Þ or a0ð980Þ scattering
amplitudes. In the actual calculation, we explicitly use
the KK̄ → πþπ−ðπ0ηÞ amplitudes, calculated in the chiral
unitary approach [66,69,70]. These amplitudes depend
only on the πþπ−ðπ0ηÞ invariant mass, which is an external
variable that does not change in the loop integration, and
can be factorized outside the loop integral. The K� → Kπ
vertex is obtained from the VPP Lagrangian

LVPP ¼ −ighVμ½P; ∂μP�i; ð17Þ

and the brackets h…imean the trace over the SU(3) flavour
matrices, with the coupling g given by g ¼ mV=2fπ in the
local hidden gauge approach, with mV ¼ 800 MeV and
fπ ¼ 93 MeV. Equation (17) is rather general and can be
obtained as well in massive Yang-Mills theory [82–85].
From Eq. (17), the vertex K� → Kπ is of the type
ϵ½k − ð−q − kÞ�.
The loop function in Fig. 1(a) is then given by

t0μL ≡ i
Z

d4q
ð2πÞ4

1

ðP − qÞ2 −m2
K� þ iϵ

1

q2 −m2
k− þ iϵ

×
1

ðP − q − kÞ2 −m2
K þ iϵ

ϵμgϵ½k − ð−q − kÞ�: ð18Þ

It is convenient to evaluate this expression in the rest frame
of the final three mesons. The reason is that in this frame,
and for the triangle singularity energy, the intermediate K�

is on shell and with very slow momentum, such that its ϵ0

component can be neglected, simplifying the formalism.
We shall come back to this point and evaluate the
uncertainty of this approximation. After this, we perform
analytically the q0 integration and we obtain a remaining
integral in d3q [34,86] and we obtain

t0iL ¼
Z

d3q
ð2πÞ3

1

8ωK�ωKþωK−

1

k0 − ωKþ − ωK� þ i ΓK�
2

ϵigϵjð2kþ qÞj
1

P0 þ ωK− þ ωKþ − k0
1

P0 − ωK− − ωKþ − k0 þ iϵ

×
2P0ωK− þ 2k0ωKþ − 2ðωK− þ ωKþÞðωK− þ ωKþ þ ωK� Þ

P0 − ωK� − ωK− þ i ΓK�
2

; ð19Þ

(a)
(b)

FIG. 4. The mass distribution of K−K�0 in τ− → ντK−K�0
decay. (a) in this figure stands for the situation when the mass of
K�0 is fixed, while (b) stands for convoluting theMinv distribution
with the K�0 spectral function to account for its mass distribution.

(a)
(b)

FIG. 3. The mass distribution of ηK�− in τ− → ντηK�− decay.
(a) in this figure stands for the situation when the mass of K�− is
fixed, while (b) stands for convoluting the Minv distribution with
the K�− spectral function to account for its mass distribution.
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with P0 ¼ Minvðπ−f0Þ, ωK− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

K

p
, ωKþ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðqþ kÞ2 þm2
K

p
, and ωK� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þm2
K�

p

k0 ¼ M2
invðπ−f0Þ þm2

π −M2
invðπþπ−Þ

2Minvðπ−f0Þ
; ð20Þ

k ¼ λ1=2ðM2
invðπ−f0Þ; m2

π;M2
invðπþπ−ÞÞ

2Minvðπ−f0Þ
: ð21Þ

Similarly, we can get the triangle amplitude for the π−a0
case. Note also that an iϵ in the propagators involving ωK�

is replaced by i ΓK�
2
.

The next step is to realize that in Eq. (19) the only
vector remaining after the d3q integration is k and hence the
result of

R
d3qq � � � integration will be proportional to k.

Thus,Z
d3qfðk;qÞqi ¼ Aki; A¼

Z
d3qfðk;qÞq · kjkj2 ; ð22Þ

where fðk; qÞ is the function in the integrand of Eq. (19)
when we remove ϵigϵjð2kþ qÞj. Hence, q in 2kþ q in

Eq. (19) can be replaced effectively by q·k
jkj2 k. Equation (19)

can now be simplified replacing ð2kþ qÞ by kð2þ q·k
jkj2Þ.

In Eq. (8), we needM, the third component of J. In order
to evaluate the loops of Figs. 1 and 2, we find most
convenient to take the z direction along the momentum k of
the pion produced (see Fig. 1(a)), since we found the

amplitude is proportional to ϵ · k. If the z direction is
chosen along k, in the ϵ · k factor only the ϵz component (ϵ0
in spherical basis) is operative and ϵ · k ¼ jkj ¼ k. This
also means that onlyM ¼ 0 contributes in the loop and this
allows us to calculate trivially theM0, Nμ amplitude in that
frame. Indeed, for J ¼ 1, J0 ¼ 0,

M0 →
1ffiffiffi
6

p 1

4π
;

Nμ → ð−1Þ−μ 1ffiffiffi
3

p 1

4π
Cð111; 0;−μ;−μÞ; ð23Þ

and for J ¼ 0, J0 ¼ 1,M0 is the same and Nμ changes sign.
Explicit calculation of the Clebsch-Gordan coefficients

in Eq. (23) gives

Nμ¼þ1 ¼ −
1ffiffiffi
3

p 1

4π

1ffiffiffi
2

p ;

Nμ¼−1 ¼
1ffiffiffi
3

p 1

4π

1ffiffiffi
2

p ; Nμ¼0 ¼ 0; ð24Þ

which in cartesian coordinate can be written as

Ni ¼
1ffiffiffi
3

p 1

4π
δi1; ð25Þ

the index 1 for the x direction. Since only the M ¼ 0
component of the polarization contributes, we omit the
explicit ϵigϵj factor in Eq. (19) and define the tL such that

tL ¼
Z

d3q
ð2πÞ3

1

8ωK�ωKþωK−

1

k0 − ωKþ − ωK� þ i ΓK�
2

�
2þ q · k

jkj2
�

1

P0 þ ωK− þ ωKþ − k0
1

P0 − ωK− − ωKþ − k0 þ iϵ

×
2P0ωK− þ 2k0ωKþ − 2ðωK− þ ωKþÞðωK− þ ωKþ þ ωK� Þ

P0 − ωK� − ωK− þ i ΓK�
2

θðqmax − q�Þ; ð26Þ

where we include the regulator θðqmax − q�Þ.
Equation (26) is already convergent. However, when

evaluating the KK̄ → ππ, KK̄ → πη amplitudes in the
chiral unitary approach to get the f0ð980Þ or a0ð980Þ
resonances, a cutoff, qmax, in the q variable in the
meson-meson loop function is used. Then, it is found in
Ref. [87] that the approach is equivalent to solving the
Bethe-Salpeter equation with a potential of the type
Vθðqmax − jq0jÞθðqmax − jqjÞ and this structure is trans-
ferred to the scattering amplitude that becomes
tθðqmax − jq0jÞθðqmax − jqjÞ, with q, q0 the incoming and
outgoing meson momenta in the KK̄ rest frame.
Accordingly, when we use the KK̄ → ππ, KK̄ → πη
scattering amplitudes, we implement these cutoff factors,

with qmax ¼ 600 MeV [69,70].3 To be consistent with the
former discussion, the momentum q of the integral in the
K�K̄ rest frame is boosted to the f0, a0 in the rest frame and
one gets a value of q� given by [34] (for the f0ð980Þ →
πþπ− and similarly for a0ð980Þ → π0η)

3The works [66,69,70] rely upon the lowest order chiral
Lagrangian for pseudoscalar-pseudoscalar interaction [88]. Ex-
tensions to include higher order terms are done in [89,90], and
lattice QCD simulations have also done their share to advance in
this field [91]. However, one must stress the accuracy of the
unitarized approach with the lowest order chiral Lagrangian to
produce the f0ð980Þ and a0ð980Þ resonances and reproduce
experiments where they are observed, as one can see in ϕ decay
to π0π0γ, π0ηγ [92,93], J=ψ→ϕππ [94] and the χc1→ηπþπ− [95].
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q� ¼
��

ER

Minvðπ−πþÞ
−1

�
q ·k
jkj2 þ

q0

Minvðπ−πþÞ
�
kþq; ð27Þ

with ER ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Minvðπ−πþÞ þ k2

p
, q0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K þ q2
p

.
In addition, we have made for convenience an approxi-

mation ϵμð2kþ qÞμ → ð−1Þϵ · ð2kþ qÞ in the K� → Kπ
vertex. This results from neglecting the ϵ0 component in the
longitudinal polarization of the K�. This is actually a very
good approximation for a case like the present one, as
explicitly shown in Appendix A of Ref. [18]. The relative
error neglecting the ϵ0 component for a K� moving with a
momentum p� is given by Eq. (A.6) of Ref. [18],

ðEπ − EKÞ2
4jpπj2

jp�j2
m�2 ; ð28Þ

where Eπ, EK are the π andK energies in the decay of K� at
rest and pπ the π momentum in this frame, while m�, p� are
the mass and the momentum of K�. At the energy of the
triangle singularity of 1420 MeV for the K�K̄ invariant
mass we find that jp�j ¼ 155 MeV and Eq. (28) provides
0.57% error.
Then the formalism for the loop diagrams can be done as

for the K�0K− production replacing

M0 → M̃0tKþK−;πþπ− ; M̃0 ¼ g
1ffiffiffi
6

p 1

4π
ktL;

Ni → ÑitKþK−;πþπ− ; Ñi ¼ g
1ffiffiffi
3

p 1

4π
ktLδi1 ð29Þ

and for K0K�−, M̃0 is the same and Ñi changes sign.
The combination of the diagram of Fig. 1(b) proceeds in

a similar way. The changes are: tKþK−→πþπ− is replaced by
tK0K̄0→πþπ− and theK

�− → π−K̄0 vertex has opposite sign to
K�0 → π−Kþ. Then, the sum of the two terms is taken into
account by means of

M0 → M̃0ðK�0K−ÞtKþK−;πþπ− − M̃0ðK�−K0ÞtK0K̄0;πþπ−

¼ M̃0ðK�0K−ÞðtKþK−;πþπ− − tK0K̄0;πþπ−Þ; ð30Þ

Ni → ÑiðK�0K−ÞtKþK−;πþπ− − ÑiðK�−K0ÞtK0K̄0;πþπ−

¼ ÑiðK�0K−ÞðtKþK−;πþπ− þ tK0K̄0;πþπ−Þ: ð31Þ

When we have π0η production, as in Fig. 2, the formalism is
identical, we only replace πþπ− by π0η at the end in
tKK̄→m0

1
m0

2
. Next, in order to have isospin conservation and

hence proper G-parity states we will solve the tm1m2→m0
1
m0

2

amplitudes with average masses for the kaons and average
masses for the pions and we shall also take average masses
for K� masses in the loop. In this case, we have

tKþK−;πþπ− ¼ tK0K̄0;πþπ− ;

tKþK−;π0η ¼ −tK0K̄0;π0η: ð32Þ

Hence in the case of the amplitudeM0 in Eq. (30) and πþπ−
in the final state we find a cancellation of the amplitudes for
diagram of Figs. 1(a) and 1(b). If instead we have π0η in the
end, the two diagrams of Figs. 2(a) and 2(b) give the
same contribution and sum coherently. Conversely, in
the Ni term of Eq. (31) the two terms corresponding to
Figs. 1(a) and 1(b) add and those of Figs. 2(a) and 2(b)
cancel exactly. In summary, the M0 terms cancel for the
production of f0ð980Þ and add for the production of
a0ð980Þ. This is, the f0ð980Þ production proceeds via
the Ni term and the a0ð980Þ production via the M0 term.
Since π−f0ð980Þ has negative G-parity and π−a0ð980Þ
positive G-parity, we confirm that the M0 term in the loop
corresponds to positive G-parity and the Ni term to
negative G-parity, as we found earlier at the quark level.
Then for π−f0ð980Þ we will haveX̄ X

jtj2 ¼ L̄ijÑiÑ�
jg

2j2tKþK−;πþπ− j2;

¼ C2

mτmν

�
EτEν −

1

3
p2

�

×
1

3

1

ð4πÞ2 k
2jtLj2g2j2tKþK−;πþπ− j2: ð33Þ

Similarly, for the production of π−a0ð980Þ we will haveX̄ X
jtj2 ¼ L̄00M̃0M̃�

0g
2j2tKþK−;π0ηj2;

¼ C2

mτmν
ðEτEν þ p2Þ

×
1

6

1

ð4πÞ2 k
2jtLj2g2j2tKþK−;π0ηj2: ð34Þ

where we have taken into account that piδi1pjδj1 is p2
x and,

when integrated over the phase space, gives rise to 1
3
p2.

For τ− → ντπ
−πþπ− decay, the double differential

mass distribution for Minvðπþπ−Þ and Minvðπ−f0Þ is given
by [16]

1

Γτ

d2Γ
dMinvðπ−f0ÞdMinvðπþπ−Þ
¼ 1

ð2πÞ5
1

Γτ
kp0

νq̃πþ
2mτ2mν

4M2
τ

X̄ X
jtj2; ð35Þ

with k given by Eq. (21) and

p0
ν ¼

λ1=2ðm2
τ ; m2

ν;M2
invðπ−f0ÞÞ

2mτ
;

eqπþ ¼ λ1=2ðM2
invðπþπ−Þ; m2

π; m2
πÞ

2Minvðπþπ−Þ
: ð36Þ
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Similarly, for the τ− → ντπ
−π0η decay, we can get the

double differential mass distribution for Minvðπ0ηÞ and
Minvðπ−a0Þ.
Note that the term mτmν in the numerator of Eq. (35)

cancels the same factor in the denominator of Eqs. (33) and
(34). In Eq. (35), we have the factor C

2

Γτ
, which, as mentioned

before, is obtained by means of Eq. (16), and thus we can
provide absolute values for the mass distributions.

III. RESULTS

Let us begin by showing in Fig. 5 the contribution of the
triangle loop defined in Eq. (26). We plot the real and
imaginary parts of tL, as well as the absolute value as a
function of Minvðπ−RÞ, with MinvðRÞ fixed at 985 MeV (R
standing for f0ð980Þ or a0ð980Þ). It can be observed that
ReðtTÞ has a peak around 1393 MeV, and ImðtTÞ has a peak
around 1454 MeV, and there is a peak for jtT j around
1425 MeV. As discussed in Refs. [11,18], the peak of the
real part is related to the K�K threshold and the one of the
imaginary part, that dominates for the larger π−R invariant
masses, to the triangle singularity. Note that around
1420 MeV and above the triangle singularity dominates
the reaction.
The origin of the peak in jtT j, and consequently in the

π−R mass distribution of the decay, has then the same
origin as the peak observed in the COMPASS experiment
[6], tentatively branded as a new “a1ð1420Þ” resonance,
which however was explained in [3,4] as coming from the
same triangle mechanism that we have encountered here. It
would be most enlightening to confirm this experimentally
in the τ decay reaction to settle discussions around the
“a1ð1420Þ” peak.
In Fig. 6, we plot Eq. (35) for the τ− → ντπ

−πþπ− decay,
and similarly in Fig. 7 for the τ− → ντπ

−π0η decay as a
function of MinvðRÞ, where in both figures we fix
Minvðπ−RÞ ¼ 1317, 1417, and 1517 MeV and vary
MinvðRÞ. We can see that the distribution with largest

strength is nearMinvðπ−RÞ ¼ 1417 MeV. In Fig. 6, we can
also see a strong peak in the πþπ− mass distribution around
980 MeV for the three different masses of Minvðπ−RÞ,
corresponding to the f0ð980Þ. Similarly, in Fig. 7 we see
the distinctive cusp like a0ð980Þ peak around 990 MeV for
the π0η mass distribution.
The signals in Figs. 6 and 7 are what one should aim at in

an experiment. Yet, in order to give a branching ratio for
what an experimentalist would brand as π−f0ð980Þ or
π−a0ð980Þ decay, we must integrate the strength of the
double differential width in Figs. 6 and 7 over the πþπ− or
π0η invariant masses, respectively. For this wemust state the
limits of integration, which should be wide enough to cover
practically all the strength, without going to other invariant
mass regions away from the relevant one. We find a fair
range of invariant mass with Minv ∈ ½920; 1040 MeV�. In
this way, we obtain 1

Γτ

dΓ
dMinvðπ−RÞwhich is shown in Fig. 8. We

a
b
c

FIG. 6. Double differential width of τ− → ντπ
−πþπ−, keeping

Minvðπ−f0Þ fixed to three values. Lines a, b and c show the values
at Minvðπ−f0Þ 1317, 1417, and 1517 MeV, respectively, plotted
vs Minvðπþπ−Þ.

FIG. 5. Triangle amplitude ReðtLÞ, ImðtLÞ and jtLj, taking
MinvðRÞ ¼ 985 MeV.

a
b
c

FIG. 7. Double differential width of τ− → ντπ
−π0η, keeping

Minvðπ−a0Þ fixed to three values. Lines a, b and c show the values
at Minvðπ−a0Þ 1317, 1417, and 1517 MeV, respectively, plotted
vs Minvðπ0ηÞ.
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see a clear peak of the distribution around 1423 MeV for
π−f0ð980Þ production and 1412 MeV for π−a0ð980Þ
production.
Integrating dΓ

dMinvðπ−RÞ overMinvðπ−RÞ in Fig. 8, we obtain
the branching fractions

Bðτ− → ντπ
−f0ð980Þ; f0ð980Þ → πþπ−Þ

¼ ð2.6� 0.5Þ × 10−4;

Bðτ− → ντπ
−a0ð980Þ; a0ð980Þ → π0ηÞ

¼ ð7.1� 1.4Þ × 10−5: ð37Þ

Since the rate of f0 → π0π0 is one half that of f0 → πþπ−,
we can write

Bðτ− → ντπ
−f0ð980ÞÞ ¼ ð3.9� 0.8Þ × 10−4: ð38Þ

The errors in these numbers count only the relative error of
the branching ratio of Eq. (15). These numbers are within
measurable range, since branching ratios of 10−5 and
smaller are quoted in the PDG for τ decays [7].
The rates of 10−4 could look small compared to the

background for π−πþπ−ντ decay with a branching ratio of
ð9.31� 0.05Þ × 10−2 [7] or π−π0ηντ with a branching ratio
of ð1.39� 0.07Þ × 10−3 [7]. Yet, the signals for f0ð980Þ
and a0ð980Þ are very distinct and a special search for these
modes should lead to the identification of the decays
studied here. To put this in a broader context let us recall
that the τ− → ντf1ð1285Þπ− decay has been identified with
a branching ratio of ð3.9� 0.5Þ × 10−4 [7], similar to what
we obtain here. Even more, the peculiar channel τ− →
ντf1ð1285Þπ− → ντπ

−K0
sK0

sπ
0 has been identified with a

branching ratio of ð6.8� 1.5Þ × 10−6 [7]. With this present
state of the art, the measurements of the reactions proposed

should be accessible and the planned updates of some of
the facilities and possible future ones, can only make it
easier.
One might worry about a possible interference between

the terms of the dominant mechanism in τ− → ντπ
−πþπ−

(a1ð1260Þ → π−ρ0 → π−πþπ−) and those of the present
one. One can recall general arguments of phase space,
since our mechanism concentrates on a narrow region of
Minvðπ−πþπ−Þ and Minvðπþπ−Þ, while the other mecha-
nism concentrates in a very different region. In the limit of
very narrow widths of resonances in the two mechanisms,
there is no interference between them. In our case, the
f0ð980Þ and a0ð980Þ are quite narrow but not the ρ and
a1ð1260Þ. Yet, there is usually some memory of the lack of
interference in the realistic cases. However, in the present
case there is a more compelling argument. Indeed, the πþπ−

from the f0ð980Þ come in s-wave, while those from the ρ0

come in p-wave. In addition, the π− from K� decay comes
in p-wave while the one from a1ð1260Þ → π−ρ0 comes in
s-wave. Upon angle integration in the phase space the
interference term disappears. Finally, we should also note,
that, while the detection of π0 is always more problematic
than for charged pions, the detection of π0π0 in decays is
common place nowadays [96], and concretely coming from
the f0ð980Þ is done in the ϕ → γπ0π0 in [97]. Since the ρ0

cannot decay to π0π0, the π0π0 decay mode of the f0ð980Þ
is always cleaner than that of πþπ−. The reasons exposed
above tell us that in the phase space where we investigate
the τ− → ντπ

−f0ð980Þ, the mechanisms different to the
one we have studied, should just provide a background.
Similar arguments can be used for the case of a0ð980Þ
decay to π0η.
Finally, even if it is unclear that it is related to our

mechanism, we should mention that in Ref. [98] claims are
made that the τ− → ντπ

−πþπ− decay requires a small
contribution of an “a1ð1420Þ” resonance in the π−πþπ−
invariant mass, decaying to π− and ππs-wave. The ππs-
wave is taken in [98] as corresponding to the σ (f0ð500Þ),
but it is also mentioned that it could equally correspond
to f0ð980Þ. Yet, these results are very qualitative and
should be gauged against other detailed work described
above.

IV. CONCLUSIONS

We have made a study of the τ− → ντπ
−f0ð980Þ and

τ− → ντπ
−a0ð980Þ reactions from the perspective that the

f0ð980Þ and a0ð980Þ are dynamically generated resonances
from the interaction of pseudoscalar mesons in coupled
channels. We showed that the main mechanism for these
processes proceeds via τ → ντK�0K− (K0K�−) followed by
K̄� → π−K and the posterior fusion of KK̄ to produce
either the f0ð980Þ or a0ð980Þ states. This triangle mecha-
nism has a peculiarity since it develops a triangle singu-
larity at Minvðπ−RÞ ≃ 1420 MeV (R≡ f0 or a0), and the

FIG. 8. The mass distribution for π−R (R ¼ f0, a0). The solid
line for τ− → ντπ

−πþπ− as a function of Minvðπ−RÞ with R≡
f0ð980Þmeasured in the πþπ− decay mode; dashed line for τ− →
ντπ

−π0η as a function of Minvðπ−RÞ with R≡ a0ð980Þ measured
in the π0η decay mode.

L. R. DAI, Q. X. YU, and E. OSET PHYS. REV. D 99, 016021 (2019)

016021-10



Minvðπ−RÞ distribution shows a peak around this energy,
which has then the same origin as the explanations given in
[3,4] for the COMPASS peak in πf0ð980Þ that was initially
presented as the new resonance “a1ð1420Þ”. It would be
most instructive to have the experiment performed to see if
such peak indeed appears, which would help clarify the
issue around the “a1ð1420Þ” peak.
On the other hand, we make predictions which are tied to

the way the f0ð980Þ and a0ð980Þ resonances are generated
and again the observations will bring extra information on
the nature of these low-lying scalar states.
The mechanism requires the use of the amplitude for the

τ → ντK�0K− reaction in a way suited to the calculation of
the loop function of the triangle mechanism. This task was
made efficient and easily manageable thanks to the for-
malism developed in [57,58] which provides two ampli-
tudes with given G-parity in terms of the third components
of the K�0 spin. Since π−f0ð980Þ and π−a0ð980Þ have
negative and positive G-parity, respectively, the formalism
filtered just one of these amplitudes for either reaction, with
the subsequent economy and clarity in the formulation.
We could provide absolute values for the mass distri-

butions and final branching ratios by using the experimen-
tal branching ratio of the τ → ντK�0K− reaction. Hence,
our predictions are free of intrinsic uncertainties that
ab initio microscopic models unavoidably have, and which
would be magnified in this problem where final state
interaction of hadrons is at work.

With the reliable predictions of our approach, we find
final branching ratios of π−f0ð980Þ and π−a0ð980Þ of
about 4 × 10−4 and 7 × 10−5, respectively. These rates are
well within measurable range and we can only encourage
the performance of the experiments.
As we discussed in the Introduction, there are measure-

ments for the τ− → ντπ
−πþπ− and τ− → ντπ

−π0η.
However, none of them has addressed the region of
Minvðπ−πþπ−Þ ∼ 1420 MeV together with Minvðπþπ−Þ,
Minvðπ0ηÞ around the f0ð980Þ and a0ð980Þ regions. The
present work should present a justification for future
experiments in the new updated Belle II or the projected
facilities at Hefei and Novosibirsk.
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