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We calculate the polarization of prompt J=ψ production in the improved color evaporation model at
leading order employing the kT-factorization approach. In this paper, we present the polarization parameter
λϑ of prompt J=ψ as a function of transverse momentum in pþ p and pþ A collisions to compare with
data in the helicity, Collins-Soper and Gottfried-Jackson frames. We also present calculations of the
charmonium production cross sections as a function of rapidity and transverse momentum. This is the first
pT-dependent calculation of charmonium polarization in the improved color evaporation model. We find
agreement with both charmonium cross sections and polarization measurements.
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I. INTRODUCTION

The production mechanism of quarkonium remains
uncertain even more than 40 years after the discovery
of the J=ψ . Nonrelativistic QCD (NRQCD) [1], the most
widely employed model of quarkonium production
encounters serious challenges in both the universality
of the long distance matrix elements (LDMEs) and the
prediction of quarkonium polarization [2]. The production
cross sections in NRQCD, based on an expansion in the
strong coupling constant and the QQ̄ velocity [3], is
factorized into hard and soft contributions and divided
into different color and spin states, including color octet
contributions. The LDMEs, which weight the contribu-
tions from each color and spin state, are fit to the
data above some minimum transverse momentum, pT .
These LDMEs, which are conjectured to be universal, fail
to describe the yields and polarization simultaneously for
pT cuts less than twice the mass of the quarkonium state
[4,5]. They also depend on the collision system [6–9].
Moreover, collinear factorization requires a pT cut to fit
the LDMEs to data above this cut. As a result, the
polarization predicted by NRQCD is sensitive to the pT
cut [8,10,11] in the collinear factorization approach while

in the kT-factorization approach, J=ψ polarization can be
calculated in NRQCD without the pT cut [12]. The ηc pT
distributions calculated with LDMEs obtained from J=ψ
yields using heavy quark spin symmetry [13–15] can
describe the LHCb ηc results [16,17] but fails if a different
pT cut or feed-down treatment is used [18].
On the other hand, the color evaporation model (CEM)

[19–22], which considers all QQ̄ (Q ¼ c, b) production
regardless of the quark color, spin, and momentum, is able
to predict both the total yields and the rapidity distributions
at hadron colliders with only a single normalization
parameter per state [23]. However, the consistency between
CEM and J=ψ electroproduction data at low

ffiffiffi
s

p
seen in

Ref. [24] has not yet been addressed in our approach.
Reference [25] derived a relationship between the tradi-
tional CEM and NRQCD assuming that NRQCD factori-
zation holds to all orders and that the NRQCD sums over
color and spin converge. It also assumed that no distinction
is made between the spin states in the CEM. Both the CEM
and NRQCD can describe production yields rather well but
spin-related measurements such as the polarization are
strong tests of production models. However, polarization is
not the only test of models. The CEM was also used
recently to calculate transverse single spin asymmetries in
J=ψ production [26,27].
We have previously presented the first polarization

results in the CEM [28], which only considered charmo-
nium and bottomonium production in general, followed by
polarization results of the prompt J=ψ and ϒð1SÞ [29].
The later also took the feed-down production into account
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using the recently developed improved CEM (ICEM) [22].
However, those results were at leading order (LO) assum-
ing collinear factorization and were thus pT-independent.
This paper serves as a continuation of the previous work by
presenting a pT-dependent LO ICEM calculation of the
polarization in prompt J=ψ production using the
kT-factorization approach. This is a pT-dependent result
because the transverse momenta of the incoming gluons
and their off-shell properties are not neglected in the kT-
factorization approach. Our calculation provides the first
pT-dependent ICEM polarization result and represents a
step toward a full next-to-leading order (NLO) ICEM
polarization result. We will begin to address the pT
dependence at NLO in a later publication.
In this paper, we present both the yields and the polar-

izations of charmonium as a function of pT by formulating
the ICEM in the kT-factorization approach. In the high-
energy limit, the contributions from t-channel gluon
exchange can become dominant. The QCD evolution of
the gluon distribution functions of the colliding partons is
described by the Balitsky-Fadin-Kuraev-Lipatov evolution
equation [30]. In this regime, the transverse momentum
(kT) of the incoming gluon can no longer be neglected. This
phenomenological framework dealing with Reggeized t-
channel gluons is known as the kT-factorization approach.
We take the same effective Feynman rules for scattering
processes involving incoming off-shell gluons [31] as in
NRQCD [32]. Effectively, the momentum of the incoming
Reggeon, kμ, with transverse momentum kT can be written

in terms of the proton momentum pμ and the fraction of
longitudinal momentum x carried by the gluon as

kμ ¼ xpμ þ kμT: ð1Þ

The polarization 4-vector is

ϵμðkTÞ ¼
kμT
kT

; ð2Þ

where kμT ¼ ð0; k⃗T ; 0Þ.
In the traditional CEM, all quarkonium states are treated

the same as QQ̄ below the HH̄ threshold. The invariant
mass of the heavy quark-antiquark pair is restricted to be
less than twice the mass of the lowest mass meson (H)
that can be formed with the heavy quark as a constituent.
The distributions for all quarkonium family members are
assumed to be identical.
In the ICEM the invariant mass of the intermediate heavy

quark-antiquark pair is constrained to be larger than the
mass of produced quarkonium state, MQ, instead of twice
the quark mass, 2mq, the lower limit in the traditional CEM
[19,28]. Because the charmonium momentum and integra-
tion range depend on the mass of the state, the kinematic
distributions of the charmonium states are no longer
identical in the ICEM and, for example, the ψ 0 to J=ψ
ratio depends on pT . Using the kT-factorization approach,
in a pþ p collision, the ICEM production cross section for
a directly produced quarkonium state Q is

σ ¼ FQ

Z
4m2

H

M2
Q

dŝ
Z

dx1
x1

Z
dϕ1

2π

Z
dk1T2Φ1ðx1; k1T; μ2F1Þ

Z
dx2
x2

Z
dϕ2

2π

Z
dk2T2Φ2ðx2; k2T; μ2F2Þσ̂ðRþ R → QQ̄Þ

× δðŝ − x1x2sþ jk⃗1T þ k⃗2T j2Þ; ð3Þ

where the square of the heavy quark pair invariant mass is ŝ while the square of the center-of-mass energy in the pþ p
collision is s. Here Φðx; kT; μ2FÞ is the unintegrated parton distribution function (uPDF) for a parton with momentum
fraction x and transverse momentum kT interacting with factorization scale μF. The angles ϕ1;2 in Eq. (3) are between the
kT1;2 of the partons and the pT of the final state quarkoniumQ. The parton-level cross section is σðRþ R → QQ̄Þ. Finally,
FQ is a universal factor for the directly produced quarkonium state Q and is independent of the projectile, target, and
energy. In this approach, the cross section is

d4σ
dpTdydŝdϕ

¼ σδðŝ − x1x2sþ p2
TÞδ
�
y −

1

2
log

x1
x2

�
δðp2

T − jk⃗21T þ k⃗22T jÞδðϕ − ðϕ1 − ϕ2ÞÞ

¼ FQ

Z
2

π
k2Tdk2T

X
k1T

�
Φ1ðk1T; x10; μ2F1Þ

x10

Φ2ðk2T; x20; μ2F2Þ
x20

k1TpT
σ̂ðRþ R → QQ̄Þ

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22Tðcos2ϕ − 1Þ þ p2

T

p �
; ð4Þ

where the sum k1T is over the roots of k21T þ k22T þ 2k1Tk2T cosϕ ¼ p2
T , and k1T;1 and k1T;2 are

k1T;1 ¼ −k2T cosϕþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22Tðcos2ϕ − 1Þ þ p2

T

q
; ð5Þ

k1T;2 ¼ −k2T cosϕ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22Tðcos2ϕ − 1Þ þ p2

T

q
: ð6Þ
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The momentum fractions x10 and x20 are

x10 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝþ p2

T

s

r
eþy; ð7Þ

x20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝþ p2

T

s

r
e−y: ð8Þ

Here, ϕ is the relative azimuthal angle between two
incident Reggeons (ϕ ¼ ϕ1 − ϕ2) and pT is the transverse
momentum of the produced QQ̄.
The cross section may also be defined in terms of the

total longitudinal momentum carried by the QQ̄ pair, xF,
instead of rapidity as

d4σ
dpTdxFdŝdϕ

¼ σδðŝ−x1x2sþp2
TÞδðxF− ðx1−x2ÞÞδðp2

T − jk⃗21T þ k⃗22T jÞδðϕ− ðϕ1−ϕ2ÞÞ

¼FQ

Z
2

π
k2Tdk2T

X
k1T

�
Φ1ðk1T;x10;μ2F1Þ

x10

Φ2ðk2T;x20;μ2F2Þ
x20

k1TpT
σ̂ðRþR→QQ̄Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2Fs
2þ4ðŝþp2

TÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k22Tðcos2ϕ−1Þþp2
T

p �
;

ð9Þ

where x10 and x20 are now

x10 ¼
1

2

 
xF þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4

ŝþ p2
T

s

r !
; ð10Þ

x20 ¼
1

2

 
−xF þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4

ŝþ p2
T

s

r !
: ð11Þ

Thus the transverse momentum distribution dσ=dpT in
the ICEM is

dσ
dpT

¼
Z

dydŝdϕ
d4σ

dpTdydŝdϕ
ð12Þ

¼
Z

dxFdŝdϕ
d4σ

dpTdxFdŝdϕ
: ð13Þ

The two expressions are equivalent when calculating the
transverse momentum without any longitudinal kinematic
cuts. Equation (12) is used to compare to collider data with
defined rapidity cuts while Eq. (13) is used to compare to
fixed-target data with xF cuts. Similarly, the rapidity
distribution dσ=dy in the ICEM is

dσ
dy

¼
Z

dpTdŝdϕ
d4σ

dpTdydŝdϕ
: ð14Þ

We take the renormalization and factorization scales to
be μF ¼ μR ¼ mT , where mT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝþ p2

T

p
is the transverse

mass of the QQ̄ pair. We will study the effect of varying
these scales on the pT distributions and the polarization.

II. POLARIZATION OF DIRECTLY
PRODUCED QQ̄

We define the polarization axis (z axis) in the helicity
framewhere zHX is the flight direction of the quarkonium in
the center of mass frame of the colliding beams, as shown
in Fig. 1. In this section we outline the kinematics required
to compute the polarized scattering cross sections in the
helicity frame as well as the procedure to relate them to the
polarized scattering cross sections in the Gottfried-Jackson
frame [33] and the Collins-Soper frame [34].
In the lab frame, using Eqs. (1) and (2) the momenta of

the initial state Reggeons can be written as

kμ1 ¼ ðx1s; k1T cosϕ1; k1T sinϕ1; x1sÞ; ð15Þ

kμ2 ¼ ðx2s; k2T cosϕ2; k2T sinϕ2;−x2sÞ; ð16Þ

FIG. 1. The orientation of polarization axis (z axis) in the
helicity frame is indicated by the dashed arrow. The proton
arrows indicate the incoming beam directions. The polarization
axis is defined to be the direction of the produced (Q) travels in
the center-of-mass frame of the colliding beams. If the quarks in
the QQ̄ pair with total angular momentum J ¼ 1, they can either
have the same angular momentum along the z axis, Jz, or
opposite resulting in Jz ¼ 0 (longitudinal) or Jz ¼ 1 (transverse),
respectively.
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with polarization vectors

ϵμ1 ¼
�
0;
k⃗1T
k1T

; 0

�
¼ ð0; cosϕ1; sinϕ1; 0Þ; ð17Þ

ϵμ2 ¼
�
0;
k⃗2T
k2T

; 0

�
¼ ð0; cosϕ2; sinϕ2; 0Þ: ð18Þ

We then boost the momenta along the beam direction to the
frame where the total momentum of the Reggeons along the
beam direction, k1z þ k2z, is zero

kμ1 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŝþ p2
T

p
2

; k⃗1T;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝþ p2

T

p
2

!
; ð19Þ

kμ2 ¼
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ŝþ p2
T

p
2

; k⃗2T;−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝþ p2

T

p
2

!
; ð20Þ

where ŝ ¼ x1x2s − jk⃗1T þ k⃗2T j2 and p2
T ¼ jk⃗1T þ k⃗2T j2.

The polarization vectors are unchanged. We then apply a
rotation such that the three momentum of the sum kμ1 þ kμ2
is aligned with a new z axis

kμ1 þ kμ2 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
T þ ŝ

q
; 0⃗; pT

�
: ð21Þ

We then boost to the quarkonium rest frame where

kμ1 þ kμ2 ¼ ð
ffiffiffî
s

p
; 0⃗; 0Þ: ð22Þ

In this frame (helicity frame), the momenta of the initial
state Reggeons are

kμ1 ¼
�
−ψ þ ŝ

2
ffiffiffî
s

p ;

ffiffiffî
s

p
λ

2
;
k1Tk2T sinϕ

pT
;
ψλ

2pT

�
; ð23Þ

kμ2 ¼
�
ψ þ ŝ

2
ffiffiffî
s

p ;−
ffiffiffî
s

p
λ

2
;−

k1Tk2T j sinϕ
pT

;−
ψλ

2pT

�
; ð24Þ

where ψ ¼jk⃗1T j2− jk⃗2T j2, ϕ¼ϕ1−ϕ2, and λ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þp2

T=ŝ
p

.
The polarization vectors are now

ϵμ1¼
�
−
k1Tþk2T cosϕffiffiffî

s
p ;0;

k2T sinϕ
pT

;

λ

pT
ðk1Tþk2T cosϕÞ

�
; ð25Þ

ϵμ2 ¼
�
−
k2T þ k1T cosϕffiffiffî

s
p ; 0;−

k1T sinϕ
pT

;

λ

pT
ðk2T þ k1T cosϕÞ

�
: ð26Þ

The scattering amplitude of the process Rþ R → QQ̄ is
related to that of gþ g → QQ̄ by [31,32]

AðRþ R → Qþ Q̄Þ ¼ ϵμðk1Þϵνðk2Þ ð27Þ

×Aμνðgþ g → Qþ Q̄Þ; ð28Þ

where ϵμðkÞ is defined in Eq. (2). Evaluating Aμνðgþ g →
Qþ Q̄Þ using the conventional Feynman rules of QCD,
there are three gg → QQ̄ Feynman diagrams to consider
at Oðα2sÞ. The diagrams are labeled according to the
squared mass of the propagator as ŝ, t̂, and û,

ŝ ¼ ðk1 þ k2Þ2; ð29Þ

t̂ ¼ðk1 − p2Þ2; ð30Þ

û ¼ðk2 − p2Þ2; ð31Þ

where k1 and k2 are the momenta of the initial state
Reggeons, and p1 (p2) is the momentum of the final state
heavy quark (antiquark). Each diagram includes a color
factor C and a scattering amplitude A. The generic matrix
element for the gluon fusion process can be written as [35]

Mgg ¼ Cgg;ŝAgg;ŝ þ Cgg;t̂Agg;t̂ þ Cgg;ûAgg;û: ð32Þ

In terms of the Dirac spinors u and v, the individual
amplitudes are

Agg;ŝ ¼ −
g2s
ŝ
f−ð2k2 þ k1Þ · ϵðk1Þ½ūðp1Þ=ϵðk2Þvðp2Þ�

þ ð2k1 þ k2Þ · ϵðk2Þ½ūðp1Þ=ϵðk1Þvðp2Þ�
þ ϵðk1Þ · ϵðk2Þ½ūðp1Þð=k2 − =k1Þvðp2Þ�g; ð33Þ

Agg;t̂ ¼ −
g2s

t̂ −m2
c
ūðp1Þ=ϵðk2Þð=k1 − =p2 þmcÞ=ϵðk1Þvðp2Þ;

ð34Þ

Agg;û ¼ −
g2s

û −m2
c
ūðp1Þ=ϵðk1Þð=k2 − =p2 þmcÞ=ϵðk2Þvðp2Þ:

ð35Þ

Here gs is the gauge coupling, mc is the charm quark mass,
and ϵ represents the gluon polarization vectors.
In the process of evaluating the scattering amplitudes, we

take advantage of the fact that at Oðα2sÞ, the final state QQ̄
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is produced with no dependence on the azimuthal angle ϕ0
(and thus Lz0 ¼ 0) in a rotated frame (primed frame) where
the z0 axis is defined as the direction of one of the incoming
Reggeons. Since the Reggeons are head to head in this
frame, the scattering amplitudes are independent of the
azimuthal angle ϕ0. We first rotate the initial state momenta
p⃗ from the helicity frame to the primed frame by an Euler
rotation:

p⃗0 ¼ Rð0; β; γÞp⃗: ð36Þ

The scattering amplitudes in the primed frame for S ¼ 1,
sorted Sz0 , are

Agg;ŝ;S¼1;Sz0¼0 ¼
1ffiffiffi
2

p ½ðAs1Þ þ ðAs4Þ�; ð37Þ

Agg;ŝ;S¼1;Sz0¼�1 ¼ As2;3; ð38Þ

Agg;t̂;S¼1;Sz0¼0 ¼
1ffiffiffi
2

p ½ðAt1Þ þ ðAt4Þ�; ð39Þ

Agg;t̂;S¼1;S 0¼�1 ¼ At2;3; ð40Þ

Agg;û;S¼1;Sz0¼0 ¼
1ffiffiffi
2

p ½ðAu1Þ þ ðAu4Þ�; ð41Þ

Agg;û;S¼1;S 0¼�1 ¼ Au2;3; ð42Þ

where A1, A2, A3, and A4 refer to the amplitudes for the
quark (antiquark) being projected to the positive (positive),
positive (negative), negative (positive), and negative (neg-
ative) helicity states, respectively.
The ŝ-channel amplitudes are

As1
ŝ
g2s

¼ mcffiffiffî
s

p
hh
ð−ψ þ 3ŝÞϵ31ϵ02 þ ð−ψ − 3ŝÞϵ01ϵ32 þ ð−2ϵ01ϵ02 þ 2ϵ11ϵ

1
2 þ 2ϵ21ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

−
h
ðψ − 3ŝÞϵ11ϵ02 þ ðψ þ 3ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0

i
; ð43Þ

As2
ŝ
g2s
¼ i
2

h
ðψ −3ŝÞϵ21ϵ02þðψþ3ŝÞϵ01ϵ22þðϵ31ϵ22þϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T−k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i

−
1

2

h
ðψ −3ŝÞϵ11ϵ02þðψþ3ŝÞϵ01ϵ12þðϵ31ϵ12þϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T−k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i
cosθ0

þ1

2

h
ðψ−3ŝÞϵ31ϵ02þðψþ3ŝÞϵ01ϵ32þð2ϵ01ϵ02−2ϵ11ϵ

1
2−2ϵ21ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T−k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i
sinθ0; ð44Þ

As3
ŝ
g2s
¼−

i
2

h
ðψ −3ŝÞϵ21ϵ02þðψþ3ŝÞϵ01ϵ22þðϵ31ϵ22þϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T −k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i

−
1

2

h
ðψ −3ŝÞϵ11ϵ02þðψþ3ŝÞϵ01ϵ12þðϵ31ϵ12þϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T−k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i
cosθ0

þ1

2

h
ðψ−3ŝÞϵ31ϵ02þðψþ3ŝÞϵ01ϵ32þð2ϵ01ϵ02−2ϵ11ϵ

1
2−2ϵ21ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T−k2TÞ2þ ŝÞðk1Tþk2TÞ2þ ŝÞ

q i
sinθ0; ð45Þ

As4
ŝ
g2s

¼ mcffiffiffî
s

p
hh
ðψ − 3ŝÞϵ31ϵ02 þ ðψ þ 3ŝÞϵ01ϵ32 þ ð2ϵ01ϵ02 − 2ϵ11ϵ

1
2 − 2ϵ21ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

þ
h
ðψ − 3ŝÞϵ11ϵ02 þ ðψ þ 3ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0

i
: ð46Þ

The t̂-channel amplitudes are

At1
t̂ −m2

c

g2s
¼ −2ϵ11ϵ12mc

ffiffiffî
s

p
χ þ i

ðϵ21ϵ12 − ϵ11ϵ
2
2Þmc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

p
ffiffiffî
s

p −
mcffiffiffî
s

p
h
ðψ − ŝÞϵ31ϵ02

þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ
1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

þ 2mc

ffiffiffî
s

p
χðϵ11ϵ12 − ϵ31ϵ

3
2Þcos2θ0 −

mcffiffiffî
s

p
h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12

þ ðϵ31ϵ12 þ ϵ11ϵ
3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 − 2mc

ffiffiffî
s

p
χðϵ31ϵ12 þ ϵ11ϵ

3
2Þ sin θ0 cos θ0; ð47Þ
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At2
t̂ −m2

c

g2s
¼ −

1

2

h
ðψ − ŝÞϵ31ϵ12 − ðψ þ ŝÞϵ11ϵ32 − ðϵ11ϵ02 − ϵ01ϵ

1
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ

þ i
1

2

h
ðψ − ŝÞϵ21ϵ02 þ ðψ þ ŝÞϵ01ϵ22 þ ðϵ31ϵ22 þ ϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
−
1

2

h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

− i
1

2

h
ðψ − ŝÞϵ21ϵ32 − ðψ þ ŝÞϵ31ϵ22 þ ðϵ21ϵ02 − ϵ01ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ cos θ0

− ðϵ31ϵ12 þ ϵ11ϵ
3
2Þŝχcos2θ0 þ

1

2

h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 − i

1

2
½ðψ − ŝÞϵ21ϵ12 − ðψ þ ŝÞϵ11ϵ22�χ sin θ0

− ðϵ11ϵ12 − ϵ31ϵ
3
2Þŝχ sin θ0 cos θ0; ð48Þ

At3
t̂ −m2

c

g2s
¼ −

1

2

h
ðψ − ŝÞϵ31ϵ12 − ðψ þ ŝÞϵ11ϵ32 − ðϵ11ϵ02 − ϵ01ϵ

1
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ

− i
1

2

h
ðψ − ŝÞϵ21ϵ02 þ ðψ þ ŝÞϵ01ϵ22 þ ðϵ31ϵ22 þ ϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
−
1

2

h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

þ i
1

2

h
ðψ − ŝÞϵ21ϵ32 − ðψ þ ŝÞϵ31ϵ22 þ ðϵ21ϵ02 − ϵ01ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ cos θ0

− ðϵ31ϵ12 þ ϵ11ϵ
3
2Þŝχcos2θ0 þ

1

2

h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 þ i

1

2
½ðψ − ŝÞϵ21ϵ12 − ðψ þ ŝÞϵ11ϵ22�χ sin θ0

− ðϵ11ϵ12 − ϵ31ϵ
3
2Þŝχ sin θ0 cos θ0; ð49Þ

At4
t̂−m2

c

g2s
¼ 2ϵ11ϵ

1
2mc

ffiffiffî
s

p
χ þ i

ðϵ21ϵ12 − ϵ11ϵ
2
2Þmc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

p
ffiffiffî
s

p

þ mcffiffiffî
s

p
h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

− 2mc

ffiffiffî
s

p
χðϵ11ϵ12 − ϵ31ϵ

3
2Þcos2θ0 þ

mcffiffiffî
s

p
h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 þ 2mc

ffiffiffî
s

p
χðϵ31ϵ12 þ ϵ11ϵ

3
2Þ sin θ0 cos θ0: ð50Þ

Finally, the û-channel amplitudes are

Au1
û−m2

c

g2s
¼ −2ϵ11ϵ12mc

ffiffiffî
s

p
χþ i

ðϵ21ϵ12 − ϵ11ϵ
2
2ÞM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

p
ffiffiffî
s

p

þmcffiffiffî
s

p
h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cosθ0

þ 2mc

ffiffiffî
s

p
χðϵ11ϵ12 − ϵ31ϵ

3
2Þcos2θ0 þ

mcffiffiffî
s

p
h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sinθ0 − 2mc

ffiffiffî
s

p
χðϵ31ϵ12 þ ϵ11ϵ

3
2Þ sinθ0 cosθ0; ð51Þ
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Au2
û −m2

c

g2s
¼ −

1

2

h
ðψ − ŝÞϵ31ϵ12 − ðψ þ ŝÞϵ11ϵ32 − ðϵ11ϵ02 − ϵ01ϵ

1
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ

− i
1

2

h
ðψ − ŝÞϵ21ϵ02 þ ðψ þ ŝÞϵ01ϵ22 þ ðϵ31ϵ22 þ ϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
þ 1

2

h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

− i
1

2

h
ðψ − ŝÞϵ21ϵ32 − ðψ þ ŝÞϵ31ϵ22 þ ðϵ21ϵ02 − ϵ01ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ cos θ0

− ðϵ31ϵ12 þ ϵ11ϵ
3
2Þŝχcos2θ0 −

1

2

h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 − i

1

2
½ðψ − ŝÞϵ21ϵ12 − ðψ þ ŝÞϵ11ϵ22�χ sin θ0

− ðϵ11ϵ12 − ϵ31ϵ
3
2Þŝχ sin θ0 cos θ0; ð52Þ

Au3
û −m2

c

g2s
¼ −

1

2

h
ðψ − ŝÞϵ31ϵ12 − ðψ þ ŝÞϵ11ϵ32 − ðϵ11ϵ02 − ϵ01ϵ

1
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ

þ i
1

2

h
ðψ − ŝÞϵ21ϵ02 þ ðψ þ ŝÞϵ01ϵ22 þ ðϵ31ϵ22 þ ϵ21ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
þ 1

2

h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

þ i
1

2

h
ðψ − ŝÞϵ21ϵ32 − ðψ þ ŝÞϵ31ϵ22 þ ðϵ21ϵ02 − ϵ01ϵ

2
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
χ cos θ0

− ðϵ31ϵ12 þ ϵ11ϵ
3
2Þŝχcos2θ0 −

1

2

h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 þ i

1

2
½ðψ − ŝÞϵ21ϵ12 − ðψ þ ŝÞϵ11ϵ22�χ sin θ0

− ðϵ11ϵ12 − ϵ31ϵ
3
2Þŝχ sin θ0 cos θ0; ð53Þ

Au4
û −m2

c

g2s
¼ 2ϵ11ϵ

1
2mc

ffiffiffî
s

p
χ þ i

ðϵ21ϵ12 − ϵ11ϵ
2
2ÞM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

p
ffiffiffî
s

p

−
mcffiffiffî
s

p
h
ðψ − ŝÞϵ31ϵ02 þ ðψ þ ŝÞϵ01ϵ32 þ ðϵ01ϵ02 − ϵ11ϵ

1
2 − ϵ21ϵ

2
2 þ ϵ31ϵ

3
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
cos θ0

− 2mc

ffiffiffî
s

p
χðϵ11ϵ12 − ϵ31ϵ

3
2Þcos2θ0 −

mcffiffiffî
s

p
h
ðψ − ŝÞϵ11ϵ02 þ ðψ þ ŝÞϵ01ϵ12 þ ðϵ31ϵ12 þ ϵ11ϵ

3
2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1T − k2TÞ2 þ ŝÞðk1T þ k2TÞ2 þ ŝÞ

q i
sin θ0 þ 2mc

ffiffiffî
s

p
χðϵ31ϵ12 þ ϵ11ϵ

3
2Þ sin θ0 cos θ0; ð54Þ

where χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

c=ŝ
p

. The calculation ofAs1ŝ=g2s is shown in the Appendix. The final state total spin is determined from
the heavy quarks helicities. Two helicity combinations that result in Sz0 ¼ 0 are added and normalized to give the
contribution to the spin triplet state (S ¼ 1) in Eqs. (37), (39), and (41).
In this primed frame, to extract the projection on a state with orbital-angular-momentum quantum number L, we obtain

the corresponding Legendre component AL in the amplitudes by

AL¼0 ¼
1

2

Z
1

−1
dxAðx ¼ cos θ0Þ; ð55Þ

AL¼1 ¼
3

2

Z
1

−1
dx xAðx ¼ cos θ0Þ: ð56Þ

Having obtained the amplitudes for S ¼ 1 with Sz0 ¼ 0, �1, and L ¼ 0, 1 with Lz0 ¼ 0, we calculate the amplitudes for
J ¼ 0, 1, 2. The amplitudes for J ¼ 1, found by adding S ¼ 1 and L ¼ 0, are
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AJ¼1;Jz0¼�1 ¼ AL¼0;Lz0¼0;S¼1;Sz0¼�1; ð57Þ

AJ¼1;Jz0¼0 ¼ AL¼0;Lz0¼0;S¼1;Sz0¼0: ð58Þ

Employing angular momentum algebra, the amplitudes for
J ¼ 0, 1, 2, obtained by adding S ¼ 1 and L ¼ 1, are

AJ¼0;Jz0¼0 ¼ −
ffiffiffi
1

3

r
AL¼1;Lz0¼0;S¼1;Sz0¼0; ð59Þ

AJ¼1;Jz0¼�1 ¼∓ 1ffiffiffi
2

p AL¼1;Lz0¼0;S¼1;Sz0¼�1; ð60Þ

AJ¼1;Jz0¼0 ¼ 0; ð61Þ

AJ¼2;Jz0¼�2 ¼ 0; ð62Þ

AJ¼2;Jz0¼�1 ¼
1ffiffiffi
2

p AL¼1;L0
z¼0;S¼1;Sz0¼�1; ð63Þ

AJ¼2;Jz0¼0 ¼
ffiffiffi
2

3

r
AL¼1;Lz0¼0;S¼1;Sz0¼0: ð64Þ

Using a Wigner representation of the inverse rotation
defined in Eq. (36),

DJ
Jz;Jz0

¼ hJ; JzjRð0;−β;−γÞjJ; Jz0 i; ð65Þ

the amplitudes sorted by final state J and Jz0 are then
rotated back into the helicity frame:

AJ;Jz ¼
XJ
J0z¼−J

DJ
Jz;Jz0

AJ;J0z : ð66Þ

Next, the amplitudes sorted by final state J and Jz are
squared for calculations in the helicity frame. For calcu-
lations in the other frames, the unsquared amplitudes can be
further rotated to the Collins-Soper (CS) or the Gottfried-
Jackson (GJ) frame. In the CS frame, the z axis is defined as
the angle bisector of the angle between one proton beam
and the opposite of the other proton beam. In the GJ frame,
the z axis is defined as the direction of the momentum of
one of the two colliding proton beams.
The squared matrix elements, jMj2, are calculated for

each J, Jz combination. The color factors, C, are calculated
from the SU(3) color algebra and are independent of final
state angular momentum [35]. They are

jCgg;ŝj2 ¼ 12; jCgg;t̂j2 ¼
16

3
; jCgg;ûj2 ¼

16

3
; ð67Þ

C�
gg;ŝCgg;t̂¼þ6; C�

gg;ŝCgg;û¼−6; C�
gg;t̂Cgg;û¼−

2

3
: ð68Þ

Finally, the total squared amplitudes for a given J, Jz state,

jMJ;Jz
gg j2 ¼ jCgg;ŝj2jAgg;ŝj2 þ jCgg;t̂j2jAgg;t̂j2

þ jCgg;ûj2jAgg;ûj2 þ 2C�
gg;ŝCgg;t̂A�

gg;ŝAgg;t̂

þ 2C�
gg;ŝCgg;ûA�

gg;ŝAgg;û þ 2C�
gg;t̂Cgg;ûA�

gg;t̂Agg;û;

ð69Þ

are then employed to calculate the partonic cross sections
by integrating over solid angle

σ̂J;Jz ¼
Z

dΩ
�
1

8π

�
2

jMJ;Jz j2

×
2χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ððk1T − k2TÞ2 þ ŝÞððk1T þ k2TÞ2 þ ŝÞ
p : ð70Þ

The sum of the polarized partonic cross section results
for each final state total angular momentum J is equal to the
unpolarized partonic cross section,

σ̂unpol ¼
XJz¼þJ

Jz¼−J
σ̂J;Jz : ð71Þ

Having computed the polarized QQ̄ production cross
section at the parton level, we then convolute the partonic
cross sections with the uPDFs to obtain the hadron-level
cross section σ as a function of pT using Eq. (12) or (13)
and as a function of y using Eq. (14). The quarkonium
masses which appear as the lower limit of the QQ̄ invariant
mass are listed in Table I. We employ the ccfm-JH-2013-
set1 [36] uPDFs in this calculation.

III. POLARIZATION OF PROMPT J=ψ

We assume that the angular momentum of each directly
produced quarkonium state is unchanged by the transition
from the parton level to the hadron level, consistent with the
CEM expectation that the linear momentum is unchanged
by hadronization [22]. This is similar to the assumption
made in NRQCD that once a cc̄ is produced in a given spin
state, it retains that spin state when it becomes a J=ψ .

TABLE I. The mass MQ, the feed-down contribution ratio cQ,
and the squared feed-down transition Clebsch-Gordan coeffi-
cients SJzQ for all quarkonium states contributing to prompt J=ψ
production.

Q MQ (GeV) cQ SJz¼0

Q SJz¼�1

Q

J=ψ 3.10 0.62 1 0
ψð2SÞ 3.69 0.08 1 0
χc1ð1PÞ 3.51 0.16 0 1=2
χc2ð1PÞ 3.56 0.14 2=3 1=2
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We calculate the Jz ¼ 0, �1 to unpolarized ratios for
each directly produced quarkonium state Q that has a
contribution to prompt J=ψ production: J=ψ , ψð2SÞ,
χc1ð1PÞ, and χc2ð1PÞ. These ratios, RJz

Q , are then indepen-
dent of FQ. We assume the feed-down production of J=ψ
from the higher mass bound states follows the angular
momentum algebra. Their contributions to the Jz ¼ 0 to
unpolarized ratios of prompt J=ψ are added and weighed
by the feed-down contribution ratios cQ [37],

RJz¼0

J=ψ ¼
X
Q;Jz

cQS
Jz
QR

Jz
Q ; ð72Þ

where SJzQ is the transition probability from a given state Q
produced in a Jz state to a J=ψ with Jz ¼ 0 in a single
decay. We assume two pions are emitted for S state feed
down, ψð2SÞ → J=ψππ, and a photon is emitted for a P
state feed down, χc → Jψγ. SJzQ is then 1 (if Jz ¼ 0) or 0
(if Jz ¼ 1) for Q ¼ ψð2SÞ since the transition, ψð2SÞ →
J=ψππ, does not change the angular momentum of the
quarkonium state. For directly produced J=ψ , SJzQ is 1 for

Jz ¼ 0 and 0 for Jz ¼ 1. The SJzQ for the χ states are the
squares of the Clebsch-Gordan coefficients for the feed-
down production via χ → J=ψ þ γ. The values of MQ, cQ,
and SJzQ for all quarkonium states contributing to prompt
J=ψ production are collected in Table I.
Finally, the Jz ¼ 0 to the unpolarized ratio for prompt

J=ψ is converted into the polarization parameter λϑ [38],

λϑ ¼ 1 − 3RJz¼0

1þ RJz¼0
; ð73Þ

where −1 < λϑ < 1. If λϑ ¼ −1, J=ψ production is totally
longitudinal, λϑ ¼ 0 refers to unpolarized production, and
for λϑ ¼ þ1, production is totally transverse.

IV. RESULTS

Although the matrix element in this calculation is LO in
αs, by convoluting the polarized partonic cross sections
with the transverse momentum dependent uPDFs using the
kT-factorization approach, we can calculate the yield as
well as the polarization parameter λϑ as a function of pT .
The full NLO polarization including qq̄ and ðqþ q̄Þg
contributions, requiring us to go toOðα3sÞ, will be discussed
in a future publication.
The traditional CEM can describe the unpolarized yield

of charm and J=ψ production at both LO and NLO
assuming collinear factorization [23,39]. The ICEM can
also describe the ψð2SÞ to J=ψ ratio at NLO while, in the
traditional CEM, this ratio is independent of pT [22]. Since
this is the first calculation in the ICEM using the kT-
factorization approach, it is important to check if the
unpolarized yield is also in agreement with the data.

In the remainder of this section, we first present how our
approach describes the transverse momentum and rapidity
distribution of the charmonium states in collider experi-
ments. We then discuss the transverse momentum and
rapidity dependence of the polarization parameter λϑ for
prompt J=ψ production and direct production of quarko-
nium states that contribute to the feed-down production. We
compare our results to the polarization measured in fixed-
target experiments as well as collider experiments in the
helicity, Collins-Soper, and Gottfried-Jackson frames to
discuss the frame dependence of the polarization parameter.
Finally, we discuss the sensitivity of our results to the
factorization and renormalization scales, the weight of each
diagram, and the feed-down ratios considered. In our
calculations, we construct the uncertainty bands by varying
the charm quark mass, around its base value of 1.27 GeV
in the interval 1.2 < mc < 1.5 GeV, and the renormaliza-
tion scale around its base value of mT in the interval
0.5 < μR=mT < 2 while keeping the factorization scale
fixed at μF ¼ mT . The total uncertainty band is constructed
by adding the two uncertainties in quadrature.

A. Unpolarized charmonium production

In this section, we present the pT and rapidity distribu-
tions of charmonium states in our approach. In the spirit of
the traditional CEM, FQ in Eq. (3) has to be independent of
the projectile, target, and energy for each quarkonium state
Q. Even though the focus of this paper is on polarization,
which is FQ independent, the unpolarized yield in the
ICEM using the kT-factorization approach was not con-
sidered before. Therefore, it is important to first confirm
that this approach can indeed describe the charmonium
yields as a function of pT and rapidity before discussing
polarization predictions. We first obtain FJ=ψ and Fψð2SÞ by
comparing our results with the experimental data measured
by the LHCb Collaboration and the CDF Collaboration,
respectively. Using the same FJ=ψ and Fψð2SÞ, we compare
our results with the experimental data measured at CDF
and ALICE. We can only obtain Fχc1 and Fχc2 for the χc
states by comparing the unpolarized yield with the data
measured by the ATLAS Collaboration at

ffiffiffi
s

p ¼ 7 TeV
because these are the only measurements. We instead give
predictions of χc1 and χc1 production at

ffiffiffi
s

p ¼ 13 TeV. We
also compare and predict the ratio of χc2 to χc1 at

ffiffiffi
s

p ¼
7 TeV and

ffiffiffi
s

p ¼ 13 TeV. Note that we cannot expect our
LO values of FQ to be equal to those found for Jψ and
ψð2SÞ in Ref. [22]. Those calculations are NLO in the total
cross section assuming collinear factorization, and include
the qq̄ and ðqþ q̄Þg channels where the contribution of
the latter is non-negligible.

1. J=ψ pT distribution

We first discuss why we fix the factorization scale at
μF ¼ mT instead of including a factor of 2 variation, as
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usual in most other approaches. In Fig. 2, we show the pT

distributions of inclusive J=ψ production at
ffiffiffi
s

p ¼ 7 TeV
found by fixing mc ¼ 1.27 GeV, and varying the factori-
zation scale over the range 0.5 < μF=mT < 2 and the
renormalization scale over the range 0.5 < μR=mT < 2
separately. We also fix μF=mT ¼ μR=mT ¼ 1 and vary
the charm quark mass over the range 1.2 < mc < 1.5 GeV.
The direct production cross section is calculated using
Eq. (12) by integrating the pair invariant mass from MJ=ψ

to 2mD0 (mD0 ¼ 1.86 GeV) over the rapidity range
2.0 < y < 4.5. We assume the direct production is a
constant fraction, 0.62, of the inclusive production [37].
We then are able to compare the inclusive pT distribution
in the ICEM with the LHCb data [40]. The result has a
significant dependence on the factorization scale for
pT > 5 GeV. This is because the uPDFs have a sharp
cutoff for kT > μF and are thus very sensitive to the chosen
factorization scale. The yield varies more as pT approaches
mT at high pT . At low pT,mT ∼MQ and the cross section is
independent of the factorization scale since kT ≪ μF. At
moderate pT , the variation with μF is similar to or smaller
than that due to the charm quark mass. At pT ∼ 10 GeV,
mT ∼ pT . Thus the lower limit on the factorization scale,
mT=2, is on the order of kT and the yield drops off at this
cutoff limit, while the upper limit on the factorization scale,
2mT , is still greater than kT , enhancing the yield. Since at
LO, only theQQ̄ pair carries the transverse momentum, the
predictive power of the yield is limited by the uPDFs.
Therefore, to construct a meaningful uncertainty band, we
fix the factorization scale at μF ¼ mT . As we push toward
the limit of the kT-factorization approach with uPDFs at

high pT at LO, we can only improve the high pT limit by a
full NLO calculation.
After fixing the factorization scale, the variation in

renormalization scale then gives the largest uncertainty,
followed by the variation in charm mass. When μR is
reduced, the strong coupling constant is larger, increasing
the yield. On the other hand, when mc is reduced, the
yield increases. In the remainder of this section, we
present our results by adding the uncertainties due to
variations of the charm mass and renormalization scale in
quadrature.
The inclusive J=ψpT distribution at

ffiffiffi
s

p ¼ 7 TeV with
combined uncertainty is shown in Fig. 3. The ICEM
result has a peak at pT ∼ 2 GeV, in agreement with the
experimental results, but slightly overestimates the data at
high pT . The ICEM pT distribution is within reasonable
agreement with the data for all pT . The experimental
prompt production cross section depends on the polari-
zation of J=ψ since the polarization affects the acceptance
and reconstruction efficiencies. LHCb checked the yields
for the three polarization assumptions: λϑ ¼ −1, 0, þ1.
The experimental pT distribution for all polarization
assumptions is within the uncertainty band constructed
in the ICEM. By matching to the experimental unpolarized
yield λϑ ¼ 0, we find that the ICEM can describe the
J=ψpT distribution with FJ=ψ ¼ 0.0216. This is the
fraction of cc̄ pairs produced in the invariant mass range
from MJ=ψ to 2mD0 that result in direct J=ψ , defined
in Eq. (3).
We test the universality of FJ=ψ by comparing the

inclusive J=ψpT distribution in the ICEM at
ffiffiffi
s

p ¼
1.96TeV and jyj < 0.6 with the CDF data [41] in
Fig. 4. We again assume the direct production takes a
constant fraction of 0.62 of the inclusive production [37] to

0 2 4 6 8 10 12 14
 (GeV)

T
p

1−10

1

10

210

310

410

 (
nb

/G
eV

)
T

/d
p

σd

0 2 4 6 8 10 12 14

1

10

210

310

410

 = 0.0216
ψJ/

2.0 < y < 4.5, F
 = 7 TeVs, ψ J/→p+p

ICEM

LHCb data (fully transverse)

LHCb data (fully longitudinal)

FIG. 3. The pT dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 7 TeV in the ICEM with combined mass and renormal-
ization scale uncertainties. The LHCb data [40] are shown as in
Fig. 2. The LHCb data assuming λϑ ¼ 0 are not shown.
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FIG. 2. The pT dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 7 TeV in the ICEM obtained by varying the renormaliza-
tion scale (blue region), the factorization scale in the range 0.5 <
μF=mT < 2 (magenta region), and the renormalization scale in
the range 0.5 < μR=mT < 2 (green region). The LHCb data [40]
assuming the J=ψ polarization is totally transverse, λϑ ¼ þ1 (red
square), and totally longitudinal, λϑ ¼ −1 (blue square), are
shown. The LHCb data assuming λϑ ¼ 0 lie between the red and
blue points and are not shown.
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obtain the inclusive J=ψ cross section. The ICEM results
slightly overshoot the data at high pT because both the
direct and nonprompt contributions to J=ψ production are
pT dependent [40,42]. The direct-to-prompt J=ψ ratio
decreases as pT grows, and the contribution from b decay
to inclusive production is measured to be larger at high pT
than at low pT. Combining the effects of both, using a
constant direct-to-inclusive ratio of 0.62 gives an overesti-
mate of the yields at high pT . The calculated cross section
differs from the measurements more as pT increases. We
note that if we fix FJ=ψ from the CDF data alone, it agrees
within 1.5% of that extracted from comparison to the
LHCb data.

2. ψð2SÞ pT distribution

The inclusive ψð2SÞ pT distribution at
ffiffiffi
s

p ¼ 1.96 TeV
is shown in Fig. 5. Here, the direct production cross section
is calculated using Eq. (12) by integrating the pair invariant
mass fromMψð2SÞ to 2mD0 over the rapidity range jyj < 0.6.
We assume the direct production is the same as the prompt
production as there are no quarkonium states that feed
down to ψð2SÞ since its mass is just below 2mD0. Therefore,
we compare the pT-integrated yield of direct ψð2SÞ with
the CDF measurement [43]. We find Fψð2SÞ ¼ 0.117. We
note that Fψð2SÞ > FJ=ψ , primarily because the mass range
is much smaller for ψð2SÞ than J=ψ . In the traditional
CEM, Fψð2SÞ is smaller than FJ=ψ because the integration
over the pair invariant mass is the same for both J=ψ and
ψð2SÞ. We add the contribution from nonprompt produc-
tion reported by the CDF Collaboration to our prompt
production yield to give the inclusive ψð2SÞ yield shown in
Fig. 5. We find agreement with the data within the
combined uncertainty band constructed by varying the
charm mass and the renormalization scale in the ICEM.

3. χ c1 and χ c2 pT distribution

We now turn to the pT dependence of χc production. The
pT distributions of direct χc1, direct χc2, and the ratio of χc2
to χc1 at

ffiffiffi
s

p ¼ 7 TeV and 13 TeV are presented in Fig. 6.
The direct production is calculated using Eq. (12) by
integrating the pair invariant mass from Mχc to 2mD0

(mD0 ¼ 1.86 GeV) over the rapidity range jyj < 0.75.
We assume the prompt production of χc is approximately
the same as the direct production. Thus, by comparing the
direct χc1 and χc2 yields in the ICEM with the experimental
yield of prompt χc1 and χc2 at

ffiffiffi
s

p ¼ 7 TeV measured by
the ATLAS Collaboration [44], we obtain Fχc1 ¼ 0.180 and
Fχc2 ¼ 0.20. As is the case for Fψð2SÞ and FJ=ψ , Fχc2 > Fχc1

because the integration range over the pair invariant mass is
smaller for χc2 than for χc1. In the traditional CEM, Fχc2 is
smaller than Fχc1 . The direct production in the ICEM
describes prompt production of both χc1 and χc2 at

ffiffiffi
s

p ¼
7 TeV within the uncertainty bands constructed by varying
the charm quark mass and renormalization scale. The ratio
of the cross sections is also described by the ICEM. We
calculate the χc2 to χc1 ratio to be ∼0.5, almost independent
of pT . The ratios disagree with a recent NRQCD calcu-
lation [45], where the ratio decreases as pT increases and is
above the data. We assume that pTχc ≈ pTJ=ψ , not unrea-
sonable since the mass difference is ∼500 MeV and the
decay photon is soft. We anticipate the direct χc1 and χc2
yields will be increased by 51% (at pT ¼ 10 GeV) to 120%
(at pT ¼ 30 GeV) when

ffiffiffi
s

p
is increased from 7 TeV to

13 TeV. However, the ratio of χc2 to χc1 should remain
approximately the same.

4. Prompt J=ψ pT distribution

After fixing FJ=ψ , Fψð2SÞ, Fχc1 , and Fχc2, we calculate the
prompt J=ψpT distribution at

ffiffiffi
s

p ¼ 7 TeV in the rapidity
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range 2.0 < y < 4.5 using the direct J=ψ , ψð2SÞ, χc1, and
χc2 yields and their branching ratios to J=ψ . The prompt
J=ψpT distribution is shown in Fig. 7. The ICEM pT
distribution describes the data for most pT but overshoots
the data slightly at the highest pT bin. The ICEM pT
distribution is within reasonable agreement with the data

for all pT . We extract the pT dependent feed-down ratios
cψ ’s by taking the direct to prompt ratio in this distribution.
We find the feed-down ratios are very similar to those listed
in Table I. Additionally, we find cJ=ψ decreases as pT

increases, in agreement with Ref. [42].
In the same figure, we compare the prompt J=ψpT

distribution at
ffiffiffi
s

p ¼ 7 TeV with that from the CEM [23]
and ICEM [22] in the collinear factorization approach.
Both uncertainty bands are constructed by varying the
factorization scale in the interval 1.25 < μF=mT < 4.65
and the renormalization scale in the interval 1.48 <
μF=mT < 1.71. Considering that those results are calcu-
lated in the ALICE muon arm acceptance 2.5 < y < 4
other than that in the LHC 2 < y < 4.5, all distributions
agree reasonably well with each other and the data.

5. J=ψ rapidity distribution

We now turn to the rapidity dependence of J=ψ
production. The rapidity distribution of inclusive J=ψ atffiffiffi
s

p ¼ 7 TeV is shown in Fig. 8. The direct production is
calculated using Eq. (14) by integrating over the pT range
0 < pT < 7 GeV (jyj < 0.9) and 0 < pT < 8 GeV
(2.5 < y < 4). We again assume the direct production is
a constant 62% [37] of the inclusive production. We use the
same FJ=ψ again to compare the rapidity distribution in
the ICEM with the measurement made by the ALICE
Collaboration [46]. The difference in the integrated pT
range has a negligible effect on the rapidity distribution
because the pT dependence has already dropped by an
order of magnitude by pT ∼ 7–8 GeV. We find the ICEM
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FIG. 7. The pT dependence of prompt J=ψ production at
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s
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7 TeV in the ICEM using fitted FQ’s with combined mass and
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[23] (magenta region), and in the ICEM using collinear factori-
zation approach [22] (green region). The LHCb data [40]
assuming the J=ψ polarization is totally transverse, λϑ ¼ þ1
(red square), and totally longitudinal, λϑ ¼ −1 (blue square), are
shown. The LHCb data assuming λϑ ¼ 0 lie between the red and
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can describe the ALICE rapidity distribution at
ffiffiffi
s

p ¼7TeV
using the FJ=ψ obtained at the same energy by LHCb in the
forward rapidity region.

6. ψð2SÞ rapidity distribution

The rapidity distribution of direct ψð2SÞ at ffiffiffi
s

p ¼ 7 TeV
is shown in Fig. 9. Here, the rapidity distribution is
calculated in the interval pT < 12 GeV at forward rapidity
(2.5 < y < 4). We use the same Fψð2SÞ to compare with the
inclusive ψð2SÞ data from ALICE [47]. While the lower
bound of our uncertainty band should still be lower than
the data when the contribution from B decays are added,
our baseline should slightly overshoot the inclusive ψð2SÞ
data. Our results also agree with the direct ψð2SÞ rapidity
distribution from a recent NRQCD calculation at LO using
the kT-factorization approach [45].

B. pT dependence of λϑ
Here, we present the pT dependence of the polarization

parameter λϑ in pþ p and pþ A collisions. Because the
polarization parameter is defined as the ratio of polarized
to unpolarized cross sections in Eq. (72) and these cross
sections depend on μR and μF in the same way, the
polarization parameter is independent of the scale choice.
However, the amplitudes themselves are mass dependent so
that the polarized to unpolarized ratio in λϑ depends on the
charm quark mass. Thus the only uncertainty on λϑ in our
calculation is due to the variation of mc in the range
1.2 < mc < 1.5 GeV. We note that the polarization varies
rather slowly because mT ∼ pT ≫ mJ=ψ over most of the
pT range considered. In this section, the uncertainty band is
only due to the mass variation, and therefore the uncertainty
is reduced relative to the yield calculations.
We also note that we find the feed-down contributions

from each directly produced quarkonium state to prompt
J=ψ polarization to be very similar. Therefore, the prompt
j=ψ polarization has a weak dependence on the feed-down
fractions. This behavior was also found in Ref. [29].

1. Charmonium polarization in p +A collisions
at fixed-target energies

The polarization results for prompt production of J=ψ atffiffiffiffiffiffiffiffi
sNN

p ¼ 41.6 GeV are shown in Figs. 10 and 11. Although
the HERA-B data are taken on nuclear targets, C and W,
and there are known nuclear modifications of the parton
densities in the nucleus, λϑ is independent of any modi-
fication. This is because the ratios of the polarized to
unpolarized cross sections are in the same kinematic
acceptance and any nuclear effects cancel in the ratio.
Thus there is no difference in polarization between the two
target nuclei. We compare our results with the C and W
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FIG. 8. The rapidity dependence of inclusive J=ψ production atffiffiffi
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p ¼ 7 TeV in the ICEM. The combined mass and renormal-
ization scale uncertainties are shown in the band and compared to
the ALICE data [46].
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FIG. 9. The rapidity dependence of direct ψð2SÞ production atffiffiffi
s

p ¼ 7 TeV in the ICEM. The combined mass and renormal-
ization scale uncertainty are shown in the band and compared to
the ALICE data for inclusive ψð2SÞ [47].
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FIG. 10. The pT dependence of the polarization parameter λϑ
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41.6 GeV in the ICEMwith mass uncertainties is compared to the
HERA-B data for inclusive J=ψ [48].
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combined data measured by the HERA-B Collaboration in
the region −0.34 < xF < 0.14 [48].
Prompt J=ψ polarization in the ICEM is close to

unpolarized in both the CS and GJ frames for
pT <5GeV. At pT ¼ 0, the two z axes, zCS and zGJ, are
in the same direction. Thus the polarization is the same in
that limit. As pT increases, the two axes depart from
each other. Thus the polarization is slightly less longi-
tudinal in the GJ frame than in the CS frame. This behavior
is also consistent with the experimental data showing that
the J=ψ polarization at very low pT is not affected by
switching from the CS frame to the GJ frame. At higher
pT the polarization is slightly less longitudinal in the GJ
frame than in the CS frame. The ICEM results are in
fair agreement with the experimental data except at the
lowest pT .

2. Charmonium polarization in p + p(p̄) collisions

We present the polarization parameters for prompt J=ψ
in pþ p collisions at

ffiffiffi
s

p ¼ 200 GeV in Fig. 12. We
compare our results with the data from the STAR
Collaboration in the region jyj < 0.5 [49] in the helicity
frame. The ICEM polarization of prompt J=ψ in the helicity
frame is slightly transverse at low pT (pT < MJ=ψ ). The
result becomes unpolarized at moderate pT (MJ=ψ < pT <
2MJ=ψ ) before changing to slightly transverse at high pT .
The ICEM polarization agrees fairly well with the data at
small and moderate pT for inclusive J=ψ polarization
at STAR.
We also compared the polarization parameters for

prompt J=ψ in pþ p̄ collisions at
ffiffiffi
s

p ¼ 1.96 TeV with
the data measured by the CDF Collaboration in the region
jyj < 0.6 [50] in the helicity frame, shown in Fig. 13. The
ICEM prompt J=ψ polarization does not depend strongly
on

ffiffiffi
s

p
or whether the collision is pþ p or pþ p̄. We find

the trend in the pT dependence of the polarization is the
same. At high pT , the prompt J=ψ polarization measured
by the CDF Collaboration is slightly longitudinal to
unpolarized while the ICEM polarization is slightly trans-
verse. The polarization predicted by NRQCD also shows a
similar behavior at this energy [51]. However, NRQCD
predicts a stronger transverse polarization (λϑ ∼ 0.6) than
ICEM in the high pT limit.

C. Rapidity dependence of λϑ
Next we turn to the rapidity dependence of λϑ. We

calculate the prompt J=ψ polarization in the helicity frame
for pþ p collisions at

ffiffiffi
s

p ¼ 7 TeV in two rapidity ranges,
jyj < 0.6 and 0.6 < jyj < 1.2, shown in Figs. 14 and 15,
respectively. We compare our results to the experimental
data from the CMS Collaboration [52]. There is no
difference in the polarization of prompt J=ψ in these
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FIG. 11. The pT dependence of the polarization parameter λϑ
for prompt J=ψ production in the Gottfried-Jackson frame atffiffiffiffiffiffiffiffi
sNN

p ¼ 41.6 GeV in the ICEM with mass uncertainties is
compared to the HERA-B data for inclusive J=ψ [48].
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two rapidity regions in the ICEM. In the ICEM, the
polarization parameter λϑ of prompt J=ψ production
increases very slowly in the high pT limit and reaches
λϑ ∼ 0.12 at pT ¼ 70 GeV. The ICEM polarization agrees
with the experimental results at central rapidity within
uncertainty except the data in the 30 < pT < 35 bin. The
experiment reports the polarization is less transverse in the
forward rapidity region. Our results in the ICEM still agree
with the data even though the calculated polarization does
not depend on rapidity in this range at 7 TeV.
We also do not observe variations in the polarization

parameter λϑ at
ffiffiffi
s

p ¼ 7 TeV in the region of y < 4 using
the same kinematics cut compared to the ALICE yield
measurement in Fig. 8. We present the polarization
as a function of rapidity in Fig. 16. The polarization
parameter of prompt J=ψ for the pT-integrated results
is λϑ ¼ 0.26� 0.02.

D. Frame dependence of λϑ
We now turn to the frame dependence of our 7 TeV

results. We calculate the polarization parameter in pþ p
collisions at

ffiffiffi
s

p ¼ 7 TeV in both the helicity frame and the
Collins-Soper frame, shown in Figs. 17 and 18, respec-
tively. The polarization in the Collins-Soper frame is
opposite to that in the helicity frame in the ICEM. We
expect this because, in these kinematics, at order α2s, the
polarization axis in the Collins-Soper frame is always
perpendicular to that in the helicity frame. Therefore, at
low pT, where the J=ψ is predicted to be slightly transverse
in the helicity frame, it is predicted to be slightly longi-
tudinal in the Collins-Soper frame. Whereas, at moderate
pT , where the J=ψ is predicted to be unpolarized, it is also
predicted to be unpolarized in the Collins-Soper frame.
This behavior, however, is not measured experimentally.
As we compare our results with the ALICE data [53], the
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FIG. 14. The pT dependence of the polarization parameter λϑ
for prompt J=ψ production at

ffiffiffi
s

p ¼ 7 TeV in the region jyj <
0.6 in the ICEM with mass uncertainty. The CMS data are also
shown [52].
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FIG. 17. The pT dependence of λϑ for prompt J=ψ production
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inclusive J=ψ data [53].
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ICEM polarization agrees with the data in the Collins-
Soper frame but does not agree with the data in the helicity
frame, especially at low pT where the frame dependence is
most significant.
We find similar results by comparing to the LHCb data

in the Collins-Soper frame [54], shown in Figs. 19 and 20:
the polarization in the ICEM agrees with the data in the
Collins-Soper frame but not in the helicity frame. We
expect that the difference in agreement of the calculations
in different frames with the data may be resolved with a full
α3s calculation of the ICEM cross section.
Finally, we note that at low pT the polarization in the

Gottfried-Jackson frame is similar to that in the Collins-
Soper frame, as shown in Figs. 10 and 11 for fixed-target
energies. However, at high pT , the polarization in the
Gottfried-Jackson frame is similar to that in the helicity
frame. The differences are due to the definition of the
polarization axes in the quarkonium rest frame. When
pT ≪ mT , the angle between the polarization axis in the

Gottfried-Jackson frame and that in the Collins-Soper
frame is small. As pT increases, the polarization axis in
the Gottfried-Jackson frame becomes collinear with that in
the helicity frame. Therefore, the polarization calculated
in the Gottfried-Jackson frame is opposite to that in the
helicity frame at low pT, and thus is similar to that in the
Collins-Soper frame. But as pT increases, the polarization
in the Gottfried-Jackson frame should asymptotically
approach the polarization in the helicity frame.

E. Sensitivity to scales and quark mass

We have already discussed the sensitivity of the char-
monium yields to the factorization and the renormalization
scales in Sec. IVA 1. Here we note that the longitudinal
to unpolarized fraction RJz¼0

J=ψ used in the calculation of λϑ
is insensitive to scale variations because the longitudinal
and transverse change similarly as the scales are varied.
Therefore, the polarization parameter λϑ for prompt J=ψ
is independent of the scales for all energies considered.
Similarly, while the unpolarized χc1 and χc2 cross sections
vary appreciably with the scale choice, the χc2 to χc1 ratio is
also independent of scales.
While the scale variations affect the polarized and

unpolarized cross sections the same way, making λϑ scale
independently, the Jz components of the polarized cross
section depend differently on quark mass. When pT ≤ MQ,
the longitudinally polarized partonic cross section
decreases faster with increasing mc than the transversely
polarized partonic cross section in the helicity frame, thus
increasing the charm mass results in more transverse
polarization. When pT > MQ, the longitudinally polarized
partonic cross section decreases more slowly with increas-
ing mc than the transversely polarized partonic cross
section. Thus, here increasing the charm mass results in
more longitudinal polarization. As pT ≫ ŝ, λϑ becomes
insensitive to mc. Thus the uncertainty in λθ is narrower.
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FIG. 18. The pT dependence of λϑ for prompt J=ψ production
at
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p ¼ 7 TeV in the Collins-Soper frame is compared with the
ALICE inclusive J=ψ data [53].
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FIG. 19. The pT dependence of λϑ for prompt J=ψ production
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data [54].
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FIG. 20. The pT dependence of λϑ for prompt J=ψ production
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p ¼ 7 TeV in the Collins-Soper frame is compared with the
LHCb data [54].
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F. Sensitivity to feed-down ratios

We have tested the sensitivity of our results to the feed-
down ratios used in our calculations [37]. Since prompt
J=ψ production is dominated by direct J=ψ , we vary the
feed-down ratio by changing the relative contribution of
direct J=ψ and decays from excited states. Thus when the
direct fraction, cJ=ψ , increases, all other cψ decrease and
vice versa. Using the base values of cψ in Table I and the
reported uncertainty, we vary the feed-down ratios as given
in Table II. Since the polarization of prompt J=ψ produc-
tion does not vary at central rapidity, we study changes in
the polarization by varying the feed-down ratios at y ¼ 0.
The pT-integrated polarization parameter for prompt J=ψ
production at

ffiffiffi
s

p ¼ 7 TeV at y ¼ 0 varies by 0.04 from
0.26 in the helicity frame. This variation is similar to that
due to the charm quark mass variation.

G. Sensitivity to diagram weights

We have tested the sensitivity of our results to diagram
weights. As shown in Ref. [32], the ŝ-channel diagram
dominates color-octet production at high pT . Turning off

the contribution from this diagram by setting Agg;ŝ ¼ 0 in
Eq. (32) makes a significant difference in polarization as
well as the uncertainty band in the high pT limit. At 5 GeV,
turning off the contribution from the ŝ-channel diagram
reduces the cross section by 70%. The difference is larger at
higher pT. Thus the polarization is more sensitive to charm
mass and gives a wider uncertainty band. The polarization
parameter at

ffiffiffi
s

p ¼ 1.96 TeV in the rapidity region jyj <
0.6 in the helicity frame in this case is shown in Fig. 21. The
polarization at low pT is more transverse compared to
Fig. 13. Instead of becoming slightly transverse at high pT ,
prompt J=ψ production will remain approximately unpo-
larized with λϑ ¼ þ0.14þ0.04

−0.14 in the helicity frame when the
ŝ-channel amplitude is completely turned off.

V. CONCLUSIONS

We have presented the transverse momentum and rap-
idity dependence of the charmonium cross section as well
as the polarization of prompt J=ψ production in pþ p
and pþ A collisions in the improved color evaporation
model in the kT-factorization approach. We compare the pT
dependence to data at both fixed-target energies and
collider energies. We also present χc predictions as a
function of pT at

ffiffiffi
s

p ¼ 13 TeV. We find prompt J=ψ
production to be unpolarized at moderate pT and slightly
transverse in the high pT limit in the helicity frame. We do
not observe any rapidity dependence in the polarization in
the ranges considered. We report the pT-integrated polari-
zation parameter for prompt J=ψ production at

ffiffiffi
s

p ¼
7 TeV to be λϑ ¼ 0.26� 0.02 at y ¼ 0 in the helicity
frame. We will study the pT dependence of bottomonium
states in this approach in a future publication.
Since our calculation of the matrix elements is leading

order in αs, the high pT cross section varies strongly with
the choice of factorization scale due to the limitations on
the uPDFs as x increases. We expect improvements at high
pT when we calculate the cross section toOðα3sÞ in a future
publication.
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APPENDIX: CALCULATION OF As1ŝ=g2s

The matrix elements used in this paper are obtained in
the frame where the final state QQ̄ lies on the rotated z0
axis. This requires the four momenta of the initial state
Reggeons in the helicity frame represented in Eqs. (23) and

TABLE II. Values of cQ used to test the sensitivity of our results
to the feed-down ratios. Based on the uncertainty in cQ (third
column), c0Q (second column) is used assuming the promptly
produced 1S states comprise less directly produced 1S states, and
c00Q (fourth column) is used assuming the promptly produced 1S
states comprise more directly produced 1S states.

Q c0Q cQ c00Q
J=ψ 0.59 0.62� 0.04 0.65
ψð2SÞ 0.09 0.08� 0.02 0.07
χc1ð1PÞ 0.17 0.16� 0.04 0.15
χc2ð1PÞ 0.15 0.14� 0.04 0.13
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FIG. 21. The pT dependence of the polarization parameter λϑ
for prompt J=ψ production at

ffiffiffi
s

p ¼ 1.96 TeV in the ICEM with
mass uncertainty when the ŝ-channel contribution is excluded.
The CDF data are also shown [50].
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(24) to be rotated such that they lie along the z0 axis where
the four momenta are

kμ1 ¼
 
−ψ þ ŝ

2
ffiffiffî
s

p ; 0; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21T þ ð−ψ2 þ ŝÞ2

4ŝ

r !
; ðA1Þ

kμ2 ¼
 
ψ þ ŝ

2
ffiffiffî
s

p ; 0; 0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21T þ ð−ψ2 þ ŝÞ2

4ŝ

r !
: ðA2Þ

The final state momenta of the charm and anticharm
quarks, pμ

1 and pμ
2, respectively, can be written as

pμ
1 ¼

ffiffiffî
s

p

2
ð1; χ sin θ0; 0; χ cos θ0Þ; ðA3Þ

pμ
2 ¼

ffiffiffî
s

p

2
ð1;−χ sin θ0; 0;−χ cos θ0Þ; ðA4Þ

with helicity spinors
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þmc
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E1 þmc
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p1

E1 þmc
s

�
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p1

E1 þmc
s;−

p1

E1 þmc
c

�
;

ðA6Þ

vðp2;↑Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þmc

p �
p2

E2 þmc
c;

p2

E2 þmc
s;−c;−s

�
;

ðA7Þ

vðp1;↓Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þmc

p �
p2

E2 þmc
s;−

p2

E2 þmc
c; s;−c

�
;

ðA8Þ

where E1;2 ¼ p0
1;2 and p1;2 ¼ jp⃗1;2j, s ¼ sinðθ0=2Þ, and

c ¼ cosðθ0=2Þ.
Then this amplitude can be found by

As1
ŝ
g2s

¼ ūðp1;↑Þ½−ð2k2 þ k1Þ · ϵðk1Þ=ϵðk2Þ ðA9Þ

þð2k1 þ k2Þ · ϵðk2Þ=ϵðk1Þ ðA10Þ

þðϵðk1Þ · ϵðk2Þð=k2 − =k1Þ�vðp2;↑Þ: ðA11Þ

The result is simplified and expanded trigonometrically in
Eq. (43). The rest of the amplitudes can be found by
considering other combinations of charm and anticharm
helicity states as well as going from the ŝ-channel diagram
to t̂- and û-channel diagrams.
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