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One-loop corrections in the z=3 Lifshitz extension of QED
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In this work we study a z =3 Horava-Lifshitz-like extension of QED in (3 + 1) dimensions.
We calculate the one-loop radiative corrections to the two and three-point functions of the gauge and
fermion fields. Such corrections were achieved using the perturbative approach and a dimensional
regularization was performed only in the spatial sector. Renormalization was required to eliminate the
divergent contributions emergent from the photon and electron self-energies and from the three-point
function. We verify that the one-loop vertex functions satisfy the usual Ward identities and using
renormalization group methods we show that the model is asymptotically free.
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I. INTRODUCTION

The possibility of Lorentz symmetry breaking, which
began to be discussed in the early 1990s [1], motivated
interest in the idea of space-time anisotropy based on the
suggestion that spatial and temporal coordinates enter field
theories in distinct ways; the resulting theory involves
different orders in the derivatives with respect to time and
space coordinates. Certainly, one of the initial motivations
for this emerged from studies of condensed matter [2],
where this anisotropy was introduced for the development
of effective models describing Lifshitz phase transitions.

In the realm of relativistic quantum field theories, the
first studies on anisotropic models were performed in [3]
where the renormalizability of scalar field theories with
space-time anisotropy was discussed in great details. The
interest on these theories was further enhanced after the
famous Horava’s paper [4], where models of this kind
were proposed within the gravity context. In that paper,
and many others subsequently written, it was assumed
that the theory is invariant under the rescaling t — b~*t,
x; = b~'x;, with z being a number called the critical
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exponent. Clearly, for z > 1 the order in spatial derivatives
increases, which naturally can improve the renormalization
properties of the theory. No difficulty with unitarity is to be
expected since the canonical structure is preserved. It was
argued in [4] that since for the critical exponent z = 3 the
gravitational coupling constant is dimensionless, it is
natural to expect the power-counting renormalizability
for the gravity with this value. Afterward, the theories
with space-time anisotropy began to be referred as Horava-
Lifshitz-like theories. Numerous issues related to different
aspects of the Horava-Lifshitz (HL) gravity including exact
solutions, algebraic structure, cosmological implications,
etc., have been studied (for a review on Horava-Lifshitz
gravity, see, e.g., [5]). At the same time, it is clear that the
HL-like approach not only to gravity, but also to other field
theories, could give interesting results because of the
possibility of improving the renormalization behavior of
the corresponding theories.

The most important theory whose HL-like formulation
must be considered is QED. Recently, some important
results were obtained for it in the case z = 2, such as the
one-loop corrections to the two-point function of the gauge
field. There it was verified, that the dynamical restoration of
the Lorentz symmetry occurs at low energies, at least in
certain cases [6]. The effective potential was already
studied in [7], its finite temperature generalization was
obtained in [8], and its gauge dependence in [9]. At the
same time, the consideration of the case with odd z > 1
seems to be very important. This is confirmed by the fact
that in the paper [10], where the HL-like analogue of the
Gross-Neveu model was considered, it was shown that
odd values of z are more interesting, allowing for non-
trivial mass generation. Therefore, the study of quantum
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dynamics of theories with generic odd z seems to be more
interesting since it allows for straightforward comparison
with the Lorentz-invariant case. Up to now, the main results
in this direction were presented in [11], where some aspects
of HL-like QED with z = 3 were analyzed, in [12], where
the triangle anomaly was studied, and in [13] where the
z = 3 four-fermion theory has been considered. Therefore,
it is relevant to pursue the study of perturbative aspects of
the HL-like QED with z = 3 in more details.

In this work we study the possibility of symmetry
restoration in a z =3 Lifshitz extension of QED in
(3 + 1) dimensions, through the calculation of the one-
loop radiative corrections. However, before entering into
this analysis we would like to make a comment on a
peculiarity of the regularization method we use when
applied to a model with a generic critical exponent. To
keep the ultraviolet divergences under control, we employ
dimensional regularization in the spatial part of the
Feynman integrals. Besides that, to extract its low energy
behavior we examine the Taylor expansions of the inte-
grands around zero external momenta. Proceeding in this
way, we found that the divergences manifest themselves as
poles at values of the degree of superficial divergence
multiples of 2z. Therefore, for many superficially divergent
diagrams the dimensional regularization gives finite results.
At first sight in our case, we would conclude that there is
the emergence of a finite Maxwell term. However, this is a
hasty conclusion as the radiative correction to the self-
energy of the spinor field turns out to be divergent, requires
a counterterm and, as a consequence, generates divergences
also in the coefficient of the Maxwell term.

This work is organized as follows. In Sec. II we present
the model, in Sec. IIl we perform the calculations of the
one-loop corrections to quadratic actions of gauge and
spinor fields and to the three-point vector-spinor vertex
function, in Sec. IV, we discuss the Ward identities, and in
Sec. V we employ renormalization group methods to
investigate the behavior of the model both at high and
low energies. We summarize our results in the last section.
Throughout this work, we use the Minkowski met-
ric g, = diag(1,—-1,-1,-1).

II. THE MODEL

The Lagrangian describing the z = 3 HL-like QED in
(3 4+ 1) dimensions looks like

L= Lpyp_ B g
- _5 0i _Z ij
+wliy®(9y — ieAg) + by (iy'(0; — ieA;))
+ b3 (iy'(0; — ieA))* — m’ly, (1)

where A = 0;0'. The corresponding action possesses
an Abelian gauge symmetry with the following trans-
formations:

—iea,s,

v, y—e Yy,

W — e Agi—=Ag;+0pa,  (2)

and the mass dimensions are

[A] =0, [A] =2,

[as] = [b3] = 0, [by] =2. (3)

In order to obtain the photon propagator and keep it
strictly diagonal, the following gauge fixing will be used

(cf. [6]):
Eﬁ:—%K@AT@MO+%A@NP. @)

The resulting Feynman rules are given by the list below
(here and henceforth we follow the notation ¥ = k;y; and

K= [kP)
k i
k) =
S(k) VOko + balk? —m3

ko + bskk? + m3
=1 '
k2 — b2k —mS

Y

(5)
k ialk?
_ 3 .
6\/\/\/0 Doo(k) — k(Q) — ang, (6)
k 19ij
D;i(k) = ———"5—;
W Va(k,p) = —bif; (8)
0
p
q ko Vi(kp) = e(2m)'d" (p+k —q)7";
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q i ng(k,p) _ Vg)(l)m + ‘/3(2)”1;

(10)

v = eb1(27r)454(p + k= q)Vm;

3m

Vi = eby(2m)'6 (p+ k = @) (=3 (F+ B)? + prnk = 2Kk )

q k

(11)

Vipn (9, k, 1) = €2b3(2m)*6* (p+ b+t — @) (=290 (P + 1) — 4Gkt

_PYm/fPYn - ’anf)/m - PYmk'Yn - Vnk'}/m) .

There is also the quintuple vertex

Vinl(p k.t q) = €by(2n)*8* (p + k + 1 + q)r"y"Y'. (12)

We can calculate the superficial degree of divergence for a generic graph y. It is given by

3

where E| is the number of external A, lines [we note that
&(y) does not depend explicitly on the number of external
A; lines since the A; has zero mass dimension], E,, is the

number of external spinor legs, V,, Vg), Vgl), Vg2>, V4, and

V5 are the numbers of the corresponding vertices. The
model is super renormalizable; thus, in spite of being
marginal, four fermion self-interactions are not generated to
any finite order of perturbation. Also, taking in account
gauge invariance, we may verify that there are no divergent
corrections to the vertices F;;A*FY, y[(iy'(0; — ieA;))’ly
and [(iy'(0; — ieA;))*y. For simplicity, in what follows
we take by = az. Furthermore, also due to gauge invari-
ance, the two point function of the Fy; field, (F; F’ Oi), turns
out to be finite.

By adopting dimensional regularization in the spatial
part of the relevant Feynman integrals, we may verify that a
typical integral to be determined, has the form

dkodk
K<x7 Y, W) = / (27[)d+1 (k% _

k3 k>
a2k = m®)"

(14)

2V, —

V-3Vl —v® 2y, -3y, (13)

|
and is given by

K(x.y.w) = s 270 g1 (gl o
2x4+1\_[d+y 5

r r ri--J. 15

)

We see that divergences will appear only if its degree
of superficial divergence 0 =3+d+y+6x—6w =
0,6,12,.... Thus, by employing dimensional regularization
in the spatial part, the two point function (F;;F") will
require counterterms of the type a, F;;F;; and a, F;;AF;; to
become finite. Similarly, in the matter sector the coupling
b, will have to be adjusted to secure the finiteness through
the calculations. These are the only divergences to be found
in this model.

As a consequence of the above remarks, we may write
down the complete bare Lagrangian as
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1 i_ 41 ij _ % ij ij
‘C:_EFOI'FO _ZFUFJ_IFUAF/_ FijAsz
+ Wiy (9y — ieAy) + by (iy'(9; — ieA;)) + by (iy'(9; — ieA;))> — m*|y (16)

1/2

and define its renormalized version by performing the reparametrization: Ay = Z'/2A,,, A; = Z'?A,,, w = Z,/ "y,

Z, , z .
a; =>a;, fori=1,2and b, = Ziz‘blr. The Lagrangian becomes

Z . a,Z R PVA i, Z .
L=-ZFyF% - %Fi JFU — 2’4 “ F L AF — %FijAzF‘/ + Z

2
Zp by,

x | iy (9 — ieZ'?Ag) + Z—(iyi(al- —ieZ'2A;)) + by(iy'(0; — ieZ'?A)))? — m3] v, (17)
2

where now all basic fields are the renormalized ones. In the
next section we will examine the one-loop contributions to
the renormalization factors; for simplicity, the parameters
a, a, and b; will be treated perturbatively so that they will
not contribute to the free propagators of the basic fields. As
we shall verify, the wave function renormalizations Z and
Z, turn out to be finite.

III. ONE-LOOP CORRECTIONS

A. The pure gauge sector

We begin our analysis of the radiative corrections by
calculating the contributions to the two-point function of
the gauge field coming from the graphs depicted in Fig. 1.

Our first aim is to obtain a correction to the (generalized)
Maxwell term. The tadpole, the second graph in Fig. 1,
does not contribute to the Maxwell term because it is based
on the vertex V4" (p, k, t) which contains only one power
of the external momentum, and therefore cannot generate
terms quadratic in F,,. This diagram only serves to cancel
nongauge-invariant contributions from the other graphs.

The photon self-energy gives us three contributions
coming from the first graph in Fig. 1, illyy(p), with two
external A, fields, illy;(p), with one A; and one A, and
ill;;,with two A; external fields. Up to first order in b, each
of these corrections receives two contributions. We will
examine separately each of them.

(1) Contributions to the two point function (AyAy).

1% (p) = T°(p) +T5°(p) (18)

where 1% and " are, respectively, the terms of
zero and first order in by:

k—p k

AN ON

FIG. 1. Radiative corrections to the photon two point function.
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m%m:wm*{/égééwwaMWﬂk—mL
(19)

which is independent of b, and I1%° which collects
the result of one insertion of the bilinear part of the
by vertex,

1 (p)
d
= —ie2bypud / él:)cf,ﬁ tr[fS(k)yoS(k — p)roS(k)
+ S(k)yoS(k = p) (¥ = #)S(k = p)rol, (20)

where, as usual, the parameter ¢ with mass dimen-
sion one was introduced to fix the dimension of the
integral to its value in three spatial dimensions. In
order to carry out the above integration, we perform
a derivative expansion in the external momentum,

pip; 01
2 0pdp; p=0

n%(p) =1%(0) + -, (21)
and use integration over d-dimensional spherical
coordinates. From now on, I1%(p) will represent the
parts of (19) and (20) nontrivially contributing to
Fo:F% i.e., TI(p) will contain only terms with two
spatial external momenta. After evaluating the trace,
disregarding the terms which are odd with respect to
momenta, we obtain

Y (p)

— ey

2297 _, / dkodk -, 216k3k™0
r@ ") eod d
N 32kk* 32m'2kt N 8mOk10
d d d
40k'6

+

+ 4kgk* — 4m'2k* — 8mOk'0 — 4k'6]

1
03— a2k — )

(22)



ONE-LOOP CORRECTIONS IN THE z = 3 LIFSHITZ ...

PHYS. REV. D 98, 105016 (2018)

Finally, after integrating, we obtain

2-d
2 3 /lS dmd 51’*( d)r(%) ﬁz
3200 4 1) '

Y (p) = —i

Analogously, we have

2b a3 3/4% dmd 7r( _%)r(%) R

32z + 1)

n¥(p) = -

(24)

d
() = e | ST wlVaiko=p)SR'S(k = ) -

x [S(k)ES(K)yoS(k = p) + S(k)roS(k—p) (K — p)S(k -

Hij(l’) =

— S(k)VS) (k= p. p)S(k = p)(K = ¥)S(k = p)]}.

which yields

oy, (p) = —iay popi, (29)

and
I1;; = Iy;; + Iy, (30)

with
Ily;; = —iay p§6;;. (31)
IL;; = iy (p; iPj— 1325:‘/‘)’ (32)

where a, is not finite for d = 3 and is given by

%(p)Ag(p)Ao(—

d
H/ é];))tf”kl w{Vsi(k, =p)S(k)Vs;(k = p. p)S(k = p)] =

p) +11%(p)As(p)A;(—p) + I1y;;(p)A;(p)A

Therefore,
° = —ia, p?, (25)
with
T e
. 3(27)H@ (4 1)
Chia W TGNy

3(22) (¢ 4 1)

(2) Using a similar procedure, the quantities ITy;(p) and
I1;;(p), that from now on will represent contribu-
tions to Fo, F*" and F;;F"/, can be found. They are

ib VS (k. ~p)

P}, (27)

ib V) (k,~p)[S(KKS(K)V (k = p. p)S(k = p)

(28)

eal i -mi-1d(d - 20 (- OT()
12(27)3 4+ DT(¢ + 1)

Ay = —

| by i d=2) (A =TG- Hrd+ )

6(27)7 (¢ + 1)
(33)
Observe that the Ward identities
Pyg + p'Tliy = 0 (34)
and
pOHOj + piHij =0 (35)

are automatically satisfied. Notice also that the coefficients
associated with Tly, Ily;, and II;;; are the same, and
therefore it is possible to simplify the sum of these
corrections as

i(=p) = a1 Fo;Fy;. (36)
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As the gauge structure in the above result is preserved
with ; finite at d = 3, the wave function renormalization
for the gauge fields, Z, may be taken equal to one.
Moreover, as we have anticipated, at d = 3, Il,;; presents
a divergence to first order in b;. The cancellation of this
divergence is accomplished by writing Z, =1+ 6Z,,
with

b1€2

Wla = Gnig—3)

(37)

that effectively removes the pole part of (33).

In this pure gauge sector, there is also a divergence of I1;;
containing four factors of the momentum. To get its explicit
value, we need to calculate the fourth derivative of (28)
with respect to the external momentum and with b; = 0.
We obtain the result

Hij = ia3(Pin - ﬁ25ij)f72, (38)
eZai( >27_%17T_7_7md 3,“3 dF( (,)F(g)
Oy =
’ ST(d—2)
6e’ay o
= m + Finite term. (39)

To cancel the above divergence we adjust the renormaliza-
tion of the parameter a, so that Z,, = 1+ 6Z,,, with

6a-e?

67, = 3
Gr0fa = Sa = 3)

(40)

With these corrections calculated, up to a term proportional
to F; AzF that is not renormalized, the pure gauge sector
of the effectlve one-loop Lagrangian can be written as
follows:

1 1
L, :E(l +ay)Fo.Fy _Z(alr“‘aZFin)FijFij
1
——(ay, + aspin ) FjAF

a% 2

4

. dkodk
i%5(p) = —* / 0Ky (p + ke —=k)S(p + K)Vay(p

(2 >d+1

L, B

p p+k p

FIG. 2. One-loop self-energy graphs. There are two contribu-
tions for the first graph: one in which the wavy line corresponds
to the propagator of the A, field and another where it represents
the propagator for the A; field.

b,e? 6aye?
672(d=3) 522(d=3)
respectively, the finite parts of (33) and (39). The new terms
with coefficients containing a;, or a,, do not induce new
divergences and can be naturally treated as small pertur-
bations to the classical action. For simplicity, they will be
omitted henceforth. Notice also that, due to gauge invari-
ance, graphs with six external spatial gauge field lines
although individually logarithmically divergent provide a
finite result.

where g, = o) — and azp, = a3 — are,

B. Corrections to the two point function
of the spinor field

The next step is to calculate the one-loop corrections for
the spinor sector of the QED. We have two graphs, which
are, as in the previous case, the self-energy and the tadpole.
We will not consider the modifications in these contribu-
tions due to insertions of the vertices V, or Vg ) as they are
finite and, after renormalization, b; will be taken very
small. For the fermion self-energy, X(p), we have two
contributions, one with two temporal vertices and one with
two spatial vertices. There are no mixed contributions
because our photon propagator is strictly diagonal. These
contributions, which correspond to the first graph in Fig. 2
are given by the expressions below:

i2(p) = iZy(p) + iZy(p) (42)
d
Ei(p) == [ S+ D). )

. —k)D;;(=k). (44)

From now on iZ; (p) will be the part of (43) contributing to Dirac-like correction. Thus we must consider only terms up to
the linear order in p, and p;. Hence iX;(p) can be written as

m3 kd+3

5 3y2n?? / dkodk

i (p) = —eu
‘ L) J @n)*" (kG - a3k® - m®) (kg -

i 2a3kgk® | 2asm®k®  4a3k"
P\, Tt J

2 TCTE

, 2n/? / dkodk k!

5y | @)™ — a2k = mO)2 (k] — a3k

— azk3k® + azmSk® + a%klz) + 4a%y0p0k(2)k4] ) (45)
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and, after the integration, we have

e2ﬂ3—d2—d—lﬂ.—‘7’—%md—3 (2-d)/3 d+4 d 7
=3 2y0p L —— T —=—~
o [ () (6 6)

' . 1 4
(4 o (SO

Observe that the term proportional to p;y’ in the above expression diverges at d = 3 with a pole term

Zi(p) =

e? J’ipi

4872d -3’

(47)

Using a similar procedure, we can find the Dirac-like contribution of %,(p), considering only terms that are linear
in py and p; and applying d-dimensional spherical coordinates to calculate the integrals, we get

2, 3-dy—d-2_Y-d-1),, d-5
w2 2 m (2-d)/3 d+4 d 7 3 0
z = dr I —(d+17 6d
) 0 (T (=4 - D) x (=l + 1 + ) +
2 d d 3
— 2y Pmpyi{dld(d+6) —12) +36)T =+ 1 )T -=-2|. (48)
d 6 6 2
Here the pole part of %, is
9¢* yip;
_ L 49
167%d -3 (49)
Consequently, Z(p) = Z(p) + Z,(p) is
2(p) = aspoy® + aspiyt — agm’, (50)
where
I e2ay (d - 1)m=5pd=r (= 4 - Ip(dsd) 1)
3F(‘§’)
1_d
o — 2-1-d —5—7e2a3 [dld(d + 6) — 11] 4+ 36]m d‘3/¢3‘d1“(—% - %’)F(g +1) (52)
94 (%)
B 2—dﬂ%(—d—l)62az zmd 5ﬂ3—d1—*(% _ %lﬂﬂ(%)
Qg = d . (53)
')
. 9ij
As we can see, the X(p) (namely, as) diverges when we -l 1622—%67 (55)
o . . . o —azk® — M
set d = 3. To be more precise, as mentioned earlier, the

divergence is present in the term yy'p;y, the auxiliary mass parameter M to be eliminated at the end

of the calculation. We then have

7e? -+ Finite terms (54)
A5 = ——5—— ,
T 122%(d-3)
> - d+2)e dkoddk 1
which may be absorbed in the parameter b;. iZ3(p) = —ip’~(d +2)e’asp )T IE = a2k — M’
The tadpole contribution may be obtained from the terms (56)

in the Lagrangian linear in the spatial derivative and
containing two gauge fields. These two fields are then
contracted and, to evade infrared divergences, we replace
the gauge propagator by

corresponding to the second graph in Fig. 2. After perform-
ing the integration, we get
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—d
R G G N et LX) SN GO W
31"(%) 4n%(d - 3) 4z p

L(p)=ap= s, (57)

where in the second line of the above regulated expression we also quoted both its pole part at d = 3 and also the
dependence on M of its finite part. Notice that as M tends to zero X5 develops a logarithmic divergence. This divergence is
however innocuous as it can be absorbed in the renormalization of the parameter b;.

We may write now the one-loop corrected Dirac-like Lagrangian as

Ly, = wli0or"(1 + au) + [by + a5 + a7]i0iy" = m*(1 + ag) y. (58)
The divergences in a5 and a; are removed by the counterterm associated to the vertex by so that Z, =1+ 6Z,, , with

11¢? 5¢2 M

76712((1— 3) =+ In—. (59)

b1rZy, = prd

Up to a term proportional to F; jAzF
following expression:

ij» we may summarize the corrections of the Maxwell and Dirac Lagrangians in the

1 1 1 a’
Lig = 3 (1 +a)FoFo; — I (ar, + aopin) FijFij — 1 (arr + aspin) F i AF;; — fFijAzFij
+ [ifor°(1 + ag) + i(by, + aspin + a7pin) 07" — m* (1 + ag) ], (60)

where asg;, and ayg, are the finite parts of a5 and a5. In defining a;g;, we subtract the pole term and also subtract a term
containing In M/m, as it is indicated in (59).

C. The three point vertex function

The corrections to the three point vertex functions (Agwy) and (A;y ) receive contributions from graphs whose structure
is depicted in Fig. 3. As mentioned before, the analytic expressions for the vertex function (Agyy) are finite and are
associated with the first graph, Fig. 3(a). They are given by

. B dkodk
Tio(p. q) = —ie¥u> / G 1ot PloS(E+ p + 4Dl (61)

when the internal wavy line represents the propagator for the A, field, and

dkodk

ot Vi (0 K =0S(kt plroSh+ p+ VS (p DK, (62

Tyo(p.q) = —ie*u?™ /

when the wavy line represents the propagator of the spatial component of the gauge field. The other diagrams in Fig. 3 do
not contribute to (Agy). For zero external momenta, a direct computation provides the result

q
k q q k 2 p+q
CYJ\{\Yiéi‘ ;%ﬁgiii221+%
{ p p+iq k

q
/
Pk Ptq P p+q

(a) (b) (©) (d)

FIG. 3. Graphs contributing to the three point vertex function: (a) graph with three trilinear vertices, graphs (b) and (c) graphs with two
vertices and (d) a tadpole graph. In the text, p and ¢ designate the momenta entering through the fermion and gauge field lines,
respectively.
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<
ie3ﬂ3_d2_d_l H(—d— 1) 3 d—SF( E)F(%)YO

Tin = — , 63
(
je33—dp—d-14 H(—d— 1) ma=5dr (4t
Ty = e p ( 6) ( 3 )7’0 (64)
3[‘(2)

Concerning the vertex function (A;yw), we have contributions from all graphs in Fig. 3. Thus, similarly to the previous
case the first of those diagrams, Fig. 3(a), is contributed by the following expressions:

dkod?k
Tyi(p.q) = —ie*w’™ (2 O)dH 7oS(k+ p)VS) (k+ p +q.q)S(k + p + q)roDoo (k). (65)

when the internal wavy line represents the propagator for the A, field, and

-d dkod’k
(2T[)d+l

Tyi(p,q) = V2 (p+k,=k)S(k+ p)V (k+ p + q.q)S(k+ p + @)xVE (p.k)D (k)] (66)

if the wavy line represents the propagator of the spatial component of the gauge field. Besides that, there are now also
contributions with two interacting vertices, shown in Figs. 3(b) and 3(c)

dkod’k |,

Tsi(p.q) = -~ W 3a [(P + k,—k)S(k + p)Vair(P + 4. 4. k)Dap(—k), (67)
iy [ dkodk
T4i(p.q) = —u ) Viia(k+p+q,q,=k)S(k + p + q)V3,(p + q, k) D4 (k), (68)

Finally, we have the contribution from the tadpole graph, Fig. 3(d),

dkodk 1

Ts:(p,g)=—(d+2 3,34 / , 69
5i(p.q) (d+2)aze’ =7, (2m) & k% _a§k6 —_ M (69)
where, to take care of infrared divergences, we again introduced the auxiliary mass parameter M.
Direct computation of these expressions at zero external momenta, yields
: —d—1_—4-1 1_7 m\d— .
ie3270-1 g5 (- %i_%)r(%i+ 1)(;)d i ie’y; .
= 7 N = (70)
or(¢) 487*(d —3)
i@ d=2)(d(d +5) = 1) TG - Oy iy, (1)
& 3(d+9)r(E+1) 4872 (d - 3)’
ie’274(d> - 2d + 4)ﬂ_%_%a;_%md_3l“(% D+ 1)y Tiedy;
T3 =Ty = d Ry : (72)
d(d+3)r'(5) 247°(d - 3)
27 (d+2)x %"fa %{M3‘de‘3F(% —OT@ri  5iedy 5ie’y, 1 (73)
T 3F(§) T 4x¥(d-3) 4n*  u’

In the right-hand side of the above equations we explicitly quoted the pole parts at d = 3. Notice that the divergent terms are
correctly absorbed by the renormalization of the parameter by, as it was defined in (59).
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IV. WARD IDENTITIES

In the pure gauge sector, the one loop Ward identities have been verified in Egs. (34), (35). Here we shall consider the

matter sector. In the tree approximation we have:

poer’ — piVai(py + p.—p) =

ie(S'(p+p1) =S (p1))- (74)

Using this result for the two- and three-point vertex functions, in the one-loop order one should have

q°Tio+ ¢'T\i(p. q) = ie(Z(p + q) = Zi(p));
q°Ta0 + ¢'(Toi(p.q) + T3:(p. q) + T4i(p. q)) = ie(Z(p + q) — Zo(p));

Straightforward comparison of our results for the two and
three-point functions given by (46), (48), (57) and (63),
(64), (70)—(73) confirms the validity of these identities up
to terms linear in the momenta. Thus, we conclude that the
Ward identities are valid not only at the tree level but also at
the one-loop order.

V. THE RENORMALIZATION GROUP AND
LORENTZ SYMMETRY RESTORATION

The renormalized vertex functions of the model, con-
structed by removing the pole part of its regularized
amplitudes, depend on the scale parameter u. The inves-
tigations on the changes of this parameter allows to relate
the amplitudes at different energy scales. The implementa-
tion of the renormalization group program is greatly
simplified by the fact that the divergences may be absorbed
in just the parameters a;, a,, and b,. Thus, because there
are no wave function renormalization of the basic fields,
the would be anomalous dimension is absent and the

|

q'Ts; = ie(Z3(p + q) — Z3(p)). (75)

renormalization group equation for the vertex function
T Wao:Nai-Nu) takes the simple form

o) 0 0 0
<M o + Pa, alr% + B, a2, oay, + P, blr%)
x IV [p,x] =0, (76)

where N = (N4, Ny, N,,) and the set of parameters of the
model and external momenta are symbolically represented
by x and p. The f’s functions may be determined by
inserting in (76) the two point functions of the gauge and
spinor fields. By disregarding terms of order higher than €2,
we find

b,e? 6a;,e? 11e2
ﬁal Ir = 6;[2 ’ ﬁaza% :ﬁ, ﬂblblr = —W.
(77)

Taking into account that T'V(p,x) has dimension
6 — 2Ny, _%Nun we may write

0

0 0 0 0 0 0 3
— 4 p—+u—-+4a;, — +2a,,— +2b;, — ——(6-2N, —=N, ) |TW) = 7
gt P 2 g+ gt (620, 3N, ) T <0, (79

so that

0

om 2

0 0

0 0 3
I — - — _ — e _ _- (N) (3t t —
{ 8t+ (B, 4)a1raa1r+ (Ba, 2)“2r8a2r+ (B, Z)b“abl, 5 m6m+ (6 2Ny, ZNWH '™ (e pg,e'p.x)=0.

(79)

At this point, we introduce effective (or running) couplings which satisfy

om =—m % = (ﬂal —4)ay,

om da; _
o ot N

ot

ob,
ot

_ Oe
—2)a,, G

= (Bp, — 2)by, —e, (80)

that are subject to the condition that at + = 0 they are equal to the original parameters i.e., a;(0) = ay,, a>(0) = a,,, etc.
Notice that, as a3 is dimensionless and does not have divergent radiative corrections, it is independent of ¢ and may be
taken very small so that, for momenta k with a;k> < by, it could be neglected in the effective Lagrangian.
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The above system may be solved by standard means furnishing

m(t) = e 'm, e(t) = e’'e, a,(1) = <a2, +

a (1 = {alr +

These results explicitly exhibit the asymptotic freedom of
the model, all renormalized parameters vanishing at very
high energies. Thus, at very high energies and momenta the
perturbative methods we employed are safe. On the other
hand, for very low energies and momenta the parameters
increase and eventually these methods are no longer reliable.
Actually, even the absence of Lorentz symmetry restoration,
that the different behaviors of the effective parameters a; and
b, with the energy/momenta scales seems to indicate, cannot
be taken as granted. However, before this extreme situation
is reached, we may adjust a3, and a,, to very small values so
that the higher derivative terms in the effective Lagrangian
may be disregarded. Thus, the model acquires a structure
similar to the one described by

1 ap, . .
Ly = _EFiOFiO - TlFijFij + iy®(0y — ieAy)
+ by, (i (0; — ieA;)) — mly, (82)

which, as argued in [14], corresponds to QED in a material
medium of permittivity € = b, and magnetic permeability
u= ai” In [14] the model (82) was attained by the clever
introduction of an auxiliary “cutoff” A; which separates the
regions of high and low energies, and letting A; to become
very high.

VI. SUMMARY

We calculated the two-point functions of gauge and spinor
fields and also the three point functions ina z =3, d =3
QED. After obtaining the low momenta contributions to the
three point vector-spinor vertex function, we verified that our
results satisfy Ward identities which confirm their validity.

It turns out that, unlike the z =2 case [6], in this
work the two-point function of the gauge field receives a
nontrivial correction, and the contribution to the two-point
function of the spinor field involves the first derivatives not
only in time, but also in the space sector. Compared with
the z =2 case [6,15], this seems to indicate that the
perturbative restoration of Lorentz symmetry in the low
energy limit could take place. However, the presence of
divergences precludes such a conclusion as we shortly argue.

The renormalization aspects of this model are quite
interesting. The model is super renormalizable and up to

6as,e’ - 11e?
53ﬂzt> e, by(t) = <b1r - 12”2f> e~

b 2
6"62 z] e, (81)
JT

one-loop order the divergences are restricted just to the
vertices, Fy;Fy;, F;;AF;; and y(iy'(9; — ieA;))y. There are
no divergent renormalization of the mass m and the
charge e (see also [16]).

Furthermore, there is no wave function renormalization
of the basic fields and therefore the usual renormalization
group parameters y’s vanish. The parameter as, associated
with the vertices with highest derivative, is dimensionless
and does not receive divergent corrections. Consequently,
the renormalization group equation is very simple allowing
us to fix the energy dependence of the effective (running)
parameters in a straightforward way. Actually, the model is
asymptotically free, all effective parameters tending to
zero for high energies/momenta. This is a good aspect
implying that at very high energies perturbative methods
can be applied with confidence. On the other hand, at low
energies/momenta the effective parameters increase and the
perturbative results are no longer reliable. In particular, the
discussion of a possible emergence of Lorentz symmetry at
low energies is hampered by this fact. The one-loop results,
showing that the parameters @, and b, move at different
rates in the energy scale, indicate that Lorentz symmetry
will not hold. In that situation, the usefulness of the model
will be restricted to very high energy domain where Lorentz
symmetry is probably broken.

It should be noticed that, still being compatible with the
renormalization group properties of the model, for energies
which are not very low, a3 and a,, may be adjusted so that
the higher derivative terms in the effective Lagrangian may
be neglected. One then obtains a Lagrangian which
corresponds to QED in a material medium. The occurrence
of this mechanism was proposed in a earlier paper [11], in
which an auxiliary cutoff A; separating the regions of high
and low energies was used. By letting A; — oo they arrived
to the mentioned effective Lagrangian. We emphasize that
this outcome will hold only for energies which are not
very small.
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