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We study the O(N)? symmetric quantum field theory of a bosonic tensor ¢*¢ with sextic interactions.
Its large N limit is dominated by a positive-definite operator, whose index structure has the topology
of a prism. We present a large N solution of the model using Schwinger-Dyson equations to sum the
leading diagrams, finding that for 2.81 < d < 3 and for d < 1.68 the spectrum of bilinear operators
has no complex scaling dimensions. We also develop perturbation theory in 3 — ¢ dimensions including
eight O(N)? invariant operators necessary for the renormalizability. For sufficiently large N, we find a
“prismatic” fixed point of the renormalization group, where all eight coupling constants are real. The large
N limit of the resulting e expansions of various operator dimensions agrees with the Schwinger-
Dyson equations. Furthermore, the ¢ expansion allows us to calculate the 1/N corrections to operator
dimensions. The prismatic fixed point in 3 — ¢ dimensions survives down to N &~ 53.65, where it merges with
another fixed point and becomes complex. We also discuss the d = 1 model where our approach gives a
slightly negative scaling dimension for ¢, while the spectrum of bilinear operators is free of complex

dimensions.
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I. INTRODUCTION

In recent literature, there has been considerable interest
in models where the degrees of freedom transform as
tensors of rank 3 or higher. Such models with appropriately
chosen interactions admit new kinds of large N limits,
which are not of "t Hooft type and are dominated by the so-
called melonic Feynman diagrams [1-5]. Much of the
recent activity (for a review see [6]) has been on the
quantum mechanical models of fermionic tensors [4,5],
which have large N limits similar to that in the Sachdev-Ye-
Kitaev (SYK) model [7-14].

It is also of interest to explore similar quantum theories
of bosonic tensors [5,15,16]. In [5,15] an O(N)? invariant
theory of the scalar fields ¢’ was studied:

1 : g
S4 = / ddx <2 (8ﬂ¢ubc)2 + E 0tetra> s

Otetra — ¢a1b]c|¢a1bzcz¢a2b1c2¢a2bzcl . (11)

This quantum field theory (QFT) is super-renormalizable in
d < 4 and is formally solvable using the Schwinger-Dyson
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equations in the large N limit where gN*/? is held fixed.
However, this model has some instabilities. One problem is
that the “tetrahedral”” operator O, is not positive definite.
Even if we ignore this and consider the large N limit
formally, we find thatin d < 4 the O(N)? invariant operator
$**°¢**¢ has a complex dimension of the form ¢ + ia(d)
[15].l From the dual anti—de Sitter (AdS) point of view,
such a complex dimension corresponds to a scalar field
whose m? is below the Breitenlohner-Freedman stability
bound [21,22]. The origin of the complex dimensions was
elucidated using perturbation theory in 4 — ¢ dimensions:
the fixed point was found to be at complex values of the
couplings for the additional O(N)? invariant operators
required by the renormalizability [15]. In [15] an O(N)’
symmetric theory for tensor ¢*¢“¢ and sextic interactions
was also considered. It was found that the dimension of
operator pebedepabede s real in the narrow range
dyi <d <3, where dg;~?2.97. However, the scalar
potential of this theory is again unstable, so the theory
may be defined only formally. In spite of these problems,
some interesting formal results on melonic scalar theories
of this type were found recently [23].

'Such complex dimensions appear in various other large N
theories; see, e.g., [17-20].
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FIG. 1.

In this paper, we continue the search for stable bosonic
large N tensor models with multiple O(N) symmetry
groups. Specifically, we study the O(N)? symmetric theory
of scalar fields ¢’”’C with a sixth-order interaction, whose
Euclidean action is

S6:/ddx<%(aﬂ¢abc)2

+ %¢a1b101 ¢ﬂ1b2€2¢azblcz¢a3h301¢a3b203¢‘12b303> .
(1.2)

This QFT is super-renormalizable in d < 3. When the fields
¢?"¢ are represented by vertices and index contractions by
edges, this interaction term looks like a prism (see Fig. 11
in [5]); it is the leftmost diagram in Fig. 1. Unlike with the
tetrahedral quartic interaction (1.1), the action (1.2) is
positive for g; > 0. In Secs. II and III, we will show that
there is a smooth large N limit where g; N is held fixed and
derive formulas for various operator dimensions in con-
tinuous d. We will call this large N limit the “prismatic”
limit: the leading Feynman diagrams are not the same as the
melonic diagrams, which appear in the O(N)> symmetric
¢° QFT for a tensor ¢**¢4¢ [15]. However, as we discuss in
Sec. II, the prismatic interaction may be reduced to a
tetrahedral one, (2.1), by introducing an auxiliary tensor
field yb.

The theory (1.2) may be viewed as a tensor counterpart
of the bosonic theory with random couplings, which was
introduced in Sec. VI. B of [16]. Since both theories are
dominated by the same class of diagrams in the large N
limit, they have the same Schwinger-Dyson equations for
the 2-point and 4-point functions. We will confirm the
conclusion of [16] that the d = 2 theory does not have a
stable IR limit; this is due to the appearance of a complex
scaling dimension. However, we find that in the ranges
2.81 <d <3 and d < 1.68, the large N prismatic theory
does not have any complex dimensions for the bilinear
operators. In Sec. V we use renormalized perturbation
theory to develop the 3 — ¢ expansion of the prismatic QFT.
We have to include all eight operators invariant under the
O(N)? symmetry and the S; symmetry permuting the
O(N) groups; they are shown in Fig. 1 and written down
in (Al). For N > N, where N ~ 53.65, we find a
prismatic RG fixed point where all eight coupling constants
are real. At this fixed point, € expansions of various
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Diagrammatic representation of the eight possible O(N)? invariant sextic interaction terms.

operator dimensions agree in the large N limit with
those obtained using the Schwinger-Dyson equations.
Furthermore, the 3 —e¢ expansion provides us with a
method to calculate the 1/N corrections to operator
dimensions, as shown in (5.8), (5.9). At N = N_; the
prismatic fixed point merges with another fixed point, and
for N < N both become complex.

In Sec. VI we discuss the d = 1 version of the model
(1.2). Our large N solution gives a slightly negative scaling
dimension, A, = —0.09, while the spectrum of bilinear
operators is free of complex scaling dimensions.

II. LARGE N LIMIT

To study the large N limit of this theory, we will find it
helpful to introduce an auxiliary field y**¢ so that®

1 :
S = /ddx<§ (8”¢ahc)2

+%¢alb1€1¢a1bzcz¢azblcz)(azbzcl _%Zabcxabc)’ (21)

where g ~ /g, . Integrating out b€ gives rise to the action
(1.2). The advantage of keeping y**¢ explicitly is that the
theory is then a theory with O(N)? symmetry dominated by
the tetrahedral interactions, except it now involves two
rank-3 fields; this shows that it has a smooth large N limit.
Thus, a prismatic large N limit for the theory with one
3-tensor ¢**¢ may be viewed as a tetrahedral limit for two
3-tensors.
Let us define the following propagators:

(2.2)

In the free theory G(p) = Gy(p) = #, and F(p) = Fy = 1.
In the strong coupling limit the self-energies of the fields are
given by the inverse propagators: G(p)~! = %y and
F(p)™' = X,. The Schwinger-Dyson equations for the exact
two-point functions can be written as:

’If we added fermions to make the tensor model supersym-
metric [5,16,24,25] then )(‘”’E would be interpreted as the highest
component of the superfield ®¢.
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FIG. 2. Diagrammatic representation of the Schwinger-Dyson
equations. Solid lines denote ¢ propagators, and dashed lines
denote y propagators.

dlqd?k
F(p) =Fo+ 92N3F°/W

x G(q)G(k)F(p),
G(p) = Go(p) +39°N*Gy(p) /%

X G(p - q=k)F(q)G(k)G(p),

G(p—q—k)

(2.3)

and represented in Fig. 2.

Multiplying the first equation by Fy' on the left and
F(p)~! on the right, and likewise for the second equation,
we obtain:

d , jd
Pyt =r3' = [ GG -a- GG

dqd?k
(27;;)2d

G(p—q—k)F(q)G(k),

(2.4)

G(p)™' = Go(p)~ — 322 /

where 1> = N3g? ~ N3g,. We have to take the large N limit
keeping A% fixed. In the IR limit, let us assume

a is related to the scaling dimension of ¢, A, via
For what range of a and b can we drop the free terms in
the gap equations above? In the strong coupling limit we
require b <0 and a < 1. Since b = —3a + d, we have
d/3 <a < 1. In terms of A,, we then find
30 +4A,=d, dj2—-1<A, <d/6. (2.5)
Notice that if we had the usual kinetic term for the y field,
the allowed range for Aj would be larger. Therefore, our
solution may also apply to a model with two dynamical
scalar fields interacting via the particular interaction given
above.

The gap equation is finally:

d ., Jd
Fp) == [ G Gl - a - 0G(a)0),
d , jd
Glo)y =32 [ GET G0 - g -0 Fl@)G®. 26

Dimensional analysis of the strong coupling fixed point
actually does not fix a: we get b = —3a + d from the first
equation and a = —2a — b + d from the second equation.
Let us try to solve the above equations, in the hope that
numerical factors arising from the Feynman integrals may
determine a. The overall constant A is not determined from
this procedure, but note that [1] =3 —d, and therefore

2(a—-1) . . .
A~ A5a. This procedure is analogous to solving an

eigenvalue equation, and perhaps it is not surprising that
we have to do this, since a solution for a also determines the
anomalous dimension of a composite operator ¢°. We then
find

-1 (27)% |
F(p) _A3/12 Ld(a,a)Ld(Za_d/z’a)pv (27)
where
Ly(a.b) = ni2T4/2 = @Td/2 - D)T(a+b —d]2)

[(a)[(b)[(d —a - b)
(2.8)

The condition that must be satisfied by a is then:

L;2a—d/2,d - 3a)
Ld(Za — d/2, a)

-1 (2.9)

In position space, the IR two-point functions take the
form

I(d/2—a) A

G(x) = 79222 (a) (x2)5” (2.10)

iy Td/2=b) (27X 1
()= 72220 (b) A2’ Ly(a,a)Ly(2a—d/2,a) (x*)73%"
2.11)

In terms of Ay, (2.9) may be written as

CIT(E=38,)0(=44+3A,)T(A,)T(d-A,)
UCE 31"(%‘ Aqs)r(—%li ApT(3A,)T(d=384) '

(2.12)

A. The scaling dimension of ¢

It can be verified numerically that solutions to (2.12)
within the allowed range (2.5) do exist in d < 3.

105005-3
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FIG. 3. Solving (2.12) for d = 2.9.
For example, for d = 2.9 we have the solution shown in
Fig. 3:

Ay = 0.456, A, ~ 1.531. (2.13)
For d =299, we find A, =0.495, and d=2.999,
Ay = 0.4995, consistent with the 3 — e expansion (4.1).
For d = 2, (2.9) simplifies to

334, —1)2 = (A, — 1) (2.14)

The solution A, =5 (4 — V/3) lies within the allowed
range (2.5), while the one with the other branch of the
square root is outside it.

For d < 2 we find multiple solutions within the allowed
range (2.5), as shown for d =1 in Fig. 4. One of the
solutions gives A, = 0; this produces singularities in the
large N dimensions of scalar bilinears, and we will not use
it. The other solution,

Ay~ —0.09055, A, = 1.2717, (2.15)
appears to be acceptable. Although A is negative, it lies

above the unitarity bound. We note that there is also a

£(1, D g)
3,

. . A
-0.5 -0.4 -0.1 0.1 ¢

FIG. 4. Solving (2.12) for d = 1.

positive solution A, = 0.225, which lies outside of the
allowed range (although it would be allowed if the y field
was dynamical).

There is an interesting transition in behavior which
happens at d = d. where there is a double root at
Ay = 0. The critical dimension d, is the solution of

2+ dzeot(d.n/2) +d,(y +w(d,)) =0.  (2.16)

Its numerical value is d,. = 1.35287. For d slightly above d,.
one of the solutions for A is zero, while the other is positive;
we have to pick the positive one. However, for d slightly
below d.. one of the solutions for A 4 is zero, while the other is
negative. Special care may be needed for continuation to
d < d,, in particular, for studying the d = 1 case.

III. BILINEAR OPERATORS

There are three types of scalar bilinears one can consider,
which are of the schematic form: A = ¢(& - 9)*(0?)"¢, B =
d(E-0)5(0*)"y and C = y(&-0)*(0*)"y, where & is an
auxiliary null vector introduced to encode the spin of the
operators, & - 0 = &9, and * = 9#9,. We note that there
is mixing of operators of type A and C. It is easy to
convince oneself that there is no mixing with the B
operators by drawing a few diagrams.

A. Bilinears of type B

Let us consider a bilinear of type B, of spin s and scaling
dimension A, for which there is no mixing. The three-point
functions take the form [26,27]:

(P (21 ) * (x2) By (x3: €))
= U(B)(xuxz’?%)

N
_ Q3 ()
- T+A¢_AIXT+A;(_A¢’)CA¢+A)(_T = Usg (X1 ’ x2)

X3 32 12
—Ay—A
= (x12- &)’xpy T, (3.1)

where 7 = A — s is the twist of the bilinear, £ is the null
polarization vector, Q3 is the conformally invariant tensor
structure defined in [26,27] and we took the limit x; — oo
in the second line. The eigenvalue equation, obtained using
the integration kernel depicted schematically in Fig. 5, is

V(1. %) = 34% / dydizF (x5, y)G(y. 2)?

x G(z,x1)v,:(y, 2). (3.2)

FIG. 5. The integration kernel for type B bilinears.
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When s = 0, we have:

|X1 — Xy _Ad’_AXJrA = 3A3B/12 / ddyddz

which translates into

1

[y = y[PAefy — 2Pt 8Bz — g P07

[(34) sin (37(d = 6A))T(5 = Ag)T(=5 + 34, + DTG — Ay)T( (d - A —24,))

(3.3)

gB(d,A)=-3

We can solve equation (3.4) numerically to find the
allowed scaling dimensions for type B operators in various
dimensions. In d = 2.9 the type B scaling dimensions are

Ap =2.30120;4.00173;5.99214;7.98983;9.98891; ...,
(3.5)

as shown in Fig. 6. In the pure ¢ language, the first one can
be identified with the tetrahedral operator. The type B
scaling approaches the asymptotic formula:

Ap—2n+A,+A, =2n+198747.  (3.6)

al(A)T(5+ AT (552 + Ay)

IL(3Ay) sin (37(d —6A,))T(4— Ay (=4 +3A,+ DI (d =20, —7))[(s — A, +3)

=1. (34)

For example, for n =54 we numerically find A =
109.98749, which is very close to (3.6).
For spin s > 0 the eigenvalue equation is:

(x12 - E)*[ory —xp[TRom BT

:3A3E/12/ddyddz (b=2)-&)°

|y — y [Py — zPRat A Bz — g PR

(3.7)

Note that the spectrum of type B bilinears does not contain
the stress tensor, which is of type A/C.

Processing the equation we have the following condition
for the allowed twists of higher spin bilinears:

dB(d,z,5)=-3

Using this equation one can find the allowed twists of
spin-s type B bilinears. For example, the spectrum when
s =2 and d = 2.9 is found from Fig. 7 to be 7 = 2.08,
3.99,5.99,7.99, ..., which approach Ax + A(/, +2n =
1.99 + 2n from above.

g®2.9, a)

N

2 \4 15 g2

FIG. 6. The spectrum of type B bilinears in d=2.9.
The red lines correspond to asymptotes at 2n + Ay + A, =
2n 4 1.98747.

(AT E+ Ay =50 (s + Ay +3)

=1. (3.8)

|

We find that the spectrum of type B bilinears appears
to be real for all d < 3. However, there are ranges
of d where the spectrum of type A/C operators do
contain complex eigenvalues, as we discuss in the next
section.

d®r9, 1,2

FIG.7. Solving equation (3.8) in d = 2.9 for the allowed twists
of spin-2 type B bilinears.
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B. Mixing of bilinears of type A and C

Let us now study the spectrum of bilinear operators of
type A and C. As mentioned earlier, by drawing a few
diagrams (see Fig. 8) one can see that these operators mix,
in the sense that the two-point function (A,C,) # 0. Let
7 = A — s be the twist of mixture of A and C operators,
which we denote as A;. As in the previous subsection, from
the three-point functions (¢ (x; )¢ (x,)A,(x5; &)) and
(e (x)x e (x2) Ay (x33 €)), we define

v (xy) = %, 7 (x.y) = %
(3.9)

We now define the following kernels, depicted sche-
matically in Fig. 8:

Koa[o®] = 3 / dxdyG(x,. x)G(x2. )G (x. )

Flx,y) ol (x,y) (3.10)

Kealo®] =3 [ dladtyF(a 0P 3) Gl ol (5.9

(3.11)
|

KAC[U(C)] =3 / dddeyG(xl ,x)G(xz,y)G(x,y)zvgg) (xvy)‘
(3.12)
Note the factor of 3, which appears from a careful counting

of the Wick contractions.
The integration kernel gives rise to the following matrix:

<2K1 K3>
K, 0)

(3.13)

<2KAA [”(A)]/U(A) KAC[”(C)]/”(A) >
KCA[”(A)]/U(C) 0

The condition for it to have eigenvalue 1, which determines
the allowed values of 7, is

g (d,7,s) =2K, + K3K, = 1. (3.14)

Luckily, this condition is independent of the constant A, as
one can see from the following expressions,

1

o _ 3(d=64,)C(34,)sin (7(d —6A5)T(d —3A,)T(4 = Ay)°T(Ay =9 (—4+ 5+ Ay +3)
27T (Ay)*T(d — Ay — 5T (3 (d + 25 —2A, + 7))

’

 3p2M AT (3A )T (§ — Ay)*T(d = 3A5 — I3 (d + 25 — 6A, + 7))

=

AT(8y)'T(§ = 384)’T(38y = HT(= 5 + 5 + 34, +3)
_ ARSI (A PT (A = HT(=5+ 5 + Ay +5)

’

(3.15)

3=

Thus, the equation we need to solve is:

L —=Ay)T(d—Ay—)T(G(d+25 =204 +17))

[(A) T4 =3A04)T(BA, —HTLBA, —)T(d— Ay —HT(=2+ 5+ 30, + DTG (d +25 =20, + 7))

(384T~ 89 T(8y YT+ By 1)

d 1
=3I(34,)r <3A¢ - §>F<d -347, - %)F(E (d+2s—6A4+ 7))

d d
- 2F<§ - 3A¢> r(d- 3A¢)F(3A¢ - %>F<_5 + 5430, + %) (3.16)

FIG. 8.

The integration kernels K 4, K-y and K4¢, respectively, for mixtures of type A and C bilinears.

105005-6



PRISMATIC LARGE N MODELS FOR BOSONIC TENSORS

PHYS. REV. D 98, 105005 (2018)

g™ 9,1, 0

u A

FIG. 9. The spectrum of type A/C scalar bilinears in d = 2.9.
The green lines correspond to the 2A, + 2n asymptotics and the
red ones to 2A, + 2n asymptotics. We see that the solutions are
real and approach the expected values as n — 0.

One can check that the stress-tensor, which has s = 2 and
7 =d — 2, appears in this spectrum for any d.

The Schwinger-Dyson equations have a symmetry under
A — d — A. In a given conformal field theory (CFT), only
one of this pair of solutions corresponds to a primary
operator dimension, while the other one is its “shadow.”
The s=0 spectrum contains complex modes for
1.6799 < d < 2.8056. In d = 2.9 the graphical solution
for the scaling dimensions in the type A/C sector is shown
in Fig. 9. The lowest few are

A=1.064,1.836,2.9,3.114,4.912,5.063,6.913,7.063, ...
(3.17)

The eigenvalue at A = 2.9 is exact, and in general A = d is
an eigenvalue for any d. The solution 1.836 corresponds to
the shadow of 1.064. As d is further lowered, the part of the
graph between 1 and 2 moves up so that the two solutions
become closer. In d = d;;, where d . ~ 2.8056, the two

gP@.75,,0)

N
T

—_

LN |
N

FIG. 10. The spectrum of type A/C scalar bilinears in d = 2.75.
The green lines correspond to the 2A, + 2n asymptotics and the
red ones to 2A, + 2n asymptotics. We see that two real solutions
are no longer present; they are now complex.

g™ .68, A, 0)
25¢

201

— A

|
o
o

|
-
o
T

FIG. 11. The spectrum of type A/C scalar bilinears in d = 1.68.
The green vertical lines correspond to the 2A, + 2n asymptotics,
the red ones to the 2A, + 2n asymptotics.

solutions merge into a single one at d/2 (for discussions of
mergers of fixed points, see [28-30]). For d < d;, the
solutions become complex ¢+ ia(d) and the prismatic
model becomes unstable. The plot for d = 2.75 is shown
in Fig. 10.

For d < 1.68, the spectrum of bilinears is again real. The
plot for d = 1.68, where A ~ 0.0867, is shown in Fig. 11.
At this critical value of d there are two solutions at d/2; one
is the shadow of the other.

IV. LARGE N RESULTS IN 3 -¢ DIMENSIONS

Let us solve the Schwinger-Dyson equations in
d = 3 — €. The results will be compared with renormalized
perturbation theory in the following section. The scaling
dimension of ¢ is found to be

1 € 2063 472 7?
A, =———— 2 _ = - 4
® > 2+€ 3 + < 9 + 3>€
12692 5672
+ <7¢(3) —2—79—T”>65 L O, (4.1)

This is within the allowed range (2.5) and is close to its
upper boundary. The scaling dimension of y*¢ is

3 € 472
A =d-3A, == 4+——32 420 - | —=+ 7% |e*
, =d =34, ) 3¢ Oe (3 7r>€
12692  56x2
—-317£(3) - — S+ O(ed).
<c() = )e ()

Let us consider the s = 0 type A/C bilinears. For the first
eigenvalue we find

(4.2)

Ap =1-€+32¢ -

976¢* n 30320 n 3277
€
3 9 3

+ O(€). (4.3)
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It corresponds to the scaling dimension of operator
P b, as we will show in the next section. The next
eigenvalue is the shadow dimension d — A .

The next solution of the Schwinger-Dyson equation is
A = d =3 — ¢ for all d. While this seems to correspond to
an exactly marginal operator, we believe that the corre-
sponding operator is redundant: it is a linear combination of
§*cD? ¢ and ¢ y¢. Similar redundant operators with
h =1 showed up in the Schwinger-Dyson analysis of
multiflavor models [12,31]. They decouple in correlation
functions [12] and were shown to vanish by the equations
of motion [31]. The next eigenvalue is
|

4063
A =5+ 2n—et+2d -y

(2(472 + 32%)n(2n + 7)(n(2n +7) + 11) + 1807 4 28212)¢*

1532
Aprism =3+ec+ 662 - 8463 + <T + 107[2) 64

6392 45277

+ <18§(3) -

>65 +O(e%). (4.4

It should correspond to the sextic prism operator (1.2),
which is related by the equations of motion to a linear
combination of ¢?¢9%pebc and y¢ybe.

The subsequent eigenvalues may be separated into two
sets. One of them has the form, for integer n > 0,

+O(&).

For large n this approaches 4 + 2n + 24, as expected for
an operator of the form ¢*¢(9%)>*"¢*. The other set of
eigenvalues has the form, for integer n > 0,

9 18
n+2 2n+3

Aj:5+2n+€—6€2+4<

6

- 4.6
2n+5 (4.6)

+i+ 10)63 + O(e*).
n+1

For large n this approaches 2 + 2n + 2A,, as expected for
an operator of the form y®<(9%)'+my¢  These simple
asymptotic forms suggest that for large n the mixing
between operators ¢abc(82)2+n¢ahc and )(abc (aQ)lJrn)(abc
approaches zero.

We can also use (3.4) to derive the 3 — ¢ expansions of
the dimensions of type B operators,

Op = 17(0,0)" ¢ + .. (47)

where the additional terms are there to make them
conformal primaries. For n = 0 we find

2848 + 24x°

AB,0:2+6€—68€2+ 3

e+ O0(e*).  (4.8)
This scaling dimension corresponds to the operator
¢ <y<_ which in the original ¢ language is the tetrahe-
dron operator O, For the higher operators we get

Ag, =4 +4€6 —44e* + O(€d), (4.9)

8(32 —4)6'2 463(27(1 —4SZ)H

N

3 9(n+1)(n+2)2n+3)(2n+5)

1= 25(80s> + s(54log(4) — 508) + 45) — 244 + 27 log(4)) o
_|_

(4.5)

7 . 331 199547 7>
A —6—— 2 3 ) 4 5 ,
B2 €T30 ¢ (2250 +15>€ +0(e)
(4.10)
12 9139 7581556 4’
A -8 -= 2 3 _ . 4
B3 7€ T35 ¢ < 77175 7 )e
+ O(&), etc. (4.11)

Using the equations of motion, we can write Op 1, up to a
total derivative, as a sum of the three 8-particle operators
shown in the leftmost column of Fig. 9 in [31]. In general,
for n > 0,

AB,n:2n+2—2<1— )€2+(9(63), (4.12)

n(2n+1)

which agrees for large n with the expected asymptotic
behavior

Ap,—=2n+Ay+A, =2n+2-2¢+O(%).  (4.13)

A. Higher spin spectrum

Let us also present the e expansions for the higher spin
bilinear operators which are mixtures of type A and C. The
lowest eigenvalue of twist 7 = A — s for spin s is

T():l—e“‘ 4s2_1

3(1-45%)?
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Comparing with (5.8), we see that

where H, is the harmonic number and the last two terms (as
well as all higher-order terms) vanish when s =2 as

expected. In the large s limit, this becomes: |
5 79 =204+ 0<—2>. (4.16)
s
70— 1 —€+62<2—22+(’)(s‘3)>
s
o 40 -9 log(4s) — 9y + 78 . This is the expected large spin limit [32-35] for an operator
+ 3 + §2 +0(s7) bilinear in ¢, indicating that for large spin the mixing with y
. bilinears is suppressed.
+ O(e*). (4.15) The next two twists are
|
8s(s + 2)e? 4¢3
=3- —4(40 4) +157)s*> +6 27) =2Ty(4 2)+3
a 72 13 3(s( 1 2) 13y Al ) HIST)ST+6(s +27) = 2Ty(4s(s +2) +3)

—27(4s(s +2) + 3) log(4) —27(4s(s +2) + 3)1//(5 + %)) + O(e*), (4.17)

and

36 4€3
= D _6)e+—— [ 45(25(205(s + 4) + 56 + 9log4) — 105 + 36log 4
T +€+<4s(s+2)+3 )e +(4s(s+2)+3)2( 5(25(20s(s +4) + 56 +9log4) +36l0g4)

3
+ 18y(4s(s +2) +3) + 18(4s(s +2) + 3)y/<s + 5) —297+54 10g4> + O(e*), (4.18)
where y(x) is the digamma function. In the large s limit, these take the form,
) 3 . 5 40 3(3log(s) +log(64) + 3y —7) 5 4
71 ->3—¢+e 2_2_s2+0(s ) ) +e —3 " 2 +0(s7) ) + O(e*)
1
:2A¢+2+0<s—2), (4.19)
and
9 18(1 log(4 -6
72—)3+€+€2(—6+—2+0(S_3)) +€3 (40+ (Og(s>+ Ozg( )+y )+0(S_3>> +0(€4)
N N
1
=2A,+0 7)) (4.20)
In general, for large spin we find the two towers of twists labeled by an integer 7,
) 40¢* 4
™ =2n+1-€e+2e _T+O(€ ) =204 +2n+ ...
(4.21)

™ =2n+34+e—-66+0(¥) =24, +2n+ ...,

again in agreement with the expected asymptotics and suppression of mixing at large spin.
We can similarly derive explicit results for spinning operators in the type B sector using (3.8). For the lowest two twists,

we find
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6 262(3(2s + 1)2(H,_ +1log(4)) — 857 — 8452 — 725 — 34)

—2
=Lty gt

=(2-2e+0(e%)) + OC>,

(2s+1)°

4se*  2€7(9(2s +3)H,,y + 80s” + 125(8 + log(8)) + 541og(2))
+

+0(€%)

:4—
’1 513

40€3 1
= <4—2€2—|—3€—|— 0(e4)> +0<s>,

and higher twists may be analyzed similarly. One can see
that these results are also in agreement with the expected
large spin limit 7, — Ay + A, + 2n for fixed n.

V. RENORMALIZED PERTURBATION
THEORY

In this section we use the renormalized perturbation
theory to carry out the 3 — ¢ expansion for finite N. We will
find a fixed point with real couplings, whose large N limit
reproduces the results found using the 3 — ¢ expansion of
the Schwinger-Dyson solution in the previous section. This
is an excellent check of the Schwinger-Dyson approach to
the prismatic theory.

To carry out the beta function calculation at finite N we
need to include all the O(N)? invariant sextic terms in the
action (as usual in such calculations, we ignore the quartic
and quadratic operators which are relevant in d = 3). The
11 such single-sum terms are shown diagrammatically in
Fig. 5 of [31]. We will impose the additional constraint that
the action is invariant under the permutation group Sj
which acts on the three O(N) symmetry groups. This leaves
us with 8 operators: 5 single-sum, 2 double-sum and 1
triple-sum. They are written down explicitly in (A1) and
shown schematically in Fig. 1. The first one, and the most
essential one for achieving the solvable large N limit, is the
“prism” term (1.2); it is positive definite and symmetric
under the interchanges of the three O(N) groups.

Our action is a special case of a general multifield ¢°
tensor theory:

1
S = / d?x (5 8ﬂ¢abcau¢abc
1
+ g1 Tranymansws O PP PP ¢"6> - (51

The beta functions and anomalous dimensions for such a
general sextic coupling were calculated in [36,37]; see also
[38,39] for earlier results on the O(n) invariant sextic
theory. The diagram topology contributing to the leading
two-loop beta function is shown in Fig. 12.

3(2s +3)?

O(e*)

(4.22)

|

In our case each index «, k;..., kg has three sub indices
k; = (a;b;c;). The coupling g «,x,x,xsx, CONtains 8 different
types of interactions:

(2)

_ (1)
Gxikakskarscg — 91 TK|K'2K3K4K'5K5 + g2TK]K2K3K4K5K6

+- 98T1<<?I)<2K3K4K5K67 (52)

which can be graphically represented as in Fig. 1. Each

tensor structure T,gf,)cz,(m,cs,(ﬁ consists of a sum of product of
& functions, which are symmetrized over the colors (abc)
and over the indices «i, ..., K¢.

The two-loop beta functions and anomalous dimensions
for general N are given in the Appendix. Let us use the
large N scaling

g1 =180 (87)’%€ = G467 = 180- (87[)26—92’4’6’7 ,

N NS
9. G
935 =180 (Sﬂ)zeﬁ, gs = 180 - (871)26N—S7,
(5.3)

which is chosen in such a way that all beta functions retain
nonvanishing quadratic terms in the large N limit:

B = —24, + 232,

Pr = =20, + 45, (39 + 27s),

By = =255 + 122,

3 2 ) o
Pa= =204 +3 (20351 + 93)* + 3% + 125,95).
Bs = —2Gs + 45, (6; + ),

Po = =296 + 451 (391 + J5 + 276).

pr = =2, + 671,

- - 4 . 5 - 5
P = =203 + 3 (75 + 457195 + 33 + 675 + 273

+ 69596 + 371 (95 + 676))- (5.4)
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FIG. 12. The two-loop contribution to the beta function.

The unique nontrivial fixed point of these scaled beta
functions is at

For this fixed point, the eigenvalues of the matrix 3% are
J

=6, 2, 2 -2, =2, =2, =2, -2 (5.6)

That there are unstable directions at the “prismatic” fixed
point also follows from the solution of the Schwinger-Dyson
equations.3 Using (4.3) we see that the large N dimension of
the triple-trace operator (¢**°¢et<)3 is 3(1 —¢€) + O(€?),
which means that it is relevant in d = 3 — € and is one of the
operators corresponding to eigenvalue —2. On the other
hand, the prism operator is irrelevant and corresponds to
eigenvalue 2. Another irrelevant operator is O g ,¢p**¢p**;
from (4.8) it follows that its large N dimension is
3+ 5¢ + O(e?), so it corresponds to eigenvalue 6.

We have also calculated the 1/N corrections to the fixed
point (5.5):

- 6 18
glzl—ﬁ+m ey

s 384 8592
92:—42+T+W+...,
s 1848
93:6+F+...,

- 132 16392
g4:54—7+ NZ .
- 30 2340
95:—12+N+W+...7
- 36 1320
96:6+N—V+...,
- 174 7080
g7:3+—N +—N2 + ...,
s 6732 309204

3 At finite N, using the beta functions given in the Appendix,
we are able to find and study additional fixed points numerically.
The analysis of behavior of the beta functions shows that they
are all saddle points and, therefore, neither stable in the IR nor in
the UV.

For the scaling dimension of ¢, we find from (A10):

A d—2+ 1 e+2 | 12+75+
=— =——=+4c¢ -——+—+...
Py T TR, NN
+ O(e%). (5.8)
In the large N limit, (5.8) is in agreement with the solution

of the Schwinger-Dyson equation (4.1). For the scaling
dimension of ¢*¢¢*<, we find

12 75
Ap=d-2+yp :1—€+32€2<1—ﬁ+m+...>

+ O(e). (5.9)
In the large N limit this is in agreement with (4.3).
In general, calculating the 1/N corrections in tensor models
seems to be quite difficult [40], but it is nice to see that
in the prismatic QFT the 3 —¢ expansion provides us
with explicit results for the 1/N corrections to scaling
dimensions of various operators.

The scaling dimension of the marginal prism operator is

4
Aprigm = d + él =3—-€e—2e+4€g +...=3+¢€
dg
+0(e), (5.10)

which is in agreement with (4.4).

We have also performed two-loop calculations of the
scaling dimensions of the tetrahedron and pillow operators;
see the Appendix for the anomalous dimension matrix. In
the large N limit, we find

Atelra = 2(d - 2) + Vietra = 2 +6€+ O(€2>?
2 —

Apil]ow = (d 2) + Y pillow = 2-2+ 0(62)’ (5'1 1)
which is in agreement with the Schwinger-Dyson result
(4.8). Thus, we see that the large N 3 — € expansions from
the Schwinger-Dyson approach have passed a number of
2-loop consistency checks.

We have also solved the equations for the fixed points of
two-loop beta functions numerically for finite N. The
results for the prismatic fixed point are shown in
Table 1. These results are in good agreement with the
analytic 1/N expansions (5.7) for N > 200. At N = Ny,
where N ~ 53.65, the prismatic fixed point in 3 —¢
dimensions merges with another fixed point*; they are
located at

*This is similar, for example, to the situation in the O(N)
invariant cubic theory in 6 —e¢ dimensions [41,42], where
Ngie = 1038.266. For general discussions of mergers of fixed
points, see [28,30].
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TABLE I. The numerical solutions for the coupling constants defined in (5.3).
N 91 9 3 93 Js s 97 s ro/€
54 0.89 —33.06 7.87 83.69 —11.13 6.86 27.37 2047.16 0.80
100 0.94 —37.56 6.23 55.35 —-11.53 6.28 5.98 212.08 0.89
200 0.97 —39.90 6.05 53.8 —11.80 6.15 4.09 127.90 0.94
400 0.99 —40.99 6.01 53.78 -11.91 6.08 3.48 103.03 0.97
2000 1.00 —41.81 6.00 53.94 —-11.98 6.02 3.09 87.45 0.99
5000 1.00 —41.92 6.00 53.97 —11.99 6.01 3.04 85.36 0.998
10000 1.00 —41.96 6.00 53.99 —12.00 6.00 3.02 84.68 0.999
100000 1.00 —42.00 6.00 54.00 —12.00 6.00 3.00 84.07 1.00
gy = 0.89, g5 = —32.90, g3 = 8.24, g™, )
7 =9201,  g=-1115 g =7.00, 4
g5 = 35.33, g3 = 3155.29. (5.12) 3t
For N < N both of them become complex. For example, 2r
for N = 53.6 the two complex fixed points are at N
7 =089 —0.0002i, g =—32.89 + 0.04i, \ \ \ \ \ \ \
75 =824 +0.15i, g =91.98+3.51i, > a 6 g "
g5 = —11.15-0.014, g = 7.00 + 0.061, -1
g7 = 35.19 4 3.61i, g3 = 3107.77 + 554.011,

(5,13) FIG. 13. The spectrum of scalar type A/C bilinears in 1d. Red

and at the complex conjugate values.

VI. BOSONIC QUANTUM MECHANICS

The action (1.2) for d =1 describes the quantum
mechanics of a particle moving in N° dimensions with a
non-negative sextic potential which vanishes at the origin.5
Such a problem should exhibit a discrete spectrum with
positive energy levels, and it is conceivable that in the large
N limit the gaps become exponentially small, leading to a
nearly conformal behavior. For moderate values of N, this
quantum mechanics problem may even be accessible to
numerical studies.

Solving for the scaling dimensions of type A/C bilinears
in d = 1, we find that the low-lying eigenvalues are

A=1,157,2,3.29,4.12,5.36,6.14,7.38, 8.15,9.39,

10.15,11.40, .... (6.1)

The plot for the eigenvalues is shown in Fig. 13.

>Avery similar d = 1 model with a stable sextic potential was
studied in [43,44] using the formulation [45] where a rank-3
tensor is viewed as D matrices. It was argued [43,44] that the
sextic bosonic model does not have a good IR limit. We, however,
do not find an obvious problem with the prismatic d = 1 model
because the complex scaling dimensions are absent for the
bilinear operators. We note that the negative scaling dimension
(2.15), which we find for ¢, is quite far from the 1,/6 mentioned in
[43,44].

vertical lines are asymptotes corresponding to —2A, + 2n, and
green vertical lines are asymptotes corresponding to —2A,, + 2n.

The smallest positive eigenvalue, A = 1, is the continu-
ation of the solution A = d present for any d. As discussed
in Sec. IV, it may correspond to a redundant operator. The
next scaling dimension, A = 1.57317, may correspond to a
mixture involving ¢®“¢*>¢. The appearance of scaling
dimension 2, which was also seen for the fermionic SYK
and tensor models, means that the its dual® should involve
dilaton gravity in AdS, [47-50].

Let us also list the type B scaling dimensions, i.e., the
ones corresponding to operators ¢?¢92"y*>¢. Here we find
real solutions A = 1.01,2.96,4.94,6.93, ....

For large excitation numbers n, the type A/C scaling
dimensions appear to (slowly) approach —2A, + 2n and
—ZAZ + 2n rather than 2A(/, + 2n and ZAX + 2n, as shown
in Fig. 4. The type B scaling dimensions also appear
to slowly approach —Aj,—A, +2n rather than
Ay + A, +2n. This is likely due to the fact that Ay is
negative. Further work is needed to understand better the
new features of the large N solution in the regime where
d<135and Ay <O0.

°Of course, as observed in [31,46], there are important
differences between the holographic duals of tensor models
and SYK models.
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VII. DISCUSSION

In this paper we presented exact results for the O(N)?
invariant theory (1.2) in the prismatic large N limit where
g1N? is held fixed. This approach may be generalized to an
O(N)? invariant theory of a rank-p bosonic tensor ¢ --%»,
with odd p > 3. It has a positive potential of order 2p:

1
S = [ atx(5 00 + L)o@y ).

(7.1)

To solve these models in the large N limit where g; N? is
held fixed, we may rewrite the action with the help of an
additional tensor field y:

d 1 abc g a a a a
5= [ atx(3 0,0 + £ gy g

: (7.2)

_ l)(al..‘a,,)(al...ap> .
For discussions of the structure of the interaction vertex
with odd p > 3, see [5,51,52]. The models (7.1) are tensor
counterparts of the SYK-like models introduced in [16];
therefore, the Schwinger-Dyson equations derived there
should be applicable to the tensor models. It would be
interesting to study the large N solution of theories with
p > 3 in more detail using methods analogous to the ones
used for p = 3.

In this paper we analyzed the renormalization of the
prismatic theory at the two-loop order, using the beta
functions in [36,37]. The general four-loop terms are also
given there, and it would be interesting to study the effects
they produce. It should be possible to extend the calcu-
lations to even higher loops by modifying the calculations
in [39] to an arbitrary tensorial interaction, which we leave
as a possible avenue for future work. In this context, it
would also be interesting to study the possibility of fixed
points with other large N scalings, perhaps dominated by
the “wheel” interaction (g,) of Fig. 1, in addition to the
large N fixed point dominated by the prism interaction (g;)
studied in this paper.7

Another interesting extension of the O(N)? symmetric
model (1.2) is to add a 2-component Majorana fermion
y/“”", so that the fields can be assembled into a d =3
N =1 superfield

q)abc — ¢abc 4 9wabc 4 99)(11170' (73)
Then the prismatic scalar potential follows if we assume a
tetrahedral superpotential for @ [5]. Large N treatments

"Ad=0 theory with wheel interactions was studied in [53].

of supersymmetric tensor and SYK-like models with two
supercharges have been given in [16,25], and we expect the
solution of the N = 1 supertensor model in d < 3 to work
analogously. An advantage of the tensor QFT approach is
that one can also develop the 3 — ¢ expansion using the
standard renormalized perturbation theory. In the super-
symmetric case, it is sufficient to introduce only three
coupling constants:

W= 91@“11’101d)“lbzfzq)azblczq)azbzcl
+ g2(q)a1blclq)alblczq)azbgclq)azbzcz
+ dubici pabici paibrcr arbrcr
+ dubici parbac (I)aZbICZq)azszz)

+ g3(Da]blclq)alblclq)azbZCZq)azb2C2’ (74)

and it is possible to find explicit expressions for the beta
functions and operator scaling dimensions [54]. Also,
directly in d = 3 it is possible to couple the N' = 1 theory
with the above superpotential to O(N);, x O(N);, x
O(N) &, supersymmetric Chern-Simons gauge theory with
levels k;, k,, ks, and derive the corresponding beta
functions for couplings g; [54].
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APPENDIX: THE TWO-LOOP BETA FUNCTIONS
AND ANOMALOUS DIMENSIONS

In this Appendix we state our explicit two-loop results
for the O(N)® invariant theory with the 8 coupling
constants and interaction terms
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91 paibiey garbrcs gashics gasbser pashrcs pasbses 4 92 paibiey parbacs pashacs pasbser pasbses pashycs
It s gt st gt g s 1 92 e o s s s i

+ % (¢a|h]cl¢a2h|c|¢a|b202¢a2hzc3¢a3h3cz¢a3h3c3 + ¢a,b|c,¢albzcl¢a2b|c2¢a2h2c3¢a3h3c2¢a3h3c3
+ ¢a|b161qjuzhlcld)albzcz¢azh3cz¢ush2€3¢”35303)

3?46' (¢a1b161¢alb1cz¢azbzcz¢azbzc3¢a3b3€3¢03b301 + 4511117101¢azb1C1¢ﬂ2b202¢”3b202¢“3b353¢“1b363
+ ¢a1b1c1¢a1b2c1 ¢a2b202¢a2b3c2¢a3b3c3¢a3b1c3)

+ 95 (¢a|h|c| ¢albzcz¢azh1€z¢ushzcl¢azb303¢a3b3€3 + ¢alb101qjazb]Cz¢lllbzczqﬁalbz¢3¢a3hzc3¢a3b3c3
3.6!

+ ¢a|b,c,¢a2b2c1¢a2b,c2¢a|bzc3¢a3b3cz¢a3b3c3) + %gﬁahc(ﬁabcqﬁa‘h‘c‘ ¢a,h2c2¢a2b,c2¢a2b2cl

97 ¢abc¢abc(¢alblcl¢a1b1c2¢a2bzcl¢a2b2c2 + ¢a1b]c]¢a2blcl¢a1b2c2¢a2bzcz + ¢a1b1c1¢a1bzcl¢a2b1c2¢azbzcz)
3.6!

+%(¢abc¢abc)3. (Al)

+

+

We find

1
pr = —2g1e + W«gg +3(g7 + 895))N? +3(3g5 + 4(291 + 39> +496)95 + 691 (91 + 392))N?

+2(3295 + (9091 + 729, + 969s)gs + 694(99 + 495) + 9(Sg7 + 69291 + 169691 + 89791 + 995
+249,96))N + 265(N(N + 6) + 55) +2g5(9N (g, (N + 8) + 8g,) + 694(N + 6)

+2g5(N + 10)(2N + 5) +2(60g; + 639, + 96g¢ + 1697)) + 2(3643 + 36(5g; + 39> + 295)94

+ 8093 +4g5(45g, +4(992 + 696 + 897)) + 3(34g7 + 12(79, + 496 + 297 + 20g5)g1 + 2795

+ 128Z + 480(g6 + 297))). (A2)

Br = —2g¢ + 12g; 4 gs)N* + 2(13g3 + 18(g1 + 92)95 + 991 (91 + 294 + 89s) + 729291)N

1
W (g5(
+265(N(N + 6) + 19) 4+ 293(3N(3g2(N +4) + 8g;) + 694(N +2) + 6g5(N + 6) + 30g, + 369,
+32g7) 4 2(364% + 54929 + 969791 + 4563 + 1297 + 2092 + 129,(391 + 99, + 29s)

+ 12g5(49, + 392 + 896) + 729297 + 7209,9s)), (A3)

B3 = —2g3¢ + (2(g% + 82)N? + 3(642 + 129591 + 2763 + 5¢2)N? + 2(83¢2 + 2(664,

1
270(8x)
+ 639, + 4895 + 6497)95 + 9291 + 392) (491 + 392) + 96(g1 + 392)97)N + g5(N(N(2N + 31)
+244) + 388) + 18gi(N(N+ 16) + 12) + 12g,(3g; (N + 1)(N + 14) + g5(5N(N + 6) + 72)

+ (N+2)(992(N + 3) + 8g7N) + 9694 + 64g;) + 493(394(N(N(N + 6) + 28) 4 102)

+ N(gs(11N + 74) + 6(g; + 39, + 497)N + 66g; + 729, + 60gs + 84g;) + 194gs

+3(71g, + 819, + 32g¢ + 76g; + 120g3)) + 4(92g% + 2(93g, + 909, + 7296 + 80g7)9s

+ 12897 + 9(7g7 + 159291 + 993 + 24(91 + 92)96) + 144(91 + 92)97)). (Ad)
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Bs = —2g4¢ + ((g3 + 8g3)N* + 495(3g1 + g5)N? + 6(3g7 + 993 + 8(g1 + 392)97

1
270(8x)
+295(591 + 99> + 4(g6 + 397)))N + 263 (N(N(N 4 7) 4 34) + 113) + 92(N(N + 2)? + 52)
+495(99>(N +2)% 4+ 39, (N 4 1)(N + 13) 4+ N(g4(6N + 75) + g5(6N + 31) + 8g;(N + 4))

+16(39g4 + 595 + 696 + 597)) + 1294(39; (N + 12) + 2g5(N(N + 6) + 13) + 8N (g;(N +2) + 3g¢)

+ 48¢, + 44g; + 120gg) + 2(54g7 + 1629,9, + 96979, + 8193 + 5842 + 12843

+495(27g1 + 279, + 2496 + 3297))), (AS)

Ps = —2gse + 5 ((3(9195 + 89697)N> + 2(997 +9(39> + gs)g1 + 95(2792 + 695 + 16g7))N?

2z
270(8x)
+ (9993 + 6(4592 + 3595 + 3696 + 40g7)g1 + 8193 + 21695 (g5 + g6)

+ 4952195 + 42g¢ + 38g7) )N + g%(N(SN +52) +161) + 36g%(N +3)

+30(12g,(N(N +5) + 12) + gs(N(N(N + 6) + 52) + 132) + 6(N + 2)(4geN + 9g»)

+ 9695 + 64g7) + 295(69, (N(BN + 16) + 37) + 99, (10N + 23) + N(g4 (6N + 39)

+ gs(N(N + 13) 4 97) + 24g6(N +4)) + 6(23g4 + 33gs + 3295 + 24¢7)) + 2705

+ 24363 + 212g§ +432¢g,9, + 4449,95 + 5049,95 + 432,96 + 4329, 9¢

+ 3849596 + 384497 + 2889297 + 3289597 + 7689697 + 7209s5gs)). (A6)

P = —296€ + (2(9597 + 396 (g1 + 1295))N? + (6(99296 + 4(91 + 296)97)

I
270(8x)?
+ 95(391 + 1296 + 10g; 4 7293))N* + (795 + 2(3g; + 992 + 1296 + 3297 + 7293)9s

+ 3391 + 12(2g6 + 97 + 12g3)g1 + 4892 + 8(39, + 596)97))N + G3(4N + 6)

+394(12g:N + gs(N(N + 6) 4 10) + 4g;(N + 2) + 189, + 60g5) + 2g5(6g: (N + 4)

+ gs(N(N +6) + 19) 4+ 3gs(N(N + 10) +4) +2g;N(N + 5) + 99, + 21g, + 18(g; + 4g3))

+ 1393 + 4847 + 36919, + 309195 + 189295 + 489196 + 729296 + 1089596 + 1209,

+ 369,97 + 929597 + 1209697 + 4329595 + 1449595 + 12969493, (A7)

B7 = —2g7¢ + (439596 + 97(293 + 394 + 36g5) )N* + (103 + 24(gs + 396

1
270(8x)*
+2(g7 +69s))gs + 795 + 3(99; + 8(396 + 2(g7 + 998)) 94 + 8(5g7 + (91 + 392 + 295)95
+ (391 + 95)96)))N? + (997 + 549591 + 729691 + 216991 + 4893 + 6393 + 22¢2 + 21642
+ 21643 + 2169, 96 + 2169596 + 1449597 + 1609597 + 5769659, + 144(3g; + 99, + 595) 93
+ 694(69; + 189, + 2195 + 369 + 529, + 72g3) + 493(391 + 99> + 3694 + 1995 + 4296
+90g7 + 14445))N + 2(27¢7 + 3(9g, + 2393 + 3094 + 1295 + 4896 + 409, + 144g5) g,
+99,(793 + 6(gs + 2g¢ + 497)) +2(31g3 + (81g4 + 5095 + 114gs + 11297 + 216g5)g3
+ 5447 + 21g2 + 10847 + 9693 + 669596 + 1069597 + 1449697 + 72(2g5 + 997) g8
+394(17gs + 3696 + 669, + 72g3)))), (A8)
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and

"0 = 12.90%(8x)

Py = —2g5¢ + (2(95(2(396(N* + N +3) + 7g;(N + 1) + 36g5) + 391) + 2(3geN°

1
270(87)*
+ AN? + 1863 (BN3 + 22) + 32N? + 12g6g7:N* + 72g5(g7(N* + N + 1) 4+ 3gsN) + 962N

+21G3N + 12g6g7N + 91(996N + 697) + 665 + 2397 + 99296 + 489697) + g5(N + 1)

+394(2(6g6N + g7(N(N + 3) +5) + 3695) + 395)) + 3(2N +9) + 493(394N + 3g5(2N + 5)
+2g7(N(N +3) +7) + 369sN + 2gs) + 993 + 3993), (A9)

1
(391 + 995 + & + 365 + & + 1292 + 445 + T2g5)N® + (643 + 2(391 + 99>

+6(g4 + gs5) +897)gs + 993 + 595 + 1265 + 54919, + 249,95 + 249595 + 489597

+ 1294(gs + 2g7) + 1449795)N° + (8197 + 12(9g5 + 694 + 595 + 1296 + 297)91 + 8195

+39¢3 + 2793 + 51g% + 3642 + 84¢2 + 1089394 + 769395 + 729495 + 969396 + 1449496

+ 489596 + 809397 + 969497 + 889597 + 489697 + 3692(295 + g4 + 4gs + 297)

+ 144(g3 + g4 + 396 + 97)95)N* + (102g7 + 6(75g, + 4793 + 54g4 + 64gs + 24g¢

+ 6897 + 24g5)g; + 5465 + 16093 + 17197 + 143g% + 12092 + 14893 + 43292 + 288939,

+ 3449395 + 3369495 + 3369396 + 2889496 + 3609596 + 3369397 + 3369497 + 296959,

+ 3369697 + 144295 + 3(94 + g5) + 97)9s + 1892(19g5 + 24494 + 14gs + 3296 + 1297 + 2445))N?
+2(189g} + 6(45g, + 5895 + 6694 + 4995 + 7246 + 549, + 108g5)g1 + 216¢3 + 17743

+189g3 + 17692 + 216gZ 4+ 120¢5 + 3189394 + 3309395 + 3367495 + 3609396 + 2887496

+ 3129596 + 3289397 + 3129497 + 3729597 + 3364697 + 72(4g3 + 494 + 595 +497)9s
+18¢5(17g3 + 1994 + 20gs + 12g4 + 2697 + 12g5))N* + 4(81g7 + 3(63g, + 633

+ 5194 + 6495 + 60gs + 70g; + 3693) g1 + 8193 + 8793 + 7297 + 90g2 + 7292 + 9643

+ 2079394 + 1859595 + 1899495 + 1569596 + 2169496 + 2049596 + 1849597 + 1749497

+ 182g5g7 + 1689697 + 36(6g5 + 394 + 595 + 1296 + 497)g3 + 992(23g5 + 1894 + 19g5

+ 24ge + 1897 + 36g5))N + 4(48g7 + (90g, + 7875 + 909, + 84gs + 7296 + 60g; + 7243) g,
+45g3 4+ 4393 + 51g; + 42g2 + 4862 + 5263 + 14463 + 729394 + 829395 + 789495 + 969376

+ 729496 + 729596 + 849397 + 969497 + 769597 + 969697 + 1892(493 + 594 + 595 + 4(g6 + 97))
+72(g3 + 294 + g5 +297)93))- (A10)

At the two-loop level we also find the relation y, = 32y,
We can study the anomalous dimensions for quartic operators

01 — Otetra — ¢a1b1c1¢a,b2c2¢a2b]cz¢a2b2cl’

1
0, = Opillow = g(¢alblcl¢a2blcl¢a1b2c2¢a2bzcz + ¢a1b]c]¢a1b201¢a2blcz¢a2bzcz + ¢a1blcl¢a1b]c‘2¢a2bzcl¢azbzcz)
03 =04, = ¢alb101¢a1b101¢azbzcz¢azbzcz_ (All)
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The matrix of anomalous dimensions for quartic operators can be written in the following way:

1
ve === (2(691 + 295 + 394 + 595 + 297 + 12g5) + g1 (N> + 12N + 8) + 4(gs + 396 + 97)N

7207
+99>N? 4 2gsN? + g3(6N + N?)),

1
12 _
70 = 516022

(2(99> + 995 + 694 + 11gs + 12g5 + 8g7) + 6g,(6 + 3N + 2N?) + 369,N + 6g,N

+ 12g6(2N + N?) 4 2g5(5N + N2) + g5(24N + 5N + N3))

1
6 = (692 + 295 + 691N + g6(8 + N*) + g5(2 + 2N + N?))

18072

21 _
140)

(2(1291 + 992 + 1193 + 1294 + 995 + 1296 + 897) +95N3

7202
+2(391 + 99> + 795 + 994 + 995 + 696 + 10g,)N +2(3(g; + g5 + 94) + g5)N?)
rE = ﬁ (6495 + 6694 + 6295 + 48gs + 60g; + 7295 + 691 (N + 1)(N + 8) + 18g,(4 + 2N + N?)
+ 304 (18N + 4N? + N3) 4+ 2g3(27N + 6N? + N3) + 4(6ggN + 4g,(2N + N?) + gs(10N + 3N?)))
v5 = 18; (605 + 694 + 4gs + 897 + 391 (N +2) + 96N + SgsN + g:N? + 3g4(N2 + N) + 202N + N2))
vo = 72(1) 3 (392 1395 + 496 + 897 + 3N + 65(5 + 2N) + 69N + g5(N? + N) + 4(gN + 995N + ¢7N?)
+296(3N + N?))
= ﬁ (691 + Tgs + 2496 + 2297 + 3645 + 293(5 + 3N + N?) + 3g4(5 + 3N + N?) + 7gsN

+12g6(N + N?) + 369g(N + N?) + 2g7(13N + 3N? + N?)).

The results for the quartic operator dimensions in the
prismatic large N limit are listed in (5.11).

A consistent truncation of the system of eight coupling
constants is to keep only gg nonvanishing, since the triple-
trace term is the only one which has O(N3) symmetry.
Then we find

Ps = —2gg€ + 5082 GB(3N? +22),

1
15(87

2 (N? +2)(N? 4 4), (A13)

1
74 = 1350(87)

in agreement with [37,39]. Thus, there is a fixed point with

_30(87)%
BTN 1 02
g; =0,

i=1,..7. (A14)

At this fixed point,

(A12)

0Pg/0gs = —2¢ 298(3N3+22)—2€+0( ),

(8 )
(A15)
so the triple-trace operator is irrelevant. However, the other

7 operators appear to be relevant for sufficiently large N.
For example,

20
= €<—2 + m) + 0(62).

(A16)

o, 24
P _
og T 9(8a)

So, this fixed point has 7 unstable directions. Examination
of 4-loop and higher corrections [37,39] shows that the
3 — e expansions of operator dimensions at this fixed point
do not generally have a finite large N limit starting with
order €. This is in contrast with the prismatic fixed point
where all the g; are nonvanishing and scale as (5.3); as a
result, the large N limit is smooth.
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