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New class of compact stars: Pion stars
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We investigate the viability of a new type of compact star whose main constituent is a Bose-Einstein
condensate of charged pions. Several different setups are considered, where a gas of charged leptons and
neutrinos is also present. The pionic equation of state is obtained from lattice QCD simulations in the
presence of an isospin chemical potential and requires no modeling of the nuclear force. The gravitationally
bound configurations of these systems are found by solving the Tolman-Oppenheimer-Volkoff equations.
We discuss weak decays within the pion condensed phase and elaborate on the generation mechanism

of such objects.
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I. INTRODUCTION

Compact stellar objects offer deep insight into the
physics of elementary particles in dense environments
through the imprint of merger events on the electromag-
netic and gravitational wave spectra [1]. The theoretical
description of compact star interiors requires full knowl-
edge of the equation of state (EOS) of nuclear matter and
involves the nonperturbative solution of quantum chromo-
dynamics (QCD), the theory of strongly interacting quarks
and gluons. However, first-principle methods (most nota-
bly, lattice QCD simulations) are not available for high
baryon densities—consequently, the EOS of neutron stars
necessarily relies on a modeling of the nuclear force. Here
we propose a different scenario, where the neutron density
vanishes and a Bose-Einstein condensate of charged pions
(the lightest excitations in QCD) plays the central role
instead. This setting can be approached by first-principle
methods and leads to a new class of compact objects that
we name pion stars. As we demonstrate, under certain
circumstances pion star matter can indeed exhibit gravita-
tionally bound configurations.

The most prominent representatives of compact stellar
objects are neutron stars. The prediction of their existence
[2] and their association to the relics of core-collapse
supernovae [3] anticipated their serendipitous discovery
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by more than three decades [4]. Today, more than 2600
pulsars, rotation-powered neutron stars, are known and
listed in the ATNF pulsar database. However, the known
pulsars are only the tip of the iceberg, as approximately 10°
neutron stars are likely to exist within our galaxy. Together
with other compact objects, they can be exposed by
signatures from their companion stars or by gravitational
wave emission, revealing information on their structure and
composition. While neutron star matter consists mostly
of neutrons and protons (baryons) and thus features high
baryon density, the proposed pion stars are substantially
different. Their strongly interacting component is charac-
terized by zero baryon density and high isospin charge.
Unlike neutron star matter, this system is amenable to
lattice QCD simulations using standard Monte Carlo algo-
rithms [5], giving direct access to the EOS—i.e., the
relation between the pressure p and the energy density e.

Pion stars can be placed in the larger class of boson stars.
Throughout their long history [6-8], boson stars were
assumed, e.g., to contain hypothetical elementary particles
that would be either free [7] or weakly interacting [9]
scalars. Boson stars were also associated with Q-balls or
Q-clouds—nontopological solutions in scalar field theories
[10,11]. Typically, being much heavier and more extended
than other compact objects, it was expected that boson stars
might mimic black holes or serve as candidates for dark
matter within galaxies [12]. Unlike boson stars considered
previously, pion stars have no need for any beyond
Standard Model constituents. We also note that the pres-
ently discussed pion stars differ from neutron stars with a
pion condensate core—a setting which has been explored
in great detail in the past—see, e.g., Refs. [13—15].

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.98.094510&domain=pdf&date_stamp=2018-11-26
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://doi.org/10.1103/PhysRevD.98.094510
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

B.B. BRANDT et al.

PHYS. REV. D 98, 094510 (2018)

The Bose-Einstein condensation of charged pions
involves the accumulation of isospin charge at zero baryon
density and zero strangeness. In QCD, isospin is conserved
such that pion condensation can be triggered by an isospin
chemical potential y;/2 = p, = —u, that couples to the
third component of isospin and thus oppositely to the up
and down quark flavors, and induces opposite quark densities
n; = n, = —ny. Such adifference in the light quark chemical
potentials can arise in the early Universe if a lepton asym-
metry is present. Indeed, in an electrically neutral system,
an asymmetry between neutrino and antineutrino densities
requires y; # 0 [16]. A sufficiently high lepton asymmetry
can drive the system into the pion condensed phase [17] as the
temperature 7 drops. Whether pion condensation takes place
in the early Universe depends on the initial conditions—
constrained by observations of the lepton asymmetry [18]—
and the subsequent evolution of the system in the QCD phase
diagram in the 7"-y; plane. The structure of this phase diagram
has been determined recently using lattice simulations [19].

II. QCD SECTOR

As mentioned above, to describe pion condensation we
can consider QCD with p; #0, but zero baryon and
strangeness chemical potentials. The low-energy effective
theory of this system is chiral perturbation theory (yPT),
which operates with pionic degrees of freedom. According
to yPT [5], at zero temperature pions condense if y; > m,,
where m, is the pion mass in the vacuum.' Beyond this
threshold, the U(1),, part of the chiral symmetry of the
light quark action is broken spontaneously by the pion
condensed ground state. The corresponding phase transi-
tion is of second order and manifests itself in a pronounced
rise of the isospin density n; beyond the critical point [5].
The condensed phase exhibits nonzero energy density €,
and, due to repulsive pionic interactions, nonzero pressure
p.- Besides isospin, the ground state also carries a non-
vanishing electric charge density ny =n,-q,/e + ny
qq/e = n;, where the fractional electric charges of the
quarks ¢, = —2¢g, = 2e/3 enter, with ¢ > 0 being the
elementary charge.” Without loss of generality we can
assume y; > 0 so that the electric charge density is positive.

The isospin density n; and the pion condensate o, =
(tysd — dysu) are obtained as expectation values involving
the Euclidean path integral over the gluon and quark fields

'"We note that here we follow a different convention compared
to Refs. [19-21], where the threshold chemical potential
equals m,/2.

*To relate the charge density to the isospin density, we assume
that the only charged states that contribute to the pressure have
zero baryon number and zero strangeness. This is indeed the case
in the T — 0 limit if the isospin chemical potential is sufficiently
small so that heavier charged hadrons are not excited. The
strongest constraint is given by u; < myg ~ 3.6m,, where mg
is the kaon mass, and is fulfilled in the following calculations.
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FIG. 1. Phase transition between the vacuum and the pion
condensed phase, as exhibited by the isospin density. The lattice
data (blue points) are fitted using yPT (yellow curve) and
matched to a spline interpolation (blue curve).

discretized on a space-time lattice. The positivity of the
measure in the path integral [22] ensures that standard
importance sampling methods are applicable. Since the
spontaneous symmetry breaking associated with pion
condensation does not occur in a finite volume, the
simulations are performed by introducing a pionic source
parameter A that breaks the U(1), symmetry explicitly
[22]. Physical results are obtained by extrapolating this
auxiliary parameter to zero. To facilitate a controlled
extrapolation, we improve our observables using the
approach discussed in Ref. [19]. The details of our lattice
setup are described in Appendix A.

The results of the 4 — 0 extrapolation of the isospin
density are shown in Fig. 1 as a function of the isospin
chemical potential. The data clearly reflect the phase
transition to the pion condensed phase at y; = m,. Due
to effects from the finite volume and the small but nonzero
temperature employed in our simulations, the density just
below p; =m, is not exactly zero. To approach the
thermodynamic and 7" = 0O limits consistently, we employ
xPT. In particular, we set the density to zero below m, and
fit the lattice data to the form predicted by yPT around the
critical chemical potential, see Appendix B. This involves
fitting the pion decay constant, for which we obtain
f= = 133(4) MeV, in excellent agreement with its physical
value. Matching the fit to a spline interpolation of the lattice
results at higher isospin chemical potentials gives the
continuous curve shown in Fig. 1. Using standard thermo-
dynamic relations (for details, see Appendix B), the
resulting n;(u;) curve is used to calculate the EOS, shown
in Fig. 2 below.

III. ELECTROWEAK SECTOR

We consider the scenario where the pion condensate is
neutralized by a gas of charged leptons with mass m,.
In the present approach we assume leptons to be free
relativistic particles. A systematic improvement over this
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FIG. 2. Equation of state in the pion condensed phase in the
QCD sector and for the electrically neutral systems also including
leptons (either muons or electrons) and neutrinos. The widths of
the curves incorporate statistical uncertainties, as well as the
uncertainty in the lattice pion mass for the pion-lepton systems.

assumption is possible by taking into account O(e?)
electromagnetic effects perturbatively, both in the electro-
weak sector and in lattice QCD simulations.”> The lepton
density n, is controlled by a lepton chemical potential s,
from which the leptonic contribution to the pressure p, and
to the energy density ¢, can be obtained, similarly to the
QCD sector. We require local charge neutrality to hold,
n; + n, = 0, which uniquely determines the lepton chemi-
cal potential in terms of y;. The corresponding EOS for
electrons (£ = ¢) and for muons (£ = ) is also included in
Fig. 2. We mention that this setup was also investigated in
Ref. [23], and a similar construction, assuming a first-order
phase transition for pions, was discussed in Ref. [24].

In the vacuum phase, charged pions decay weakly into
leptons, with a characteristic lifetime of 7,,. ~ 107 s. In
the condensed phase, the analogous weak process is quite
different. Since the spontaneously broken symmetry group
corresponds to the local gauge group of electromagnetism,
the pion condensed phase is a superconductor, where the
Goldstone mode is a linear combination of the electric
charge eigenstates z#+ and 7~ [5]. In the presence of
dynamical photons (in the unitary gauge), this mode
disappears from the spectrum via the Higgs mechanism
[15], at the cost of a nonzero photon mass m,  e|o,]|.
In addition, the other linear combination of z+ and 7z~
develops a mass above p; [5] and is not excited if the
temperature is sufficiently low. Thus, there is no light,
electrically charged excitation that would decay weakly.
However, besides condensation in the pseudoscalar chan-
nel, the ground state also exhibits an axial vector con-
densate 6, = (ityoysd + dyoysu)/2 that couples directly to
the charged weak current, as we discuss in Appendix C.

*For charged leptons, this involves two-loop diagrams with an
internal photon propagator, while in QCD a vacuum polarization
diagram with two external photon legs is required.
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FIG. 3. Lattice data for the axial vector condensate, extrapo-
lated to a vanishing pion source, 4 = 0, using our improvement
program (blue points). The results are compared to the yPT
prediction (yellow curve) [25].

In Fig. 3 we show our first lattice results for ¢4. The
measurements at different values of the auxiliary pion
source parameter are extrapolated to 4 — 0 using an
approach similar to that of Ref. [19], employing a gener-
alized Banks-Casher relation that we derive in Appendix A.
Figure 3 also includes the yPT prediction [25], for which
we use f, as obtained above for the fit of n;. The results
clearly show o4 > 0 in the condensed phase and a nice
agreement between the two approaches. The coupling of 4
to the weak current results in the depletion of the con-
densate and the production of charged antileptons and
neutrinos. The characteristic lifetime 7 of this process is
calculated perturbatively in Appendix C. Normalized
by the vacuum value 7,,., we find that the lifetime takes
the form
. T W [L=mg/m3)?

Hp =My — =—= |———5 |, (1)
Tyac myz 1- mf/iul
where the yPT prediction for o4 is used.

Although suppressed deep in the condensed phase (as
ur>), weak decays therefore reduce the isospin charge of the
system and create neutrinos v,. For a high enough density of
charged leptons and pions, the scattering cross section might
be enhanced sufficiently to trap these neutrinos. Specifically,
the conversion process v, — ¢ becomes possible where the
neutrino couples to the condensate and transfers momentum
to it. In addition, one also expects the cross section for v,
scattering to increase.

Thus, when the weak interactions are included, a con-
sistent description of pion stars requires the inclusion of
neutrinos. Therefore, we consider the scenario where a gas
of neutrinos—described by a density n,, and a correspond-
ing chemical potential y, —is also present in the system.
At weak equilibrium, y,, = p; + pp, this setup can main-
tain a pion condensate for high neutrino density, as was
already shown in Ref. [17]. In this case, neutrinos also
contribute to the pressure and to the energy density by the
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amounts p, and ¢, , respectively. Since there are two
leptonic pion decay channels, we consider both electrons
and muons, as well as their respective neutrinos in our
calculations. Chemical equilibrium among the two fami-
lies, resulting from neutrino oscillations, corresponds to
Hy, = Hy, OF, equivalently, u, = u,. The EOS for this setup

is also indicated in Fig. 2.

IV. GRAVITY SECTOR

Using the resulting different equations of state, the mass
M and radius R of pion stars can be computed by solving
the Tolman-Oppenheimer-Volkoft (TOV) equations [26,27],
which describe hydrostatic equilibrium in general relativity,
assuming spherical symmetry. Our implementation is
detailed in Appendix B. Further stability analyses are
performed by requiring the star to be robust against density
perturbations [28] and radial oscillations. The latter involves
checking whether unstable modes exist by solving the
corresponding Sturm-Liouville equation [29]. For more
details on this analysis, see Appendix B. Figure 4 shows
the resulting mass-radius relations for pion stars of different
compositions. The electrically charged pure pion stars* have
masses comparable to ordinary neutron stars, but an order of
magnitude larger radii. The inclusion of leptons (either
electrons or muons) increases both the masses and the radii
considerably. Typically, the pion-electron configurations can
be as heavy as intermediate-mass black holes [30], whereas
their radii are comparable to those of regular stars [31].

In addition, we also considered a mixture of electrons
and muons in chemical equilibrium by setting their
respective chemical potentials equal. We observed that
the gravitationally stable configurations for the latter setup
cannot maintain a muonic component and are thus identical
to those for the pion-electron system. Finally, the pion-
lepton-neutrino scenario (with two lepton families in
chemical equilibrium) again results in moderate masses
and radii. We note that in this last case the star radius is
defined by the point where the pressure of pions and of
charged leptons vanishes, while p,, is still nonzero. These
configurations may therefore be viewed as a pion-lepton
star in a neutrino cloud.

Such a cloud, in the form of a background of degenerate
neutrinos, could be present for a high leptochemical
potential in the early Universe, a possible cosmological
scenario for temperatures below the QCD transition, as
discussed in Ref. [18]. Astrophysical neutrino clouds (with
massive neutrinos) in the form of a Fermi star would be
stable on galactic scales; see, e.g., Ref. [32]. On the other
hand, an unstable expanding neutrino cloud would lead to
pion star configurations which are subject to evaporation
near the border of the pion condensate. Consequently, the

*Our preliminary results for this case were presented in
Ref. [21].
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FIG. 4. Mass-radius relations of various scenarios for pion
stars. Shown is a pure pion star (), a pion-electron system (ze),
and a pion-muon system (zu), together with a system containing
both lepton families in chemical equilibrium (7£v,). The filled
(open) segments mark the gravitationally stable (unstable) sol-
utions (for details, see the text). The dark blue area marks the
region excluded by causality, and the background color repre-
sents the compactness ff x M /R of the objects (darker colors
indicate more compact stars). The widths of the curves indicate
statistical errors and the uncertainty in the lattice pion mass.

M(r)/M(R)

FIG. 5. Integrated mass (dashed) and total pressure (solid)
within the 7 (blue), ze (red), zu (green), and z¢v, (orange) stars
at their respective maximum masses, cf. Fig. 4. The mass
accumulates to its maximum value, whereas the pressure drops
towards the boundary of the star. In the presence of neutrinos, a
finite pressure remains at the boundary of the condensate region.

escaping neutrinos will continuously be replaced by the
ones resulting from the decay of the condensate in the outer
layers. The details of such an evaporation process will
predominantly depend on the (density-dependent) pion
lifetime, the neutrino mean free path, and the radius of
the star. This calculation is outside the scope of the
present paper.

We point out that Fig. 4 reflects the R ~ const behavior
for pure pion stars (with masses below 7 M)—a telltale
sign for an interaction-dominated EOS. The slope changes
by the addition of leptons, scaling as MR> ~ const,
similarly to stars made of fermions. Having a nonvanishing
pressure at the boundary from neutrinos leads to a
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TABLE 1. Relevant properties of possible pion star compositions at their respective maximum masses. The last row corresponds to the
scenario with minimal neutrino pressure. and . ./m, is the relative electron chemical potential in this case.

Composition M™ M) R™[km| €M [MeV/fm?] P [MeV /fm?] e fm, — 1 UE fmy — 1
T 10.5(5) 55(3) 57(5) 25(3) 1.068(4) e

e 250(10) 3.3(2) x 10* 4.5(4) x 1073 3.5(4) x 1077 5.59(2) x 1077 7.4(2)
T 18.9(4) 267(8) 2.7(3) 0.22(3) 1.623(5) x 1072 0.58(3)
m,’ufm:m 20.8(9) 137(6) 7.5(7) 2.3(2) 4.13(2) x 1073 160(4)
TEV¢| min P, 28(2) 193(8) 3.74) 1.1(1) 3.77(2) x 1073 155(4)

MR™3 ~ const behavior for the 7£v, configuration, rem-
iniscent of a self-bound star with constant density. Finally,
we also considered the 7£v, system, which minimizes the
neutrino pressure at the star surface (and with it, the
evaporation rate for the scenario of an expanding neutrino
cloud). This condition was found to be met if y, = —m,
throughout the star. The corresponding results for M (R) lie
very close to the orange curve shown in Fig. 4 with
somewhat higher masses and radii. The profiles for the
pressure and for the integrated energy density of the
maximal mass configurations are plotted in Fig. 5.
Finally, an overview of the maximum masses and the
corresponding radii is provided in Table I, together with
the central values for the energy density €., the pressure p..,
and the chemical potentials y; . and p, .

V. CONCLUSIONS

Pion stars provide a potential new class of compact
objects, one that is made of a Bose-Einstein condensate of
charged pions and a gas of leptons, being significantly
different from neutron stars and white dwarfs both in their
structure and in their gross features. Pion condensation
might have occurred in the early Universe if large lepton
asymmetries were present [16—18], serving as a primordial
production mechanism for pion stars. These new compact
objects might be revealed by the characteristic neutrino and
photon spectra stemming from their evaporation or, if they
survive sufficiently long, by signatures from companion
stars via gravitational waves.

In the present paper we described the construction of
pion stars and identified the key issues that concern their
viability. There are open questions regarding the lifetime of
pion stars, related to the question of weak stability, the
possibility of neutrino trapping, and the evaporation proc-
esses at the surface. The present analysis can be improved
by addressing these issues in more detail and also by
generalizing the calculation to nonzero temperatures,
thereby making the contact to the potential primordial
production mechanism more direct. Keeping these issues
in mind, pion stars provide the first example in which
the mass and radius of a compact stellar object can be
determined from first principles. Furthermore, even if they
happen to be short lived, pion stars could constitute the first

known case of a boson star and, remarkably, one with no
need for any beyond Standard Model physics.
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APPENDIX A: LATTICE SETUP AND
IMPROVEMENT

In the presence of the isospin chemical potential u;
and the auxiliary pionic source parameter A, the fermion
matrices for the light and strange quarks read

Mud :D(ﬂl)+mudﬂ +iﬂy572’ Ms :D(O) + my,

(A1)
where P is the Dirac operator,

Bur) = DO+ 70ms, (A2)
7,’s denote the Pauli matrices acting in flavor space, and
m,q and m, are the light and strange quark masses,
respectively. We discretize P using the rooted staggered
formulation, so that the Euclidean path integral over the
gauge field A, becomes

Z= / DA, [det M,/ *[det M]/4e=5,  (A3)

where S, is the gluonic part of the QCD action, for which
we use the tree-level-improved Symanzik discretization.
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For the fermion matrices we employ stout smearing of the
gauge fields. The determinants of M,; and of M, are
positive [5,22], allowing for a probabilistic interpretation
and standard Monte Carlo algorithms. The quark masses
are tuned to their physical values so that, in particular,
m, =~ 135 MeV in the vacuum. The error of the pion mass
used in the simulations originates primarily from the
uncertainty of the lattice scale and amounts to 2%.
Further details of our lattice action and our simulation
algorithm are given in Refs. [20,33,34].

Here we perform simulations on a 24° x 32 ensemble
with lattice spacing a ~ 0.29 fm, a wide range of chemical
potentials 0 < y;/m, < 2, and three pionic source param-
eters 0.17 < A/m,; < 0.88. The systematic uncertainties
originating from lattice artifacts and from neglecting O(e?)
electromagnetic effects will be investigated in a future
publication. The volume of our system is around 7 fm?,
sufficiently large so that finite size effects are under control.
The temperature is significantly below the relevant QCD
scales so that it well approximates 7" = 0.

The isospin density and the pion condensate are obtained
as derivatives of the partition function [19],

" LalogZ_L<Retr[D(ﬂ1)+mud]TE (/11>>’

Ve Ou 2V 1B(ur) + moal* + 22
(A4)
1 dlogZ A 1
= — = - [§ ’ AS
Ox V4 oA 2V4 < ! |D(/'l1) + mud|2 + /12> ( )

where the prime denotes differentiation with respect to y;.
Similarly, the axial vector condensate reads

(A6)

()

v B )
2V, |B(ur) + myql* + 22/

where U, is the staggered equivalent of the timelike
component of the continuum axial vector operator [35]
that has also been used in Ref. [36]. In Egs. (A4)-(A6),
V4 = V/T is the four-dimensional volume of the system
that includes the spatial volume V = (N,a)’ and the
temperature 7 = (N,a)”" in terms of the lattice spacing
a and the lattice geometry N3 x N,. Having measured the
observables using different values of the pionic source
parameter /A, the physical results are obtained via an
extrapolation to A = 0. This is facilitated by using the
singular value representation introduced in Ref. [19] for
the pion condensate, which we work out here for 64 as well.

Using the singular values &, of the massive Dirac
operator,

|D(ﬂ1> + mud|2Wn = §%an (A7)

the pion condensate is rewritten as

0; = ;74 <Z(é£ + 12)‘1>

e < / ndfp(cf)(éz +ﬂz)-1>

(A8)

where we perform the thermodynamic limit, introducing
the spectral density p(&), followed by the A — 0 limit. This
equation is the analogue of the Banks-Casher relation [37],
connecting the order parameter of pion condensation to the
density of singular values around the origin. The determi-
nation of p(0) involves calculating the low singular values,
building a histogram, and fitting it to extract the spectral
density at zero. In addition, a leading-order reweighting of
the configurations to 4 = 0 is performed. For more details
on our fitting strategy, see Ref. [19].

A very similar Banks-Casher-type relation can be found
for o4 as well. The same steps as in Eq. (A8) lead in this
case to

_L 2 2\—1,, T
0p = 2V4 <Z(§n +j' ) WnU4Wn

n

Voo A

—> </ dép(&) (& + 22) "y U4l//n>

-0 T

—7 (P(0)wUayry)- (A9)

The matrix elements of U, are measured together with the
singular values and extrapolated towards the low end of the
spectrum to find 1;/2) U,y. The so-obtained results for o,
are shown in Fig. 3 of the body of the text.

We mention that the ratio of the axial vector condensate
and the pion condensate can also be found from the axial
Ward identity. For y; # 0 but 1 = 0, this operator identity
reads

DY, Y5TaW = 2m,gfystay + i€aspipyorstyy.  (A10)

Integrating in space and time, exploiting the periodic
boundary conditions for the composite field yy in all
directions, and taking the expectation value over quarks and
gluons, we get for the a = 2 component

Hi0p = —Myq0y, (All)
which is found to be satisfied within our statistical errors.
(Notice that in our definitions o, is related to iyys7,y, and

oa O WyoysTiw/2.)
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APPENDIX B: EQUATION OF STATE AND
THE TOV EQUATIONS

In yPT, the isospin density reads [5]

2 4
=P T oGy —my. (BY)
2 Hi

where f, is the pion decay constant, which is the only
parameter that we allow to vary for the yPT fit depicted in
Fig. 1. For free relativistic leptons, the density is

1

ne(ps) = v (ﬂ% - m§)3/2 Oy —my).

372 (B2)

The neutrino density n,, (4,,) is analogous to Eq. (B2), just
replacing the lepton mass m, by zero and dividing by a
factor of 2 since only left-handed neutrinos are considered.
The pionic pressure and energy density are calculated from
n;(u;) at zero temperature via

log Z H
p =5 = [ duimtu
4 0

€=—p+mun;, (B3)

and similarly for the charged leptons and the neutrinos,
using n,(us) and n,,(u,,), respectively.

After requiring local charge neutrality n, = ny, the pion-
lepton system is unambiguously characterized by the lepton
chemical potential u,. The total pressure p and energy
density e enter the TOV equations [26,27], which can be
rewritten in terms of the chemical potentials as

M + 4xr A
_Gﬂw[H&HH"_ﬂ (B4)

due _
‘2 —2rGM Wy ny

dr

where G is Newton’s constant, the primes denote deriva-
tives with respect to the corresponding chemical potentials,
we have used natural units ¢ = 72 = 1, and

M(r) = 4z A "dr'e(r) (B5)

is the integrated mass. Equations (B4) and (B5) remain
unchanged if neutrinos are included in the EOS; only p and
€ need to be complemented by the respective neutrino
contributions. The first TOV equation (B4) for two lepton
families (£ = e, u) takes the form

du, M +4nrip
ar P2 To6m
o)
He He
n, n,du du -1
N I [ B | , B6
{+n}+n}due+p<due ﬂ (59)

with asymmetry p = (n, +n,)/(n, +n, +n,+n,)
between the lepton families. Note that for u, = u, or
p = 0, the last terms in both square brackets vanish.

The TOV equations are integrated numerically up to the
star boundary r = R, where p, + p, vanishes and the total
mass M = M(R) is attained. Note that for pion-lepton-
neutrino configurations, the neutrino pressure is nonzero
at the so-defined boundary. The points of the mass-radius
curves in Fig. 4 correspond to different values of the central
energy density e..

The gravitational stability of the solutions is investigated by
looking at unstable radial modes. In particular, we integrate
the Sturm-Liouville equation with oscillation frequency
@ = 0 and check whether the resulting oscillation amplitude
has node points within the star. If so, then there exists at
least one frequency w? < 0, driving the system unstable on
long timescales [29]. In the #£v, case, the integration of the
Sturm-Liouville equation was only performed up to the
boundary of the pion condensate. Nevertheless, this was
sufficient to observe whether there are unstable modes (node
point within the pion condensate), or indications of it (no node
point, but a clear tendency for it within the surrounding
neutrino cloud). This approach ruled out some configurations
that seemed stable according to the necessary (but not
sufficient) condition [28], dM(R)/de,. > 0.

APPENDIX C: WEAK DECAY IN THE
CONDENSED PHASE

As discussed in Sec. III, the condensed phase exhibits
massive photons and no light charged pionic degrees of
freedom. Thus, standard approaches involving the weak
decay of a momentum eigenstate pion do not apply.
Instead, we need to consider the production of a lepton pair
?(k)v.(q) out of the condensed ground state Q, where k
and q denote the momenta of the charged antilepton and
of the neutrino, respectively.5 As mentioned in Sec. III, if
neutrinos are trapped and the weak equilibrium condition
Hy, = M + pe is satisfied, the decay at zero temperature is
Pauli-blocked, since all final lepton states are filled.

For completeness, here we consider the situation where
neutrinos are absent and all final lepton states are available.
According to Fermi’s golden rule, the differential proba-
bility for the decay process is related to the S-matrix
element [38]

QLu,|S|Q)?
_ s L@

\% 23 3

27)?

S¢Sy,

involving a sum over the spins s, and s,, of the outgoing
leptons. For regularization purposes, we need to assume

Remember that we assumed the condensate to carry positive
electric charge, in which case a charged antilepton and a neutrino
are produced in this process.
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that the decay proceeds in a finite volume V and over a
finite time interval 7 .

The ground state has unit norm, (Q|Q) = 1, while the
normalization of the lepton states takes the usual form,

({€16) =2E,V.  (velvy) =2E,V.  (C2)
where the leptons are on shell:
E, = /K> +m2, E, =lq|. (C3)

The S-matrix element factorizes into leptonic and had-
ronic parts,

Grcosd, -
— 5 i (=15 0)

(Qlaay, (1 = 75)d|Q),

(Qev,|S1Q) =
(C4)

where Gp is the Fermi constant and 9, the Cabibbo angle.
The leptonic component can be treated as usual [39]. The
hadronic factor reflects the accumulation of weak vertices
in the pion condensate. While the expectation value of the
vector part vanishes, (Q|iy,d|Q) = 0, the zeroth compo-
nent of the axial vector part is nonzero. In yPT it reads® [25]

i m2 f2 it
(Qliygysd|Q) = 64 = — 2” A== Oy —my),
Hi 1

(C5)

®In fact, o4 and o, are orthogonal to each other in isospin
space, so that the axial vector current is parallel to the would-be
Goldstone mode; see also Ref. [25]. Here we chose the direction
of spontaneous symmetry breaking such that 6, = (@iysd — dysu),
implying o4 = (iygysd + dyyysu)/2. Note also that for each
observable, the two contributing terms are equal in magnitude.

which is plotted in Fig. 3 together with the corresponding
lattice data.

Energy conservation implies y; = E, + E,, since after
the decay the charge of the condensate is reduced by one
unit, releasing y; energy. To maintain the zero-momentum
state of €, we assume that the condensate picks up zero
momentum so that momentum conservation fixes k = —q.
Performing the spin sums in the leptonic factor, the squared
matrix element for y; > m, becomes

> l(QLv,|S|Q) P = 4Gicos?9 0% (ELE,, +k - q)

S748y,
- (27)*6(u;—E;, —E,))

x 80 (k +q)VT, (C6)
where the regularization (27)*5(0)56®)(0) = V7T is used.

Inserting this into Eq. (C1), performing the integrals over
the momenta and using the on-shell conditions (C3), the
decay rate I' = [dP/7 in the condensed phase y; > m,
reads

ma [1—m3/pj]?

Pl [ ] e @)
where I',,. is the decay rate of a pion at rest in the
vacuum (see, e.g., Ref. [39]) and we have factored out the
density ny = n; using Eq. (B1). Thus, for high-isospin
chemical potentials, I" is reduced as y;>. The result (C7) is
extensive in the volume, since the weak current can
couple to the condensate at any point in space. Keeping
the number of charges Ng =npV fixed, in the limit
u; — my, the decay rate reproduces N times the vacuum
decay rate, satisfying the continuity of I' at the pion
condensation onset. Altogether, the average lifetime of
the condensate thus reads z = (I'/N,) ™!, giving Eq. (1) in
the body of the text.
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