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We explore a variational approach to the finite-volume N-body problem. The general formalism for N
nonrelativistic spinless particles interacting with periodic pairwise potentials yields N-body secular
equations. The solutions depend on the infinite-volume N-body wave functions. Given that the infinite-
volume N-body dynamics may be solved by the standard Faddeev approach, the variational N-body
formalism can provide a convenient numerical framework for finding discrete energy spectra in periodic
lattice structures.
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I. INTRODUCTION

Three-particle channels are important in spectroscopy of
excited mesons. For example, G parity forbids a two-pion
decay of the a1ð1260Þmeson so that the width of this axial-
vector resonance is determined by its coupling to three
pions. The three-pion decay channel is allowed for the
exotic π1 meson with JPC ¼ 1−þ, while the exotic h2 with
JPC ¼ 2þ− could decay to b1½ωπ�π and ρπ. Because of
their possible hybrid nature and relation to confinement [1],
these mesons are a subject of intense theoretical and
experimental investigations [2]. In the baryon sector, the
situation is even more complex because two- and three-
particle systems often mix. Phenomenologically, it is
observed that the ππN channels have significant influence
and cannot be neglected when determining resonance
parameters of nucleon excitations. The number of possible
quantum numbers (πΔð�Þ; πN�; σN; ρN;…) for a given spin
and parity JP is large so that one has to truncate. Yet,
phenomenology can be a guideline to select relevant
channels, e.g., by inspecting the involved centrifugal
barriers. For example, it is reasonable to assume that the
Roper resonance Nð1440Þ1=2þ is dominated by the σN
channel (all three particles in the relative S wave) and
maybe the πΔ channel, while the ρN channel could be less

important at smaller energies where only pions from the
low-energy tail of the ρ can be on-shell.
Pioneering calculations in lattice QCD of the spectra of

light excited mesons [3] and baryons [4,5] have delivered a
semiquantitative picture in which pion masses are large and
finite-volume effects are usually neglected. Energy eigen-
values have been calculated for the a1ð1260Þ [6] using qq̄
operators but also a ρπ meson-meson operator, though taken
at zero momentum, πð0Þρð0Þ. Recently, the Hadron
Spectrum Collaboration calculated isospin I ¼ 2 πρ scatter-
ing although the ρ meson is stable at the pertinent pion
mass [7].
Few-body systems above threshold represent the next

milestone for the ab initio understanding of the strong
interaction through lattice QCD calculations. Therefore,
the infinite-volume extrapolation of three-body systems
has attracted much interest recently [8–34], including an
extension to coupled two- to three-body channels [18] and a
study of the connection between low-temperature conden-
sation and scattering in lattice ϕ4 theory [34]. For the three-
particle system in finite volume, the energy eigenvalues are
expected to change not only quantitatively but also qualita-
tively above threshold compared to the two-body case. One
can easily understand this by considering the noninteracting
energies. For two particles of equal massm in a cube of side
length L with periodic boundary conditions, they are given
by E ¼ 2En, where En ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ pn

2
p

and pn ¼ ð2π=LÞn,
n ∈ Z3. In contrast, noninteracting three-body energies are
given by E ¼ En þ En0 þ Enþn0, where n, n0 ∈ Z3. This
pattern is entirely different from the two-body case which is
expected to be reflected in the interacting spectrum as well.
Apart from conceptual challenges, there is also the problem
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of underdetermination, i.e., there is a plethora of possible
channels in contrast to scarce data, and, for the selection of
relevant channels, similar considerations as in infinite
volume will have to be made.
Four-body systems above threshold have so many

possible combinations of quantum numbers that one can
only hope to address the simplest cases. A prime example is
the energy region above the four-pion threshold in ππ
scattering. In analyses of experiments, usually the four-pion
channel below 1 GeV is neglected given that the exper-
imentally measured partial-wave amplitudes are almost
elastic in this energy region (see Refs. [35,36] for a
calculation of the inelasticity). Similarly, the existing lattice
studies of ππ partial waves exclude the data above the four-
pion intermediate states for the infinite-volume extrapola-
tion (see, e.g., Refs. [37–40]).
So far, in the three-body calculations only meson-meson

or meson-baryon operators have been used, as opposed to
those with three components (such as πππ or ππN). An
exception is the N-body threshold calculation of positively
charged pions by the NPLQCD Collaboration [41,42].
Energy eigenvalues for the Roper [43] resonance above
the ππN threshold have been calculated recently including
nonlocal πN and σN operators. This calculation was per-
formed close to the physical pionmass such that the extracted
energy levels lie above the πN but also above the ππN
threshold. An unusual pattern was observed that could
originate from the aforementioned three-body dynamics in
a coupled πN; σN;… channel, where the σ has to be
understood as an interacting two-body subsystem and not
a stable particle.
In a rough and incomplete classification, there are three

major approaches to solving the three-body problem in
finite volume in the momentum-space representation: an
relativistic, all-orders perturbation theory pursued by
Briceño, Hansen, and Sharpe [12–14,18,21], a nonrelativ-
istic dimer formalism by Hammer et al. [10,15–17,20], and
a method based on three-body unitarity to identify on-shell
configurations and, therefore, power-law finite-volume
effects by Döring and Mai [8,19,22]. For the latter two
approaches, the partial diagonalization of the amplitude
according to cubic symmetry was discussed in Ref. [22].
All of these approaches aim at fully mapping out the few-

body dynamics, but there are also attempts to obtain
essential information from these systems without the need
to explicitly take all degrees of freedom into account
[28,29]. The first-ever prediction of excited three-body
energy eigenvalues of a physical system (πþπþπþ) from
two-body scattering information and lattice threshold
eigenvalues [41,42] was achieved recently [8].

A. Variational approach

Most of the approaches to the few-body problem,
including the examples discussed above, rely on the
momentum representation of the reaction amplitude or

correlation function in finite volume. There is, however, an
alternative approach based on Faddeev equations and two-
and three-body wave functions in configuration space
[30–33,44,45]. The finite-volume wave function is related
to the infinite-volume wave function by a linear super-
position over infinite sets of periodic cubic boxes: the
quantization conditions are subsequently obtained from
matching conditions [30–33,44,45]. One of the advantages
of this approach is that the connection between long-
distance correlations over boxes and short-distance inter-
actions within each cubic box is made explicit by con-
structing the finite-volume wave function.
In the present work, we set up and explore the founda-

tions of a potentially convenient numerical approach to the
N-body interaction in finite volume. The formalism pre-
sented in this work is based on the variational method
[46,47] combined with the Faddeev approach [48–51].
A brief summary of the variational principle and Faddeev
approach are presented in Appendices A and B as a short
reference for readers that are not familiar with the above-
mentioned methods.
Based on the traditional variational principle, the secular

equation may be obtained by considering δΛ ¼ 0 with
Λ ¼ hΦjE − ĤðLÞjΦi, where both the N-body Hamiltonian

ĤðLÞ ¼ T̂ þP
i<jV̂

ðLÞ
ðijÞ and the trial wave function Φ dis-

play periodicity in the cubic lattice, T̂ is the kinetic energy

operator, and V̂ðLÞ
ðijÞ stands for the periodic pairwise inter-

action between the ith and jth particle. Instead of the
traditional approach, in this work we write the total wave
function as a sum of multiple terms [48–51]: Φ ¼P

N
ði<jÞ¼1

ΦðijÞ. Each component of the total wave function

ΦðijÞ is required to satisfy the equation ðE − T̂ÞjΦðijÞi ¼
V̂ðLÞ
ðijÞjΦi. Therefore, a single Schrödinger equation,

ðE − ĤðLÞÞjΦi ¼ 0, is turned into NðN − 1Þ=2 coupled
equations. The advantage of the Faddeev approach is to
allow one to incorporate the dominant subsystem structures
in an adequate way and to use two-body scattering
amplitudes as input for the N-body dynamical equations.
By splitting the completeN-body wave function, ultimately
NðN − 1Þ=2 secular equations may be obtained by con-
sidering

δ½hΦjðE − T̂ÞjΦðijÞi − hΦjV̂ðLÞ
ðijÞjΦi� ¼ 0: ð1Þ

As will be shown in Sec. III, the secular equations obtained
from Eq. (1) resemble two-body secular equations.
In solid state and condensed matter physics, the linear

combination of atomic orbital (LCAO) method for the
calculations of the electronic structure of periodic systems
[52] provides an elegant way to construct a wave function
that satisfies periodic boundary conditions. The trial wave
function that describes electrons traveling in a periodic
crystal is constructed by linear superposition of all atomic
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orbital solutions of an isolated atom centered at each cell of
the crystal. In this way, the periodic boundary conditions of
the wave function are automatically guaranteed, and the
energy spectra are given by secular equations from the
variational principle. Similarly, as also suggested in
Refs. [30–32,45], the trial finite-volume N-body wave
function may be constructed from the N-body infinite-
volume wave function, ΦðfxgÞ¼P

fnxg∈Z3ΨðfxþnxLgÞ,
whereΨ is the solution of the corresponding infinite-volume
Schrödinger equation, ðE − ĤÞjΨi ¼ 0, and the set fxg
stands for the complete set of particle positions. Hence, the
trial finite-volume N-body wave function satisfies periodic
boundary conditions by construction. In principle, the
infinite-volume wave function may be solved by standard
methods, such as Faddeev’s approach [48–51].
The immediate gain of the variational approach for finite-

volume systems is evident. 1) The construction of the finite-
volume wave function from the infinite-volume wave
function presents a clear connection between short-range
N-body dynamics within each image of the cubic box and
long-range correlations in the entire periodic lattice structure.
The N-body dynamics within each cubic box is determined
by N-body Faddeev equations. The long-range correlation
effect accumulated from all cubic boxes is implemented by
the linear superposition of allwave functions centered at each
image of cubic boxes. 2) The quantization conditions
(secular equations) due to the periodic structure of the lattice
are imposed by a variational approach, and eventually yield
the discrete energy spectra of the system in finite volume.
3) The variational formalism is mathematically transparent
and may be suitable for the numerical evaluation of the N-
body finite-volume problem. However, it comes at the price
of sacrificing the explicit analytical expressions of quantiza-
tion conditions as present in the Lüscher formula [53] for the
two-body problem and at the high cost of computation of the
N-body phase space integration.
As we present here the first attempt to calculate the

N-body interaction in finite volume with the proposed
methods, and also for the sake of simplification of the
discussion, in this work, we only consider a simple model
with N nonrelativistic spinless particles interacting through
pairwise short-range potentials. Given the infinite-volume
wave function, Ψ, that may be solved by the Faddeev
approach and is used as input to the finite-volume problem,
the quantization conditions for the finite-volume N-body
interaction are obtained and presented in Sec. II. In
principle, three-body forces and coupled-channel effects
may be included in the formalism as well. However, such
type of effects are not considered in the present work.
In addition, bound states below threshold may be described
by the analytic continuation of scattering amplitudes. In the
present work, we focus on the N-body problem with
pairwise interactions. The discussion of the three-body
force, coupled-channel effect, and bound states below
threshold will be given in future publications.

An effective two-body formalism may be determined by
integrating out the rest of the degrees of freedoms of the N-
body system. The resemblance of the N-body quantization
condition to the two-body quantization condition will be
discussed in Sec. II E. Finally, in Appendix C we also
present some main results for a pairwise short-range
δ-function potential. The renormalization issue due to
the singular nature of the δ-function interaction in three
dimensions is also discussed.
The paper is organized as follows. In Sec. II we present

the derivation and main results of the variational approach
to the N-body interaction in finite volume. The discussion
and summary are given in Sec. III.

II. VARIATIONAL N-BODY INTERACTION
FORMALISM IN FINITE VOLUME

A. Secular equations of N-body
interaction in finite volume

The dynamics of N nonrelativistic particles interacting
via pairwise interactions in finite volume with periodic
boundary conditions is determined by the Schrödinger
equation,

�
Eþ

XN
k¼1

∇2
xk

2m
−

XN
ði<jÞ¼1

VðLÞ
ðijÞðxi − xjÞ

�
ΦðfxgÞ ¼ 0; ð2Þ

where we take all masses to be equal to m, xi denotes
particle position, and fxg≡ fx1;x2;…;xNg. The potential
between the ith and jth particles is described by VðLÞ

ðijÞ. In

finite volume, VðLÞ
ðijÞ displays periodicity when the distance

of the ith and jth particles is larger than the size of the cubic

box. VðLÞ
ðijÞ may be written as the superposition of all the

potentials centered at each image of the periodic cubic box,

VðLÞ
ðijÞðrÞ ¼

X
n∈Z3

VðijÞðrþ nLÞ; ð3Þ

whereVðijÞ is thepotential between the ith and the jth particle
in the same box, and L is the size of the three-dimensional
cube. Because of the periodicity of the finite-volume
potential, the finite-volume N-particle wave function
ΦðfxgÞ must also satisfy periodic boundary conditions,

Φðfxþ nxLgÞ ¼ ΦðfxgÞ; ð4Þ

where fnxg ¼ fnx1 ;nx2 ;…;nxNg and nxi ∈ Z3.
Following the Faddeev approach [48–51] (which is

briefly summarized in Appendix B), the N-body finite-
volume wave function may be expressed as the sum of
NðN − 1Þ=2 terms,
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ΦðfxgÞ ¼
XN

ði<jÞ¼1

ΦðijÞðfxgÞ; ð5Þ

where wave functionΦðijÞ is required to satisfy the equation

ðE − T̂ÞΦðijÞðfxgÞ ¼ VðLÞ
ðijÞðxi − xjÞΦðfxgÞ; ð6Þ

where T̂ ¼ −
P

N
k¼1

∇2
xk

2m . Hence, the Schrödinger equa-
tion (2) is converted to NðN − 1Þ=2 coupled equations.
The N-body finite-volume wave function is normally
expanded in terms of a set of periodic basis functions,

ΦðfxgÞ ¼
X
½J�

c½J�Φ½J�ðfxgÞ; ð7Þ

where ½J� refers to a complete set of quantum numbers for
the N-particle basis wave functions, and c½J� stands for the
expansion coefficients that may be determined by the
variational principle. Similar to Eq. (5), the basis function
Φ½J� is also given by the sum of NðN − 1Þ=2 terms:

Φ½J� ¼
P

N
ði<jÞ¼1

ΦðijÞ
½J� . We remark that the choice of basis

functions may be arbitrary, depending on the symmetry of
the specific physical system and the convenience of
numerical computation. However, the different choices
of basis functions should lead to consistent results. A
reasonable choice of basis functions should preserve the
symmetry of the physical system (such as periodic boun-
dary conditions in finite volume), and numerical results
should be stable and converge.
In the finite volume, to fulfill the periodic boundary

conditions, the basis functions Φ½J� are constructed from
infinite-volume solutions of the Schrödinger equation. The
complete details are given in Sec. II B. In the following we
use the two-body problem as a specific example to explain
our choice of basis functionsΦ½J� in finite volume.We denote
the infinite-volumewave functions byΨ½J�. In the case of two
particles in the center-of-mass frame, the solutions of the
Schrödinger equation in infinite volume may be determined
by the partial-wave expansion of the free incoming wave,

Ψð0Þ
½J� ðrÞ ¼ ð4πÞiJY ½J�ðrÞjJðqrÞ, where ½J� ¼ JM are partial-

wave quantum numbers, r stands for the relative position of
the two particles, and q ¼ ffiffiffiffiffiffiffi

mE
p

is the relative momentum of
the particles. Thus, the asymptotic solution of two-body
scattering in infinite volume is given by

Ψ½J�ðrÞ→ ð4πÞiJY ½J�ðrÞ½jJðqrÞþ itJðqÞhþJ ðqrÞ�; ð8Þ

where tJðqÞ stands for the two-body scattering amplitude.
Hence,Ψ½J� can be used as basis functions in infinite volume
to construct the corresponding finite-volume basis functions
Φ½J� in order to fulfill the requirement of periodic boundary
conditions,

Φ½J�ðrÞ ¼
X
n∈Z3

Ψ½J�ðrþ nLÞ: ð9Þ

Such finite-volume basis functions reflect the periodic lattice
structure. It will be shown in Sec. II D that the two-body basis
functionsΦ½J� will be related to Lüscher’s zeta function [53].
As a general remark, the basis functions should be con-
structed respecting the cubic symmetry of the problem;
however, we do not explicitly address this topic here.
Such basis functions will be given by linear superpositions
of infinite-volume basis functions; see, e.g., Ref. [22] in
which basis functions for “shells” were derived as linear
combinations of cubic harmonics which by themselves are
superpositions of spherical harmonics.
With the finite-volume wave function expanded in terms

of the basis function (7), the variational principle
∂ΛðijÞ=∂c�½J0� ¼ 0, with ΛðijÞ given by

ΛðijÞ ¼
X
½J�;½J0�

c�½J0�hΦ½J0�j½ðE − T̂ÞjΦðijÞ
½J� i − V̂ðLÞ

ðijÞjΦ½J�i�c½J�;

ð10Þ

yields a set of coupled secular equations,

X
½J�

½hΦ½J0�jE − T̂jΦðijÞ
½J� i − hΦ½J0�jV̂ðLÞ

ðijÞjΦ½J�i�c½J� ¼ 0; ð11Þ

and summing the above NðN − 1Þ=2 equations leads to a
familiar form for the secular equation [see also Eq. (A5)],X

½J�
½hΦ½J0�jE − ĤðLÞjΦ½J�i�c½J� ¼ 0; ð12Þ

where ĤðLÞ ¼ T̂ þP
N
ði<jÞ¼1

V̂ðLÞ
ðijÞ. A nontrivial solution of

Eq. (11) exists, provided all NðN − 1Þ=2 determinant
conditions

det ½hΦ½J0�jE − T̂jΦðijÞ
½J� i − hΦ½J0�jV̂ðLÞ

ðijÞjΦ½J�i� ¼ 0 ð13Þ

are satisfied simultaneously. To summarize, given a set of

basis functions ΦðijÞ
½J� that satisfy periodic boundary con-

ditions, the variational solution for the spectrum of the
N-body finite-volume problem is reduced to a solution
of the determinant conditions given by Eq. (13).

B. Construction of the finite-volume wave
function and reduction of the secular equations

To proceed, a proper choice of basis functions with
periodic symmetry ΦðijÞ

½J� has to be made. There are
numerous examples of periodic basis functions, e.g.,
devised for calculations of electronic structure in a periodic
lattice and other condensed matter or solid state systems.
Specifically, in the LCAO method [52], the periodic
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variational basis functions for describing electronic states
tunneling in a crystal are constructed as a linear super-
position of all atomic orbital solutions for an isolated atom
located at each unit cell of the crystal. When applied to
hadron scattering, instead of using bound-state solutions (as
done previously in Refs. [30–32,45]) the basis functions
may be constructed from the linear superposition of
infinite-volume scattering wave functions centered at each
image of the cubic box,

ΦðijÞ
½J� ðfxgÞ ¼

1

N

X
fnxg∈Z3

ΨðijÞ
½J� ðfxþ nxLgÞ; ð14Þ

where fnxg ¼ fnx1
;nx2 ;…;nxNg, N ¼ P

n∈Z3 is a nor-

malization factor, and ΨðijÞ
½J� satisfies the Schrödinger

equation in infinite volume with potentials VðijÞ,

ðE − T̂ÞjΨðijÞ
½J� i ¼ V̂ðijÞjΨ½J�i: ð15Þ

The total N-body wave function in infinite volume Ψ½J� is
the scattering solution of the Schrödinger equation
ðE − T̂ − V̂ÞjΨ½J�i ¼ 0 and may be expressed as

Ψ½J� ¼ Ψð0Þ
½J� þ

XN
ði<jÞ¼1

ΨðijÞ
½J� ; ð16Þ

where Ψð0Þ
½J� stands for the free incoming wave and satisfies

the free Schrödinger equation ðE − T̂ÞjΨð0Þ
½J� i ¼ 0. For

example, the two-body partial-wave free incoming wave

is given by Ψð0Þ
½J� ðrÞ ¼ ð4πÞiJY ½J�ðrÞjJðqrÞ, while the cor-

responding wave function in the three-body case was given
in Ref [30]. The periodic symmetry of the finite-volume
wave function Φ is satisfied automatically by the con-
struction in Eq. (14). The infinite-volume N-body wave
function Ψ may be solved using the standard Faddeev
approach. Locally, at each image of the cubic box, assum-
ing the size of the box is large enough, the short distanceN-
body dynamics is thus described by the solution of the
infinite-volume Schrödinger equationΨ. The long-distance
correlations at scales larger than the range of the potential
are taken into account through the linear superposition of
the infinite-volume wave functions centered at each image
of the periodic cubic box; see Eq. (14).
Using Eqs. (14) and (15) and taking into account the

periodicity of the finite-volume potential, the secular
equations given by Eq. (11) reduce to

X
½J�

hΦ½J0�jV̂ðijÞ½jXðijÞ
½J� i − jΦ½J�i�c½J� ¼ 0; ð17Þ

where

XðijÞ
½J� ðfxgÞ ¼

X
fnxgði;jÞ∈Z3

Ψ½J�ðfxþ nxLgÞ; ð18Þ

and fnxgði;jÞ stands for the set fnxg excluding two
elements: nxi

and nxj . Furthermore, the NðN − 1Þ=2
determinant conditions given by Eq. (13) become

det ½hΦ½J0�jV̂ðijÞðjXðijÞ
½J� i − jΦ½J�iÞ� ¼ 0: ð19Þ

Given the scattering solution of the N-body problem in
infinite volume Ψ as input, the finite-volume wave func-
tions Φ and XðijÞ can be constructed by using Eqs. (14) and
(18), respectively. We remark that the energy dependence
of the infinite-volume wave function Ψ½J� has been sup-
pressed so far in our presentation. For the scattering
solutions, Ψ½J� does indeed depend on the incoming
momenta of particles, because the finite volume wave

functions, Φ½J� and XðijÞ
½J� , are constructed from Ψ½J�, hence

momenta dependence remains in finite volume wave
functions as well. Therefore, using the infinite-volume
scattering solutions Ψ½J� as inputs, the finite-volume quan-
tization conditions (19) yield discrete energy spectra as a
consequence of the periodic cubic lattice structure. In other
words, the discrete energy spectra in finite volume is the
result of the long-distance correlation effects of particles in
a periodic lattice structure. Meanwhile, the specific patterns
of discrete spectra rely on the short-distance interactions
that are described by scattering amplitudes or “amplitude-
carrier” wave functions Ψ½J� in infinite volume. Ultimately,
the quantization conditions play the role of imposing
constraints on energy spectra due to periodic boundary
conditions. The scattering information in infinite volume
and with periodic boundary conditions is combined using

finite-volume wave functions Φ½J� and XðijÞ
½J� .

The secular equations (17) and corresponding quantiza-
tion conditions (19) can be further reduced by removing the
center-of-mass motion. However, the choice of relative
coordinates for the N-body system can normally be made
quite arbitrary. In Sec. II C, the specific choice [51] is
described by forming the succession of subsystems of N
particles in such a way that the subsystems are obtained by
successively joining particle 2, particle 3, � � �, particle N to
particle 1, i.e., ð12Þ; ðð12Þ3Þ; ððð12Þ3Þ4Þ;….

C. Removal of center-of-mass motion

Since in this work we are mainly interested in scattering
solutions, the set of incoming particle momenta is also
introduced to label the N-body wave functions fpg ¼
fp1;p2;…;pNg, where pi stands for the momentum of the
ith incoming particle. The total energy of N particles is
given by E ¼ P

N
i¼1 p

2
i =2m. The center-of-mass motion and

internal motion of the N-body system can be separated
out by changing coordinates. One particular choice
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of the relative coordinates and momenta [51] is given,
respectively, by

ρð12Þ;n ¼
ffiffiffiffiffiffiffiffiffiffiffi
2n

nþ 1

r �
1

n

Xn
k¼1

xk − xnþ1

�
;

qð12Þ;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n
2ðnþ 1Þ

r �
1

n

Xn
k¼1

pk − pnþ1

�
; ð20Þ

where n < N. The quantities ρð12Þ;n and qð12Þ;n may be
interpreted as the relative coordinates and momentum
between the (nþ 1)th particle and the center-of-mass
coordinate or momentum of the cluster of particles
ð1; 2;…; nÞ, respectively. The index (12) is used to label
the special choice we made for the relative coordinates and
momenta, so that for n ¼ 1 the relative coordinates and
momenta are defined between particle 1 and particle 2,

ρð12Þ;1 ¼ x1 − x2; qð12Þ;1 ¼
1

2
ðp1 − p2Þ: ð21Þ

The complete sets of relative coordinates and momenta are
givenbyfρð12Þg¼fρð12Þ;1;ρð12Þ;2;…;ρð12Þ;N−1g andfqð12Þg¼
fqð12Þ;1;qð12Þ;2;���;qð12Þ;N−1g, respectively. The center-of-
mass coordinate and momentum of the N-body system are

R ¼ 1

N

XN
i¼1

xi;P ¼
XN
i¼1

pi: ð22Þ

The total energy of the N-particle system is given by
E ¼ P

N−1
n¼1 q

2
ð12Þ;n=mþ P2=2mN, and the kinetic energy

operator of the N-body system is

T̂ ¼ −
XN−1

n¼1

∇2
ρð12Þ;n

m
−

1

N
∇2

R

2m
: ð23Þ

In terms of the set fρð12Þg, the infinite-volume
N-body wave function is given by Ψðfxg; fpgÞ ¼
eiP·Rψðfρð12Þg; fqð12ÞgÞ, where the center-of-mass motion
is represented by a plane wave eiP·R and the wave function
ψ describes the internal motions of the N-body system.
The same applies to the finite-volume wave function.
The N-body wave function representing the relative motion
in finite volume is thus given by

ϕðfρð12Þg;fqð12ÞgÞ¼
1

N

X
fnxg∈Z3

ei
P
N·
P

N
i¼1

nxiψðfρ̈ð12Þg;fqð12ÞgÞ;

ð24Þ

where the nth element of the set fρ̈ð12Þg is

ρ̈ð12Þ;n ¼ ρð12Þ;n þ
ffiffiffiffiffiffiffiffiffiffiffi
2n

nþ 1

r �
1

n

Xn
k¼1

nxk − nxnþ1

�
L: ð25Þ

In order to remove one redundant element of the set fnxg, a
subset fnð12Þg is introduced,

fnð12Þg ¼ fnð12Þ;1;nð12Þ;2;…;nð12Þ;N−1g ∈ Z3; ð26Þ

where the kth element is given by nð12Þ;k ¼ nxk − nxkþ1
.

Having introduced the set fnð12Þg in this particular way, all of
the elements of set fnð12Þg still belong in Z3. We also find

ρ̈ð12Þ;n ¼ ρð12Þ;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

nðnþ 1Þ

s Xn
k¼1

knð12Þ;kL; ð27Þ

and

XN
i¼1

nxi ¼
XN−1

k¼1

knð12Þ;kLþ NnxN : ð28Þ

Hence, after removing the center-of-mass motion, the finite-
volume relative wave function ϕ is related to ψ by

ϕðfρð12Þg; fqð12ÞgÞ

¼
X

fnð12Þg∈Z3

e
iPN·

�P
N−1
k¼1

knð12Þ;k

�
L
ψðfρ̈ð12Þg; fqð12ÞgÞ ð29Þ

and ϕ satisfies periodic boundary conditions,

ϕðfρ̈ð12Þg; fqð12ÞgÞ

¼ e
−iPN·

�P
N−1
k¼1

knð12Þ;k

�
L
ϕðfρð12Þg; fqð12ÞgÞ: ð30Þ

Clearly, the set fρð12Þg cannot be the only choice of
independent relative coordinates. By exchanging the labels
of each particle, such as 1 ↔ i and 2 ↔ j in set fρð12Þg,
another independent coordinate set fρðijÞg may be
obtained. For example, by relabeling 2 ↔ 3 in fρð12Þg,
the elements of set fρð13Þg are given by

ρð13Þ;1 ¼ x1 − x3 ¼
ρð12Þ;1 þ

ffiffiffi
3

p
ρð12Þ;2

2
;

ρð13Þ;2 ¼
2ffiffiffi
3

p
�
x1 þ x3

2
− x2

�
¼

ffiffiffi
3

p
ρð12Þ;1 − ρð12Þ;2

2
;

ρð13Þ;n ¼ ρð12Þ;n; n > 2: ð31Þ
The different sets fρðijÞg and fρði0j0Þg are linked by a linear
transformation,

fρðijÞg ¼ ΓðijÞ;ði0j0Þfρði0j0Þg; ð32Þ
for example,

Γð13Þ;ð12Þ ¼

2
64

1
2

ffiffi
3

p
2

0ffiffi
3

p
2

− 1
2

0

0 0 I

3
75: ð33Þ
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Because it is constructed in this way, the transfer matrix Γ
between two different sets is an orthogonal matrix, ΓTΓ ¼ I.
Hence, both the sum

P
N−1
n¼1 ρ

2
ðijÞ;n and the N-body volume

element
R Q

N−1
n¼1 dρðijÞ;n are invariant under this transforma-

tion of sets. Similarly, both the total energy and kinetic
energy operator are also invariant under a transformation
between sets of relative coordinates and momenta.
With the introduction of these sets of relative coordi-

nates, the finite-volume N-body wave function ϕ½J� may be
written as

ϕ½J�ðfρð12Þg; fqð12ÞgÞ ¼
XN

ði<jÞ¼1

ϕðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ; ð34Þ

where ϕðijÞ
½J� satisfies

ðσ2 − T̂ρÞϕðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼ mVðLÞ
ðijÞðρðijÞ;1Þϕ½J�ðfρð12Þg; fqð12ÞgÞ; ð35Þ

and we introduced rescaled total energy and kinetic energy
operators, σ2 ¼ mE − P2=2N and T̂ρ ¼ −

P
N−1
n¼1 ∇2

ρðijÞ;n .

The construction of ϕðijÞ
½J� is given by

ϕðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ ¼

X
fnðijÞg∈Z3

ei
P
N·ð
P

N−1
n¼1

nnðijÞ;nÞL

× ψ ðijÞ
½J� ðfρ̈ðijÞg; fqð12ÞgÞ; ð36Þ

where fnðijÞg ¼ fnðijÞ;1;nðijÞ;2;…;nðijÞ;N−1g, and the set
fnðijÞg may be related to fnð12Þg by relabeling 1 ↔ i and
2 ↔ j. The set fρ̈ðijÞg is defined by

ρ̈ðijÞ;n¼ ρðijÞ;nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

nðnþ1Þ

s Xn
k¼1

knðijÞ;kL; ðnðijÞ;k ∈Z3Þ:

ð37Þ

The wave functions ψ ðijÞ
½J� are the solutions of infinite-

volume Schrödinger equations,

ðσ2 − T̂ρÞψ ðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼ mVðijÞðρðijÞ;1Þψ ½J�ðfρð12Þg; fqð12ÞgÞ; ð38Þ

and the total infinite-volume N-body wave function is

given by ψ ½J� ¼ ψ ð0Þ
½J� þ

P
N
ði<jÞ¼1

ψ ðijÞ
½J� , where ψ

ð0Þ
½J� refers to

the incoming free wave.
After removing the center-of-mass motion, the determi-

nant conditions are now given by

det ½hϕ½J0�jV̂ðijÞðjχðijÞ½J� i − jϕ½J�iÞ� ¼ 0; ð39Þ

where

χðijÞ½J� ðfρð12Þg; fqð12ÞgÞ ¼
X

fnðijÞg∈Z3

ei
P
N·ð
P

N−1
n¼2

nnðijÞ;nÞL

× ψ ½J�ðΓð12Þ;ðijÞfρ̈ðijÞg; fqð12ÞgÞ:
ð40Þ

The set fnðijÞg refers to fnðijÞ;2;nðijÞ;3;…;nðijÞ;N−1g which
is a subset of fnðijÞg by excluding element nðijÞ;1. The set
fρ̈ðijÞg is defined by

ρ̈ðijÞ;n¼ ρðijÞ;nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

nðnþ1Þ

s Xn
k¼2

knðijÞ;kL; ðnðijÞ;k ∈Z3Þ:

ð41Þ
Noting the invariance of set fnðijÞg, we are able to write

ϕ½J� in a similar way as Eq. (40),

ϕ½J�ðfρð12Þg; fqð12ÞgÞ ¼
X

fnðijÞg∈Z3

ei
P
N·ð
P

N−1
n¼1

nnðijÞ;nÞL

× ψ ½J�ðΓð12Þ;ðijÞfρ̈ðijÞg; fqð12ÞgÞ;
ð42Þ

which is equivalent to Eq. (24). Hence, the relation between

ϕ½J� and χðijÞ½J� can be made more clear,

ϕ½J�ðfρð12Þg; fqð12ÞgÞ ¼
X

nðijÞ;1∈Z3

ei
P
N·nðijÞ;1L

× χðijÞ½J� ðΓð12Þ;ðijÞfρ̃ðijÞg; fqð12ÞgÞ;
ð43Þ

where the nth element of fρ̃ðijÞg is given by

ρ̃ðijÞ;n ¼ ρðijÞ;n þ nðijÞ;1L; ðnðijÞ;1 ∈ Z3Þ; ð44Þ
and fρ̈ðijÞg ¼ f ¯ρ̈ðijÞg þ fρ̃ðijÞg.

D. Relation to the two-body Lüscher formula

In the simplest case N ¼ 2, there is only one relative
coordinate and relative momentum so that the particle index
can be dropped, and in what follows they are denoted by r

and q, respectively. Notice that χðijÞ½J� is now reduced to ψ ½J�
for the two-body system. Therefore, the determinant con-
dition in Eq. (39) is given by

det ½hϕ½J0�jV̂ðjψ ½J�i − jϕ½J�iÞ� ¼ 0; ð45Þ

where ½J� ¼ JM stands for quantum numbers of a specific
partial wave, and
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ϕ½J�ðr; qÞ ¼
X
n∈Z3

ei
P
2
·nLψ ½J�ðrþ nL; qÞ: ð46Þ

Assuming the potential has a finite range, VðrÞ ¼ 0 for
R < r < L, in the region outside of the potential the
infinite-volume wave function has the form

ψ ½J�ðr;qÞ ¼r>Rψ ðoutÞ
½J� ðr;qÞ;

ψ ðoutÞ
½J� ðr;qÞ¼ ð4πÞiJY ½J�ðrÞ½jJðqrÞþ itJðqÞhðþÞ

J ðqrÞ�; ð47Þ

where tJ is the partial-wave two-body scattering amplitude,
and tJ is normalized by the unitarity relation, Im
½1=tJ� ¼ −1. Inside the potential region, the wave function
is given by the solution of the Schrödinger equation, and is

denoted by ψ ðinÞ
½J� ðr; qÞ from now on. The matrix element of

the determinant condition (45) is given by

Z
r<R

drϕ�
½J0�ðr; qÞVðrÞ½ψ ðinÞ

½J� ðr; qÞ − ϕ½J�ðr; qÞ�: ð48Þ

Using the fact that

ϕ½J�ðr; qÞ ¼r<R ψ ðinÞ
½J� ðr; qÞ − ψ ðoutÞ

½J� ðr; qÞ
þ ð4πÞiJitJðqÞ

X
n∈Z3

ei
P
2
·nLY ½J�ðrþ nLÞhðþÞ

J ðqjrþ nLjÞ

ð49Þ

and the relation

X
n∈Z3

ei
P
2
·nLY ½J�ðrþ nLÞhðþÞ

J ðqjrþ nLjÞ

¼
X
½j�

Y ½j�ðrÞ½δ½J�;½j�inJðqrÞ − iM
ðP
2
Þ

½J�;½j�ðqÞjjðqrÞ�; ð50Þ

[derived in Eqs. (B1) and (B3) in Ref. [44]] for the
expansion coefficient function of the finite-volume two-

body Green’s function M
ðP
2
Þ

½J�;½j�, we find

hϕ½J0�jV̂ðjψ ½J�i − jϕ½J�iÞ

¼
X
½j�

�Z
r<R

drϕ�
½J0�ðr; qÞVðrÞjjðqrÞY ½j�ðrÞ

�

× ð4πÞiJ½δ½J�;½j�ð1þ itJðqÞÞ − tJðqÞMðP
2
Þ

½J�;½j�ðqÞ�: ð51Þ

Therefore, the determinant condition for the two-body
problem (45) yields Lüscher’s formula,

det

�
δ½J�;½j�

�
1

tJðqÞ
þ i

�
−M

ðP
2
Þ

½J�;½j�ðqÞ
�
¼ 0: ð52Þ

Hence, the variational approach to the finite-volume few-
body system is consistent with the Lüscher approach.

E. Effective two-body formalism

In this section we would like to show that the N-body
quantization conditions may be recast in a similar form as
the two-body quantization condition in Eq. (45).
Before proceeding to the N-body interaction, let us first

rewrite the two-body quantization condition of Eq. (45) by
using the periodicity of the finite-volume wave function.
We find

ϕ�
½J0�ðr;qÞϕ½J�ðr;qÞ¼

X
n∈Z3

ϕ�
½J0�ðrþnL;qÞψ ½J�ðrþnL;qÞ:

ð53Þ
Therefore, the two-body quantization condition (45) may
be expressed as

det
�Z

drVðrÞ
�
Ω½J0�;½J�ðr;qÞ−

X
n∈Z3

Ω½J0�;½J�ðrþnL;qÞ
��

¼0;

ð54Þ
where Ω½J0�;½J�ðr; qÞ ¼ ϕ�

½J0�ðr; qÞψ ½J�ðr; qÞ.
Next, for the N-body problem we revisit the determinant

condition in the ðijÞ channel in a explicit format,

det

�Z YN−1

n¼1

dρðijÞ;nϕ�
½J0�ðfρð12Þg; fqð12ÞgÞmVðijÞðρðijÞ;1Þ

× ½χðijÞ½J� ðfρð12Þg; fqð12ÞgÞ − ϕ½J�ðfρð12Þg; fqð12ÞgÞ�
�
¼ 0;

ð55Þ
where χðijÞ½J� and ϕ½J� are given by Eqs. (40) and (43),

respectively. Because of the relation between χðijÞ½J� and ϕ½J�
given in Eq. (43), similarly to Eq. (54), it is advantageous to
introduce the quantity ΩðijÞðρðijÞ;1Þ again by integrating out
all of the relative coordinates except for ρðijÞ;1,

ΩðijÞ
½J0�;½J�ðρðijÞ;1;fqð12ÞgÞ

¼
Z YN−1

n¼2

dρðijÞ;nϕ�
½J0�ðfρð12Þg;fqð12ÞgÞχðijÞ½J� ðfρð12Þg;fqð12ÞgÞ:

ð56Þ
Using the periodicity of the wave function ϕ, the quantiza-
tion conditions (55) now have a form that resembles the
two-body quantization condition given in Eq. (54),

det

	Z
dρðijÞ;1VðijÞðρðijÞ;1Þ

�
ΩðijÞ

½J0�;½J�ðρðijÞ;1; fqð12ÞgÞ

−
X
n∈Z3

ΩðijÞ
½J0�;½J�ðρðijÞ;1 þ nL; fqð12ÞgÞ

�

¼ 0: ð57Þ
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When all of the interactions Vði0j0Þ except the interaction
between the ith and jth particle are turned off, clearly the
quantization condition in the ðijÞ channel in Eq. (57) is thus
reduced to the two-body quantization condition given
in Eq. (54).

III. DISCUSSION AND CONCLUSION

A. Resemblance to the isobar model

In the past, isobar models [54–67] have been a useful
tool to describe few-body interactions, in which the few-
body interaction is treated by taking into account all
possible recombinations of two-body subsystems. The
two-body subsystems are considered as the dominant
contribution compared to the three-body force, and the
few-body interaction correction to the two-body subsystem
is generated by rescattering between all possible pairs.
In order to show the similarity of this approach to the isobar
formulation [54–67], we consider a special case, i.e., a
three-body system with two light spinless particles and one
infinitely heavy spinless particle stationed at the origin. The
heavy particle is labeled as the third particle. The system
may be described by

�
Eþ 1

2m

X2
i¼1

∇2
ri −

X2
i¼1

VðLÞðriÞ þ UðLÞðr1 − r2Þ
�

× ϕðr1; r2;q1;q2Þ ¼ 0; ð58Þ

where VðLÞ represents the interactions between the heavy
particle and one of the light particles, and UðLÞ stands for
the interaction between the two light particles. Again, we
use the superscript ðLÞ to identify the periodic potential in
finite volume. We also assume that UðLÞ is a weak
interaction, so that the interaction between the two light
particles is treated as a perturbation, which serves the
purpose of this work. Therefore, the corresponding infinite-
volume wave function must have the form

ψðr1; r2;q1;q2Þ ¼ ψðr1;q1Þψðr2;q2Þ þ δψðr1; r2;q1;q2Þ;
ð59Þ

where the first term is the solution of the system with zero
interaction between two lights particles. The second term,
δψ , can be considered as a perturbative contribution when
the weak U potential is turned on. The two-body infinite-
volume wave function ψðri;qiÞ is given by the solution of

�
q2i þ∇2

ri

2m
− VðriÞ

�
ψðri;qiÞ ¼ 0; ð60Þ

with E ¼ q21=2mþ q22=2m. Following the argument pro-
vided in previous sections, the finite-volume wave function
is constructed from the infinite-volume wave function.

The two ingredients ϕ and χð1=2Þ of the secular equations
thus also have the forms

ϕðr1; r2;q1;q2Þ ¼ ϕðr1;q1Þϕðr2;q2Þ þ δϕðr1; r2;q1;q2Þ
ð61Þ

and

χð1Þðr1; r2;q1;q2Þ
¼ ψðr1;q1Þϕðr2;q2Þ þ δχð1Þðr1; r2;q1;q2Þ;

χð2Þðr1; r2;q1;q2Þ
¼ ϕðr1;q1Þψðr2;q2Þ þ δχð2Þðr1; r2;q1;q2Þ; ð62Þ

where ϕðri;qiÞ ¼
P

ni∈Z3 ψðri þ niL;qiÞ. The construc-

tion of δϕ and δχðiÞ can also be performed based on δψ ,
but the specific expressions are not crucial for our brief
discussion. The two secular equations may also be treated as
a perturbation; for example, for the channel (13) we obtain

X
½J�

�Z
dr1

�Z
dr2ϕ�

½J0�ðr1; r2; q1; q2Þϕ½L2�ðr2; q2Þ
�
Vðr1Þ

× ½ψ ½L1�ðr1; q1Þ − ϕ½L1�ðr1; q1Þ� þ δU½J0�;½J�

�
c½J� ¼ 0;

ð63Þ

where δU stands for the perturbative contribution to the
secular equation from the weak U potential. The three-body
quantum number set ½J� is constructed from two-body
quantum numbers ½Li� by ½J� ¼ ½L1� ⊗ ½L2�. In the limit
of δU → 0, two secular equations yield two independent
two-body quantization conditions,

det

�
δ½Li�;½li�

�
1

tLi
ðqiÞ

þ i

�
−Mð0Þ

½Li�;½li�ðqiÞ
�
¼ 0; i¼ 1;2;

ð64Þ

and both qi’s are quantized independently according to the
corresponding Lüscher formula. The three-body correction
with a weakU potential may be obtained by perturbation. In
the current approach, the physical picture is presented in a
way that is similar to the three-body rescattering effect
corrected isobar model [54–66]. That is to say that the
three-body system considered in this subsection can be
treated as two two-body isobar subsystems [(13) and
(23)], which yield two independent two-body quantization
conditions for q1;2. The three-body rescattering correction to
isobar subsystems produces an energy shift on quantized
two-body energies: q21=2mþ q22=2mþ δE.
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B. Summary

In this work, we proposed a variational approach to the
finite-volumeN-body problem. In order to fulfill the periodic
boundary conditions, the trial wave functions were con-
structed by linear superposition of all of the solutions of the
infinite-volumewave functions centered at each image of the
periodic cubic boxes, given that the infinite-volume wave
functions may be obtained by standard methods. In this
approach, the short-range N-body dynamics is local to each
box and long-range correlations correspond to particles
traveling through the entire periodic structure of the lattice.
In other words, the short-range dynamics are determined by
infinite-volume wave functions, and finite-volume wave
functions control the long-range correlations that eventually
yield the discrete energy spectra because of the periodic
structure of the lattice. No explicit analytic expressions
between discrete lattice eigenvalues and the scattering
amplitude (such as those present in the two-body Lüscher
formula) can be given by the variational approach forN > 2.
Instead, the discrete energy spectra and N-body scattering
amplitudes are linked in a rather complicated way.
Nevertheless, the method has potential advantages for
systemswithN ≫ 2. By combining the variational approach
with the Faddeev approach, the NðN − 1Þ=2 quantization
conditions were ultimately obtained. In the end, these
quantization conditions can be expressed in a way that
resembles rescattering in the isobar approach. The overall
rescattering corrections can also be written as a collective
effect by integrating out the of degrees of freedom other then
as selected two-body subsystem.
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APPENDIX A: VARIATIONAL PRINCIPLE

For a complex system, most calculations are based on
approximate methods: the variational principle is one of the
most commonly used approaches. In this section, we
briefly outline the main idea of the variational principle
as the approximate solution to a general quantum system
[46,47], which satisfies the Schrödinger equation,

ĤΨi ¼ EjΨi: ðA1Þ

The trial wave function Ψ may be expanded in terms of a
set of basis functions that satisfy certain boundary con-
ditions or symmetries of the system,

jΨi ¼
X
n

cnjni: ðA2Þ

The solution of the Schrödinger equation is thus given by
the variational principle:

∂Λ
∂c�n ¼ 0; ðA3Þ

where

Λ ¼
X
n;n0

c�nhnjE − Ĥjn0icn0 : ðA4Þ

Thus, the variational principle yields secular equations,

X
n0
½Ehnjn0i − hnjĤjn0i�cn0 ¼ 0; ðA5Þ

and the nontrivial solutions exist only if

det ½Ehnjn0i − hnjĤjn0i� ¼ 0: ðA6Þ

APPENDIX B: N-BODY FADDEEV
EQUATIONS IN INFINITE VOLUME

In this Appendix, for completeness we give a brief
summary of the Faddeev equations for the general inter-
action of N particles. The nonrelativistic N-body dynamics
is described by the Schrödinger equation,

ðE − T̂ − V̂ÞjΨi ¼ 0: ðB1Þ
Assuming only pairwise interactions among particles,
V̂ ¼ P

N
ði<jÞ¼1

V̂ðijÞ, the scattering solution of an N-body

wave function is normally written as the sum of multiple
terms [48–51],

jΨi ¼ jΨð0Þi þ
XN

ði<jÞ¼1

jΨðijÞi; ðB2Þ

where Ψð0Þ stands for the free initial incoming wave of the
N-particle state, ðE − T̂ÞjΨð0Þi ¼ 0, and ΨðijÞ satisfies the
equation

ðE − T̂ÞjΨðijÞi ¼ V̂ðijÞjΨi: ðB3Þ

In this way, the N-body Schrödinger equation is turned into
NðN − 1Þ=2 coupled equations,
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jΨðijÞi ¼ ĜðijÞV̂ðijÞ

�
jΨð0Þi þ

XN;ði0j0≠ijÞ

ði0<j0Þ¼1

jΨði0j0Þi
�
; ðB4Þ

where the Green’s function operator ĜðijÞ is given by

ĜðijÞ ¼ ðE − T̂ − V̂ðijÞ þ iϵÞ−1: ðB5Þ

ĜðijÞ is related to the two-body scattering amplitude t̂ij by

ĜðijÞ ¼ Ĝð0Þð1 − t̂ðijÞĜð0ÞÞ; ðB6Þ

where Ĝð0Þ ¼ ðE − T̂ þ iϵÞ−1 stands for the free two-body
Green’s function.
The total N-body scattering amplitude T̂ is

T̂jΨð0Þi ¼
XN

ði<jÞ¼1

T̂ðijÞjΨð0Þi ¼ −V̂jΨi; ðB7Þ

where T̂ðijÞjΨð0Þi¼−V̂ðijÞjΨi. Using the relation V̂ðijÞĜðijÞ¼
−t̂ðijÞĜð0Þ and Eq. (B4), we find that T̂ðijÞ satisfy the
coupled equations

T̂ðijÞ ¼ t̂ðijÞ − t̂ðijÞĜð0Þ
XN;ði0j0≠ijÞ

ði0<j0Þ¼1

T̂ði0j0Þ: ðB8Þ

T̂ðijÞ and jΨðijÞi are related by

jΨðijÞi ¼ −Ĝð0ÞT̂ðijÞjΨð0Þi: ðB9Þ

One of the advantages of the Faddeev approach is that it
demonstrates the general relations between the subsystem
amplitude and the N-body amplitude in a natural way [see
Eq. (B8)], and the two-body amplitude is used as input for the
N-body dynamics. In addition, the unitarity relation of the
N-body scattering amplitude is also automatically guaran-
teed by the Faddeev equations.

APPENDIX C: SOLUTIONS OF THE N-BODY
PROBLEM WITH δ-FUNCTION POTENTIALS

To give readers a concrete example of our proposed
approach to the N-body finite-volume problem, in this
Appendix we also include a specific example of short-range
interactions between two particles with a δ-function
potential.

1. Two-body interaction with δ-function potential

We consider two-particle scattering with a pairwise
δ-function potential, assuming that all particles are spinless
and have equal mass. The bare strength of the δ-function
potential between the two particles is described by V0. With
the same convention as in Sec. II D, the infinite-volume

wave function is given by the Lippmann-Schwinger
equation,

ψJMðr; qÞ ¼ ð4πÞiJjJðqrÞYJMðrÞ

þ
Z

dr0Gð0Þðr; r0; qÞmV0δðr0ÞψJMðr0; qÞ;

ðC1Þ

where Gð0Þ stands for the free two-body Green’s function,

Gð0Þðr; r0; qÞ ¼
Z

dq0

ð2πÞ3
eiq

0·ðr−r0Þ

q2 − q02 þ iϵ

¼ −
q
4π

ihðþÞ
0 ðqjr − r0jÞ: ðC2Þ

The two-body Lippmann-Schwinger equation (C1) has the
solution

ψJMðr; qÞ ¼ ð4πÞiJYJMðrÞ½jJðqrÞ þ δJ;0it0ðqÞhðþÞ
0 ðqrÞ�;

ðC3Þ

where only the Swave contributes to the two-body scattering
amplitude,

t0ðqÞ ¼ −
q

4π
mV0

þ iqhðþÞ
0 ðqrÞjr→0

: ðC4Þ

It has been known that singular potentials, such as the
δ-function potential, require regularization and renormaliza-
tion two or higher dimensions [68]. Adopting the renorm-
alization scheme proposed in Ref. [68], a renormalized
strength of the δ-function potential VR is introduced to

absorb the divergent part of hðþÞ
0 ðqrÞjr→0 ¼ 1 − i

qr, and the
renormalized and bare strengths are related by

1

mV0

¼ 1

mVR
−

1

4πr

����
r→0

: ðC5Þ

In terms of the renormalized quantity, the S-wave two-body
scattering amplitude now reads

t0ðqÞ ¼ −
q

4π
mVR

þ iq
; ðC6Þ

and the unitarity relation of the two-body scattering ampli-
tude is guaranteed by Im½t−10 � ¼ −1.
In finite volume, based on the discussion given in Sec. II D,

we find that
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ψJMðr; qÞ − ϕJMðr; qÞ ¼ ð4πÞiJ
X
jmj

jjðqrÞYjmj
ðrÞ

× ½δ½J�;½j�ð1þ δJ;0it0ðqÞÞ
− δJ;0t0ðqÞMðP

2
Þ

½0�;½j�ðqÞ�: ðC7Þ

The nontrivial solutions of the δ-function potential are given
only by the S wave, which are determined by

1

t0ðqÞ
þ i ¼ M

ðP
2
Þ

½0�;½0�ðqÞ: ðC8Þ

2. N-body interaction with a δ-function potential

a. The solution of the N-body interaction
in infinite volume

We again consider a simple model with a short-range δ-
function interaction, VðijÞðxi − xjÞ ¼ V0δðρðijÞ;1Þ. The sol-
ution of the N-body interaction may be obtained using the
standard Faddeev approach [48–51]. For the scattering with
a free N-particle incoming wave, the wave function may be
expressed as the sum of 1þ NðN − 1Þ=2 terms,

ψ ½J�ðfρð12Þg; fqð12ÞgÞ ¼ ψ ð0Þ
½J� ðfρð12Þg; fqð12ÞgÞ

þ
XN

ði<jÞ¼1

ψ ðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ;

ðC9Þ

where ψ ð0Þ
½J� refers to the incoming free wave, and ψ ðijÞ

½J� is

given by the Lippmann-Schwinger equation,

ψ ðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼
Z YN−1

n¼1

dρ0ðijÞ;nGðijÞðfρðijÞg; fρ0ðijÞg; σÞmV0δðρ0ðijÞ;1Þ

×

�
ψ ð0Þ
½J� ðfρ0ð12Þg; fqð12ÞgÞ

þ
XN;ði0j0≠ijÞ

ði0<j0Þ¼1

ψ ði0j0Þ
½J� ðfρ0ði0j0Þg; fqð12ÞgÞ

�
: ðC10Þ

The Green’s function GðijÞ satisfies the equation

½σ2 − T̂ρ −mV0δðρðijÞ;1Þ�GðijÞðfρðijÞg; fρ0ðijÞg; σÞ

¼
YN−1

n¼1

δðρðijÞ;n − ρ0ðijÞ;nÞ; ðC11Þ

and the solution of Eq. (C11) has the form

GðijÞðfρðijÞg; fρ0ðijÞg; σÞ

¼
Z YN−1

n¼1

dq0
ðijÞ;n

ð2πÞ3 ei
P

N−1
k¼2

q0ðijÞ;k·ðρðijÞ;k−ρ0ðijÞ;kÞ

×
ψðρðijÞ;1;q0

ðijÞ;1Þψ�ðρ0ðijÞ;1;q0
ðijÞ;1Þ

σ2 −
P

N−1
n¼1 q

02
ðijÞ;n þ iϵ

; ðC12Þ

where the two-body wave function ψðρðijÞ;1;q0ðijÞ;1Þ is
given by

ψðρðijÞ;1;qðijÞ;1Þ
¼ eiqðijÞ;1·ρðijÞ;1 þ it0ðqðijÞ;1ÞhðþÞ

0 ðqðijÞ;1ρðijÞ;1Þ: ðC13Þ

Using the expression for the two-body wave function in
Eq. (C13), we find

GðijÞðfρðijÞg; fρ0ðijÞg; σÞ

¼
Z YN−1

n¼2

dq0
ðijÞ;n

ð2πÞ3 ei
P

N−1
k¼2

q0ðijÞ;k·ðρðijÞ;k−ρ0ðijÞ;kÞ

×

"
−
ei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2−

P
N−1
n¼2

q02ðijÞ;n
p

jρðijÞ;1−ρ0ðijÞ;1j

4πjρðijÞ;1 − ρ0ðijÞ;1j

−
1

4π

t0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2 −
P

N−1
n¼2 q

02
ðijÞ;n

q

×
ei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2−

P
N−1
n¼2

q02ðijÞ;n
p

ðρðijÞ;1þρ0ðijÞ;1Þ

ρðijÞ;1ρ0ðijÞ;1

#
: ðC14Þ

With the renormalization relation given in Eq. (C5), we also
find

GðijÞðfρðijÞg; fρ0ðijÞg; σÞmV0δðρ0ðijÞ;1Þ

¼
Z YN−1

n¼2

dq0
ðijÞ;n

ð2πÞ3 ei
P

N−1
k¼2

q0ðijÞ;k·ðρðijÞ;k−ρ0ðijÞ;kÞ

× it0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut
1
CA

× hðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut ρðijÞ;1

1
CAδðρ0ðijÞ;1Þ: ðC15Þ

Therefore, we can rewrite ψ ðijÞ
½J� as

GUO, DÖRING, and SZCZEPANIAK PHYS. REV. D 98, 094502 (2018)

094502-12



ψ ðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼
Z YN−1

n¼2

dq0
ðijÞ;n

ð2πÞ3 hðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut ρðijÞ;1

1
CA

× it0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut
1
CAei

P
N−1
k¼2

q0
ðijÞ;k·ρðijÞ;k

×
Z YN−1

n¼1

dρ0ðijÞ;ne
−i
P

N−1
k¼2

q0
ðijÞ;k·ρ

0
ðijÞ;kδðρ0ðijÞ;1Þ

×

�
ψ ð0Þ
½J� ðfρ0ð12Þg; fqð12ÞgÞ

þ
XN;ði0j0≠ijÞ

ði0<j0Þ¼0

ψ ði0j0Þ
½J� ðfρ0ði0j0Þg; fqð12ÞgÞ

�
: ðC16Þ

Next, we introduce the scattering amplitudes TðijÞ
½J� as

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ

¼ −
Z YN−1

n¼1

dρ0ðijÞ;ne
−i
P

N−1
k¼2

q0ðijÞ;k·ρ
0
ðijÞ;k

×mV0δðρ0ðijÞ;1Þψ ½J�ðfρ0ðijÞg; fqð12ÞgÞ; ðC17Þ

where fq0
ðijÞg ¼ fq0

ðijÞ;2;q
0
ðijÞ;3;…;q0

ðijÞ;N−1g. Using

Eqs. (C16) and (C5), we find that the wave function

ψ ðijÞ
½J� and TðijÞ

½J� are related by

ψ ðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼
Z YN−1

n¼2

dq0
ðijÞ;n

ð2πÞ3 ei
P

N−1
k¼2

q0ðijÞ;k·ρðijÞ;k

× ihðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut ρðijÞ;1

1
CA

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
4π

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ: ðC18Þ

The TðijÞ
½J� amplitudes are given by the solutions of coupled

integral equations,

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ − T ðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ

¼
4πit0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q

× i
Z YN−1

n¼1

dq″
ðijÞ;n

ð2πÞ3
Q

N−1
k¼2 ð2πÞ3δðq0

ðijÞ;k − q″
ðijÞ;kÞ

σ2 −
P

N−1
n¼1 q

″2
ðijÞ;n þ iϵ

×
XN;ði0j0≠ijÞ

ði0<j0Þ¼1

Tði0j0Þ
½J� ðfq″

ði0j0Þg; fqð12ÞgÞ; ðC19Þ

where

T ðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ

¼
4πt0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q Z YN−1

n¼1

dρðijÞ;nδðρðijÞ;1Þ

× e−i
P

N−1
k¼2

q0ðijÞ;k·ρðijÞ;kψ ð0Þ
½J� ðfρðijg; fqð12ÞgÞ: ðC20Þ

The total N-body scattering amplitude is given by

T ½J� ¼
P

N
ði<jÞ¼1

TðijÞ
½J� .

b. Construction of finite-volume N-body wave functions

Given the solutions of the infinite-volume wave function
ψ ðijÞ, the finite-volume wave function ϕðijÞ is obtained
using Eq. (36),

ϕðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ

¼
X

fnðijÞg∈Z3

ei
P
N·ð
P

N−1
k¼1

knðijÞ;kÞL
Z YN−1

n¼2

dq0
ðijÞ;n

ð2πÞ3

× e
i
P

N−1
n0¼2

q0ðijÞ;n0 ·ðρðijÞ;n0þ
ffiffiffiffiffiffiffiffiffiffi

2

n0ðn0þ1Þ
p P

n0
k¼1

knðijÞ;kLÞ

× ihðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut jρðijÞ;1 þ nðijÞ;1Lj

1
CA

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
4π

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ: ðC21Þ

Using the fact that

XN−1

n0¼2

q0
ðijÞ;n0 ·

�Pn0
k¼2 kn

0ðijÞ;kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0ðn0 þ 1Þp �

L

¼
XN−1

k¼2

�XN−1

n0¼k

q0
ðijÞ;n0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n0ðn0 þ 1Þp �
· ðknðijÞ;kÞL ðC22Þ

and the Poisson summation formula, we find
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ϕðijÞ
½J� ðfρðijÞg; fqð12ÞgÞ ¼

X
fnðijÞg∈Z3

Z YN−1

n¼2

dq0
ðijÞ;n
L3

e
i
P

N−1
n0¼2

q0ðijÞ;n0 ·ρðijÞ;n0
XN−1

k¼2

δ

0
B@kP

N
þ
XN−1

n0¼k

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

n0ðn0 þ 1Þ

s
q0
ðijÞ;n0 −

2π

L
nðijÞ;k

1
CA

×
X

nðijÞ;1∈Z3

e
iðPNþ

P
N−1
n0¼2

ffiffiffiffiffiffiffiffiffiffi
2

n0ðn0þ1Þ
p

q0ðijÞ;n0 Þ·nðijÞ;1LihðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut jρðijÞ;1 þ nðijÞ;1Lj

1
CA

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
4π

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ: ðC23Þ

The total finite-volume wave function is given by ϕ½J� ¼
P

N
ði<jÞ¼1

ϕðijÞ
½J� .

Similarly, using Eqs. (40) and (C18), we also find

χðijÞ½J� ðfρð12Þg; fqð12ÞgÞ ¼ χð0Þ;ðijÞ½J� ðfρð12Þg; fqð12ÞgÞ þ
XN

ði0<j0Þ¼1

χði
0j0Þ;ðijÞ

½J� ðfρði0j0Þg; fqð12ÞgÞ; ðC24Þ

where

χð0Þ;ðijÞ½J� ðfρð12Þg; fqð12ÞgÞ ¼
X

fnðijÞg∈Z3

ei
P
N·ð
P

N−1
k¼2

knðijÞ;kÞLψ ð0Þ
½J� ðΓð12Þ;ðijÞfρ̈ðijÞg; fqð12ÞgÞ; ðC25Þ

χðijÞ;ðijÞ½J� ðfρðijÞg; fqð12ÞgÞ ¼
X

fnðijÞg∈Z3

Z YN−1

n¼2

dq0
ðijÞ;n
L3

e
i
P

N−1
n0¼2

q0ðijÞ;n0 ·ρðijÞ;n0
XN−1

k¼2

δ

0
B@kP

N
þ
XN−1

n0¼k

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

n0ðn0 þ 1Þ

s
q0
ðijÞ;n0 −

2π

L
nðijÞ;k

1
CA

× ihðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ðijÞ;n

vuut ρðijÞ;1

1
CA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
4π

TðijÞ
½J� ðfq0

ðijÞg; fqð12ÞgÞ; ðC26Þ

and

χði
0j0Þ;ðijÞ

½J� ðfρði0j0Þg;fqð12ÞgÞ ¼ði0j0Þ≠ðijÞ
Z YN−1

n¼2

dq0
ði0j0Þ;n

ð2πÞ3 e
i
P

N−1
k¼2

q0ði0j0Þ;k·ρði0j0Þ;k

×
X

fnðijÞg∈Z3

e
i
P

N−1
k¼2

ðPNþ
P

N−1
n¼k

ffiffiffiffiffiffiffiffi
2

nðnþ1Þ
p

ð
P

N−1
n0¼2

q0ði0j0Þ;n0Γ
ði0j0Þ;ðijÞ
n0 ;n ÞÞ·ðknðijÞ;kÞL

× ihðþÞ
0

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

XN−1

n¼2

q02
ði0j0Þ;n

vuut jρði0j0Þ;1 þ
XN−1

n¼2

Γði0j0Þ;ðijÞ
1;n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

nðnþ 1Þ

s Xn
k¼2

knðijÞ;kLj

1
CA

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ði0j0Þ;n

q
4π

Tði0j0Þ
½J� ðfq0

ði0j0Þg; fqð12ÞgÞ: ðC27Þ

c. N-body secular equations

Given all of the ingredients of the finite-volume wave functions from Eqs. (C23)–(C27), the discrete energy spectra are
thus given by NðN − 1Þ=2 secular equations,

det

�Z YN−1

n¼1

dρðijÞ;nϕ�
½J0�ðfρð12Þg; fqð12ÞgÞmV0δðρðijÞ;1Þ½χðijÞ½J� ðfρð12Þg; fqð12ÞgÞ − ϕ½J�ðfρð12Þg; fqð12ÞgÞ�

�
¼ 0: ðC28Þ
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As ρðijÞ;1 → 0, both χðijÞ;ðijÞ½J� and ϕðijÞ
½J� appear to have the same ultraviolet-divergent behavior because of the spherical Hankel

function, hðþÞ
0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 −

P
N−1
n¼2 q

02
ðijÞ;n

q
ρðijÞ;1Þ ∼ 1

ρðijÞ;1
; thus, the subtraction of two terms is completely free from ultraviolet

divergence. The ultraviolet divergence appears in ϕ�
½J0� as well. Since V0 is a bare parameter, in order to remove the

ultraviolet divergence a renormalization of the energy is required. Given the fact that

mV0ih
ðþÞ
0 ðqrÞ⟶r→0 4π

q
−
mV0

t0ðqÞ
; ðC29Þ

after the energy shift E → Eþ δE the divergent contribution of the secular equation can be completely canceled out by the
counterterm δE. Thus the renormalized quantity ϕ�

½J0�mV0 is given by

ϕ�
½J0�ðfρð12Þg;fqð12ÞgÞmV0 ⟶

ρðijÞ;1→0 X
fnðijÞg∈Z3

Z YN−1

n¼2

dq0
ðijÞ;n
L3

e
−i
P

N−1
n0¼2

q0ðijÞ;n0 ·ρðijÞ;n0
XN−1

k¼2

δ

0
B@kP

N
þ
XN−1

n0¼k

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

n0ðn0 þ1Þ

s
q0
ðijÞ;n0 −

2π

L
nðijÞ;k

1
CA

×TðijÞ�
½J0� ðfq0

ðijÞg;fqð12ÞgÞ: ðC30Þ

3. Three-body interaction with a δ-function potential

The three-body solutions can be derived from the N-body results given in Appendix C 2 by setting N ¼ 3. Since the
number of particles in the three-body problem is still manageable, we use the shorthand notation

rðijÞ ¼ ρðijÞ;1; rk ¼ ρðijÞ;2; qðijÞ ¼ qðijÞ;1; qk ¼ qðijÞ;2; i ≠ j ≠ k: ðC31Þ

The different sets are related by linear transformations, such as

rð13Þ ¼
rð12Þ þ

ffiffiffi
3

p
r3

2
; r2 ¼

ffiffiffi
3

p
rð12Þ − r3
2

; qð13Þ ¼
qð12Þ þ

ffiffiffi
3

p
q3

2
; q2 ¼

ffiffiffi
3

p
qð12Þ − q3

2
: ðC32Þ

According to Eq. (C18), the infinite-volume wave function ψ ðijÞ
½J� is given by

ψ ðijÞ
½J� ðrðijÞ; rk; qð12Þ; q3Þ ¼

Z
dq

ð2πÞ3 ih
ðþÞ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q
rðijÞ

�
eiq·rk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

TðijÞ
½J� ðq;qð12Þ; q3Þ; ðC33Þ

where the solutions of the T amplitude are given by

TðijÞðq;qð12Þ;q3Þ−T ðijÞðq;qð12Þ;q3Þ¼
4πit0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2−q2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2−q2

p i
Z

dq0

ð2πÞ3
TðikÞð

ffiffi
3

p
2
q0;qð12Þ;q3ÞþTðjkÞð

ffiffi
3

p
2
q0;qð12Þ;q3Þ

σ2− 3
4
q02− ðq0

2
þ 2ffiffi

3
p qÞ2þ iϵ

; ðC34Þ

where

T ðijÞ
½J� ðq;qð12Þ; q3Þ ¼

4πt0
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2 − q2
p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p Z
drke−iq·rkψ

ð0Þ
½J� ð0; rk; qð12Þ; q3Þ: ðC35Þ
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In terms of the T amplitude, the finite-volume three-body wave function is taken from Eq. (C23),

ϕðijÞ
½J� ðrðijÞ; rk; qð12Þ; q3Þ ¼

� ffiffi
3

p
2

�
3

L3

Xq¼− Pffiffi
3

p þ
ffiffi
3

p
2
2π
Ln

n∈Z3

eiq·rk
X

nðijÞ∈Z3

eið
P
3
þ qffiffi

3
p Þ·nðijÞLihðþÞ

0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q
jrðijÞ þ nðijÞLj

�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

TðijÞ
½J� ðq; qð12Þ; q3ÞÞ: ðC36Þ

Similarly, from Eqs. (C24), (C26), and (C27), we also find

χðijÞ½J� ðrð12Þ; r3; qð12Þ; q3Þ ¼
XN

ði0<j0Þ¼1

χði
0j0Þ;ðijÞ

½J� ðrði0j0Þ; rk0 ; qð12Þ; q3Þ; ðC37Þ

where

χðijÞ;ðijÞ½J� ðrðijÞ; rk; qð12Þ; q3Þ ¼
� ffiffi

3
p
2

�
3

L3

Xq¼− Pffiffi
3

p þ
ffiffi
3

p
2
2π
Ln

n∈Z3

eiq·rk ihðþÞ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q
rðijÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

TðijÞ
½J� ðq; qð12Þ; q3Þ; ðC38Þ

and

χði
0j0Þ;ðijÞ

½J� ðrði0j0Þ; rk0 ; qð12Þ; q3Þ ¼ði0j0Þ≠ðijÞ
Z

dq
ð2πÞ3 e

iq·rk0
X
n∈Z3

eið
2P
3
þ

2Γði
0j0Þ;ðijÞ

2;2 ffiffi
3

p qÞ·nLihðþÞ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q ����rði0j0Þ þ 2Γði0j0Þ;ðijÞ
1;2 ffiffiffi
3

p nL

����
�

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

Tði0j0Þ
½J� ðq;qð12Þ; q3Þ: ðC39Þ

For the three-body problem, three secular equations may be obtained according to Eq. (C28), but only two of them are
independent. For example, for the channel (12), the quantization condition is given by

det

� Z
dr3ϕ�

½J0�ð0; r3; qð12Þ; q3ÞmV0Δϕ
ð12Þ
½J� ð0; r3; qð12Þ; q3Þ

�
¼ 0; ðC40Þ

where

Δϕð12Þ
½J� ð0; r3; qð12Þ; q3Þ ¼ −

� ffiffi
3

p
2

�
3

L3

Xq¼− Pffiffi
3

p þ
ffiffi
3

p
2
2π
Ln3

n3∈Z3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

Tð12Þ
½J� ðq; qð12Þ; q3Þ

�Xn≠0
n∈Z3

eið
P
3
þ qffiffi

3
p Þ·nLihðþÞ

0 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q
jnLjÞ

�
eiq·r3

þ
�Z

dq
ð2πÞ3

X
n∈Z3

eið
2P
3
− qffiffi

3
p Þ·nL −

� ffiffi
3

p
2

�
3

L3

Xq¼− Pffiffi
3

p þ
ffiffi
3

p
2
2π
Lnk

nk∈Z3

X
n∈Z3

eið
P
3
þ qffiffi

3
p Þ·nL

�

× ihðþÞ
0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

q ����
ffiffiffi
3

p
r3
2

þ nL

����
�
e−iq·

r3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − q2

p
4π

X23
ðijÞ¼13

TðijÞ
½J� ðq; qð12Þ; q3Þ: ðC41Þ

The renormalized ϕ�
½J0�mV0 is given by

ϕ�
½J�ð0; r3; qð12Þ; q3ÞmV0 →

� ffiffi
3

p
2

�
3

L3

Xq¼− Pffiffi
3

p þ
ffiffi
3

p
2
2π
Ln

n∈Z3

e−iq·r3Tð12Þ�
½J0� ðq; qð12Þ; q3Þ: ðC42Þ

Normally, the infinite sum of Bessel functions in the above equation has poor convergence, and for numerical purposes a
better expression may be given by Eq. (50) in a partial-wave expanded form. It may also be convenient to use an alternative
form in Eq. (D7) without partial-wave expansion,
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X
n∈Z3

eiQ·nLhðþÞ
0 ðqjrþ nLjÞ ¼ J ðQÞðr; qÞ þ in0ðqrÞ;

where the expression and derivation of J ðQÞðr; qÞ is
presented in Appendix D. In terms of a partial-wave
expanded form, J ðQÞ is related to Lüscher’s form by

iJ ðQÞðr; qÞ ¼
ffiffiffiffiffiffi
4π

p X
½j�

MðQÞ
½0�;½j�ðqÞjjðqrÞY ½j�ðrÞ: ðC43Þ

APPENDIX D: LATTICE SUM OF THE
TWO-BODY GREEN’S FUNCTION

An alternative fast algorithm for performing the lattice
sum of the two-body Green’s function in Eqs. (C23) and
(C36) without partial-wave expansion is provided in this
Appendix. First of all, using the identity

q
4π

ihðþÞ
0 ðqrÞ ¼ 1

2π
ffiffiffi
π

p
Z

∞

0

dte−r
2t2þq2

4t2 ðD1Þ

and splitting the integration by an arbitrary parameter η, we
can rewrite the lattice sum of the Green’s function in
Eq. (50) as

X
n∈Z3

eiQ·nLhðþÞ
0 ðqjrþ nLjÞ

¼ −
2iffiffiffi
π

p
q

X
n∈Z3

eiQ·nL

�Z
η

0

þ
Z

∞

η

�
dte−jrþnLj2t2þq2

4t2 : ðD2Þ

For the first term in Eq. (D2), using the identity

1

2π
ffiffiffi
π

p e−r
2t2 ¼ 1

2t3

Z
dq0

ð2πÞ3 e
−q02

4t2eiq
0·r ðD3Þ

and also applying Poisson summation, we find

−
2iffiffiffi
π

p
q

X
n∈Z3

eiQ·nL

Z
η

0

dte−jrþnLj2t2þq2

4t2

¼ 4πi
q

1

L3

Xq0¼2π
Ln−Q

n∈Z3

e
q2−q02
4η2

q2 − q02 þ iϵ
eiq

0·r: ðD4Þ

For the second term in Eq. (D2), except for n ¼ 0, the
convergence of the integration is well defined for a finite
value of η; thus, we would like to isolate the n ¼ 0 piece,
with the help of the identity

−
2iffiffiffi
π

p
q

Z
∞

η
dte−r

2t2þq2

4t2

¼ in0ðqrÞ þ i
e−iqrerfð− iq

2η þ rηÞ − eiqrerfð− iq
2η − rηÞ

2qr
:

ðD5Þ

Therefore, we find

−
2iffiffiffi
π

p
q

X
n∈Z3

eiQ·nL

Z
∞

η
dte−jrþnLj2t2þq2

4t2

¼ in0ðqrÞ þ i
e−iqrerfð− iq

2η þ rηÞ − eiqrerfð− iq
2η − rηÞ

2qr

−
2iffiffiffi
π

p
q

Xn≠0
n∈Z3

eiQ·nL

Z
∞

η
dte−jrþnLj2t2þq2

4t2 : ðD6Þ

Putting everything together, we thus obtain a fast-conver-
gent expression for the lattice sum of the Green’s function
without partial-wave expansion,

X
n∈Z3

eiQ·nLhðþÞ
0 ðqjrþ nLjÞ ¼ J ðQÞðr; qÞ þ in0ðqrÞ; ðD7Þ

where

J ðQÞðr;qÞ¼4πi
q

1

L3

Xq0¼2π
Ln−Q

n∈Z3

e
q2−q02
4η2

q2−q02þ iϵ
eiq

0·r

þ i
e−iqrerfð− iq

2ηþrηÞ−eiqrerfð− iq
2η−rηÞ

2qr

−
2iffiffiffi
π

p
q

Xn≠0
n∈Z3

eiQ·nL

Z
∞

η
dte−jrþnLj2t2þq2

4t2 : ðD8Þ

[1] The GlueX proposal, http://halldweb.jlab.org/DocDB/0015/
001545/007/pac_update.pdf.

[2] M. Alekseev et al. (COMPASS Collaboration), Phys. Rev.
Lett. 104, 241803 (2010).

[3] J. J. Dudek, R. G. Edwards, M. J. Peardon, D. G. Richards,
and C. E. Thomas, Phys. Rev. Lett. 103, 262001 (2009).

[4] G. P. Engel, C. B. Lang, D. Mohler, and A. Schäfer (BGR
Collaboration), Phys. Rev. D 87, 074504 (2013).

VARIATIONAL APPROACH TO N-BODY INTERACTIONS … PHYS. REV. D 98, 094502 (2018)

094502-17

http://halldweb.jlab.org/DocDB/0015/001545/007/pac_update.pdf
http://halldweb.jlab.org/DocDB/0015/001545/007/pac_update.pdf
http://halldweb.jlab.org/DocDB/0015/001545/007/pac_update.pdf
http://halldweb.jlab.org/DocDB/0015/001545/007/pac_update.pdf
http://halldweb.jlab.org/DocDB/0015/001545/007/pac_update.pdf
https://doi.org/10.1103/PhysRevLett.104.241803
https://doi.org/10.1103/PhysRevLett.104.241803
https://doi.org/10.1103/PhysRevLett.103.262001
https://doi.org/10.1103/PhysRevD.87.074504


[5] R. G. Edwards, J. J. Dudek, D. G. Richards, and S. J.
Wallace, Phys. Rev. D 84, 074508 (2011).

[6] C. B. Lang, L. Leskovec, D. Mohler, and S. Prelovsek,
J. High Energy Phys. 04 (2014) 162.

[7] A. Woss, C. E. Thomas, J. J. Dudek, R. G. Edwards, and
D. J. Wilson, J. High Energy Phys. 07 (2018) 043.

[8] M. Mai and M. Döring, arXiv:1807.04746.
[9] S. Kreuzer and H.-W. Hammer, Eur. Phys. J. A 48, 93

(2012).
[10] K. Polejaeva and A. Rusetsky, Eur. Phys. J. A 48, 67 (2012).
[11] R. A. Briceño and Z. Davoudi, Phys. Rev. D 87, 094507

(2013).
[12] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 90, 116003

(2014).
[13] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 92, 114509

(2015).
[14] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 93, 096006

(2016).
[15] H.-W. Hammer, J.-Y. Pang, and A. Rusetsky, J. High Energy

Phys. 09 (2017) 109.
[16] H.-W. Hammer, J.-Y. Pang, and A. Rusetsky, J. High Energy

Phys. 10 (2017) 115.
[17] Ulf-G. Meißner, G. Rios, and A. Rusetsky, Phys. Rev. Lett.

114, 091602 (2015); 117, 069902(E) (2016).
[18] R. A. Briceño, M. T. Hansen, and S. R. Sharpe, Phys. Rev. D

95, 074510 (2017).
[19] M. Mai and M. Döring, Eur. Phys. J. A 53, 240 (2017).
[20] F. Romero-López, A. Rusetsky, and C. Urbach, Eur. Phys. J.

C 78, 846 (2018).
[21] R. A. Briceño, M. T. Hansen, and S. R. Sharpe, Phys. Rev. D

98, 014506 (2018).
[22] M. Döring, H. W. Hammer, M. Mai, J.-Y. Pang, A. Ruset-

sky, and J. Wu, Phys. Rev. D 97, 114508 (2018).
[23] P. Klos, S. König, H. W. Hammer, J. E. Lynn, and A.

Schwenk, Phys. Rev. C 98, 034004 (2018).
[24] S. R. Beane, W. Detmold, and M. J. Savage, Phys. Rev. D

76, 074507 (2007).
[25] W. Detmold and M. J. Savage, Phys. Rev. D 77, 057502

(2008).
[26] S. Tan, Phys. Rev. A 78, 013636 (2008).
[27] S. König and D. Lee, Phys. Lett. B 779, 9 (2018).
[28] D. Agadjanov, M. Döring, M. Mai, U.-G. Meißner, and A.

Rusetsky, J. High Energy Phys. 06 (2016) 043.
[29] M. T. Hansen, H. B. Meyer, and D. Robaina, Phys. Rev. D

96, 094513 (2017).
[30] P. Guo, Phys. Rev. D 95, 054508 (2017).
[31] P. Guo and V. Gasparian, Phys. Lett. B 774, 441 (2017).
[32] P. Guo and V. Gasparian, Phys. Rev. D 97, 014504 (2018).
[33] P. Guo and T. Morris, arXiv:1808.07397.
[34] O. Orasch, C. Gattringer, and M. Giuliani, arXiv:

1809.02366.
[35] F. Niecknig, B. Kubis, and S. P. Schneider, Eur. Phys. J. C

72, 2014 (2012).
[36] R. Garcia-Martin, R. Kaminski, J. R. Pelaez, J. Ruiz de

Elvira, and F. J. Yndurain, Phys. Rev. D 83, 074004 (2011).
[37] D. Guo, A. Alexandru, R. Molina, M. Mai, and M. Döring,

Phys. Rev. D 98, 014507 (2018).

[38] D. R. Bolton, R. A. Briceño, and D. J. Wilson, Phys. Lett. B
757, 50 (2016).

[39] B. Hu, R. Molina, M. Döring, M. Mai, and A. Alexandru,
Phys. Rev. D 96, 034520 (2017).

[40] D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards, and
C. E. Thomas, Phys. Rev. D 92, 094502 (2015).

[41] S. R. Beane, W. Detmold, T. C. Luu, K. Orginos, M. J.
Savage, and A. Torok, Phys. Rev. Lett. 100, 082004 (2008).

[42] W. Detmold, M. J. Savage, A. Torok, S. R. Beane, T. C. Luu,
K. Orginos, and A. Parreno, Phys. Rev. D 78, 014507
(2008).

[43] C. B. Lang, L. Leskovec, M. Padmanath, and S. Prelovsek,
Phys. Rev. D 95, 014510 (2017).

[44] P. Guo, J. Dudek, R. Edwards, and A. P. Szczepaniak, Phys.
Rev. D 88, 014501 (2013).

[45] P. Guo, Phys. Rev. D 88, 014507 (2013).
[46] W. Kohn, Phys. Rev. 74, 1763 (1948).
[47] W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954).
[48] L. D. Faddeev, Zh. Eksp. Teor. Fiz. 39, 1459 (1960) [Sov.

Phys. JETP 12, 1014 (1961)].
[49] L. D. Faddeev, Mathematical Aspects of the Three-Body

Problem in the Quantum Scattering Theory (Israel Program
for Scientific Translation, Jerusalem, Israel, 1965).

[50] W. Glöckle, The Quantum Mechanical Few-Body Problem
(Springer, Berlin, 1983).

[51] L. D. Faddeev and S. P. Merkuriev, Quantum Scattering
Theory for Several Particle Systems (Springer, New York,
1993).

[52] J. M. Ziman, Principles of the Theory of Solids, 2nd ed.
(Cambridge University Press, Cambridge, England, 1972).

[53] M. Lüscher, Nucl. Phys. B354, 531 (1991).
[54] N. N. Khuri and S. B. Treiman, Phys. Rev. 119, 1115

(1960).
[55] J. B. Bronzan and C. Kacser, Phys. Rev. 132, 2703

(1963).
[56] I. J. R. Aitchison, II Nuovo Cimento 35, 434 (1965).
[57] I. J. R. Aitchison, Phys. Rev. 137, B1070 (1965); 154, 1622

(1967).
[58] I. J. R. Aitchison and R. Pasquier, Phys. Rev. 152, 1274

(1966).
[59] R. Pasquier and J. Y. Pasquier, Phys. Rev. 170, 1294 (1968).
[60] R. Pasquier and J. Y. Pasquier, Phys. Rev. 177, 2482 (1969).
[61] P. Guo, I. V. Danilkin, and A. P. Szczepaniak, Eur. Phys. J. A

51, 135 (2015).
[62] P. Guo, Phys. Rev. D 91, 076012 (2015).
[63] I. V. Danilkin, C. Fernández-Ramírez, P. Guo, V. Mathieu,

D. Schott, and A. P. Szczepaniak, Phys. Rev. D 91, 094029
(2015).

[64] P. Guo, Mod. Phys. Lett. A 31, 1650058 (2016).
[65] P. Guo, I. V. Danilkin, D. Schott, C. Fernández-Ramírez, V.

Mathieu, and A. P. Szczepaniak, Phys. Rev. D 92, 054016
(2015).

[66] P. Guo, I. V. Danilkin, C. Fernández-Ramírez, V. Mathieu,
and A. P. Szczepaniak, Phys. Lett. B 771, 497 (2017).

[67] M. Mai, B. Hu, M. Döring, A. Pilloni, and A. Szczepaniak,
Eur. Phys. J. A 53, 177 (2017).

[68] R. M. Cavalcanti, Rev. Bras. Ens. Fis. 21, 336 (1999).

GUO, DÖRING, and SZCZEPANIAK PHYS. REV. D 98, 094502 (2018)

094502-18

https://doi.org/10.1103/PhysRevD.84.074508
https://doi.org/10.1007/JHEP04(2014)162
https://doi.org/10.1007/JHEP07(2018)043
http://arXiv.org/abs/1807.04746
https://doi.org/10.1140/epja/i2012-12093-6
https://doi.org/10.1140/epja/i2012-12093-6
https://doi.org/10.1140/epja/i2012-12067-8
https://doi.org/10.1103/PhysRevD.87.094507
https://doi.org/10.1103/PhysRevD.87.094507
https://doi.org/10.1103/PhysRevD.90.116003
https://doi.org/10.1103/PhysRevD.90.116003
https://doi.org/10.1103/PhysRevD.92.114509
https://doi.org/10.1103/PhysRevD.92.114509
https://doi.org/10.1103/PhysRevD.93.096006
https://doi.org/10.1103/PhysRevD.93.096006
https://doi.org/10.1007/JHEP09(2017)109
https://doi.org/10.1007/JHEP09(2017)109
https://doi.org/10.1007/JHEP10(2017)115
https://doi.org/10.1007/JHEP10(2017)115
https://doi.org/10.1103/PhysRevLett.114.091602
https://doi.org/10.1103/PhysRevLett.114.091602
https://doi.org/10.1103/PhysRevLett.117.069902
https://doi.org/10.1103/PhysRevD.95.074510
https://doi.org/10.1103/PhysRevD.95.074510
https://doi.org/10.1140/epja/i2017-12440-1
https://doi.org/10.1140/epjc/s10052-018-6325-8
https://doi.org/10.1140/epjc/s10052-018-6325-8
https://doi.org/10.1103/PhysRevD.98.014506
https://doi.org/10.1103/PhysRevD.98.014506
https://doi.org/10.1103/PhysRevD.97.114508
https://doi.org/10.1103/PhysRevC.98.034004
https://doi.org/10.1103/PhysRevD.76.074507
https://doi.org/10.1103/PhysRevD.76.074507
https://doi.org/10.1103/PhysRevD.77.057502
https://doi.org/10.1103/PhysRevD.77.057502
https://doi.org/10.1103/PhysRevA.78.013636
https://doi.org/10.1016/j.physletb.2018.01.060
https://doi.org/10.1007/JHEP06(2016)043
https://doi.org/10.1103/PhysRevD.96.094513
https://doi.org/10.1103/PhysRevD.96.094513
https://doi.org/10.1103/PhysRevD.95.054508
https://doi.org/10.1016/j.physletb.2017.10.009
https://doi.org/10.1103/PhysRevD.97.014504
http://arXiv.org/abs/1808.07397
http://arXiv.org/abs/1809.02366
http://arXiv.org/abs/1809.02366
https://doi.org/10.1140/epjc/s10052-012-2014-1
https://doi.org/10.1140/epjc/s10052-012-2014-1
https://doi.org/10.1103/PhysRevD.83.074004
https://doi.org/10.1103/PhysRevD.98.014507
https://doi.org/10.1016/j.physletb.2016.03.043
https://doi.org/10.1016/j.physletb.2016.03.043
https://doi.org/10.1103/PhysRevD.96.034520
https://doi.org/10.1103/PhysRevD.92.094502
https://doi.org/10.1103/PhysRevLett.100.082004
https://doi.org/10.1103/PhysRevD.78.014507
https://doi.org/10.1103/PhysRevD.78.014507
https://doi.org/10.1103/PhysRevD.95.014510
https://doi.org/10.1103/PhysRevD.88.014501
https://doi.org/10.1103/PhysRevD.88.014501
https://doi.org/10.1103/PhysRevD.88.014507
https://doi.org/10.1103/PhysRev.74.1763
https://doi.org/10.1103/PhysRev.94.1111
https://doi.org/10.1016/0550-3213(91)90366-6
https://doi.org/10.1103/PhysRev.119.1115
https://doi.org/10.1103/PhysRev.119.1115
https://doi.org/10.1103/PhysRev.132.2703
https://doi.org/10.1103/PhysRev.132.2703
https://doi.org/10.1007/BF02735329
https://doi.org/10.1103/PhysRev.137.B1070
https://doi.org/10.1103/PhysRev.154.1622
https://doi.org/10.1103/PhysRev.154.1622
https://doi.org/10.1103/PhysRev.152.1274
https://doi.org/10.1103/PhysRev.152.1274
https://doi.org/10.1103/PhysRev.170.1294
https://doi.org/10.1103/PhysRev.177.2482
https://doi.org/10.1140/epja/i2015-15135-7
https://doi.org/10.1140/epja/i2015-15135-7
https://doi.org/10.1103/PhysRevD.91.076012
https://doi.org/10.1103/PhysRevD.91.094029
https://doi.org/10.1103/PhysRevD.91.094029
https://doi.org/10.1142/S0217732316500589
https://doi.org/10.1103/PhysRevD.92.054016
https://doi.org/10.1103/PhysRevD.92.054016
https://doi.org/10.1016/j.physletb.2017.05.092
https://doi.org/10.1140/epja/i2017-12368-4

