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A supergravity extension of the (R + R?) gravity with the additional (Born-Infeld) structure of a massive
vector multiplet gives rise to the specific F(R) gravity, whose structure is investigated in detail. The
massive vector multiplet has an inflaton (scalaron), goldstino, and massive vector field as its field
components. The model describes Starobinsky inflation and allows us to extrapolate the F(R) function

beyond the inflationary scale (up to Planck scale). We observe some differences versus the (R + R?)
gravity and several breaking patterns of the well-known correspondence between the F(R) gravity and the

scalar-tensor gravity.
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I. INTRODUCTION

An ultimate theory of cosmological inflation should be
based on quantum gravity and is yet to be constructed. This is
related to another open problem of finding an ultraviolet
(UV) completion of any phenomenologically viable infla-
tionary model. Among the most successful and popular
inflationary models, the Starobinsky inflationary model of
(R + R?) gravity [1] is special because it is entirely based on
gravitational interactions. This model is, however, nonre-
normalizable and has the UV cutoff given by Planck scale. In
addition, when extrapolating the (R + R?) gravity beyond
the inflationary scale of about 10'* GeV, i.e., when going to
the very large curvature regime, we are left with the scale-
invariant R? gravity. The original motivation in [1] was to get
rid of the initial singularity of Einstein-Friedmann gravity, in
addition to describing inflation in the early Universe.
However, demanding the asymptotical scale invariance at
very high energies is clearly not the only option. Hence, the
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open question remains: what should we expect beyond
Starobinsky inflation?

To address this question at least partially, one needs a
motivated extension of the (R + R?) gravity in a specific
framework. In this paper, we address the issue in four-
dimensional N =1 supergravity. The importance of the
inflationary model building in supergravity stems from the
natural objective to unify gravity with particle physics
beyond the standard model of elementary particles and
beyond the standard (ACDM) model of cosmology; see,
e.g., [2,3] for a review.

Though supergravity can be considered as the low-energy
effective theory of (compactified) superstrings, and the latter
can be viewed as a consistent theory of quantum gravity, we
obviously need more specific assumptions.

Our additional specific assumptions in this paper are the
following:

(1) Starobinsky inflationary model should be embedded
into a four-dimensional N = 1 supergravity, with
linearly realized (manifest) local supersymmetry,

(i1) inflaton (scalaron) should belong to a massive N =1
vector supermultiplet,

(iii) the kinetic terms of the vector supermultiplet should
have the Born-Infeld (or Dirac-Born-Infeld) struc-
ture, inspired by superstrings and D-branes.

This leads to the specific (modified) F(R) gravity model,
whose peculiar structure is in the focus of our investigation
in this paper.

Our paper is organized as follows. In Sec. II, we
outline Born-Infeld (BI) nonlinear electrodynamics and
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the supergravity theory with the BI structure. In Sec. I1I, we
review the Starobinsky inflationary model. In Sec. IV, we
study in detail the F(R) gravity extension of the (R + R?)
gravity, originating from the supergravity theory. In Sec. V,
we present the dual description of the same F(R) gravity in
terms of the scalar-tensor gravity. Our conclusion is in
Sec. VI. In the Appendix, we formulate the full super-
gravity theory in terms of superfields in curved superspace.

II. BORN-INFELD STRUCTURE IN GRAVITY

AND SUPERGRAVITY

The Born-Infeld (BI) Lagrangian was originally intro-
duced [4] as a nonlinear generalization of the Lagrangian of
Maxwell electrodynamics in terms of the Abelian field
strength F,, = d,A, —J,A,,

e (w4 2) 1

1
= —@F"”F’w + O(F*), (1)

Ly =—b~2

where we have introduced the dimensional (BI) coupling
constant b = Mg} and the gauge (dimensionless) coupling
constant e. Being minimally coupled to gravity, the BI

action reads
b
V=9—/—det| g, + ;Fﬂy

SBI = b_z/d4x

This BI structure also arises (i) in the bosonic part of the
open superstring effective action [5], (ii) as part of the Dirac-
Born-Infeld effective action of a D3-brane [6], and (iii) as
part of the Maxwell-Goldstone action describing partial
supersymmetry breaking of N = 2 supersymmetry toN = 1
supersymmetry [7,8]. In string theory, b = 2z¢/, while the
BI scale Mg; does not have to coincide with Mpl.l

In N = 1 supersymmetry and supergravity, a vector field
belongs to an N = 1 vector multiplet, whose supergravity
couplings are naturally (off-shell) described in supercon-
formal tensor calculus [11] and in curved superspace [12].
A massive N = 1 vector multiplet has a single (real) scalar
field amongst its bosonic field components, in addition to a
massive vector field. In this paper, we identify this real
scalar with inflaton, and unify it with the massive vector
field whose kinetic terms are assumed to have the BI
structure in N = 1 supergravity (we do not assume any
relation between our massive vector field and electromag-
netic field).

The full action of the self-interacting massive vector
multiplet with the BI structure in supergravity is very

- (@)

'See also [9,10] for more about special properties of the BI
action and its supersymmetric extensions.

complicated: it was found by using the superconformal
tensor calculus in [13], and we present this action in the
Appendix, by using superfields in curved superspace.2 In
particular, local supersymmetry (SUSY) is spontaneously
broken in this theory (after inflation also), while goldstino
is identified with a massive “photino” in the same vector
multiplet with inflaton.

For our purposes in this paper, it is enough to notice that
in the dual (modified supergravity) picture the BI structure
just leads to the presence of the contribution 12R?/ (e’ M)
under the square root of the BI term, in addition to the
F,,~dependent terms there. When ignoring all other inter-
actions besides the modified gravity itself (i.e., keeping
only the R-dependent terms), it gives rise to the following
F(R) gravity model (see Ref. [13] and the Appendix):

M2 M 12R?
S_/d‘*x,/——g PR B M+ ——=1||. (3)
2 3 e*My,

It is this modified gravity theory that is the main subject
of our investigation in this paper. It is worth noticing that it
does not imply the upper bound on the values of R, unlike
the original BI theory (1) that limits the maximal values of
the gauge field strength components.

It is worth noticing here that the idea of finding a “BI-
extension” of Einstein gravity is old but still popular,
although it lacks a good definition and guiding principles;
see, e.g., [17] for classification of many such extensions in
gravitational theory and [18] for other proposals to an F(R)
gravity function of the Bl-type.

A “Bl-extension” of N = 1 supergravity is more restric-
tive, but it suffers similar problems; see, e.g., [19] for some
specific proposals of BI supergravity in curved superspace.
Equation (3) is just the specific extension of Starobinsky
(R + R?) gravity in the framework of F(R) gravity derived
from supergravity and inspired by string theory. It is
directly related to the BI action (1) that arises together
with the F(R) gravity (3) in the same supergravity theory
having the BI structure.

It is also worth mentioning that Starobinsky inflation is
equivalent to the so-called Higgs inflation in gravity and
supergravity, because both lead to the same inflationary
observables [20].

ITII. STAROBINSKY INFLATION
AND F(R) GRAVITY

The Starobinsky model of inflation is defined by the
action [1]

M? 1
Sstar = Tpl/d“x\/ —9<R + WR2>’ (4)

“See also [14-16] for related papers.
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where we have introduced the reduced Planck mass
Mp, = 1//87Gy ~ 2.4 x 10'® GeV, and the scalaron
(inflaton) mass m as the only parameter. We use the
spacetime signature (—,+,+,+, ). The (R + R?) gravity
model (4) can be considered as the simplest extension of
the standard Einstein-Hilbert action in the context of
(modified) F(R) gravity theories with an action

Sk _ My / d*x\/=gF(R), (5)

in terms of the function F(R) of the scalar curvature R.
The F(R) gravity action (5) is classically equivalent to

Slowe 21 =3 [ dxTF COR= 2+ F(0] - (©

with the real scalar field y, provided that F” # O that we
always assume. Here the primes denote the derivatives with
respect to the argument. The equivalence is easy to verify
because the y-field equation implies y = R. In turn, the
factor F’ in front of the R in (6) can be (generically)
eliminated by a Weyl transformation of metric g,,, that
transforms the action (6) into the action of the scalar field y
minimally coupled to Einstein gravity and having the scalar
potential

M3\ xF'(x) — F(x)
v= () @)

Differentiating this scalar potential yields
av _ (M%1> F'(0)2F(x) =
dy 2 (F'(x))°

The kinetic term of y becomes canonically normalized
after the field redefinition y(¢) as

V3Myp,

F'(x)=exp <\/§¢/Mm), = fﬁ

in terms of the canonical inflaton field ¢, with the total
acton

XF'(2)]

(8)

nF'(x),  (9)

S . _M_lz’l d*x./=aR
qumtessence[gyw (P] - 2 X g
/ d*xy/= [ 9" 0,00,0 +V(p)|.
(10)

The classical and quantum stability conditions of F(R)
gravity theory are given by [3]

F'(R)>0 and F'(R) >0, (11)

and they are obviously satisfied for the Starobinsky model
(4) for R > 0.

Differentiating the scalar potential V in Eq. (7) with
respect to ¢ yields

av dVd;( M3, F"+F’—F’_2)(F’— d;(
dp dydp 2 F? F3 do’
(12)
where we have
dy dydF dF |dF V2 F (13)
dp dF' dp dp/ dy 3MpF"
This implies
av 2F — yF'
2 (14)

dp MM g

Combining Egs. (7) and (14) yields R and F in terms of the
scalar potential V,

= [y ) o0 (1 3ormn). 9

[A\;;zZJrAz,[_V} exp (2\/§¢/Mp1). (16)

These equations define the function F(R) in the parametric
form, in terms of a scalar potential V(¢), i.e., the inverse
transformation to (7). This is known as the classical
equivalence (duality) between the F(R) gravity theories
(5) and the scalar-tensor (quintessence) theories of
gravity (10).

In the case of Starobinsky model (4), one gets the famous

potential
3, 2 :
—ZMle 1 —exp|{ — g(p/MPl . (17)

This scalar potential is bounded from below (non-negative
and stable), and it has the absolute minimum at ¢ =0
corresponding to a Minkowski vacuum. The scalar poten-
tial (17) also has a plateau of positive height (related to
inflationary energy density) that gives rise to the slow roll
of the inflaton in the inflationary era. The Starobinsky
model (4) is the particular case of the so-called a-attractor
inflationary models [21] and is also a member of the close
family of viable inflationary models of F(R) gravity,
originating from higher dimensions [22].

A duration of inflation is measured in the slow roll
approximation by the e-foldings number

V()
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N, 1/(”*‘/01 (18)

z— JR—
2 749,
My Jpos V

where ¢, is the inflaton value at the reference scale (horizon
crossing), and ¢, is the inflaton value at the end of
inflation when one of the slow roll parameters

colo) =22 (V)" ana i) =0 (). 019

is no longer small (close to 1).
The amplitude of scalar perturbations at horizon crossing
is given by [23]

4 V3 B 3m?
S 1222MG,(VL)? 8aPME,

sinh?* ( \/g;@]) . (20)

The Starobinsky model (4) is the excellent model of
cosmological inflation, in very good agreement with the
Planck data [24-26]. The Planck satellite mission mea-
surements of the cosmic microwave background (CMB)
radiation [24-26] give the scalar perturbations tilt as n, ~
1 4 2ny — 6ey = 0.968 4+ 0.006 and restrict the tensor-to-
scalar ratio as r = 16¢, < 0.08. The Starobinsky inflation
yields r~ 12/N2 ~0.004 and n, ~ 1-2/N,, where N, is
the e-foldings number between 50 and 60, with the best fit
at N, =~ 55 [27,28].

The Starobinsky model (4) is geometrical (based on
gravity only), while its (mass) parameter m is fixed by the
observed CMB amplitude (COBE, WMAP) as

m
m~3x108 GeV or —=x1.3x107. (21)
Mp

A numerical analysis of (18) with the potential (17)
yields [23]

2 4
@, /Mp~In|=-N, | ~5.5
2 2
and gcoend/Mm%ln ﬁ(4+3\/§) ~0.5, (22)

where we have used N, = 55.

IV. BI-MODIFIED STAROBINSKY MODEL

In accordance to (5), the modified gravity theory (3) has

F(R)_R+%(\/l+12ﬂR2—l>, (23)

where we have introduced the parameters g = 1/(eMp)
and # = 1/(e*M3,;). In this parametrization, our F-function
(23) exactly agrees with Eq. (37) of Ref. [13].

When assuming 128R? < 1, the function (23) gives rise
to the (R + R?) gravity model of Starobinsky in (4), as it
should. It allows us to identify

m

= 24m?

1
7 and ¢* = 24(
Pl

2
) ~4x 1070, (24)

where we have used (21). In terms of the dimensionless
quantities F' = F/M% and R = R/M?}, and the dimension-
less parameters

_ My

a =
MPI

and 7 = ea?, (25)

we have the dimensionless function,

F(R) =R +§a4(\/1 +12RY )7 - 1) (26)

A global shape of this function is given in Fig. 1.

The physical conditions imply the range R € [-1,1]
(i.e., up to the UV cutoff) and a € [0.01, 1] (i.e., between
the grand unification scale and Planck scale), so that
7 € 6.3 - [1077,107°]. The Starobinsky inflation takes place
for 0 < R < 7.

The function (23) is well defined for any values of R and
implies three physical regimes:

(i) the small curvature regime, where gravity is de-

scribed by the standard Einstein-Hilbert action,

(i1) the inflationary regime, where gravity is described
by Starobinsky (R + R?) action (4),

(iii) the high curvature regime, where gravity is again
described by the Einstein-Hilbert action, though
with the different (larger) effective Planck scale
Mbpietiective = Mpi (1 + 497 /+/3)"/? < 189Mp;  for
large positive values of R.

10°F(R)/Mp?
w

2
1 \
0
-4 -3 -2 -1 0 1 2 3
10°R /Mp)>
FIG. 1. The profile of the F(R) gravity function (23) for o = 1

and 772 = 10°. This value of the parameter 7 is only chosen to
demonstrate the global shape of the function.
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Static solutions to the F(R) gravity field equations with
R = const = R, follow from our Egs. (8) and (14) and are
given by solutions to the algebraic equation [29]

RF'(R) = 2F(R), (27)
In our case (23), with

89°R

V1 + 128R?

F(R)=1+ >0 forR>0, (28)

we find

8g2R2 492
N 120ﬂRg :RO+§<\/1 4 126R2 - 1) (29)

that gives rise to the condition

8 2
Ry |4(16g* — 3B)R3 + 324°R2 — Ry + %} =0. (30)

Besides the trivial solution Ry, = 0 corresponding to a
stable Minkowski vacuum, any other real positive solution
(Ry > 0) must obey the cubic equation,

aR} 4+ bR+ cRy+d =0, (31)

whose coefficients are a=4(16¢*—3p), b = 32¢*, c = —1
and d = 8¢*/(3p). By using the standard replacement,

b
=Ry+—, 32
y o+ 3a (32)
we can bring (31) to the canonical form,
¥ +3py+2q=0, (33)

where we have

ay 20 be d 4g7(1152¢° — 1044"5 + 275%)
1= 278 32 a” 275(164* — 3)° ’
(34)
and
_ b2 _ 4 4
3p:3ac ~ 9p—304g (35)

3> 12(16g* —3p)%

The number of real solutions depends upon the sign of the
cubic discriminant D = g*> + p? that in our case reads

_ (144¢" + B) (329" + 3p)?
b= 5184p%(16¢* —3p)* (36)

Since D > 0, there is only one real solution. Our numerical
studies show that this root R, is negative (e.g., with a = 1
we find Ry ~ —8.7 x 107" M3).

The second derivative of the F(R) gravity function (23),

8g°

F”(R) - W > 0, (37)

can be compared to the laboratory bound of the E6t-Wash
experiment [30], F”(0) <2 x 107® ¢cm?, or

g<0.5x1073 cm?, (38)

which is well satisfied because of (21) and (24).

V. SCALAR-TENSOR GRAVITY AND THE
INFLATON SCALAR POTENTIAL

It is instructive to study the same gravitational model (3)
in the dual (scalar-tensor gravity) picture defined by (7),
(9), and (10). The classical equivalence (duality) between
the F(R) gravity theories and their scalar-tensor gravity (or
quintessence) counterparts is well known; see, e.g., [31].

Our Eq. (9) implies

_ 3l —ervi)
\/16a2 —372(1 — e~ V2/3)?

where we have introduced the dimensionless inflaton field
@ = @/Mp,. Actually, (9) determines R? as the function of
@, and our sign choice in (39) comes from demanding a
plateau of the scalar potential at positive values of R.

In turn, our Eq. (7) yields

| X

, (39)

V1+12R* /7 -1
8a'7 7! (R/7) + /1 + 12R /%)
(40)

~ a4 ~
V= 3 1 + 12R?/7?

where we have introduced the dimensionless scalar poten-
tial V = V/M3,. The scalar potential V() is obtained via a
substitution of (39) into (40), while the value of the
parameter 7, according to Secs. III and IV, is given by
7263 x 10702,

A profile of the scalar potential is given in Fig. 2.

As expected, the scalar potential V(¢) has a plateau for
positive values of ¢ and R, which corresponds to
Starobinsky inflation (Sec. III). As is clear from (39),
the higher the values of ¢ and R are, the closer the potential
V(p) to the Starobinsky potential (17) with V., =
2m>M3, is. Hence, the BI structure does not play a
significant role for positive values of ¢ and R.

When formally sending ¢ — +oo in (39), we get R, =

7 > (. The scalar-tensor gravity description does
24/ 16a*-37* & y p

not exist for R > R,,. whereas the F(R) gravity

083511-5
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105V ()8 2 Mpy*

0 Y’

-10 -5 0 5
@/ Mp)

FIG. 2. The profile of the V(¢) function (40) for a = 1 and
7 = 6.3 x 107> This function is not well defined for all values of
@. It reproduces the inflationary potential (17) for the relevant
values of @ (Sec. III). The infinite maximum occurs at ¢ ~ —0.6
that corresponds to R ~ —5 x 10~'°. The only minimum occurs at
$ ~ —6.5 that corresponds to the root Ry ~ —8.7 x 1077 found in
Sec. I'V. The wall on the left-hand side, where V sharply goes up
to infinity, appears at ¢ =~ —9.

description (26) is well defined there. This is an explicit
example of breaking the naive equivalence between the two
dual descriptions.

Though the scalar potential V(¢) cannot be trusted for
large negative values of ¢ and R, because of intense particle
production (reheating) starting near the absolute minimum
of the scalar potential, it is instructive to illustrate two more
breaking patterns of the naive equivalence between F(R)
gravity theories and scalar-tensor gravity theories in our
specific example.3

First, we observe the infinite maximum of the scalar
potential in Fig. 2. It happens when the expression under
the root in the denominator of (40) vanishes, that corre-
sponds to zero of F'(R) in (7) at a negative value of R.
Since this occurs at a finite value of R, it represents an
example of the broken correspondence, when the F(R)
gravity description is regular, but the scalar-tensor descrip-
tion is singular.

Second, yet another example of the broken correspon-
dence is given by the wall on the left-hand side of Fig. 2.
This wall appears when the expression under the root in the
denominator of (39) vanishes at a finite value of ¢ that gives
rise to the infinite values of R and the scalar potential V(¢),
although the value of V(R) remains finite. Beyond the wall,
the scalar-tensor gravity description does not exist in
our case.

VI. CONCLUSION

Our main results are given in Secs. IV and V. They
provide a viable extension of Starobinsky (R + R?) infla-
tionary model, motivated by the Born-Infeld structure in
supergravity, in turn, motivated by string theory.

Our considerations are formally based on Egs. (39) and (40)
only, ignoring Eq. (9).

Our physical motivation is to explore the range of
energies beyond the Starobinsky inflationary scale of
approximately 10" GeV up to the (reduced) Planck scale
of approximately 10'® GeV, by using the specific modified
gravity function (3) derived from the supergravity model
under our assumptions formulated in Sec. I.

The significant deviation between our modified F(R)
gravity model and Starobinsky (R + R?) gravity model
takes place only for very large positive curvature, with the
asymptotic R? gravity being replaced by the asymptotic
Einstein-Hilbert gravity having a larger effective Planck
scale. The corresponding values of the inflaton field are
trans-Planckian, so that the asymptotic gravity is supposed
to be considered with a grain of salt, because it may be
affected by quantum gravity effects.

On the other side, we found explicit examples of
breaking the naive correspondence between the F(R)
gravity theories and the scalar-tensor gravity theories in
our model. They are, however, of academic interest in the
inflationary physics context, because they occur at large
negative values of the curvature.
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APPENDIX: SUPERGRAVITY WITH BI
STRUCTURE IN SUPERSPACE

The supersymmetric extension of the (R + R?) gravity
(with Maxwell structure) in the new-minimal formulation
of N = 1 supergravity is given by Eq. (38) of Ref. [13] in
the superconformal tensor calculus. In curved superspace,
with Mp = 1, the Lagrangian reads [32,33]

L= /d2®25<—13—61'>2VR +£W“(VR)W0,(VR)> 1 Hec.,

(A1)

where Vg is the gauge multiplet of SUSY algebra,
representing the new-minimal set of supergravity field
components, W, is its superfield strength, and y ~ e™2 is
the R?> parameter. The superfield Vi has the following
bosonic components (in a Wess-Zumino gauge):

IZ_)&D(IVR| = zo-gqum’

— 32
DZDZVRl - ?bmAm + 16DR, (AZ)
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where A,, is the (dynamical) gauge field,

D _1! R—|—3B B"
R_3 D) m

is the gravitational D-term, and B,, is the auxiliary
vector field of supergravity multiplet. The old-minimal
set of supergravity is also present via £ and R that is
hidden in the definition of the superfield strength W,=
- (D> -8R)D,Vk.

After identifying the “old” auxiliary field b,, with the
“new” auxiliary field B,, as b,, = —%Bm, we can expand
the Lagrangian (A1) as follows:

1 3 3 1
- =—R+>B,B"—=-B,A"——F, F"
e 2 +4 m 2 m 462 mn
2 3 2
+—=|R+5B,B" ) +---, (A3)
e 2
|
1 3 3
-1l =—_R+>B,B"—=B, A"
L =R+ BuB" =3By

where we have kept only the relevant terms. When allowing
the superfield V to be massive (or not using a WZ gauge),
the complex scalar M of the old-minimal set [12] also
appears.

The BI extension of the supergravity theory (A1) can be
written down as follows:

L= <—13—6 / d*@2ED*Vy +H.c.> +£ / d*OEW> WA,
(A4)

where the BI structure function A is given by (see, e.g.,
Ref. [9])

A= K ,

1+z<(a)+cb)+\/1+K(w+&))+’1—z(a)—@)2

(AS)

with @ = D?W?/8 and the BI coupling x = b=2 = Mz}.
The Lagrangian (A4) can be expanded as

M, 3 3 2 3\2, .
2y 1l-——F—(F>-8(R+=B,B" —— | (FF)? -1
e O O I e

where we have kept only the relevant terms. Using B,, = F,,, = 0 as a solution, we get (3).
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