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We study the question of whether a helicity-transporting current is generated in a rotating photon gas at
finite temperature. One problem is that there is no gauge-invariant local notion of helicity or helicity
current. We circumvent this by studying not only the optical helicity current but also the gauge-invariant
“zilch” current. In order to avoid problems of causality, we quantize the system on a cylinder of finite radius
and then discuss the limit of infinite radius. We find that net helicity and zilch currents are only generated in
the case of the finite radius and are due to duality-violating boundary conditions. A universal result exists
for the current density on the axes of rotation in the high-temperature limit. To lowest order in the angular
velocity, it takes a form similar to the well-known temperature dependence of the chiral vortical effect for
chiral fermions. We briefly discuss possible relations to gravitational anomalies.
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I. INTRODUCTION

The quantum field theory of chiral fermions predicts a
number of exotic transport phenomena such as the gen-
eration of a current in a magnetic field or under rotation.
These are known as chiral magnetic and chiral vortical
effects (see Refs. [1,2] for recent reviews). Both effects are
related to the presence of chiral anomalies. In particular, the
chiral vortical effect (CVE) is present at finite temperature
and can be understood as a signal of (possibly global)
mixed gravitational anomalies [3—11].

From the outset it should be emphasized that in a
relativistic theory rotation cannot be implemented by
simply introducing a constant angular velocity in a thermal
ensemble [12]. In infinite space there appears necessarily
a region in which the tangential velocity would exceed
the speed of light. There are two remedies to this. In a
hydrodynamic setup one can consider either localized
vortices in the fluid or, alternatively, one can restrict the
ensemble to a finite space-time region in which no super-
luminal velocities arise. In infinite space the CVE can be
computed by studying an ensemble of rotating fermions
and concentrating on the region at the center of rotation
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[12]. Alternatively one can study an ensemble confined
within the boundaries of a rotating cylinder [13-18].

Recently, the question has arisen of if and how a similar
effect for ensembles of rotating photons could be made
possible [19-21]. In part, this question can be motivated by
the relation of the CVE to the mixed gravitational anoma-
lies as well as by the interesting results on the existence of
a similar anomaly for photons [22,23]. At first sight, in
the case of photons the notion of chirality could naturally
be replaced by the concept of helicity. It turns out, however,
that the definition of a photonic helicity current analogous
to a fermionic chiral (or axial) current is much more subtle.
A standard way of defining a photonic helicity current is the
so-called magnetic helicity, which in covariant notation can
be written as

Jl;nh = eﬂyplAqu/l' (1)

The drawback of this way of defining helicity is that the
current (1) is neither conserved (since 8/4]51}: = FwF uw
with F* = 1 e#P*F ;) nor gauge invariant. The first incon-
venience can be remedied by also defining the so-called
“optical helicity” [24]

1 -
‘]’;z = Eeﬂypl(Ava/l - Cva/l)v (2)

where C,, is a dual gauge potential defined via the relation
F w = 0,C, —9,C,. This current is conserved, d,J} =0,
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but now there is a new inconvenience: the original A, and
dual C, gauge fields are not locally related to each other.
As long as one does not insist on a Lorentz-invariant
Lagrangian formulation of Maxwell’s equations that might
not be considered a fundamental problem. However the
optical helicity is still not gauge invariant and now there are
even two gauge symmetries since C;, = C, + d,60 and C,
are physically equivalent dual gauge potentials. A gauge-
invariant global helicity charge Q = [ d*xJ)) can still be
defined, but there is no covariant expression for the helicity
density which could be local in terms of the original A, and
dual C, potential and gauge invariant with respect to both
the original and dual gauge transformations.

Fortunately, there are other candidates for physically
meaningful measures of helicity. Quite some time ago
Lipkin pointed out that the free Maxwell theory allows for
an additional conserved quantity [25] and soon afterwards
Kibble noticed that due to the fact that it is a noninteracting
theory there is, in fact, an infinite number of such conserved
charges [26]. Following the nomenclature introduced by
Lipkin these charges are known as “zilches.” For mono-
chromatic light, there is a relation between Lipkin’s original
zilch and the optical helicity [27], although they are
quantities with different properties: while the optical
helicity is the generator of the electric-magnetic duality
transformations [28], the zilch generates a more complex
transformation, involving extra derivatives [29].

The zilches are (classically) conserved quantities which,
except for the optical helicity, have unusual dimensions.
We will consider here only the original zilch introduced by
Lipkin, a conserved current of dimension five. While a
physical interpretation of the zilch remained obscure for a
long time, recently it was shown that the zilch measures the
asymmetry in the interaction of the electromagnetic field
with small chiral molecules [30] similarly to the effects of
the optical helicity on chiral and magnetoelectric media
[31,32] and Weyl semimetals [33]. We therefore take the
zilch as a legitimate local measure of the helicity of light.

In order to study the possible realization of a version of
the chiral vortical effect for photons we will quantize
Maxwell theory on a finite cylinder of radius R and
consider an ensemble with a finite fixed angular velocity
such that [QR| < 1. We calculate the thermal averages for
the optical helicity current and zilch current along the
direction of rotation and study the infinite-space limit
R — oo. It turns out that this infinite-space limit is—in
contrast to the fermionic case—ill defined even if one
concentrates on the current at the center of rotation. For
finite radius and |QR| < 1 the ensemble is well defined but
the appearance of a nonvanishing total current depends
very sensitively on the boundary conditions.

We will study three types of boundary conditions: a
perfect electric conducting boundary, a perfect magnetic
conducting boundary and duality-invariant unbounded
space. Our finding is that the integrated helicity and zilch

currents vanish exactly in the duality-invariant case whereas
only one type of polarization leads to a nonvanishing net
current in the other two cases. More precisely, the Dirichlet
boundary conditions on the photon wave functions lead to
exactly vanishing net current and only Neumann boundary
conditions give rise to a net current. However, the perfect
conducting and dual conducting boundary conditions break
the electric-magnetic duality and therefore introduce a source
of helicity or zilch on the boundary. We interpret the net
current therefore not as an intrinsic chiral vortical effect but
as a result of the symmetry-breaking boundary conditions.

This work is organized as follows. In Sec. II we introduce
our notation, the (non-Lorentz-covariant) versions of helicity
and zilch and associated currents. Then we quantize the
Maxwell field in the Coulomb gauge on a cylinder of radius
R. In Sec. III we study the helicity, zilch and energy currents.
We show that the net currents integrated over a cross section
of the cylinder vanish for the Dirichlet boundary conditions
on radial functions of photons. We numerically evaluate the
thermal current distributions for different temperatures and
angular velocities. Finally, we study the infinite-space limit
and show that in this limit the current at the axis of rotation is
a mathematically ill-defined quantity. Indeed, if one tries to
evaluate it by an analytic continuation (using inversion
relations for polylogarithms) then one finds a complex result.
While a truncation to lowest order in angular velocity does
give a finite expression it does not coincide with the results
previously reported in the literature for the photonic CVE.

In any case, the physical significance of such a finite
result for the photonic CVE is questionable since the
resulting integrals for the thermal averages are mathemati-
cally well defined only in the strict case |Q|+e=1/R
with e > 0. This requirement means that the zero-rotation
limit, Q — 0, should precede the infinite-volume limit
R — oco0. We emphasize that this requirement sets a stronger
constraint for the rotating photons as compared to the case
for fermions, because it arises from the essential property of
bosons that the Bose-Einstein distribution function can take
negative values for effectively negative energies, signaling
a possible instability towards condensation of low-energy
modes. Despite the difficulties with the calculation in
the unbounded domain we find numerically that the
high-temperature limit of the central current density in
the bounded domain does converge to the result in the
unbounded domain at linear order in the angular velocity.

We present our conclusions in Sec. IV. Some of our
conventions for vector analysis and useful properties of
the Bessel functions are given in the Appendices.

II. PHOTONS IN A NONROTATING CYLINDER

We consider a thermalized photon gas at a fixed temper-
ature 7 in an infinitely long straight cylindrical volume
(often called a “waveguide” in the literature). The cylinder
has a fixed finite radius R and may rotate around its
symmetry axis with constant angular velocity Q. For the
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sake of simplicity we work in vacuum with permittivity
& = 1 and permeability 4 = 1. We also set the speed of light
and the reduced Planck constant to unity, ¢ = A = 1.

A. System of equations

1. Maxwell’s equations

The electromagnetic fields are described by Maxwell’s
equations,

V.E—0, (3a)
V.B—0, (3b)
OE

VxB-SD=0, (3¢)
OB

where the magnetic field B and the electric field E are
related to the gauge potential A* = (¢,A) as follows:

B=VxA, E:—V¢—6—A. 4)
ot

To solve these equations inside a cylinder it is natural to
introduce cylindrical coordinates with the radius p, the
azimuthal angle ¢, the height z, and the time coordinate ¢
(in the laboratory reference frame). Certain useful formulas
of vector calculus in the cylindrical system of coordinates
are summarized in Appendix A.

Given the geometry of the problem and the linearity of
Maxwell’s equations the solutions can be described in the
complexified form

G(p, ®.7, t) — e—iwt-&-imqo—}—ikzzG(p)’ (5)

where G = E, B, A are the positive-frequency solutions for
the electromagnetic fields with energy @ > 0, momentum
k, along the z axis, and quantized angular number m € Z,
corresponding to the eigenvalue of angular momentum
about the z axis. In Eq. (5) the radial functions G(p) are
determined by Maxwell’s equations (A3) and by the
boundary conditions that will be specified below.

2. Boundary conditions

The spectrum of solutions of Maxwell’s equations (A3)
depends on the type of boundary conditions at the edge of
the cylinder at a fixed radial coordinate p = R. We will
consider three kinds of boundary conditions, corresponding
to a boundary made of (i) a perfect electric conductor (an
ideal metal), (ii) its “dual” analogue, a perfect magnetic
conductor and finally (iii) duality-invariant “natural” boun-
dary conditions in infinite space.

We will study an ensemble of rotating photons in a fixed
laboratory frame. That means we should have energy and
angular momentum as conserved charges to which we can
couple corresponding Lagrange multipliers, the temper-
ature 7 and the angular velocity Q to define a grand
canonical ensemble.

For the Maxwell field the energy and momentum
conservation take the form

where the energy, momentum density (Poynting vector)
and stress tensor are, respectively,

e =2 (B2 4 BY), )
P=ExB, (8)

1
Oml = _EmEl - BmBl + Egml(E'2 +Bz) (9)

Here A -B = Z?:l A;B; is the scalar product and [, m = 1,
2, 3 are the spatial indices.

In cylindrical geometry the globally conserved quantities
are the energy ¢, the momentum along the cylinder axis P,
and the z component of the angular momentum L, =
(p x P)_ = pP,. Because we require the boundary of the
cylinder to respect the conservation of these quantities,
Eq. (6) implies that these quantities are conserved provided
both the radial component of the Pointing vector (8) and the
radial components of the photon stress tensor (9) vanish at
p=R:

o) (10)

Therefore one may distinguish three types of boundary

conditions.

(i) Ideal electric conductor: An external electromag-
netic field generates dissipationless electric currents
in an ideal electric conductor that lead to a vanishing
normal component (with respect to the surface
element JS of the conductor) of the external mag-
netic field B and two tangential components E| of
the electric field at the surface boundary:

BL'XES:O’ EH'xES:O' (11)
In cylindrical coordinates the boundary conditions
imposed by the perfect electric conductor (11) have
the following form:
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B,(R) = E(R) = E,(R)=0.  (12)

These conditions ensure conservation of energy as
well as the z components of momentum and angular
momentum (10).

(ii) Ideal magnetic conductor as a dual analogue of the
ideal electric conductor: Instead of electric currents,
a perfect magnetic conductor hosts dissipationless
magnetic currents.! The magnetic boundary condi-
tions are therefore dual to the electric ones (11):

EL‘xeS =0, BH|xeS =0. (13)

The magnetic conductor (13) imposes the follow-
ing conditions on the electromagnetic fields which
ensure the physical constraints (10):

E

»(R) = B:(R) = B,(R) = 0. (14)

One can readily observe that the perfect electric
conductor or perfect magnetic conductor impose
the conditions (12) and (14), which are mutually
“dual” to each other. These boundary conditions will
impose either Dirichlet or Neumann boundary con-
ditions on a scalar radial function of the photon field
depending on its polarization. The electromagnetic
duality transformation

E—-B, B-E, (15)

exchanges the boundary conditions between the two
possible polarizations.

(iii) Unbounded flat space: This is the limit R — co. We
impose “natural” boundary conditions by requiring
that the fields and their products be integrable with
the measure f0°° pdp. These fields can be represented
by a Fourier-Bessel integral. In principle, the basis of
eigenfunctions for both previously considered boun-
dary conditions can also be used for the unbounded
flat space. However it turns out that it is slightly
more convenient to introduce in this case an explic-
itly helicity-preserving basis in terms of left- and
right-circularly polarized photon wave functions.

B. Solutions

1. Quantization and normalization of
electromagnetic fields

It is convenient to characterize the photon solutions in
the interior of the cylinder by transverse electric and
transverse magnetic polarization modes. The transverse
electric (TE) mode possesses the electric field which is

"The perfect-magnetic boundary conditions can be viewed as
the electromagnetic analogue of the boundary conditions for a
gluonic field in the MIT bag model for hadrons in QCD.

always perpendicular to the axis of the cylinder, ETE = 0.
In the transverse magnetic (TM) mode it is the magnetic
field that is perpendicular to the cylinder’s axis, BIE = 0.

For the quantization of the gauge field it is convenient to
choose the Coulomb gauge, where the temporal component
of the gauge field is zero and the spatial part of the gauge
field has zero divergence:

V-A(x) =0. (16)

Then the photon operator is given by

(4

- €
A,(x)= E L (AW ()l + AP (n)aPh, 17
u(%) - /—Zw,(J()J s (x)a;) (17)

where A = TE, TM is the polarization of the photon field
and J is a collective notation for other quantum numbers
which will be defined below. .

In Eq. (17) the operators &(J'D and &5’1)7 annihilate and,
respectively, create a photon with polarization A, quantum

number J, and wave function A(J’lz These operators obey
the standard set of bosonic commutation relations:

A A
[ag),ag, )T} = 62161+ (18a)

[&gﬂ)’a‘(]j’/)} — |:&‘(Iﬂ)%’a<ﬁ’>1':| — O, (18b)

where §;p is an identity in the phase space of quantum
numbers J with the natural property

25“/ =1 forany J' (19)
7

The photonic vacuum state is annihilated by the oper-

ators &3’” for all 1 and J:
ai10) = . (20)

The photon wave functions with a definite polarization A

A} =€ AP, (21)
are defined by the orthonormal vectors
eV =5,  1=TE TM, (22)

for each fixed quantum number J. For a fixed polarization
A, the expansion coefficients of the photon operator (17) are
orthonormalized according to the condition

/ PxAP () AD (x) = 5, (23)
In our conventions there are no sums over repeated indices

[e.g., over the cumulative index J in Eq. (21)] unless
explicitly indicated.
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2. Explicit solutions at finite radius

The (positive-frequency) expansion coefficients of the
photon operator (17) may be represented as follows:

A(/l) (p, ®. 7, t) — e—i(utJrikZZJrim(/JAM) (p)’ (24)

where

o =\/k2+ k3, (25)

is the frequency of the mode, k, is the momentum along the
axis of the cylinder and m € Z is the quantum angular
momentum associated with the angular rotations about the
z axis. The quantization of the transverse (radial) momen-
tum k, > 0in Eq. (25) depends on the boundary conditions
at the edge of the cylinder.

In cylindrical coordinates, A = (AP,A(/,,AZ)T, the radial
part of the wave function (24) is given, for the TE and TM
polarizations, respectively, as

mfre (p)
ip
Ofe(p)

op
0

A (p) = (26a)

k: 9f1(p)
iw  Op

Lkz frm(p)
@ 14

_%fTM(p)

AM(p) = , (26b)

where the scalar radial functions f, = f,(p) obey the
following differential equation (A = TE, TM):

1 3 6f,1 m2

—— == - k3 f, = 0. 27

The normalized solutions of Eq. (27) are proportional to the

Bessel functions of the first kind:
fi=CiJulkip), 4 =TE, T™M, (28)

where C, are the normalization constants to be defined

below.

In the Coulomb gauge the operators of electric and
magnetic fields are given by a series similar to Eq. (17)
where the expansion coefficients can be determined with
the help of Eq. (4). The electric-field modes are propor-
tional to the corresponding gauge field modes (26),

EN = —9,AV = ip AP, (29)

while the magnetic-field modes BY =V x A% for the
A =TE, TM polarizations are

—ik, of ”g;(/’)
B™(p) = (30a)

m kz f Tl;:)(/)) ,
—kif TE(P)

_imwal\;l)(p)

B™ (p) = I9fm(p)

=5

0

(30b)

The cylinder made of an ideal electric conductor or a
magnetic conductor imposes, respectively, the boundary
conditions (12) or (14) on electromagnetic fields of the
modes. These constraints can be rewritten as conditions on
the radial functions of the corresponding electromagnetic
modes:

Ofte(p)

T |, = mR=0 B=E 0l
afgil\;@) i@ =0. b= ()

For shortness, we call the boundary conditions correspond-
ing to the perfect metal (12) and the perfect magnetic
conductor (14) the “electric” (b = E) and “magnetic”
(b = M) conditions, respectively. The duality of the electric
and magnetic boundary conditions with respect to the TE
and TM modes is clearly seen in Eq. (31).

The explicit form of the solutions (28) indicates that
the boundary conditions (31) impose the following
quantization of the radial momentum k&, for the photon

polarizations A:
()= () (i) e
()= () () e

where the prime indicates a derivative of the Bessel
function with respect to its argument. Thus the walls of
the cylinder made of a perfect electric (b = E) or magnetic

(b = M) conductor quantize the transverse momentum k |
of the TE and TM photon modes differently:

K/

Jn(k R) =0,

Jm(kJ_R) — O,

S AR I B A
/
(E=Snl M= p— M, (34b)

where «,,, and «/,, (with m € Z) correspond to the Ith
positive root (with [ = 1,2, ... € N) of the Bessel function
J,(x) and its derivative J),(x), respectively,

T (ki) = 0. Thu(i,;) = 0. (35)

ml
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According to Eq. (25) the corresponding frequencies @ of
the electromagnetic modes are

et () G)Gr)

(36a)

(6)-()- (%)

(36b)

Wy =

~

(Kml)
K2 + R

Wy =

In a cylinder the photonic modes of a definite polarization A
are labeled by the collective quantum number (37),
J={k.,m,1}, k, eR,

me7Z, leN. (37)

An integration over all three momenta k in a phase space of
plane waves in an unrestricted space is reduced, in the
cylinder, to the sum over the collective quantum number J:

&k 1 dk, =
=S m ] w5y
This sums appears, for example, in Eq. (17).

According to Eq. (19) the identity in the phase space of
the modes with a given polarization 4 is as follows:

Oy = 27T2R25(kz - k/z)amm’(sll" (39)
An explicit calculation of the orthonormalization
condition (23),
2

/ " dopf? (p) = / " dpor (p)=R— (40)
o TE 0 ™ 2ki ’

gives us the coefficients C§

R
C%E - C%/IM - )

(ku)? = M2 (k)|

(41a)

R

cM =Ct =——"
E ™ Kml|Jm+l(Kml)|’

(41b)
in the radial functions (28) of the photon polarization
modes 1 =TE, TM obeying the b =E, M boundary
conditions. Here we used the integral orthogonality rela-
tions of the Bessel functions (B4) and (B5), as well as the
recurrence relations (B1). Notice that k/,, > |m)|.

The TM and TE modes are always orthogonal to each
other,

R

/OR dpp AJE(p) - AM(p)  [mfre(p) frm(p)]| =0,

0
(42)

due to the boundary conditions (31) and the fact that
mJ,,(0) =0 for all m € Z.

The conserved charges of interest in this basis are the
total energy and the angular momentum which are eigen-
values of the Hamiltonian and the angular momentum
operators. In our normalization the normal-ordered expres-
sions of these operators are, respectively,

1. 2) At (A
H= /d3x§ ((E*+B?) = ;w(J)ag) ap, (43)

L,= / dx:P, =Y mayal. (44)
J.A

3. Modes in an unbounded space with R - ~

As a final point in this section we will discuss the limit of
an unbounded space R — oo. First let us note that without
imposing any boundary conditions we have

V x ATETM) _ g ATMTE) (45)

We can therefore introduce eigenvectors of the curl
operator

A =AJF £ A (46)
with the eigenvalues
Vx AF = twA7. (47)

In terms of electric and magnetic fields these modes fulfill
the relations

B = FiE+, (48)

which show that these modes correspond to left- and right-
circularly polarized electromagnetic fields. The gauge
potential can now be quantized in this basis as follows:

V2 () (+) (=) (=)F
A= E A +A . 49
- \/_J ( J a] J a/ ) ( )

Similarly to the finite-radius cases, the radial scalar
functions f, are still proportional to the Bessel function
(28). However the radial momentum k| is not quantized in
the absence of the boundaries. The wave functions are still
normalized according to the condition

[ Ex AL AL 0 b (650

with the collective quantum number J = (m, k, k) and
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6k, — K|
6.1]’ = 47726mm (k k. ) % d (51)
+o0 dk ok, dk
/ / iy (52)
mEZ

The normalization constant in this unbounded case is
C = \/— . Since the wave functions for both circular
J_

polarizations obey the same boundary conditions (see
below), the normalization constant is the same for both
polarizations. The complex field £ =FE + iB is then
just E=V x A.

Quantization is achieved by

@ ') = 3y (53)

The wave functions form an orthonormal system
PrAY - AY = 5y 5, (54)

We note that E + iB are eigenvectors of the duality trans-
formation (E,B) — (B,—E) with eigenvalues +i. The
Hamiltonian is H = J € - £'. Both polarization modes have
the same frequencies. Therefore the Hamiltonian is

H= Zwl

with @3 = k2 + k% as in Eq. (25). The projection of the
angular momentum on the z axis can be computed from the
expression of the Poynting vector P = £€ x £ as

a7, (55)

Zm (4 a7y, (56)

C. Helicity and zilch

Back in the 1960s Lipkin found a new conserved charge
for the free Maxwell theory which he called the “zilch”
[25]. Soon afterwards Kibble pointed out that there are
infinitely many such zilch currents [26].

The basic observation is the following: if (E,B) and
(H,G) are doublets of fields obeying the free Maxwell’s
equations

V.-E-V.-B=V-H=V.-G=0, (57
OE OB
VxB-2_vxe+2E_ 5
5 T =0 B8

9G OH
VxH-2C v+ 2 _
xH-21=VxG+oo=0.  (59)

then the expressions

H-B+G-E
{= 5 (60)
H<xE-+GxB
2
fulfill the conservation law

o
—24+V.J, =0. 62
ot Je (62)

If we identify H - A with the vector potential and
G — C with the dual vector potential in the Coulomb gauge
V-A=V.C=0, then

ocC
0A
E=-2_v 4
B x C. (64)

The conserved charge (60) in this case is the optical
helicity. The inconvenience with these definitions is that
they do depend on the gauge choice. The vector and dual
vector potential define a zilch current only in the Coulomb
gauge (16)!

Lipkin's original zilch is gauge-invariant and local. It can
be defined by taking

H =V xB, (65)

G=VxE. (66)

If one allows for nonlocal expressions one can define the
k-zilch currents by taking

H,= AV x B, (67)

G, = A~V xE, (68)

where A is the Laplace operator. If one uses the Coulomb
gauge (16) then the 1-zilch (s = 1) becomes local in terms
of the vector potentials A, C and it coincides with the
“optical helicity” given in a relativistic form in Eq. (2). The
1-zilch is also unique in the sense that it is the only one of
the s-zilches that has the correct dimension of a conserved
current, i.e., three. In contrast Lipkin’s gauge-invariant
local zilch current, the 0-zilch, has dimension five, and is
often associated with “the optical chirality flow” [34,35].

For the finite-radius case, the perfect electric (12) and
magnetic (14) conductor boundary conditions do not
respect the zilch. The helicity (or zilch) influx
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Jy-n EJh.r(R)

= (EwAz - Equﬂ + Csz - CquJ)'/):R’ (69)

does not vanish identically at the boundary.

In the helicity eigenstate basis in the unbounded domain
the helicity and the zilch can be expressed by the complex
fields

hzi(AT-SjLA-ST), (70)

gzi(g*-sw-gf). (71)

The normal-ordered integrated total charges (helicities and
zilches) are, respectively,

0, = / dx:hi= Y (@) — a7 a)), (12)

7
Or = /d3xﬁ: Za)] aj —a(fﬁag_)). (73)

As expected, helicity in the Coulomb gauge counts the
number of right-circularly polarized photons minus the
number of left-circularly polarized photons. The gauge-
invariant zilch charge weights these numbers with the
squares of the frequencies and is therefore a good gauge-
invariant observable and local measure of helicity [30].

The expressions of the helicity and zilch currents in
terms of the complex fields are

Jh=tAxe - aixe), (74)

&~ \

Jo={(ExG € xG) (75)

D. Unbounded domain

We will now study the problem of the generation of the
helicity and zilch currents at the center of rotation in an
unbounded domain. The analogous problem for chiral
fermions is known to give a well-defined expression that
coincides to lowest order in the angular momentum with
the predictions from anomaly-induced transport theory—
the chiral vortical effect. It also predicts terms of higher
order in €2 but their status is somewhat less clear. We will
follow the strategy that worked for chiral fermions as
closely as possible.

The thermal expectation value of the helicity current in
the unbounded domain is formally

UioNga= [ 5 [ 5e o -me.1

k2 ) Jm(kLp)J;n(klp)‘

x2m<1 +— (76)
a)

where ng(e, T) = [exp(e/T) — 1]7! is the occupation num-
ber and the eigenenergy w is given in Eq. (25). Both photon
polarizations contribute the same amount to the current
(76). Since the current (76) should be understood as the
limit R — oo of the finite-radius theory there is in principle
a lower limit on the k| integration. At any finite radius we
have QR < 1 and k; = with k,,, > m. Therefore we
always have k; > Q in Eq. (76).

One observation is that the total current also vanishes in
the unbounded domain. Indeed we integrate the current
(76) over the (infinite) cross section of the cylinder as in
Eq. (104) and then use the identity (100) to show that the
contribution of every eigenmode f;(p) =J,, (k. p) is
proportional to J2,(k; R) which vanishes in the infinite-
volume limit R — oo.

If we concentrate on the other hand on the center of
rotation p = 0 we find that only the modes with m = +£1
contribute. We can also change the integration variable
from k; to w to find

e N A (e

x |:e(w—Q)/T -1 e(w+Q)/ _ l:| :

(77)

We can now expand the integral to lowest order in powers
of Q/T and find

Vi(0)70 =

AT2Q [ X 272
=—Q. (78
372 A * e’ —1 9 (78)

One can also try to proceed by ignoring the lower bound
on the integration over the frequency w in the first integral
in Eq. (77). This leads to

Oz = I [ g
h T.Q 377:2 0

1 1
x |:ex—Q/T -1 - ex+Q/T -1 . (79)

In order to evaluate this we can use the integral represen-
tation of the polylogarithms together with the Jonquiere
inversion relation
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Li,(z)

1 © tn—l
:F(n)/o e'/z—1"

Liy(z) + (=1)"Li,(1/z) = — (2::‘)2 B, G + %) .

Here B, (x) is the nth Bernoulli polynomial and the sign is
chosen according to z ¢ [0, 1] or z & |1, oo]. This leads to
the following formal expression:

co(formal) 2T . T 1
0T ™™ =" Q£ i@~ 00 (80)

which is clearly unphysical beyond the leading order in the
angular momentum €. The reason is that the integrand in
Eq. (77) always has at least one pole at frequency o = |Q)|.
The analogous integrals for fermions are well defined since
the Fermi-Dirac distribution does not present a singularity.
However even in the fermionic case the higher-order terms
do not seem to be universal [7].

The same considerations hold for the zilch current as
well. The only difference is an additional insertion of @?
under the integral in Eq. (76). We only quote the infinite-
volume result for the on-axis zilch current obtained to linear
order in €:

E0), = S’ZTTQ. (81)

II1. Rotations

We will study the rotating ensemble in a vacuum defined
with respect to a fixed laboratory frame. In this case
rotation is implemented by defining the statistical operator

1
p=getint, (82)

where f = 1/T is the inverse temperature, Q is the angular
frequency corresponding to a uniform rotation with angular
velocity = Qe_ about the z axis, H is the Hamiltonian
(55) and L, is the projection of the angular momentum
operator on the rotation axis (56). Without losing generality
we assume that the cylinder rotates counterclockwise with
Q>0.

Rotating ensembles of relativistic field theories are noto-
riously ill-defined whenever the tangential velocity at radius
p exceeds the speed of light. A well-defined ensemble is
therefore possible only as long as RQ < 1, where the speed
of light ¢ = 1 in our conventions. This makes it immediately
clear that the unbounded domain with a constant angular
velocity does not give rise to a consistent statistical ensemble.
As noted however long ago by Vilenkin, in the case of
fermions it is possible to extract meaningful results for the
statistical average of the current at the center of rotation.

As we will discuss in detail, for photons even this property is
not realized beyond the lowest order in Q.

In principle one can study the ensemble both in a
corotating and in a laboratory (nonrotating) frame and
define two different vacua. A nonrotating vacuum has been
considered by Vilenkin [12] while the rotating vacuum has
been studied by Iyer [36]. One may show that both
approaches are equivalent provided the system is bounded
in such a way that the velocity of the rigidly rotating body
does not exceed the speed of light so that causality is
respected. Technically, the nonrotating (Vilenkin) vacuum
is equivalent to the rotating (Iyer) vacuum if the energy of
each eigenmode in the laboratory frame & and in the
corotating frame ¢ satisfy the relation €€ > 0. This relation
always holds when causality is respected. Causality is
violated in a rigidly rotating unbounded space, in which
€€ < 0 for certain modes and, consequently, the nonrotat-
ing and rotating vacua are not equivalent [13]. The
unbounded rotating systems may have several pathologies
related to instabilities and the rotation-induced Unruh effect
[37,38]. Further discussions, in particular on the difference
between fermionic and bosonic states, may be found in
Ref. [13].

The thermal expectation value of an operator O for a
uniformly rotating ensemble is

(OW)re =D np(T.21.2)(0)),.  (83)

J.A

A

where (O(x)); = (J|O|J) corresponds to the value of the
operator O for a photon in the state characterized by the
polarization 4 and the kinetic quantum numbers J (37), and

1

e(wy) -mQ)/T _ 1

ng(T,Q;J,1) = (84)

is the Bose-Einstein distribution function at nonzero
temperature 7 and angular velocity Q.
In order to calculate the expectation values of the normal-

ordered operators of interest we collect the mode expan-
sions of the different fields

1

A= —— AVl 4 APPT  (85)
JA \/2(1}5’1)
i ~ D A(A) % (D) a(A)F
= — (A2~ AP A", (s6)
77\ 20
iy/ o) (4) 5 (2) (A)o% 5 ()1
E = Aa — A e, 87
DG (A a; jay),  (87)
o B .
B~ (Afaf) + APa).(88)
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@V a0 e
H = L (AVa" - AV a)), 89
AR - afa. e
- (A)\3/2
1(60 ) ~(A) A4 ~(A).% (A
G=> AV + AP"a, (90)
J.A \/E

where the dual wave functions A are defined via the
relation V x A(f) = a).;t(f).

Now we can compute the thermal averages of the
following normal-ordered operators:

1

optical helicity : J9 :EZ(A-B—FC-E):, (91)
1
Ji=5:(ExA+CxB):,  (9)
. 1
zilch: ngiz(H-B~|—G-E):, (93)
1
Jo=3:(ExH+GxB): (%4
Poynting vector: J,=E x B:. (95)

We note that all of these expressions are duality invariant:
(E,B) - (-B,E), (C,A) - (-A, C) etc. They are normal
ordered (with creation operators placed on the left) and we
only need the one-particle expectation values to evaluate
the thermal averages.

It is worth mentioning that we quantize the gauge field
A, in the Coulomb gauge (16) formulated in the laboratory
frame. This gauge condition is not satisfied by the fields in
the corotating frame Aj, which are related to the ones in the
laboratory frame by the linear transformation A’ = A and
Aj = Ay — QpA,,. The spatial part of the Coulomb gauge is
thus respected by the corotating gauge fields, V- A’ =0,
while the temporal component of the gauge field in the
corotating frame is nonzero, Aj, # 0, for both TE and TM
photon polarizations (26). However, since all observables
of interest are formulated in the laboratory frame, and the
vacua for both the laboratory and rotating frames are the
same, the quantization should be done in the Coulomb
gauge (16) with respect to the gauge fields in the laboratory
frame. Moreover, the uniform rotation affects the expect-
ation values of the observables in the laboratory frame
via the Bose-Einstein distribution function (84), which
depends on the photon energy spectrum in the corotating
frame, ), = w; —mQ. Since the latter is a gauge-
independent quantity, the choice of the gauge in the
corotating frame has no effect on the expectation values
of the observables.

The optical helicity, zilch and their currents have the
single-particle expectation values

N ) = 2oy 202202, (96)
0
Wedy = | K@) ™11y (97)
m(@,)>2 (1 + &) L

where s = 1 for the optical helicity and s = O for the zilch.
We note that these quantities fulfill the Ward identity

m
o(J| Ty |I) = > IWield) = k(I ) =0, (98)

associated with the zilch conservation (62) and with a
similar conservation relation for the helicity.
The expectation value of the Poynting vector is

0
25|, (99)
k(2 5+ 17)

For simplicity of notation we have suppressed the polari-
zation index in the above. The expressions are formally the
same for both polarizations.

Since the energy w; is an even function of the momen-
tum in the z direction, k_, all thermal expectation values
of expressions linear in k, vanish upon integration. The
linearity in k, immediately tells us that h = { = J2 = J =
JZ’ =0 in addition to the obvious absence of the radial
currents J? = J} = Jg =0.

Furthermore, from the identity

(T J) =

(100)

it follows that only those modes that obey the Neumann
boundary conditions on the radial photon functions f; give
us a nonzero net helicity and zilch currents! The corre-
spondence between the boundary conditions on the radial
photon functions, the photon polarizations and the type of
boundary conditions can be found in Eq. (31).

In the general case, the thermal expectation values cannot
be evaluated analytically and therefore we proceed to their
numerical evaluation. For the numerical summation it is
convenient to write the energy and angular momentum
densities as follows:

1 )
Re = — dg——1— (101)
T 0 v ~mRQ
| m,l,A - e RTm -1
RL,=— dg—; (102)
T 0 v —mRQ
m,l,A TR — 1

In order to adapt these quantities /1;0r a nun}erical evaluation
we used a shorthand notation y(]) = Rw J) for the dimen-
sionless energy, characterized by the cumulative index J of
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Eq. (37) and by the polarization A = TE/TM according to
the type of boundary condition (36).

In Fig. 1 we show the appropriately normalized energy
(101), angular momentum (102) and moment of inertia

L,(Q.T)

I(Q,T) — Q 5

(103)

as functions of the angular frequency € for various fixed
temperatures 7.

The components of the total helicity and zilch currents
along the axis of rotation, given by integration over local
currents (97) over the cross section of the cylinder,

R 2r
J?“’t:/o /)d/)/o doJ(p, ¢). (104)

0.0 0.1 0.2 0.3 0.4 0.5
QR

FIG. 1. The energy (101) and angular momentum (102)
densities as functions of the dimensionless tangential velocity
at the boundary RQ. We restrict ourselves to relatively low angular
velocities RQ < 0.5 to facilitate numerical evaluation. The plots
show that the behavior of the dimensionless quantities e/T* (top)
and L/(RT?) (bottom) for a temperature range from TR = 0.25
up to TR = 2.5 in steps of §(TR) = 0.25. As it can be seen from
the plots, both of these dimensionless quantities collapse on a
universal high-temperature curve. The arrow in the upper plot
marks the Stefan-Boltzmann value e = % At temperature
TR = 2.5 the system is already within 3% of this value at zero
rotation. The inset in the lower figure shows the moment of inertia

(103) with the corresponding Stefan-Boltzmann value.

are as follows:

2

I+ (1)y2-2

l 0 (D(D)z m(z/ ) s
JZVtmRZ_ZS = — E / dq J J (105
A ot /0 (K/ml)z —m? e»ﬁ“;lm . (105)

where s = 1 corresponds to the helicity and s = 0 to the
zilch currents (also denoted, respectively, as s = h and
s = ¢ below). In Eq. (105) we chose the polarization A
taking into account the fact [Eq. (100)] that only the modes
with the Neumann boundary conditions on the radial
photon functions f;(p) may contribute.

In Fig. 2 we show the total helicity and zilch currents
(105) which are increasing functions of both temperature
and angular momentum. Its important to remember that the
total currents, contrary to the infinite-volume expression,
are nonvanishing only because of the Neumann boundary
condition imposed on radial photon functions. The net flux
of helicity and zilch is therefore interpreted as an effect of
the duality-breaking boundary conditions. Qualitatively
both quantities exhibit increasing flux with increasing
angular velocity.

0.30F0s

0.25}04

0.3 ————

0.20F020 ks

TR=0.5
0.1
ot
J}, £0.0

TR=0.25
0.1 02 03 04 05

0.0 0.1 0.2 0.3 0.4 0.5

FIG. 2. The total helicity (s = 1) and zilch (s = 0) currents
(105) as functions of the dimensionless tangential velocity at the
boundary RQ. The plots show the behavior of the dimensionless
quantities J;;*"'/(RT?) and J3**'/(RT*) for the same temperature
range as in Fig. 1. The insets show the currents divided by the
frequency Q.
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It is well seen in Fig. 2 that in the limit of small
angular frequencies, Q — 0, both the total helicity
and the total zilch currents (105) exhibit a linear depend-
ence on Q:

JP = C(T)TH>Q + 0(Q?). (106)

In Fig. 3 we show the dimensionless coefficients
C; as functions of temperature 7. Both quantities vanish
exponentially in the limit of small temperatures 7" — 0,
while in the limit of high temperature they approach the
values

C(T - o) ~0.65, Ce(T —» 0)~ 542, (107)

respectively.

Finally using the series expansion of the Bessel func-
tions, J,,(x) = (x/2)"™ + O(x"*?), it follows that the
helicity and zilch current densities at the axes of rotation
p = Oreceive only contributions from the angular momenta
m==1:

0.6f
0.5
0.4F
0.3
0.2¢
0.1F 0,00 0,05 0.10 0.15 020 025

0.0F: e . TR .
0 5 10 15

JYQT?)

0.6
0.4
- 0.2

JENQTY

JeQr

. 0.0
1F L7 0.00 0.05 0.10 0.15 0.20 0.25

» TR

0 5 10 15
TR

FIG. 3. The dimensionless strengths of the helicity (s = 1)
and zilch (s =0) currents (106) in the limit of small
angular frequencies Q — 0 as functions of temperature 7.
The insets show the exponential onset of both currents at
small temperatures.

1 & q*
JH(0)R™> = — / dg(v})@2) (1 + —)
( ) 77:2%: 0 Q( J ) (U(j/l))z

NEh% 1 1
- Cy <> S0 ) ,
2R) et -1 o -1

(108)

where again s = 1 and s = 0 correspond to the helicity and
the zilch, respectively. The m = +1 eigen-numbers K’} =
«“ , for both polarizations 2 = TE/TM can be read off
from Egs. (34) and (35), and the normalization coefficients
C, are given in Eq. (41).

The helicity and zilch currents (108) at the axis of
rotation p = 0 are shown in Fig. 4 as functions of temper-
ature 7. We plot these currents in the limit of slow rotations
Q — 0 and normalize them to the corresponding results
obtained in the unbounded domain (78) and (81), to be
discussed in the next section. The high-temperature limit
approaches the value of the linear truncation in € in the
unbounded domain. Its interesting that this convergence is
faster for the zilch current than for the helicity current. The
insets show the exponential onset of the currents for small
temperatures.

1.0F
0.8f
—
S 0.030
5= 0.6} s 0025
=S & 0.020
= = 0015
2 04} Z 0010
S 0.005
0.000
0.2f _-© 000 005 0.10 0.15 020
L7 TR
.
0.0k , , , , , o
0 5 10 15 20 25 30
TR
~~
éCE, 025
- € 020
=) & 015
= 2
o S 010
X, 5
~ B 0.05
0.00
0.00 0.05 0.10 0.15 0.20
TR

4 6 8 10

TR
FIG. 4. Values of the helicity (s = 1) and zilch (s = 0) current
densities (108) at the axes of rotation p = 0 for very low angular
velocities. The results are plotted as functions of TR and as

fractions of the result in the unbounded domain (78) and (81)
respectively. The insets show the currents at small temperatures.
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IV. DISCUSSION AND CONCLUSION

We have studied helicity and zilch photonic currents in
the free Maxwell theory induced by rotation in a bounded
cylindrical domain. An important role is played by the
conditions imposed on photons at the boundary of the
cylinder. We have chosen two types of boundary conditions
corresponding to perfect electric and perfect magnetic
conductors as both of these conditions guarantee that the
influx of energy and angular momentum vanishes at the
boundary. The values of the helicity and zilch photonic
currents for both types of boundaries are the same because
these boundary conditions are exchanged under a discrete
electric-magnetic duality transformation while all expres-
sions of interest are duality invariant.

In searching for an analogue of the well-known CVE of
chiral fermions we studied the current densities at the axis
of rotation. A universal value can reasonably be expected
to arise only in the high-temperature limit in which the
boundary conditions play no role for the physics of photons
at the center of rotation. Indeed we found that in the high-
temperature limit the result for small angular velocity
converges to the result obtained to linear order in Q in
the unbounded domain. However, a direct calculation in
the unbounded domain is plagued with the difficulty
that the integrals over the Bose-Einstein distributions are
well defined only for sufficiently small angular velocities,
Q < 1/R. This fact means that the angular velocity has to
go to zero faster than 1/R. Consequently, the formal result
for the helicity current at the axis of rotation, obtained in the
unbounded domain (80), does not seem to be physically
meaningful as this procedure gives a complex value for the
expectation value of a Hermitian operator.

On the contrary, a truncation of the expression for the
current to lowest order in € in an unbounded domain
provides us with the still meaningful physical result (78)
because it exactly corresponds to a value to which the central
current densities converge in the high-temperature limit in the
bounded domain. In this sense (the leading-order truncation
of the high-temperature limit) one can indeed speak of a
chiral vortical effect for photons in an unbounded domain.

It is worth comparing our numerical result for the central
helicity current (78) to the existing derivations of the
photonic CVE in the literature [19-21]. We note that the
authors of Refs. [19,21] considered the magnetic helicity
current [with the results, in our notation, Jj, = T?Q/6 and
Ji = (e — 1)T?Q/12, respectively] and only the authors
of Ref. [20] studied a semiclassical evaluation of the optical
helicity current (which gives J; = T?Q/3). Notice that the
factor of 2 difference in the expressions for the helicity
currents in Refs. [19,20] comes from the different defi-
nitions used for the currents, while they both differ from the
helicity current of Ref. [21] which is zero in vacuum
€ = p = 1. In any case, our value for the helicity current
(78) differs from the results obtained in all of these works.

The disagreement with the literature is probably not
surprising since the helicity current is not a gauge-invariant
quantity and, therefore, it cannot be considered a good
physical observable. On the other hand Lipkin’s zilch
current is a local and gauge-invariant quantity. The zilch
current at the axis of the rotating cylinder in the high-
temperature limit is given in Eq. (81). It would be
interesting to evaluate the expectation value of the central
zilch current via Kubo formulas or in a semiclassical
treatment to compare to our result (81).

Summarizing, we have found the zilch vortical effect
(ZVE) which generates the helicity and zilch currents along
the axis of rotation of a hot gas of photons. We have
calculated these currents in a wide domain of temperatures
and angular frequencies (Figs. 2 and 4) in a causality-
preserving setup. For a photon gas in a fixed-size cavity,
the currents vanish exponentially in the limit of low
temperature. At high temperature and low angular fre-
quency of rotation, the currents at the axis of rotation are
given by Eqgs. (78) and (81) while the total currents are
estimated in Egs. (106) and (107).

Both the helicity and zilch currents show qualitatively
similar behavior. They constitute a part of an infinite tower of
conserved charges (zilches) of free electromagnetic field.
Thus, in a general sense, the ZVE is responsible for an infinite
tower of anomalous transport effects in a rotating photon gas.
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APPENDIX A: CYLINDRICAL COORDINATES

In cylindrical coordinates a vector
a= a/)ep + a(pe(ﬂ + ae, (Al)

is represented via the orthonormalized basis vectors of the
cylindrical system
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cos ¢ —sing 0
e,=| sing |, e,=| cosg |, e,=10],
0 0 1

(A2)

where ¢ is the azimuthal angle in the (x,y) plane, and is
related to the Cartesian coordinates as follows:
X = pcos e, y = psing. (A3)
The basic operations of the vector calculus are as
follows.
The scalar product:

a-b=a,b,+a,b,+a.b,. (A4)
The vector product:
(axb),=(a,b.—b,a.), (A5)
(axb),=(a,b,-b.a,), (A6)
(axb),=(a,b,—b,a,). (A7)
The curl (rotor) operation:
10a, Oa
A\ =—_—Z__° A
(Vxa),= 55T, (A8)
da, Oa,
(an)(p—aiz_aip’ (A9)
19(pa,) 10a
Vxa), =- LA Al10
(Vxa), o o poe (A10)
The divergence:
10(pa,) 10a, 0da
=— —-— <. All
“ p Op p Op 0z (All)
The gradient:
of 10f of
Vf=— - —e,. Al2
f 6peﬂ+p8(pe"’+8zez (A12)
The Laplacian:
10 [ of 1 0*f  O*f
Af =——|p=— =5+ =. Al3
f pOp (p 0/)) WA (AL3)

APPENDIX B: SOME PROPERTIES OF
BESSEL FUNCTIONS

The Bessel functions satisfy the following recurrence
relations:

2m

T (3) + i () = 20y (x), (Bl
Tm=1(X) = Ty (x) = 275, (x). (Blb)
For arbitrary parameters a and b one gets
Al dxxJ,,(ax)J,,(bx)
Pl es(8) = D) @)
a—b
A L dod, (ax))! (ax) = %Jm_l (), (@), (B3)

If a = «,,; and b = k,,; are zeros of the Bessel function,

1 Oy
[ et nr) = % ). (B4)
If a=x), and b =« , are zeros of a derivative of the

Bessel function, J),(«),,) = J,(«, ;) = 0, then

[ 0 010 0,3 =173 5) = 0]
(B5)
For real positive k and k" one gets
7 oo stk 20 R) + 6 k) )
= 12 A " dppd o (kp)d (K p) = kS(k — K). (B6)

Finally we note that for large index the asymptotic
expansions of the zeros are

Ky = m + 1.8558m'? + 0(m=?/3), (B7)

K ~m+0.8086m'/? + O(m=?3). (B8)

/
ml
This makes the divergence of the thermodynamic partition
function for QR > 1 explicit.
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