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Operator relations for gravitational form factors of a spin-0 hadron
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The gravitational form factors for a hadron, the form factors for the hadron matrix element of the QCD
energy-momentum tensor, not only describe the coupling of the hadron with a graviton, but also serve as
unique quantities for describing the shape inside the hadron reflecting dynamics of quarks and gluons, such
as the internal shear forces acting on the quarks/gluons and their pressure distributions. We consider the
quark contribution to the gravitational form factors for a (pseudo)scalar hadron, and derive and clarify the
relations satisfied by them as direct consequences of the symmetries and the equations of motion in QCD,
and connections to the generalized parton distributions. Our results reveal the connections between the
gravitational form factors and the higher-twist quark-gluon correlation effects inside the hadrons.
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I. INTRODUCTION

The gravitational form factors of hadrons have received
considerable attention recently [1-4]. They represent the
form factors for the matrix element of the QCD energy-
momentum tensor with the one-hadron states receiving a
certain momentum transfer [5,6], and are recognized as
playing unique roles in describing the shape deep inside the
hadrons reflecting dynamics of quarks and gluons, such as
the pressure distributions inside the hadrons [7-9]. Although
it is impractical to detect those gravitational form factors
directly through the coupling of the hadrons with a graviton,
it is now realistic to determine the gravitational form factors
for the nucleon based on the behaviors of the generalized
parton distributions (GPDs) [1] obtained by experiments like
deeply virtual Compton scattering (DVCS) [8—13], deeply
virtual meson production [14,15], meson-induced Drell-Yan
production [16-18], etc. (For the present status of the
experimental data, see, e.g., references in [1].)

The gravitational form factors for spinless particles allow
a simpler theoretical formulation without spin structures
compared with those for the nucleon [5]. Among them, the
gravitational form factors of the pion are particularly
interesting quantities, because their behaviors could reflect
nontrivial nature as a Nambu-Goldstone boson and could
be compared with the predictions of nonperturbative
approaches, a variety of which have been devised and
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proposed. Their empirical information was considered to be
severely restricted because the pion target for measuring its
GPDs is unavailable. Recently, however, it has been
demonstrated [19] that the behaviors of the gravitational
form factors for the pion could be extracted through the
determination of the generalized distribution amplitudes
(GDAs) [8,20-22] using the Belle data on y*y — 7°7°.
Thus, the investigation of the gravitational form factors for
the pion as well as for the nucleon is a hot topic.

In view of this, an urgent task from the theory side is to
clarify a maximal set of (exact and approximate) relations
satisfied by the gravitational form factors. The purpose of
this paper is to give a contribution in this direction. We
discuss the relations which hold for the gravitational form
factors for a spin-0 particle such as a pion. We clarify how
those relations are derived as direct consequences of
constraints (symmetries and equations of motion) in
QCD, applied to the gauge-invariant operator correspond-
ing to the quark contribution for the energy-momentum
tensor. In our calculation, we retain all the quark-mass
effects as well as the terms associated with the hadron mass,
and this allows us to obtain exact results up to twist four.
Those results involve the relations between the gravita-
tional form factors and the matrix elements of the higher
twist operators in QCD, in particular, those associated with
the moments of the twist-three as well as twist-four GPDs
for the spin-0 hadron. Furthermore, in addition to those
exact relations, approximate relations using an approach
based on the light-cone gauge fixing linked with partonic
interpretations in the infinite momentum frame are obtained
and the result suggests that the gravitational form factor
associated with the so-called “D-term” corresponds to the
twist-three quark-gluon interaction effects. Some of our
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results are immediately extended to the corresponding
relations for the gravitational form factors of the nucleon.

II. ENERGY-MOMENTUM TENSOR AND THE
GRAVITATIONAL FORM FACTORS

In this paper, |p) denotes a spin-0 hadron state with the
4-momentum p as p?> = m;. We consider matrix elements
of the energy-momentum tensor 7#* in QCD, (p'|T*|p),
for a hadron which may be a scalar meson, or a pseudo-
scalar meson such as a pion. We shall keep all the
contributions of quark masses as well as the hadron mass
my,, and the implications in the chiral limit are also
mentioned. We denote the independent 4-momenta as

p+p

p-rLir
2

A=p'—p, (1)
and we have the relevant invariants,

A’ =1, (2)

t
P2 =m?——,
by

for the target of mass my, such that p?> = p’> = m?. The
(Belinfante-improved) energy-momentum tensor in QCD is
given as [6] (see also the article by Jackiw in [23])

()= Y T§)+T¢ ). 3)

q=u.d.s,...
with the quark part for each separate quark flavor as
T4 (x) = 54(x)y*iD") q(x)

(@(x)7*iD¥q(x) + g(x)7*iD"q(x)), (4)

A= N =

where ¢(x) is the quark field of flavor ¢, D¢ = -D" + D"
with D* = & — igA#, D" = & + igA¥ being the covariant
derivative, and (uv) denotes symmetrization with respect to
u, v indices.' The gluon part is given as

T () = ~F (s, (1) + - FEW)F (0. (5)

with F* = F*“1% being the gluon field strength tensor.”
The matrix element of the quark part of the energy-
momentum tensor (4) is parametrized as

T the rhs of (4), we have also the term

—-9q(x)((D — m)q(x) according to the canonical definition
of the energy-momentum tensor, but this term vanishes by the use
of the equations of motion and is omitted here and in what
follows.

There is an ambiguity to separating 7+ into the quark and
gluon parts. We consider the gauge-invariant decomposition by Ji
[24] here.

(P'|T¢|p) = (p'|T (x = 0)|p)

1
= 201,119 — )
1 - _
+ §®2q(t)P”P” + AZCq(t)g””, (6)

where A denotes a nonperturbative mass scale in QCD,
and the matrix element of the gluon part (5) is given
by the similar parametrization with ¢ — g. The dimension-
less Lorentz-invariant coefficients, ©y,(1), ©,,(t), C,(1),
©y,(1), ©y,(t), C,(t), are the gravitational form factors.
Based on parity (P) invariance combined with time-reversal
(T) invariance, we can show

(P'[Taslp) = (P'[Taslp)” = (pITaslp’).  (7)

and, therefore, the gravitational form factors are real
quantities, and (6) is the most general form satisfying
the symmetry constraints. We also note that the divergence-
less property of (3), d,7*(x) = 0, implies

3 T +Cy 0 =0. 8)

q=ud.,s,...

An example of the other frequently used notations for the
form factors is given as [3]

10,0 =24,00. 201,00 = 1,00
A2C, (1) = m3c, (1), )

and similarly for the gluonic contributions.

III. CONSTRAINTS FROM QCD EQUATIONS
OF MOTION

We investigate the constraints on the contribution of the
quark part, (6), using the QCD equations of motion. The
contraction of the lhs of (6) with A, = (p’ — p), yields

APITEIP) = (0 = )5 (P(=0iD 1a — D" g
+gy*iD*q + qr*iD" q)|p)
= % (P'|P,.~qiD*r*q — qiD"y*q
+gr*iD*q + gr*iD" q)| p)
= —% (p'lid,{~qiD"r"q — giD"y"q
+r*iD*q + gr*iD"q}|p). (10)

where we used the Heisenberg equations for the field
operators with the 4-momentum operator P of QCD, with
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Pr|p) = p*lp).  (11)

Pr = /d3xT”0(x),

and we introduced a shorthand notation for the derivative
over the total translation as

(-0l P} = e+ a3

(12)

and so on, and the corresponding total derivative is
evaluated as

—i0,{~qiD"r"q}
= Z]iﬁ”(iéy + ié,/)y”q
= —gD,Dy(y"y" + ic*®)y*q + giD"iD,y"q
- 1 < -
= -mq(iD +m—m)y'q — 3 q[D,. D,)ic*"y"q
+ giD"iD,y*q + EOM

1 -
= =5 49F 0" r"q + m*qy*q + qiD"iD,y"q + EOM,
(13)

using [D*,D"] = [5” +igAt, O + igA’] = —igF*. Here,
“EOM?” denotes the operators that vanish by the use of the
equations of motion, g(iP + m) = 0. Combining this with
the other terms of (10) evaluated similarly, we eventually
obtain the significantly compact formula [25,26]

Ap'|T¢ | p) = (P'laigF*™y.qlp). (14)

and, using (6), we find

NN, (1) = (p'|7igF"7,4q|p). (15)

which shows that A?C,(r) is related to quark-gluon
interactions corresponding to twist four and higher.
Combined with (8), this also allows us to obtain

NNC, (1) = =Y MNC,(1) = = (p'|gigF™7,q]p)
q q

= (p'|igF&’ (—Z q t“m) p)
q
= <p/|FltllyiDZngv‘p> (16)

using the QCD EOM for the gluon, [D,,F*]=
—gtazq@'tu}/yq'.
We may contract this with A, further and perform the

manipulations similarly as above, using the QCD EOM.
This yields

tN*C, (1) = AP lgigF*y,qlp) = (p'|0,(agF"7.q)|p)
=—(p'lParr.ay_a'er'dp)
q/
+(p'|(gD,gF*y,q + qgF*y,D,q)|p), (17)

which represents 7 x A*C,(f) as matrix elements of the
four-quark correlation and quark-gluon correlation effects
of twist six. Note that the PT invariance implies

(P'lagF*v,Duqlp) = (p'|lagF*"y,D,q|p)"
= (p|gD,9F"y,q|p"): (18)
therefore, the last two terms in (17) are unlikely to cancel or
vanish.

On the other hand, contracting both sides of (6) with the
metric tensor g, yields

(p'|(=qiD -yq — qiD - yqg + gy - iDq + gy - iDq)|p)

Bl

1 1 - _
:§®1q(t) X 3t+§®2q(t)P2+4A2Cq(t), (19)

and, using the QCD equations of motion, E](iIS +m) =
(ib — m)q = 0, we obtain

3t

5 01,(1) +4A7C, (1)

(p'Imaq|p) =

+ %qu(t) (m% - i) 7 (20)

but the lhs corresponds to the trace of the energy-
momentum tensor and its flavor singlet part is modified
by the trace anomaly [27,28], which eventually leads to the
relation

%(ije)m(t) +®1g(t>>
% (m% _ﬁ) (Z@)zq(t) + ®2g(t>>

=Z<1+ym><p/|m9q|p>+<p'|ﬂ2<—f;>F5”Fuﬂy|p>, 1)

using (8), where y,, is the anomalous dimension of the mass
operator, and f3(g) is the 3 function of QCD. This relation
for the sum over all partons could serve as a consistency
check of the results. For example, taking the  — O limit of
this relation and using the sum rule in the forward limit,

D 02,(0) + ©,,(0) = 4, (22)
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due to the fact that (p|T"|p) =2p*p* holds for (3),
representing the total energy-momentum [29], we get,

: (Z@zqm) + @29(0)> m = 2m?

= (p] (iju R +ﬁ§—§>FF) ). (23)

which reproduces the well-known result for the mass
composition (see, e.g., [30]); therefore, (21) corresponds
to an off-forward generalization of (23).

Before ending this section, we note an important exact
operator identity,

<>

1 n
3(0)yD%¢(0) = 7€710,{2(0)7,759(0)} + EOM,
(24)

and its consequence on matrix elements relevant for the
investigation of the gravitational form factor. Here, [ua]
implies the antisymmetrization for the indices y, a as

1 - Ra 1 s Ra aR

5ar"D%g = 2q(rD* = y*D')q. (25)
Actually, this identity has been mentioned repeatedly in
many previous papers and can be derived directly perform-
ing the relevant gamma matrix algebra,

1 [y(_)a] ~ o _ P a
yar*D%q = 2a(r'y*D = Dyr'r*)q

0| ~. 00| =

40D + Do")q ~ 2 4(0""D + Do),
(26)
and, noting that the last term equals the EOM operators plus

the quark mass term, we get

1 < / < - / N -
Eéy[”D“]q = éz;(aﬂan + Do")q + éc’](o’”“D + Do) q

~2 L goB + Bog
= éap{é(v”“r” +770"")q}
- % 51(0”“5 + IBO"‘“)L], (27)
whose last two terms cancel out using the EOM, even
when including the quark mass effect, and thus we obtain

the exact identity (24)° As a consequence of this identity,
we find

3Alternatively, this can be derived by Taylor expanding the
corresponding nonlocal operator identity obtained in [31].

1_ (_)a 1 apr -
<p’|§qr["D ]q|p>=Z€” " (=A,){(P'[ar.rsqlp) =0, (28)

because the matrix element of the local axial-vector current
vanishes for a spin-0 hadron.

IV. TWIST-THREE AND TWIST-FOUR
GPDs FOR SPIN-0 HADRON

The twist-two GPD for a spin-0 hadron /4 is defined
as [32,33]

i dy_ PN _
/ —— " (p'lg(-y/2)rtq(y/2)|p)
—0 47 yh=y,=0

— /_"0Z’_jeixA<p/|g](—/1n/2)yiq(/1n/2)|p> = Hg(x,n, t),

(29)

for each separate quark flavor. Here, x denotes the average
longitudinal momentum fraction, and H7 (x, 7, t) is usually
denoted simply as H?(x,#,t). For convenience, we have
introduced lightlike vectors n* = ¢*n~ and 7ii* = ﬁﬁ*,
satisfying

n* =i’ =0, n-it=1, (30)

such that y~ = An~ with P*n~ =1, and skewness is

defined as

-A-n

= 31
2P -n (31)

n

and we have the decompositions of the relevant momenta
into the light cone and the perpendicular components as

yielding
AL =-A% = (1=n?)t+4’m3. (33)

Because we now have three independent 4-vectors, 7
Ay, and n,, (29) may be generalized as

H

/_°°ﬂeixﬂ<p/|q(—,1n/2)y”q(in/2)\P)

o 4r
= ' H3(x,n. 1) + A HY(x.n, 1) + n*Hj(x,n.1), (34)

1.€.,
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An An

Wlatin/2) |55 ratn2)lp)

1 .
:2ﬁ”/ldxe"x’1Hg(x,n,t)

1 4 ! '
+2A/i/ dxe"”Hg(x,r],t)-l-Zn”/ dxe ™ HI(x,n,1),
-1 -1

(35)

with the path-ordered gauge factor along the straight line
connecting points x and y,

[x,y] = Pexp [ig A i y), A (1 + (1 - t)y)} . (36)

being shown explicitly in between the bilocal quark fields
on the lhs. Here, the formal counting of twist for H ;’ (x,71,1)
and Hi(x,n, 1) are twist three and four, respectively. This
definition for the twist-three GPD H;’(x, n, t) corresponds
to Eq. (5.69) in [9] or Eq. (13) in [34] (see also [35,36]). Itis

|

straightforward to see that these GPDs are constrained from
the PT invariance, implying

a2 |5 5] a2l
= latn/2 |5 =5 | va-n/2lp)

— olain/) |5 2 patin2le). o)

which shows that Hi (x,n, 1), Hi(x,n. 1), and Hj (x, 5, 1) are
real functions, satisfying the symmetry properties as

Hi(x,n,t) = Hi(x,-n,1), Hi(x,n,t) = Hl(x,-n,1),
HY(x,n, 1) = =H{(x, —n.1). (38)

Now, Taylor expanding both sides of (35) about 1 = 0, we
obtain

(P 3(0)rq(O)|p) + 2 n, (P |2(0) B g(O)|p) + -

2

1 1 1
= Zﬁ”/ dxH3(x,n, 1) + 2A’i/ dxHi(x,n. 1) + Zn"/ dxH](x,n, 1)
—1 -1 -1

1 1 1
— il {Zﬁ"/ dxxH3(x,n, 1) + 207 /1 dxxHY(x,n,t) + 2n* /1 dxxHZ(x,n, t)} +-- (39)

so that

i 1 1
(p'|g(0)y*q(0)|p) = 2 /1 dxH3i(x,n, 1) + 24" /1 dxH(x,n.1) + 2n"/ dxH(x,n.1), (40)

- -1

1 < 1 1 1
n,(p'| EE](O))/”iD”q(O)|p> = 27t /1 dxxH3(x,n, 1) + 244 /1 dxxHi(x,n, 1) + 2n* /1 dxxHl(x,n,1),  (41)

and similarly for higher moments. Denoting the quark contribution to the vector form factor of the spin-0 hadron as F, (A?)

and substituting (32), the lhs of (40) is expressed as

W analp) = 27,08, =25,0) [, 5 (3 =1 )] (42)

therefore, we find

1 1

For the operator in the lhs of (41), we note, using (4), that

[a—

1

L OVyuiBra(0) = L
2q(0)rl q(0) 3

and, combined with (28), we obtain

1 1
2/ dxH3(x,n, 1) = 2F (1), / dxH1(x,n,1)

t

—0. 2/_1 dxH (v, 1) = <m§—z>ﬂ(z). (43)

1

1

(@(0)#iD") q(0) + g(0)yiDq(0)) = T4 (0) + = 4(0)7iD*q(0), (44)

[\
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1 1 1
n,(p'|T5 (0)|p) = Zﬁ"/ dxxH3i(x,n,t) + ZA*i/ dxxHY(x,n, 1) + 2n"/ dxxHZ(x,n,1). (45)
-1 -1 -1
Substituting the formula (6) in terms of the gravitational form factors into the lhs and using (31), (32), we obtain

. 1 1 _
n,(p'|T5 (0)|p) = (10 +2nA1) 2814 + P 5Oy + nAC,

1
=g+ (592‘1 —2n2®1q> + A n©,, +n# H

which leads to

1 1
2/_1 dxxHY (x,n,1) :§®2q(t) —217°0,,(1),

1
2/ dxxH(x,n,t) =n0,,(1),
-1

1 t t
2/_1dxxHZ(x,r],t): {2—{— <m%,_4>’72}®lq(t)

Here, the first formula for H‘z’ (x,7, 1) is the analogue of the
following formulas for the usual GPDs H and E for the
nucleon (N), which we denote as H™4 and EWM4,
respectively:

1
/ dxxH™4(x,n, 1) = AE,M(Z) + nzDE,N)(t),
-1

1
/ dexEM9(x.n.1) = B (0) =D (1), (48)

-1
where ASIN) (1), B(qN)(t), DE,N)(I) are the gravitational form

factors for the nucleon, defined as matrix elements of the
energy-momentum tensor (4) in terms of the nucleon state
IN(p,S)) with momentum p, mass my, and spin S (see,
e.g., [3,6,37)),

(N(p'.8")|Tg4(0)IN(p.S))

> P(Il i v)aA
my
AFAY — g/wAZ .
+ Dy () == = Al (myg® | u(p. ).

4mN

(49)

It is worth noting that the moment relations (43) and (47)
have forms consistent with the symmetry properties (38).
We also note that (43) and (47) satisfy the relations

t t 1 t -
5"’ (m%l—z>7’]2}®]q+z <m%—z>®2q+/\2cq:|, (46)

1 1
dxH1(x, ,t:0:———/ dxHI(x,n, 1),
[ttty =0 = =320 [ axtyixn.o

1 19 [1
/ dxxH3i(x,n,t) = ———/ dxxHj(x,n,t),  (50)
-1 40n )

which are pointed out in [36] (see also [9]).

It is remarkable that the formulas in (47) provide the
exact relations between the three independent gravitational
form factors arising in (6) and the second moment of the
three GPDs which form a complete set of GPDs associated
with the nonlocal quark-antiquark vector operator. In
particular, the second moment of the twist-three GPD
HY completely determines the gravitational form factor
0,,(?). On the other hand, the last formula in (47), as well
as the last formula in (43), reflects the fact that, in general,
parts of the twist-four contributions are given by the lower-
twist quantities multiplied by the kinematic invariants like
(2) associated with the hadron states, while the remaining
parts correspond to the “dynamical (genuine)” twist-four
contributions.

In the chiral limit (m — 0, m; — 0), some of the
relations at the level of twist four are simplified, and the
last formula of (43) and that of (47) reduce to

1 1
> / AXHY(x.1.0) = =3 F, (1),
-1

1 t
2/ dxxH:{(x,iy,t)—>—(2—r]2)(7~)1q(l‘)—i
-1 4 16

=A2C,(0)+0(1), (51)

0y, (1) +A2C, (1)

respectively, where, in the second formula we also display
the leading term in the forward limit, using the fact that
0,,(t = 0) should be finite. It is also worth mentioning a
particular property relevant for pions [32]: applying the soft
pion theorem for ¢t — 0 allows us to obtain

01,(t) = P71+ O(t) + O(m3,). (52)

*A systematic method to identify and resum the former parts
(“kinematic” contributions) for all moments (all Lorentz spins of
operators) is developed and is applied to obtain all kinematic
twist-four corrections to the DVCS; see [38—40].
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with
1
= 162,00, (53)

being the average momentum fraction carried by the quark
of flavor g [see (22)] and the correction [O(t), O(m3)]
terms receive the chiral logarithms [41,42]. Comparing this
result with (47), one obtains [36] (see also [9]).

1 1
/1 dxxHi(x,n,t) = Ean +O(t) + O(m?). (54

V. UNRAVELLING IN THE
LIGHT-CONE GAUGE FIXING

Exact gauge-invariant manipulations discussed above,
utilizing symmetries, EOM, and the relation with the
GPDs, allow us to obtain several constraints on the
gravitational form factors in (6) as well as the explicit
operator content of the form factor C'q,g(t), as (15)—(17).
However, this approach is not helpful for revealing direct
information on the form factor ®,,(¢) corresponding to the
D term. To try to assess the operator content of ©,(t)
particular to the off-forward matrix element, we employ
gauge fixing to allow us to treat each term of the covariant
derivative separately and identify the physical degrees of
freedom. We take the light-cone gauge, n,A* = n~A* =0,
anticipating manipulations linked with the partonic inter-
pretations appropriate in the infinite momentum frame; in
this gauge, the gluon field in the covariant derivative can be
expressed by the field strength tensor as [43,44]

A*(An) —%/_ dVsgn(X — A)Fr*(XAn)n,,  (55)

where sgn(1) = 0(4) — 0(—1), corresponding to the anti-
periodic boundary condition for A#(y) at |[y~| — oo, may be
replaced with 1sgn(4) - £6(+4) for other choices of
boundary conditions. The matrix element of the quark part
of the energy-momentum tensor (4) reads

(p'|T9 (y = 0)|p) = (p'IT|p)
1 -
== i0" +id" + 29A")y"q|p)
+ (u <), (56)

substituting the explicit form of the covariant derivatives.
Here, the derivative terms are handled, using the Heisenberg
equations for the quark and antiquark field operators, as

(p'|g(=id" +id" )y q|p)
=(p'l(ar*a. P"] - [a.P"]r"q)Ip)
= (p'[(gr'aP" + P'qr'a—24P"r*q)|p)

=2P*(p'|gr*qlp) - 2(p'|aP"r*qlp). (57)

with the 4-momentum operator P* in the light-cone quan-
tization of QCD,

@:/“anwx Pp) = plp).  (58)
and the matrix element in the second term is evaluated by
inserting a complete set of the light-cone Fock states,

Zr|pr><pr| = ]’ as
=>_pp'lalp,)(p.lr alp)

= (pr)(P'lar'alp). (59)

where (p)) denotes the value of p) averaged over inter-
mediate states; this average value would depend in general
on 7. Because p, equals p —k, where k, denotes the 4-
momentum of the quark removed from the initial state | p) by
the action of the field operator g, we may express this matrix
element as

(P'1gP"v*qlp)

— kg)(P'lar q|p)
(k) (p'lar*qlp).  (60)

Noting that k = xP* — 5~ in the parton language relevant
for the GPD formulation, which is considered to be
appropriate for k% with y = + and L when taking (the
light-cone quantization in) the light-cone gauge, and assum-
ing that this identification is accurate in the averaging for
(k) in (60), we obtain

(P'lgP"r*q|p) = (p*
= (p/‘ —

Py (3P =Y =P (6D

using p = P —%. Combining this with the above for-
mula (57), we get

(P'|a(=id" +id" )y q|p) =

for 4 = +, L. Substituting this into (56), we obtain

2(x)P(p'lgrqlp), (62)

v 1 = _ _
(P75 |p) =7 2(x)P*(p'lar alp) + (p'la29A"v*q|p))
+ (ko)
= 2(x)F, (1) P*P*
1 _ _
+3 (P'|(agA"r q + qgA*r*q)|p). (63)
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where we substituted the definition of the quark contribution
of the vector form factor, (42). Here, (x) is the “average
value” of the quark momentum fraction; using (59) and (61),
it is formally given as

P

B ()(P'lgrqlp), (64)

(P'lalp,)(p.lralp) ~ (1 -
and the resulting value of (x) in general depends on 7. Now,
comparing (63) with (6), we obtain

1 1 S _
§®1q(t) (tg" — A*AY) +§®2q(t)P”P” +A2C,(1)g"

I i
z2<)€>7'"v(t)1°"1’”+§<1?’|(619A”7/”q+qu”J/"q)lp% (65)

for 4 = + and L, with (55) to be substituted for A*. The
u = v = + component of this formula leads to

1 [ "
RIACHCESS [ disentiinap'ar n) DR

1

5 024(1) = 217°0,,(1) 2 2(x) F, (1), (66)

and, similarly, taking the component withy = 1 andv = +,
we find

2]’]Aﬂ ®1q(t>

~(p'|lggA" #qlp)
1

_E/_m"‘Sgn(@na@’lgF’é”(ﬂn)a(owqm)|p>. (67)

This expression suggests that, in the parton language
appropriate for the infinite momentum frame, ©,,(f) cor-
responds to a certain integral of the twist-three quark-gluon
correlation, in particular, the correlation between the quark
color-current-density and the gluon field strength. When
(67) is summed over the quark flavor ¢, the result yields

0)1%7*q(0))|p)

1 [ o
=3 | disen(an v\ G DY Oy )

(n7)?

== [ diseny (o7 ()2, O)lp) -

2

using the gluon EOM, where j is summed over the
transverse components, and the final form is given as an
integral of the twist-three bilocal gluon correlation which
could be eventually re-expressed by the gluonic three-body
operators using the technique as in [37,45-47].

The results (67) and (68) originate from the quark-
gluon coupling contained in the covariant derivative of
the quark part of the energy-momentum tensor of (4). In
this connection, we note the following point: in the
canonical formalism, it is not obvious from the outset
whether the quark-gluon coupling terms should be
organized as a quark part or not, because the correspond-
ing terms do not exist in the (nonsymmetric) canonical
energy-momentum tensor, but those terms are generated
as contributions due to the Belinfante improvement for
the gluon part of the canonical energy-momentum tensor
(see, e.g., article by Jackiw in [23]). The final forms of
the above results, corresponding to the current-gluon
correlation (67) or the gluon-gluon correlation (68), are
not surprising in view of this fact.

We note that other components of (65) with y = L,
v=_1,and y =+, v = — would give the contribution at
twist four, but the applicability of the partonic relation k, =
xP —% in the present context would be less obvious for
such components.

—\2 0
L [ disgnta) g D E )l ),
(68)
|
The r = 0 limit of (66) reduces to
1
5©024(0) = 27701, (0) = 2(x)] (69)

because F,(0) = 1, and this result is consistent with the
general result (53). On the other hand, the relation of (67)
with the soft-pion result (52) is not obvious at present,
because it is not straightforward to extract the r — 0
behavior of the QCD matrix element in (67).

If one makes the replacement, x — (x), under the inte-
gration in the lhs of the first formula in (47) and combining
the result with (43), we obtain the result formally similar to
our formula (66); it is indeed straightforward to see that the
value (x) of (64) can be identified as the average value using
the x dependence of the corresponding GPD, based on the
operator definition (35) of the GPDs. On the other hand, a
similar logic is not applicable to the second formula in (47),
because (43) indicates that a simple average procedure using
the x dependence of H?(x,#. ) would not be useful. This
fact suggests the nontrivial nature of our result (67) for
0,,(?). Indeed, for the large ¢ behavior of the form factors,
our results (66), (67) suggest that ®,,(¢) should obey the
dimensional counting rule [48-50] which is same as the
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vector form factor F,(¢), while ®;,(¢) would receive an
additional 1/¢ suppression due to the counting for the
three-body Fock state.” Namely, because F, (1 — co0)~1/1
as in [48-50], we expect the large ¢ behavior as

1

O ~r O~y (70)

It is also worth noting somewhat tricky points concerning
the twist counting of the form factors: according to the
definition (6), ®,,(¢) is given by the matrix element of the
twist-two operator and is thus identified as a twist-two
quantity. Similarly, () should be a twist-two quantity as
matrix element of the twist-two operator; see (42).
Combined with (67), which indicates that ®,(7) is of twist
three, the relation (66) implies that ®,,(¢) as well as F,,(¢) is
contaminated by the twist-three contributions. This mis-
match in the twist counting is caused by the mismatch
between the light-cone “plus” direction defined by referring
to the average nucleon momentum, P = %p(, and the
direction collinear to the initial (final) nucleon momentum,
p =P —3(p' = P+ %); namely, a light-cone vector along
7 has the “transverse components” « A |, when viewed from
the initial and final nucleons, which have the momenta p and
p’, respectively.

VI. EXTENSIONS TO THE NUCLEON
GRAVITATIONAL FORM FACTORS

Some of our results discussed above are immediately
extended to the corresponding relations for the gravita-
tional form factors of the nucleon. We first note that
the exact relations similar to (15), (16) hold for the
nucleon as

Aa(p', S yu(p, S)myei (1)
= (N(p".S")|qigF*y,q|N(p.S)).
Aa(p', S u(p, S)myes (1)

= =S "ata(p’, 8)u(p. Smye (1)
q

= (N(p'.$")|F&'iD;, Fp IN(p. S)). (71)

We also apply the logic used in (56)—(63) to the nucleon
case associated with (49): corresponding to (63), we now
obtain

The derivation of the counting rule of [50] with “automodel-
ism hypothesis” suggests that a different counting could be
caused only by the different number of the constituents in the
participating hadrons.

V()| THIN (. S))
= (PN ar*gIN (p.5))
FIN(.S) 2947 gIN (p.$))) + (<> 1)

_ I_)(y H v)aA
—a(p', ") | (x) F4(1)Py?) 4 (x) F4 (1) =2
sz

1 ) _
+§<N (P".8"|(ggA"y"q+qgA*y"q)|N(p.S)). (72)

u(p,S)

where (x) is the “average value” of the quark momentum
fraction as in (64), and F{ (1) are the usual Dirac and Pauli
form factors for the nucleon. Comparing this with (49), we
obtain

i) A0 2 )+ Y 0 T2
#0000 S E T e g . 5)
N
=y, )| WA+ ()
Plujg)a
+ R0 e u(p.s)
N

(N(p'.S")|(a9A*y q + qgA*y*q)|N(p.S)). (73)

The y = v = + component of this formula leads to the two
relations,

0+ Dl (1) =
B (1) = 2DV (1) ~

()Fi(),
(X)F3(1), (74)

and, similarly, taking the component withy = | andv = +
and combining with (74), we find

nA"ﬁ(p’ S’)u( S) )

Dy (1)

~ N(p’,S’)quA #q|N(p,S))

disgn(A

<N(p,S’)IgF’é“(ln)é(O)t“ﬂQ(O)IN(P,S)>, (75)

X l\)\»-*
8

where (55) is substituted for the gluon field. This expression

suggests that DS,N) (1) corresponds to an integral of the twist-
three quark-gluon correlation, in particular, the correlation
between the quark color-current density and the gluon field
strength; the flavor singlet part can be re-expressed similarly
as (68). These results indicate, for the behaviors of the form

factors at large ¢, that AgN)(t) should obey the quark
counting, which is same as the vector form factor F f(t),
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while DE,M (t) should receive an additional 1/¢ suppression

due to the counting for the three-body Fock state. Namely,
because F{(t — co) ~1/1* as in [48-50], we expect the
large ¢ behavior to be

1
Dy (1) ~ . (76)

VII. CONCLUSIONS

We have discussed the QCD constraints on the gravita-
tional form factors for a spin-0 hadron. Our results are
based not only on the gauge-invariant local operator
manipulations, but also on an approach with light-cone
gauge fixing which is linked with the partonic interpreta-
tions in the infinite momentum frame; for a massless

Nambu-Goldstone boson, the infinite momentum frame
is likely to be an appropriate frame of reference, where the
roles of the physical degrees of freedom can be interpreted
straightforwardly. Our results for the explicit operator
forms for each Lorentz structure of the quark contribution
to the form factors indicate that the form factor correspond-
ing to the D term as well as the form factor associated with
the metric tensor g** is due to the higher twist multipartonic
correlation effects. Further development of the present
approach and the applications of the present results will
be discussed elsewhere.
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