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We further develop a simple and compact technique for calculating the three flavor neutrino oscillation
probabilities in uniform matter density. By performing additional rotations instead of implementing a
perturbative expansion we significantly decrease the scale of the perturbing Hamiltonian and therefore
improve the accuracy of zeroth order. We explore the relationship between implementing additional
rotations and that of performing a perturbative expansion. Based on our analysis, independent of the size of
the matter potential, we find that the first order perturbation expansion can be replaced by two additional
rotations and a second order perturbative expansion can be replaced by one more rotation. Numerical tests

have been applied and all the exceptional features of our analysis have been verified.
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I. INTRODUCTION

After Wolfenstein showed that neutrino oscillations are
altered in matter, [1] exact analytic solutions for three
flavors were calculated under the assumption of uniform
matter density [2,3]. However, the exact solutions are too
complex to understand in practice leading to an interest in
alternative approaches including perturbative expansions.
One possible expansion parameter is sin 3 [4—6], but we
now know that sin 6,3 = 0.13 [7,8] is not as small as was
anticipated making these expansions very lengthy in order
to reach acceptable levels of precision. Moreover, when
expanding around sin 83 = 0, two of the eigenvalues cross
at an energy around E ~ 10 GeV for Earth density, thus a
perturbative expansion will not converge near the atmos-
pheric resonance. The only other available choice of an
expansion parameter is Am3/AmZ ~0.03, for arbitrary
size of the matter potential, but this choice also has a similar
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issue of crossing eigenvalues at the solar resonance, near
E ~ 140 MeV for Earth density, and thus such a perturba-
tive expansion will not converge near the solar resonance
[4,9-12]. For a perturbative expansion to be effective for all
values of the matter potential, one has to deal with these
two level crossings in a nonperturbative manner first. This
is achieved by performing rotations in the (1-3) and (1-2)
sectors so that diagonal values of the Hamiltonian do not
cross for any value of the matter potential. This was first
performed in [13,14]. When performing the (1-3) rotation,
it is very natural to absorb part of the sub-leading terms into
the zeroth order by using

Am2, = cos’0,,Am3, + sin?0,Am3,

= Am3, — sin’0;,Am3,, (1)

instead of Am3,, see [12]. This is the atmospheric Am?

measured in a v, disappearance experiment [15,16].
After both the (1-3) and (1-2) rotations, given in [14], the

expansion parameter for the perturbing Hamiltonian is

€/ = esin(6’13 - 913) sin 912 COS 912,
where

€= Am3,/Am2, ~0.03, (2)
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and 0,5 is the value of the mixing angle, 6,5, in matter. Thus
the magnitude of the expansion parameter is never larger
than 0.015 and vanishes in vacuum. After these two two-
flavor rotations, the perturbative expansion is well behaved
for all values of the matter potential and zeroth, first and
second order perturbative results are all given in [14].

In this paper, we further develop the method in [14].
We will perform additional rotations such that the scale of
the perturbing Hamiltonian will be significantly decreased.
Accordingly, the accuracy of the zeroth order Hamiltonian
will be improved. The advantages of the former works are
inherited, i.e., the additional rotations defined here continue
to be valid for all channels, any terrestrial or solar matter
potential, and the new rotation matrices return to the
identity in vacuum. It is reasonable that if the perturbing
Hamiltonian is small enough, in another word the zeroth
order Hamiltonian is sufficiently accurate, the zeroth order
expressions are already a good enough approximation such
that perturbation theory is no longer required. We prove
that two additional rotations can take the place of a first
order perturbation theory and a second order perturbation
theory can be replaced by three additional rotations. In
principle, performing additional rotations can be chosen to
be equivalent to any order of the perturbation expansion,
although unnecessary for the expected precision of any
future oscillation experiment.

The structure of this paper is listed following. In Sec. II,
we briefly review the method developed in [14]. The
general principles to perform additional rotations are
enumerated. Section III includes the main results of this
paper. We provide details to determine sequence of the
addition rotations and values of the rotation angles; the
zeroth order eigenvalues and eigenstates after the rotations.
We also compare the additional rotations with the pertur-
bation theories and prove the equivalence order by order in
this section. In Sec. IV we calculate the corrected mixing
angles and CP phase in matter. Finally the conclusion is in
Sec. V. All other remarks and supplementary materials we
believe necessary can be found in the Appendices.

II. ZEROTH ORDER APPROXIMATION OF
NEUTRINO PROPAGATION IN MATTER

This section reviews [14] through zeroth order. The
Schrodinger equation governing neutrino evolution in
matter is

.0
la|lj> = Hlv). (3)

In the flavor basis [v) = (v,,v,,v,)", the Hamiltonian is

1 .
H = 2E [Upwinsdiag(0, Am3,, Am3, ) Upyxs

+ diag(a(x),0,0)]. (4)

The lepton mixing matrix in vacuum Upyns [17,18] is
defined by the product of a sequence of rotation matrices in
23, 13, and 12 plane, i.e., Upyng = U3 (023,8) U 3(613) X
Ui»(61,), in which the Uy; rotation is a complex rotation
with a complex phase 8, the PDG form of Upyng can be
obtained from our Upyys by multiplying the 3rd row by e
and the 3rd column by e~%. The matter potential is assumed
to be a constant a(x) = a = 2v/2GgN,E.

Equation (3) still holds if both sides are multiplied by
some constant unitary matrix U' simultaneously, and since
UU' is the identity matrix we are free to insert it between H
and |v) on the right-hand side. The transformed neutrino
basis is

0) = U'y), (5)
and in this basis the Hamiltonian is
H=U'HU, (6)

where some appropriate unitary matrix U such that the
transformed Hamiltonian H satisfies the following three
properties:
(i) The diagonal elements are good approximations to
the exact eigenvalues.

(i) The off-diagonal elements are small.

(iii) H is identical to diag(0, Am3,, Am3,) in vacuum.
Thus the diagonal elements of H are zeroth order approx-
imations to the eigenvalues. If the unitary matrix U can
also be written as the product of a sequence of rotations
matrices as Upyins, i€, U = Us3 (623, 0)U13(013)U12(012),
the angles {923, 015, 912} are zeroth order approximations
to the three mixing angles in matter, and & is the zeroth
order CP phase in matter. The calculation process of these
zeroth order values are summarized in Appendix A, more
details can be found in [14]. Here we just cite the results.

The zeroth order approximation of the (2-3) mixing
angle and the CP phase in matter are

523 = 623 ’ (7)

0 =20. (8)
The (1-3) mixing angle in matter is determined by

2
s29]3Amee

tan2é|3 = s élfi (S [O, 77.'/2] (9)

Cap,Amz, —a
The (1-2) mixing angle in matter is determined by

N 2
€c<913_913)s2912Amee
do—A

tan 20, = 0\, €10,7/2], (10)

where
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_ 2
/10 —A_= (:'ng]zAl’}’lee -

1
3 [a + Am?, — sign(Am?2,)

X\ (can, A, — a)? + (529, A2, ).

Finally H can be expressed as

A
+¢€ E

2
Amg,

—S12 (12

and §;

ij» Cij represent sin 0;;, cos 0;;

ij> ij» respectively. 4; are the
diagonal elements of the Hamiltonian after the U 12(912)

rotation, they are also the zeroth order approximations to
the eigenvalues in matter, their values can be found in
Eq. (A8), Appendix A. H is the zeroth order Hamiltonian
and H, is the perturbing term and €’ = 0 in vacuum. The

numerical values of the zeroth order eigenvalues and
mixing angles are plotted in Fig. 1

(11)

where

€ = €5(05-0,,)512¢12>

H,

€' < 0.015,

III. ADDITIONAL ROTATIONS

Reference [14] presented a general principle to enhance
zeroth order accuracy by performing a rotation diagonal-
izing the sector with leading order off-diagonal entries.
Therefore at the point of Eq. (12), we can perform addi-

tional rotations to further improve the zeroth order. This
idea is initialized in [19].

(13)

Since H,, is diagonal, to determine the leading order off-
diagonal entries we just need to study H,, more specifically,
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we compare 5, and ¢,. The red curve in the lower panel of
Fig. 1 shows how 5, depends on the matter potential. For
large matter effect we have that |5,,|>|¢,| when Y pE>0
and |3),| < |¢}2] when Y pE <« 0. However, when the
matter potential is weak we must be more careful since 5,
and ¢, are close in this case. We find that |3,| = |¢}»| =
1/+/2 when Y ,pE ~ 0.2 g cm™ GeV where we have taken
53, ~0.3 [20]. This critical point is applicable to both
normal and inverted mass orderings. When the matter effect
is weak, ;3 ~ 0,3 so S (B5-0,;) = 0 8O €' ~0. Then H, will
be a higher order perturbation which is small. Therefore the
convenience of additional rotations depends only on the
sign of Y pE, i.e., the case of neutrinos or anti-neutrinos.

In general, the diagonalizing angle is given by the simple
expression

2,

tan20 = —————,
an =i

(14)

where A, is the off-diagonal part and 4, (4,) is the first
(second) row diagonal element in the 2 x 2 submatrix to be
diagonalized. The two new eigenvalues are

Ao = C3hq + 5505 — 250CoA s,

Ay = Sgha + Cihp + 259CoA,, (15)

and the third eigenvalue remains the same. For
|A¢| < |AZpyl, € is small, so we can expand this to get

e A \2
l"‘l“_Mba{”OKMb) ]}

2 2 \2
b=t {1 * OKAAM) ]} (16)

where A4;; =4; — ;. More details can be found in
Appendix A.1 in [14].

It is clear from Eq. (15) that performing a rotation leaves
the trace (sum of eigenvalues) unchanged, and therefore,
the trace remains unchanged through first order in the
smallness parameter as shown in Eq. (16).

A. Neutrino case

In the case of neutrinos, Y, pE is positive, which means
I312] = [¢12]- Thus we will rotate in (1-3) sector first. We
will then show that after the first rotation in (1-3) sector, the
second and third rotations will be in (2-3) and (1-2) sectors,
respectively.

1. Uy; rotation

Define 5 to be the next rotation angle. The Hamiltonian
after the U,3(a3) rotation is defined as

H= UI3(0513)I:1U13(“13)' (17)

Detailed formula of A’ can be found in Eqs. (B1) and (B2),
Appendix B. The rotation angle diagonalizing the (1-3)
sector is

1 2€/Amge§12
o3 = —EarctanT
31
€/Am2 3:]2
~——% 2 1L O(?). 18
el 4 ofe”) (18)

Since Az = Am2,, a3 is at least first order in ¢’. The
diagonal elements, /1:», are the new zeroth order eigenvalues.

They are

I 2 2 < 2
/11 - c(ll_glll + sa|3/13 + 2sa]3C(1]3s12€ Amee

<2
N
:l_/AZQIZ (/)/47
1 (6 mee) Als; + (6 )
]/2 == 12,
lg = S(QI’H/’{I + C(2113A‘3 - 2S,113C,,l3§12€/Am§e
<2
~ A+ (e’Am%e)zsi + O(e"). (19)
Als

It is remarkable to notice that the additional rotation
U,3(a;3) does not make first order (in €’) corrections to the
eigenvalues. This conclusion agrees with a first order
perturbation theory. It is known that in perturbation theories
first order corrections to eigenvalues are just the diagonal
elements of the perturbing Hamiltonian. Since all diagonal
entries of H, vanish, the first order corrections are zero.
This equivalence indicates a close relation between the
additional rotations and perturbation theory discussed in
further detail in Sec. III D.

2. U,y rotation

Since a;3 is small, the leading order off-diagonal entries
in the Hamiltonian are proportional to ¢;,¢,,, so the next
rotation should diagonalize the (2-3) sector with a new
angle ap3. The rotated Hamiltonian is

H" = Ul (ax3)U 5 (a13) HU 15 (a13) Uns (a3). - (20)

detailed formula can be found in Egs. (B4) and (BS) in
Appendix B. The rotation angle is

/ 2 = ! 2 ~
1 2¢ AmeecamclzNe Am;,C1o

1y =arctan AL, A +0(e?).  (21)

As with a3, a3, is also at least first order in ¢’ since
Alyy = Am2,. The new eigenvalues are
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2
W=y = (A2 312 4 Oe),
AVES

" _ / 2 9 ~ / 2
Ay c2 A5+ 55,43 —2sancanc,,nc12€ Amg,

a3

512 - (G/Amee) Aﬂl,z + O( /4)
32

"no__ ! 2
5 sa23/1 + Capi Ay + 284,,Cayy Coy C12€ 'Am?2,

~ A2 )2 (S ‘12 o 2
srean (s S Lo, @)

3. Uy, rotation

Again a,3 is small so it is evident that after the Ups (ap3)
rotation the leading order off-diagonal entries, which
proportional to s, .¢,,.C1, are in the (1-2) sector, and an
additional rotation U,,(a;,) can diagonalize it. The final
rotated Hamiltonian is

H" = Ul (12) Uy (a23) Uz (ar3)
X I:IU13(‘113)U23((123)U12(‘112)-

Again details of H"” can be found in Eqs. (B7) and (B8) in
Appendix B. It can be solved that

I A a2 P
26" Ami,Cy iS4, C1n
"

Ay = — 5 arctan

(€'Amg,)*51581
o T L O, 23
YNV (€") (23)

The zeroth order eigenvalues, after the (1-2) rotation are

m __ .2 " 2 " ~ / 2
A= co(]z/l1 + salzl + 25a120a120az35a13C12€ Amg,
2

~ 1 — (€Am2,)? e + O(e"),
Als
=52 A+ Ay —25, Ca CaSa,Cro€ Am?
2 ap ap Sat;, Capy Cary S5 €12 ee

~ iy — (€ Am2,)? 124 o),

2

<2
MW=~ 'A 22 512 ‘2 O 14
P i @2+ T2 o),

(24)

It is noteworthy that 47" and A are identical to at least
second order. To understand this observation, we need to
study the perturbative Hamiltonians after each rotation. It is
known that in a perturbative expansion, leading order
corrections to the eigenvalues are the diagonal elements
of the perturbative Hamiltonian. In Appendix B, we shall
demonstrate that after the first two additional rotations, the
perturbative Hamiltonian whose diagonal entries are all
zero, i1s in second order; thus errors of ljf are already

controlled to fourth order. After the third rotation U, (a;,),
the perturbative Hamiltonian (still with vanishing diagonal
entries) is in third order; thus errors of A are further
diminished to sixth order. Therefore, it is not unexpected
that A7 and 4] are identical to second order.

Terms of order ¢? are no larger than 3 x 1076, In
principle, we can continue performing rotations to control
the off-diagonal entries to any precision. Considering the
precision of the experimental uncertainties ~1% [21-25],
stopping at Uy,(a;,) is more than enough. Later we will
show that it is equal to second order (in €’) perturbation
theory when considering eigenstates.

B. Antineutrino case

In the case where Y, pE <0, | < |15 in H, of
Eq. (12), so we will rotate (2-3) sector before (1-3), and
the third additional rotation will still be in (1-2) sector as
for neutrinos. The calculation process will be quite similar
to the first case. The results for this case are listed below.
The (2-3) rotation angle is

1 2¢ Am2, &5

_ dAmgeélZ
r3 = Earctan AL ~
32

A/132

+OE?).  (25)

Compared with Eq. (21), it is evident that a,; ~ @,; to
first order. After the (2-3) rotation, the zeroth order
eigenvalues are

/_1/:/11,
Ay =ck dy+s2

a3

),3 25
& 4
O /

A/132 + ( )

/12 + C(Xn)’.’) + 2S

2

‘D 14
Ay + O(e"). (26)

/ 2
a3 a3 a23 c 12€ Amee

= /12 - <€/Am%e>2

bl = ! 2
/1 - azz a3 a23012€ Amee

~ /13 + (C/Am%e)z

Before performing the next additional rotation in (1-3)
sector, there are some comments on the above U3 rotation.
In some former works, e.g., [13], a similar approach was
followed with a rotation in the (2-3) sector as above,
although there the rotation was used for both neutrinos and
antineutrinos. In additional, later in this paper (Sec. III D
and Fig. 2), we shall demonstrate that one additional
rotation does not improve the accuracy of the approximated
eigenstates. More specifically, if [J)" is the exact eigen-
states in matter, errors of the initial zeroth order eigenstates
are estimated as |[0)" — |U) ~ O(¢’). After the U,; rotation,
the eigenstates are corrected to be U, |¥), which still have
first order errors, i.e., |P)" — Uk, |b) ~ O(¢) still holds.
This indicates that to achieve better accuracy, we must
perform an additional rotation.
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FIG. 2. The equivalences between the additional rotations
(circles) and the perturbative expansions of the eigenvalues
and eigenvectors (triangles). Performing one additional rotation
is not equal to any perturbation expansion; performing two
additional rotations in (1-3) and (2-3) (exchange the two for
antineutrinos) sectors is equal to a first order perturbation
expansion; performing one more additional rotation in (1-2)
sector is equal to a second order perturbation expansion. The
steps shown in green, red, and blue refer to Refs. [12,14], and this
work respectively. Another possible perturbative branch (in blue)
is that if we implement a first order perturbative expansion after
the U13(a13) and U23(a23) (Or U23(5{23) and U13(&13) for anti-
neutrinos) rotations, the eigenvalues and eigenstates also will be
corrected to O(e’?) accuracy, see Appendix C 2.

The following (1-3) rotation angle is

_ 1 26/ Am3,c5, 51
@3 = —sarctan ————=—>——
2 AXs,

€’Am§e§12
-2 1L O(e?). 27
RO @7)
Again, compared with Eq. (18), a3 ~ a3 to first order.
After the (1-3) rotation, the zeroth order eigenvalues are

M =ck /1’ —|—s /1 +2sa]3ca”caz3s12€ Am2,
~ Ay — (€Am2,)? -2+ O(e?),
1 ee A/131
22
B =T =ty — (A, P 4 OeR),
2= s,ZM/I’ + 0(2,3/13 - 2sa1305130523§12€’Amge
A +( 'A 2)2 5%2 412 0%2 +O( ) (28)
~ ¢ Am —= .
’ «’ \Ady | Al

It is easy to see that compared with Eq. (22), A7 ~ 2! to

second order. Finally the (1-2) rotation angle is

/ ~
1 2e Ameesazgcawslz
A1) = Earctan Ai//

21

o (€AmG,)* 51581
Aoy Ay

+O(e). (29)

Compared with Eq. (23), now even to the leading order
a5 # a,. Later we will see that this inequality is necessary
for the equivalence of the eigenstates for neutrino and
antineutrino cases. After the U, rotation, the corrected
eigenvalues are

Z/l// = alzi/, + salzﬂ'// 2S(l]2 (l]z (l]';s(_I23§l2€/Am£€
~ = (€A 2 12 O 3
1 (€ mee) A/ISI + ( )
A= salz/l" + cv A” + 2salzc&12ca1355,23§12€’Am§€
~ 1 — (€A 2 12 O /3
2 (€ mee) A/{32 + ( )
am 2 / 2 )2 5%2 C%Z
A=A~ A A —= o
3 3 3+ (€Amg,) <A131+A/132>+ (¢ )
(30)

By comparing the above eigenvalues after three additional
rotations with the ones in the case of neutrinos, we find
that 17" and A} are identical to second order in €.

C. Rotated eigenstates

The zeroth order energy eigenstates |U) before the
additional rotations are defined in Eq. (5). If

W {Uls(als)Uzs(az3)U1z(alz) for neutrinos

U23 (&23)U13(&13)U12(&12) for antineutrinos ’

(31)
then the eigenstates after the rotations are
D) = WD), (32)

and Upyns from Appendix A and Ref. [14] is corrected
to be

V =UpunsW- (33)

In the case of neutrinos, with Egs. (18), (21), and (23) it is
easy to verify that U3(a3)Uss(ax)Up(ayp) can be
expanded through second order to
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512

o m
Uys(a3)Uss(an)Upp(agy) = 1+ € Am3, A%z
S _
Ly Mg
W,
(&)2 _ 25158 0
(€ Am?,)? 2A~/131 AflnAjﬂ
ee S12C12 c
- ) AA;IZAZ, (Aiiz) 0 . (34)
00 GEPedep
W>
|
This expression still holds if we perform the (2-3) WP=1+WP+Wh 4., (37)

rotation before the (1-3) since it can be demonstrated that

Uis(a13)Ups(a3)Ups(a12)
= U (a23)U13(@13)Upp(@12) + O(€?).  (35)

Several remarkable observations in Eq. (34) are listed
below.

(i) Both Uj3(ay3) and Uys(ap3) contribute to the first
order term W. For example, if a;3 = 0, (W;),5 and
(Wy)5, equal zero; and if ax3=0, (W;),; and
(W1)3, vanish.

(i1) Since aj, contributes only at second order, if we
just perform the first two additional rotations, i.e.,
a1, = 0, the first order W, will not be affected.

(iii) Uj,(ayn) does contribute to the second order term
W,. For example, (W,),, = 0 if a;, = 0. That is,
although the eigenvalues after two and three addi-
tional rotations, i.e., 4] and A are identical to
second order, the eigenstates are not.

These observations are necessary to the following discus-
sions about the relations between the additional rotations
and perturbation theory.

D. Comparison with perturbation theory

The normal approach to calculate the energy eigenvalues,
eigenstates and oscillation probabilities in matter has been
via a series expansion in some small parameter. For example,
in [14], a three rotation approach was adopted, i.e., perform-
ing one constant rotation U,3(6,3,5) followed by two
rotations Uy5(613) and Uy,(8;,). Then perturbation theory
was applied wherein the eigenvalues and eigenvectors were
perturbatively expanded to successive orders in ¢’.

With the perturbing Hamiltonian H,, we assume that by
perturbation theory, the eigenstates are corrected to be

[D)we = WD) (36)

Since H, is order ¢/, we can expand W” in a series of ¢/,

and the corrected eigenvalues can also be expanded as
AP =+ AP0 Py (38)

where W2 and /15’('1) are proportional to €”, their full
expressions can be found in Appendix C 1. Comparing the
results from the perturbation theory and the additional
rotations, we find the following equivalences

Wy =Wwr, Wy =Wy, (39)

and

e di4 W 1 0@?) =4+ 250 4257 1 0(P),
A e+ i 127 4 0. (40)

From Eq. (39) and the observations at the end of Sec. III C,
we can make the following conclusions of the eigenstates
(i) After performing one additional rotation (U3 (a;3)
for neutrinos and U,3(@,3) for antineutrinos), the
accuracy of the rotated eigenstates is not improved
compared with the initial zeroth order |}, i.e., errors
of the eigenstates are still in O(¢€’).
(ii) For neutrinos (antineutrinos), after performing two
additional rotations in (1-3) and then (2-3) sectors
((2-3) and then (1-3) sectors), errors of the rotated
eigenstates are diminished to O(¢”?). Thus the
eigenstates are equivalent to the ones of a first order
perturbation theory through O(¢’) terms.
(iii) Errors of the eigenstates will be further diminished
to O(e”*) by performing just one more rotation in
(1-2) sector. Now the eigenstates have the same
accuracy as the ones from a second order perturba-
tion theory.
From Eq. (40), we can make the following conclusions of
the eigenvalues
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(1) Errors of the eigenvalues after the first two addi-
tional rotations are already lower than O(€”®) (that
is, the eigenvalues are correct through O(e?)). To
reconcile with the conclusions of the eigenstates, we
say that the eigenvalues after the first two additional
rotations have at least the accuracy of the first order
perturbation theory.

(i) Errors of the eigenvalues after the three additional
rotations are even smaller, so of course lower than
O(€”). Again to reconcile with the conclusions of
the eigenstates, we say that their accuracy is at least
equivalent to the ones corrected by a second order
perturbation theory.

Now we combine the conclusions of the eigenvalues and
the eigenstates. We find two equivalences between the
additional rotations and the perturbation theory.

(i) By performing two additional rotations in (1-3) and
(2-3) sector (the order is exchanged for anti-
neutrinos), we can improve the eigenstates and
eigenvalues to be as precise as the ones from first
order perturbation theory.

(ii) By performing three additional rotations, we can
improve the eigenstates and eigenvalues to be as
precise as the ones from a second order perturbation
theory.

All the conclusions are also summarized in Fig. 2.

IV. CORRECTIONS TO THE MIXING ANGLES
AND THE CP PHASE

After the three additional rotations, the corrected PMINS
matrix in matter is V = UgjnsW. Since W is a real special
orthogonal matrix, V can be written as

First Order (NO)

-40 -30 -20 -10 0 10 20 30 40
Y. oE (g cm™ GeV)

V= eiAUzs(é/zy5’)U13(é/13)U12(~/12)€iB
= Uy3(053.0)U13(013)U 12 (0,2) W, (41)

Here A and B are some real diagonal matrices. In general, A
and B are necessary to get real solutions of é; ; and &'. Since
both A and B are real and diagonal, they only add some
additional complex phases to the eigenstates, which will
not change any physics.

We can expand 6; as

O =0,;+8)+087 + .- (42)

where ég’) is proportional to €.

To first order, W = U 3(a13) U3 (a23) = T+ W, +O(€?).
Details of W, can be found in Eq. (34). We give the final
results here. The first order corrections to the mixing angles
and CP phase are

- 1 1

g(l): 'Am2 5.1C _

13 € AMLeS12C12 Ay Ay )’
~2
2

*A@)’

% 2
A a2 S13 [ ST
012 = —€ Amee~— H
13 31

~ ) ~2
0 = e'amz, =2 (s¥2 - £>
> Ci3 \Adz; Ay
- 2¢,5 55 (52 &2
8 = —¢'Am?, 2623 ( 2 4 12 ) 43
$26,,C13 \Ad31  Adsy “3)

Please note that since e’”W,e™? = W, for any real
number p, it is free to set one of the diagonal elements of A

Second Order (NO)

-40 -30 -20 -10 0 10 20 30 40
Y. pE (g cm™ GeV)

[— |Asin2013| —_— |Asin2012|

— |Asin?6,3] — |Asin24) ]

FIG. 3.

The absolute accuracy of the approximations of the mixing angles and CP phase in matter in this paper to first order (left) and

second order (right) for the normal mass ordering. The black dashed curves in the left and right plots are |¢”?| and |¢’3], respectively. It is
evident that the error of sin’> of each mixing angle and phase at first (second) order is about € (¢3).

033001-8



ROTATIONS VERSUS PERTURBATIVE EXPANSIONS FOR ...

PHYS. REV. D 98, 033001 (2018)

or B to be zero. All the corrections to the mixing angles and
the CP phase are invariants under a transformation of
exchanging ;, 4, and 0,, = 0, + 7. This is easy to verify
in the above equations. More details can be found in
Appendix E.

To second order, W = U(a3)Uxp(ai)Upn(an) =
1+ W, + W, + O(€?), combining with the first order
results the second order perturbations can be solved.
Details of the second order results are listed in
Appendix D. The corrected mixing angles and CP phase
through second order are

~ ~ o 1 1 )

¥~ 2 ~2

S13C S C

o a2 S13C12 12 12 ()

S12zsl2_€Amee ~ <Aﬂ +A/1 >_|—f127
13 31 32

=~ <2 =2
- . CsC S C 2)
3~ 3 o A2 €923 12 12 ( ’
23 23 + ee 6‘13 A/131 + A/132 +f23

Copp. So5 [ 52 &2 2
AP /A 2 “20,3°20 12 12 ( ) 44
S % S0 T € Bllkee 825,,C13 \ A3 * Adzy s (44)

Functions of the second order terms f ), which are
proportional to €¢”, can be found in the Appendix D.

A. Numerical tests

Neutrino propagation in constant density matter has been
analytically studied, the accurate mixing angles and CP
phase can be found in [2,3]. Our formulas have second
order accuracy so it is expected that the differences between
the analytical solutions and our approximations are sig-
nificantly below €’> and even to first order there are precise
to >1073. We show the precision of the angles to first
and second order in Fig. 3 for the normal mass ordering.
It is evident that the approximated values achieve the
expected accuracy.

V. CONCLUSIONS

We have significantly improved the accuracy and under-
standing of the recent perturbative framework for neutrino
propagations in uniform matter in [14]. This has been
achieved by performing additional rotations which diago-
nalize the sectors with leading order off-diagonal elements
of the Hamiltonian. The primary advantage of this
approach is that the zeroth order Hamiltonian is applicable
to the whole range of matter potential a, whereas pertur-
bation expansions are most reliable for weak matter effect.
By studying orders of the off-diagonal elements of the
perturbing Hamiltonian, we determine the sequence of
the additional rotations. For neutrinos the sequence is
U3 = Uy3 = Uy, and for anti-neutrinos Uiz, U,z are
exchanged. The additional rotation angles are solved to
diagonalize the corresponding sectors. The first two

rotation angles in (1-3) and (2-3) sectors have first order
(in ¢’) whereas the third angle in (1-2) sector is second
order. The diagonal elements of the rotated Hamiltonian,
which are the approximations to the eigenvalues, are
calculated to second order.

We compare the eigenvalues and eigenstates derived by
the additional rotations and perturbation theories and reveal
the equivalences. Performing two successive additional
rotations in (1-3) and (2-3) sectors is equal to a first order
perturbation theory. Performing three successive additional
rotations in (1-3), (2-3) and (1-2) sectors is equal to a
second order perturbative expansion.

Finally, we derive first order approximation formulas of
the mixing angles and CP phase in matter and compare
them with the exact solutions. Numerical tests show that
regardless the scale of matter potential, errors of the first
order approximation formulas are controlled to be no more
than 1073, achieving the expected accuracy with a signifi-
cant computational speed improvement as well [25]. More
precise approximations to second order are given in
Appendix D.
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APPENDIX A: ZEROTH ORDER EIGENVALUES
AND MIXING ANGLES

The derivation process of the mixing angles and Eq. (12)
is presented in this Appendix.

1. U,3(653.6) rotation
Define

I:I = U;3(é23,5)HU23(523,S). (Al)

Now H is real and does not depend on 6,5 and &.
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1 /Ia s13cl3Amge
H=— y)
2E , b
slSCl3Amee )“c
13
Am? ’
+ 6512012Tee €13 =S13 | (A2)
=513
where
da = a+ (515 +est,)Am2,,
Ay = €c?,Am2,,
Ae = (6%3 + €S%2)Amge' (A3)

2. U13(913) rotation

Observe the entries of H, it’s easy to see that the (1-3)
sector contributes the leading order off-diagonal entries.

Therefore it’s reasonable to make U3 (513) diagonalize this
sector. After this rotation

H=U}(003)HU 5(013)

A
1 Am2,
=5E Ao T €522 SE
Ay
c(él3_€l3)
X C(é,3_e13) 5(913_913) ’ (A4)
S(913—913)
where
1 . s
Ay = 3 [(ﬂa + A.) £ sign(Am3,)
X \/(/Ia -2+ 4(S13013Am5e)2}»
do = ecl,Am?,. (A5)

With the diagonal elements above, 0,3 can be deter-
mined by

o A=A
sin?05 :/1:_/1_,

é13 (S [0,7[/2]

(A6)

3. U1(0y,) rotation
For any long baseline experiment the largest off diagonal
terms are in the (1-2) sector (see subsection 3 a below for a
caveat). Now U,,(0;,) is required to diagonalize the (1-2)
sector of H , and H is obtained after is rotation.

v

H = Uiz(élz)HUlz(élz)

_ 1 ﬁl Z
T 2E :
3
A =512
+ €8540, 51212 5 ‘2 |
=312 Cp2
(A7)
where
PR [(/1 +a)
12 — 2 0 -
+ \/(’10 - /1—)2 + 4(6(;(913_913)812C12Am£e)2J ’
/13 — /‘L+, (A8)
and
- A=A ~
Sin2912 = 12 10 s 9]2 € [01 ﬂ,’/Z] (Ag)
2 — 4

Alternative ways to write these expressions can be found
in [26].

a. 012 VS 923

After the (6,3,6) and @5 rotations, the Hamiltonian is
given by Eq. (A4).

If we follow the simplest prescription of rotating away
the largest off diagonal elements as we have for the
previous steps, we perform the rotation in the (1-2) sector,
which also removes the solar level crossing and returns
the PMNS order. This is the largest off-diagonal terms
when ¢ o) > $(5,,-0,,) Which is valid for neutrinos with

E <11.5 GeV (a < Am2,/ 029]3)1 and for all anti-neutrinos
in the NO. Thus in the NO for the neutrinos above the
atmospheric resonance (or antineutrinos above the atmos-
pheric resonance in the I0) it is better to diagonalize the
(2-3) sector next. While this does not address the level-
crossing at the solar resonance, it is immaterial since we are
focusing on neutrinos with £ > 11.5 GeV.

For the case E > 11.5 GeV, the new mixing angle
denoted 0, is given by

B} 2
2€S126125(013_913)Amee

tan 2923 = AL s
+0

(A10)

and the eigenvalues 4, , . are

X, .2

'Note that the threshold is slightly higher than the atmospheric
resonance at a = AmZ,cap,,.
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A=A,
— 2 2
y = 6923/10 + Sé23ﬂ+

o _ 2
A — 2684, ¢4, 512C125 (5,5-0,,) AMee

) 2 . _ 2
A, = séB/IO + CéBﬂ_,'_ + 2659230923s12012s<913_913)Ame€.

(Al1)

The new perturbing Hamiltonian is

Cé23 - sé23

€C(é,3-9,3>312012Am?e Ch,s (A12)

In general we will assume that £ < 11.5 GeV and use the
6,, rotation since it also addresses the level crossing and
matches the PMNS order. In addition, the difference
between ¢ . o ) and s o ) is small until well past

the atmospheric resonance.

APPENDIX B: HAMILTONIANS AFTER THE
ADDITIONAL ROTATIONS

In the case of neutrinos, after the U,3(a3) rotation, the
Hamiltonian becomes H' = Hj + H where

2E(H6)11 = Calglll + ‘5%13/13 + 23a13ca13312€ Amew
2E(Hy),, = 0.
ZE(H6)1’3 = (l]';c(l]';A)“31 + ( a]; - c(thlg)§12€/A’/nge7
2E(I:I6)22 - /12,
2E(FI6)23 =0,
2E(FI6)33 = a13/11 + Ca13/13 2sa]3Ca13§12€/Amge7 (B1)
and (H6>U = ( 6)]1’ and
_San
€' Am?,¢ ‘
/l e 22'6 12 _Sal3 Cdl} (Bz)
Calz

We require the (1-3) sector to be diagonalized, i.e., a;3 must
satisfy an equation:

051% aHAﬂgl ( al? - C313)§12€,Amge =0. (B3)
The solution is Eq. (18).
After the U23 (a23)

H" = H{ + H', where

rotation, the Hamiltonian is

2E(H/0/)11 =1
ZE(Hg)lz =0,
2E(H3)13 =Y
2E(HY)yy = o2 + S 25 = LSty CayCayy E12€ A,
2E(H) 23 = —=Say,Cayp Dy = (5%, = €3, )Cay, E12€' A,
2E(H{)3y = 52, X + 2 Ny + 254, Cap Cap E12€ Am2,
(B4)

and (HO) (Ho)/p and

LT R

San,

Now the (2-3) sector must be diagonalized, i.e., ap3 must
satisfy

Co, AN,

(12'; a3 ( (123 - C(zng)crx|3512€/Amze =0. (B6)
The solution is Eq. (21). Since a3 is a first order (in ¢’)

term, it is evident that H” is in second order.
After the Uj(aj,) rotation, the Hamiltonian is

H" = H} + H', where
4 (A " " =~ IA2
2E(H0 )“ C(Jllz/1 <|>s0512/1 +2S(112 a2 Cayy a3 €12€ Amg,,
' _ " 2 2 ~ )
2E(H0 )12 = =Sap,Cay, A121 (salz _Calz)ca23sa13012€ A’/neeﬂ
Iy .
2E(H{ )13 =0,
Iy _ " 2 17
2E(Hy )y = Salz/1 + a4 =284, CayyCary Sa; €12€ Am2,,
2E(H{)53 =0,
I Y/
2E(Hy )33 =13, (B7)
" rr!!
and (Hj )” = (H; )ﬂ, and
C
/ 2~ an
. €'Am;,C1284,.8
" — _ ee2E a3 Sans Sy |- (BS)

calz sa12
It is easy to verify that A" is already a third order term in €’
and @, must dlagonahze the (1-2) sector, i.e.,

Ca, AX| +

(112 apn ( (112 - Cglz)c(lz3S(1]3512€/Amge =0. (B9)
The solution is Eq. (23).

The approach for antineutrinos is quite similar so we will
not provide the detailed procedure. Alternatively we
simply describe it by citing Eq. (15). The first additional
rotation diagonalizes the (2-3) submatrix with 6 = @3,

and A, = &,¢/Am2,; the second additional rotation
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TABLE I.

Entries of the Hamiltonian after each rotation for neutrinos and anti-neutrinos are presented. A in the

last column is a normalization factor. For each row, AV is equal to the product of all elements on and above this line.
The first three rows are identical for neutrinos and antineutrinos.

Neutrinos
Rotation angles 2EH, 2E(H)) /N 2E(Hy) 13/ N 2E(Hy)y/N N
5 (Aas Aps Ac) C13512C12€ S13€13 $13812€C12€ AmZ,
?13 (/1_’/10’/1+) C(éw*e]s) 0 s(éu*el}) XS12€12€
012 (4142, 43) 0 =51 Cia XS (@,,-0,3)
13 (1’,1’2,2’)”3 —Sayy 0 Cayy XE‘]Q
3 (41,43, 45) Cas S, 0 X(=Say)
ap (A7) 0 Cayy Sy, XS g
Antineutrinos
Rotation angles 2EH, 2E(H) /N 2E(H) 3/ N 2E(H )y /N N
. (Aas Aps Ac) €13512€12€ $13€13 S13512€12€ Amg,
?13 (A, 20, 44) C(B13-015) 0 S(013-0,3) XS812C12€
012 (/_117/_127/_13) =51 Ci2 X8(@15-0,3)
a3 (41,45, 45) —Say, Can, 0 x(=51
a3 (A1.25.25) Cays 0 Sas X(—Sa,)
an (A7, 25,28 0 —Sa, Ca, XSz,
diagonalizes the (1-3) submatrix with 6 = a3, and By the second order perturbation theory
Ay = —Cq,, S12€ Am?2,; the third additional rotation diago-
nalizes the (1-2) submatrix with 6 = @,, and A, = _ 1IN REA 1)5k]2 i=j
~ Ak
C(_l|3s5623s]2€/Amge' WP o k#i (i) 3
For both cases of neutrino and antineutrino, the ( 2)1'1' - | 2E(H,)2E(H)) o (C3)
Hamiltonian after each rotation is summarized in Table I. Ay i Ay i#]
then
APPENDIX C: PERTURBATION EXPANSIONS
1. The perturbative expansion of DMP (B2 — 251581 0
Alsy Al Al
Here we Fif:scribe the perturbative F:xpansions calculated WP — — (€Am2,)* | 2.2, (En) 0
from the initial zeroth order expressions from DMP [14]. 2 2 A3 1ALy Ak
By the first order perturbation theory, since all diagonal 0 0 (22)2 4 (L2)?
v . . p Ay Al
elements of H; vanish the diagonal elements of W/ also
vanish. The nondiagonal elements are (C4)

2E(H)),
why, = ——— Cl
( 1)1/ A’L’j ( )
and from Eq. (12) it is easy to get
S
Al
WP = ¢ Am?, v (C2)
S _ fnn
Adg A3y

First order corrections to the eigenvalues given by the
perturbation theory is

2V =2E(f,), =0, (Cs)
and second order corrections are
2E(H),)?
ﬂf(z) = ZM (C6)

k#i Ali

With Eq. (12) it is easy to get
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2
O (e Am2 )2 S]27
1 (6 mee) AAS]
-
Pl €Am2, 2£,
1)~ (e amz P
<2 )
2PQ a2 2 (B i ) C7
1o = eam (S ). (o

2. Perturbative expansion after the first
two additional rotations

After the first two additional rotations, we can implement
a first order perturbative expansion to achieve second order
accuracy for all eigenvalues and eigenstates.2

For the eigenvalues this is evident. After the first two
additional rotations, the eigenvalues A? (1) already have
the second order accuracy. Since diagonal entries of the
perturbative Hamiltonian are always zero, a first order
expansion will not give any corrections to the eigenvalues
so the accuracy will be kept.

It is more complicated to test the eigenstates. In the
following calculation we are assuming a case of neutrinos.
We define

_2E(FI/1/)1'/

(W), = :
ij /1;/1

(C8)

and all the diagonal elements of W!” vanish. By Egs. (B5)
and (18) it can be figured out that

_ Cay _ Sayy
ALy A%
C
WP = & Am2, 155, A“Z,;
s0523
1
C1o5 AA
~ —(e’Amge)zﬁ;lz | T oe?)
Adyy
(©9)
Compared with Eq. (34), we can get that
Uys(a13)Ups(azs) (T + W)
> Uyz(a13) Uns(aa3) Una(arp) + O(7). (C10)

So the eigenstates are corrected to second order accuracy.

7If we implement a perturbative expansion after only one
additional rotation, it can be shown that one is required to do a
second order expansion to achieve O(e’?) accuracy. Thus, starting
the perturbative expansion one rotation earlier, as was done in
[14], or performing an additional rotation before going to the
perturbative expansion, as demonstrated in this Appendix, is
more computationally efficient.

For the case of antineutrinos, the perturbative Hamiltonian
FI;’ will be different, so we need to re-calculate W*”
according to Table I. Moreover, in Eq. (C10)
Uiz(a13)Usz(aps) will be replaced by Usz(@3)Uy3(a3)
and a;, will be replaced by a;,.

APPENDIX D: SECOND ORDER CORRECTIONS
TO THE MIXING ANGLES AND CP PHASE

The second order corrections to the mixing angles and
CP phase, as defined in Eq. (42) are

(2 513
0 = =52 (WDl

<2
~(2 Ky
9(12> = (W,2>12 - %(Wﬁ)m(Wﬁ)z&

C13
22) _ Cs813 / / czézzgg / 2
03 :ET(W1)13(W1)23+S 2 [(W1)s])7,
13 20,, €13
% 2¢p,.55513
5% = _%(WII)B(WG)QS
$26,,€13
2(1 + ¢, )5sCs
20
R [(W1)5s]7, (D1)
13559,

where in our case

- 1 1
(Wi = ¢ AmZ,315C 1, <H32 - m) ) (D2)

(W/) /A 2 §%2 + 5%2 (D3)
= €Am —_— —_—
1/23 ee A/131 A/132 )
and
~2
o ¢
(W/z)u = (e/Amge)zslchZ{m

52 1[ & 52
+ 12 1 { 2 12 } } (D4)
A/131A}“21 2 (A’132>2 (A/131)2

Actually (W}),; and (W}),; are elements of rotated W and
W, by Ujy(01), ie.,

Wi = Up(01)W,U},(61),

W, = Ulz(éu)WzUIz(élz)a (Ds)
and they are invariants of a 4; & 1, symmetry which will
be explained in detail Appendix E.

Detailed formulas of the second order terms in
Eq. (44) are
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78 = =R W + W3

2 S Ky ~
fgz) = 13(‘”’)23[2 (W) +E(Wh)3
13
+E(Wh)in
1 C2p ;3% — 53,05
18] = W [ 2520
13 8§23

+55§13523(W1)13}
~2 2 y_ w22
(1+ ¢35 ) —S5¢

@) 255 , Cs
=— (W
7= |

- C292355513(W'1)13} (D6)

The precision of the mixing angles through second order
is shown in Fig. 3. It is evident that the approximated values
achieve the expected accuracy.

APPENDIX E: 1, & A, SYMMETRY

If we exchange A; and A, and 6, is translated to 6, + Z,
the Hamiltonian in basis of flavor eigenstates will keep
unchanged because

( Cia 512)(/11 )(512 —312>
=512 Cp2 A S12 Ci2
o < CO,45  S0,45

S@,8  €@,1D

" <C(élzi%) 5@ty (E1)
50025 €00+
Under this discrete transformation
M e Ay, S = —Cpa, Cip = 31p. (E2)
To the leading order
;3 < a3, (E3)

which can be verified by Egs. (18) and (21). 6,3, 6 and 0,5
and their perturbing terms should be all invariants. Since it
is a translation of @,,, the perturbation of 8, should also be
an invariant. Thus an implicit reason for introducing W/
and W) can be revealed. It is easy to see in Eqs. (D2)—~(D4)
that W\ and W/, are also invariants under the transforma-
tion. Then the perturbing terms are just combinations of
some A; < A, invariant functions.

APPENDIX F: SOME IDENTITIES

In matter the corrected mixing angles, CP phase and
eigenvalues must satisfy the Naumov-Harrison-Scott iden-
tity [27,28], to second order, it is

2 2 <ol ol w2l A
S12012313C13523023S5HAmij = $12€12513€13523C2355
i>j

< [[axg + O(e (F1)

i>j

A simpler identity is known as the Toshev identity [29],
again to second order it is

s5 + O(€?). (F2)

Szgzgsts ad S

Combining the above two identities a third identity can be
derived [30]

[Lsjams
51201251301%W—512032533 /12%"'0( ) (F3)

i>j
If we define

_ 2
Jr = S1pC12813¢13,

m — wl = o =2
J7 = 51,00,515C05, (F4)

where J, is a reduced Jarlskog factor and similarly for the
matter values, the third identity can be rewritten as

A 2
g M2 ey, (k)

Hz>} /1///

Normal Order

~<

10-10 L N\,

\
\ H
10-12 ‘ ‘ Y

-40 -30 -20 -10 0 10 20 30 40
Y. pE (g cm~3 GeV)

: m — 3l = el =2 2
FIG. 4. This figure shows AJ}! = §,81,313C3 — 121281313 X

I1.,Am,

N

i>j i

ordering. The black dashed line is €.

through second order (red curve) for the normal mass
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For the third identity shown in Eq. (F5), analytical
verification is complicated. An alternative numerical
test is provided here. We define an error function as

I
ij

Am? . . .
AJP =0T -, % to quantify the error in calculating
i>j

the CP violating term using our expressions. We have
shown the precision of this expression in Fig. 4, in which
we can see that the third identity holds to even better than
third order in €.
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