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We give a definition of uncomplexity of a mixed state without invoking any particular definitions of
mixed state complexity and argue that it gives the amount of computational power Bob has when he only
has access to part of a system. We find geometric meanings of our definition in various black hole examples
and make a connection with subregion duality. We show that Bob’s uncomplexity is the portion of his
accessible interior spacetime inside his entanglement wedge. This solves a puzzle we encountered about the
uncomplexity of the thermofield double state. In this process, we identify different kinds of operations Bob
can do as being responsible for the growth of different parts of spacetime.

DOI: 10.1103/PhysRevD.97.126007

I. INTRODUCTION

It was pointed out in Ref. [1] that one can do useful
computations with a system away from being maximally
complex. In Ref. [1], the concept of uncomplexity was
introduced to characterize the amount of computational
power one has with a system in some particular state. The
uncomplexity of a pure state is defined as the difference of
the maximal complexity and the state complexity.
For a strongly interactingholographic system in a statewith

a dual black hole geometry, it was conjectured that its state
complexity will increase linearly with time until it saturates at
some maximal value, ∼eS, for a system with coarse-grained
entropy S [2,3]. At any time before that, the state has some
computational power given by its uncomplexity.
On the other hand, for a state with a classical gravity

dual, the growth of the wormhole was conjectured to reflect
the increase of the state complexity [4–7]. It was also
conjectured that a black hole state with increasing complex-
ity has a smooth horizon [2]. The authors of Ref. [1] made
the connection that the uncomplexity of a black hole state
corresponds to the interior spacetime accessible for an
infalling observer to jump in.
In the first part of the paper, we generalize the concept of

uncomplexity to mixed states. Following the simple
assumption that the computational power of a mixed state
does not depend on its purifications, we give a definition of
the uncomplexity of a density matrix without invoking any

definitions of complexity of a mixed state. In this process,
we study different kinds of operations Bob can apply if he
only has access to a subsystem of an entangled state.
We then discuss the connection between uncomplexity

and the black hole geometry. With our definition, we give
geometric interpretations of uncomplexity in various exam-
ples and show how it fits together with subregion duality
[8]. We see that the uncomplexity of a density matrix
exactly corresponds to the portion of interior spacetime
accessible to an observer which is also inside the entangle-
ment wedge of the density matrix (Fig. 1). In this process,
we show that the different kinds of operations we studied
earlier are responsible for the growth of different spacetime
regions. We give a quantum circuit description of a black
hole with a wide Penrose diagram of which the entangling
surface is behind its event horizon. We also point out the
role played by the apparent horizon [9].

II. UNCOMPLEXITY OF A DENSITY MATRIX

A maximally complex state has no computational power.
In analogy to thermodynamics, the second law of complexity
states that the complexity of a state always increases. It takes
much fine-tuning to decrease the complexity [1]. A state that
is not maximally complex is like a thermodynamic system
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FIG. 1. The blue dot is the entangling surface between A and B.
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away from its equilibrium. One can do useful computations
with a state that is not maximally complex. In analogy to the
free energy as the amount of energy that can be used to do
work, uncomplexity characterizes the computational power
of a state. The uncomplexity of a pure statewas defined as the
difference between the maximal complexity and the com-
plexity of the state [1,3].

UCðjψiÞ ≔ Cmax − CðjψiÞ
We will generalize this concept to a mixed state. There

have been various attempts to define the complexity of a
density matrix [10,11]. It is complicated by the fact that the
density matrix has different purifications. Here, we will
emphasize that it is not necessary to have a definition
of mixed state complexity in order to define the uncom-
plexity of a density matrix. This follows from the simple
assumption that the uncomplexity of a density matrix does
not depend on its purifications. The question we want to
answer is what the computational power of a density matrix
ρB is. Alternatively, we can ask this question in the
following way. Imagine there is a system AB in a pure
state jψi ∈ HA ⊗ HB, where jψi is an arbitrary purifica-
tion of ρB: trAðjψihψ jÞ ¼ ρB. How much computational
power can Bob get out of the state jψi when he only has
access to the subsystem B?.
Bob can apply arbitrary unitary operators UB to his

subsystem: jψi → UBjψi. Without fine-tuning, generically
UB will increase the complexity of the state jψi. For a first
try, we let the uncomplexity of the density matrix ρB be

UCðρBÞ≔? max
UB unitary on B

CðUBjψiÞ − CðjψiÞ INCORRECT:

This is incorrect. The reason is not allUB’s that increase the
complexity of jψi can be useful computations for Bob.
Imagine a state jψi where Bob and Alice share some Bell
pairs. Subsystem B is maximally mixed; i.e., ρB is propor-
tional to the identity matrix. Bob can apply unitaries UB to
increase the complexity of state jψi, but his density matrix
ρB will stay the same. In other words, even though the state
jψi changes, Bob is not able to see it. To exclude suchUB’s

(which do not change Bob’s density matrix), we use the
following definition:

UCðρBÞ≔ max
UB unitaryonB

CðUBjψiÞ− max
UB doesnot changeρB

CðUBjψiÞ:

ð2:1Þ
In the first term of (2.1),UB is taken from all unitaries Bob

can apply to his subsystem B without fine-tuning. In the
second term, we exclude those operators which do not
change his densitymatrix. To furthermotivate this definition,
we need to better understand the second term in (2.1).
Claim.—If a unitary operator UB does not change the

density matrix ρB, then UB can be undone by some unitary
operator on A. i.e., there exists UA, such that UBjψi ¼
UAjψi.
To see this, we go to the Schmidt basis. Bob’s density

matrix can be written as

ð2:2Þ
In (2.2), we assume ρB has k nonzero distinct eigenvalues,

λi with degeneracy Ni, i ¼ 1;…; k. The remaining N0

eigenvalues are zero, corresponding to eigenvectors not
entangled with the A system. Figure 2(a) is a pictorial
representation of (2.2). UB’s that do not change ρB are
unitary rotations on each identity block, i.e., SUðN1Þ ×…×
SUðNkÞ × SUðN0Þ. Rotations from SUðNiÞ; i ¼ 1;…; k
can be undone from the A system [Fig. 2(b)], while rotations
from SUðN0Þ do not change the state jψi.
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FIG. 2. A pictorial representation of the density matrix in the Schmidt basis. The lines here represent the Schmidt eigenbasis,
not qubits.
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We see that if Bob has a subsystem of an entangled state,
there are two different kinds of unitary operators he can
apply: those that can be undone from the other side and
those that cannot. The first kind are relative rotations of the
Schmidt basis. They are really two-sided operations and do
not belong to any single density matrix. One can only see
their effect if one has control of both subsystems, and Bob
alone cannot do computations with them. The second kind
of operations mixes eigenvectors belonging to different
Schmidt eigenvalues. They will change Bob’s density
matrix, and Bob can do useful computations with them.
Now, imagine for our AB system Alice has applied some

UA to make the state jψi as complex as possible. If Bob
does those relative Schmidt basis rotations, the state
complexity can only decrease or stay the same.1 Any
further complexity increase from Bob’s operations must
come from rotations of eigenvectors belonging to different
Schmidt eigenvalues. For such a state, Eq. (2.1) gives Bob’s
computational power, so we can consider it as the uncom-
plexity of Bob’s density matrix.
Here, we motivated definition (2.1) but did not give the

most rigorous treatment. A more careful discussion is given
in Appendix A.Wewill use (2.1) in the rest of the paper. Our
focus will be on black hole geometries. For reasons that will
be explained later, Eq. (2.1) has a particularly clear circuit
picture as well as geometric meaning in case of black holes.

III. BLACK HOLE GEOMETRY
INTERPRETATIONS

In this section, we will apply (2.1) to the case of black
holes and illustrate the idea that the growth of spacetime is
fueled by uncomplexity. We will also see how it fits
together with subregion duality [8].

A. Simple examples

(i) One-sided black hole:
Start from empty anti-de Sitter space. At t ¼ 0,

we send in a spherical shell of matter from the

boundary, and a black hole forms. After that, the
interior starts to grow. This growth corresponds to
the increase of state complexity. Equivalently, one
can say that the growth is fueled by the computa-
tional power, i.e., uncomplexity of the state. At a
very late time tcutoff , the growth will stop when
there is no more uncomplexity to exploit. At any
time t, the uncomplexity left corresponds to the
potential for the spacetime to grow, i.e., the interior
spacetime left that someone can safely jump in.
It decreases linearly with time.2 Figure 3 is the
geometric interpretation of (2.1) in this case.

(ii) Thermofield double (two-sided black hole):
Next, we look at the unperturbed thermofield

double. We call the left black hole subsystem A
(Alice’s side) and the right black hole subsystem B
(Bob’s side). We focus on subsystem B. Note that
system B has coarse-grained entropy S, while its
entanglement entropy with system A is also S. If we
focus on the near horizon region where the black hole
is doing computations, all degrees of freedom are
entangled with the other side. In a simplified model,
we represent such a two-sided black hole by S bell
pairs plus a MERA-like RG circuit lying outside the
horizon [7,13,14]. The MERA circuit is time inde-
pendent, and only the S qubits near horizon are doing
computations. In this case, unitary operators on B do
not change the density matrix. So, the two terms
appearing in (2.1) are the same and correspond to a
wormhole with maximal length [Fig. 4(a)]. The
uncomplexity of subsystem B is zero, which is
consistent with the expectation that a completely
mixed density matrix has no computational power.

At first sight, this result looks a bit confusing. We know
the wormhole can get very long, and there is a lot of interior
spacetime for Bob to jump into. How is this consistent with

r = r = 0

t

tcuto

r = r = 0

t

tcuto

r = r = 0

tcuto

- =

FIG. 3. Uncomplexity of a one-sided black hole.

1Bob’s relative Schmidt basis rotations will depend on the
state. See Appendix A for more careful discussions.

2The interior spacetime accessible to Bob shrinks as time
increases. We can quantify the spacetime with different quan-
tities, e.g., the volume of maximal surface [4,5], action [6,7],
spacetime volume, and so on. All these quantities decrease
linearly with time. It is a result of the Rindler boost symmetry
across the horizon [12].
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the fact that the uncomplexity of Bob’s subsystem is zero?
This paradox will be resolved in this paper. From Fig. 4(b),
we see that the unitary operations from either side give
relative rotations of the Schmidt basis. These relative
rotations can make the overall circuit long and complex,
but one cannot say which side these operations belong to.
This is the boost symmetry of the thermofield double. If we
look at the Penrose diagram [Fig. 4(a)], the long wormhole
lies outside the entanglement wedge of both conformal field
theory. Even though Bob can jump into the interior, with full
knowledge of the right CFT, one still does not know Bob’s
experience once he crosses the horizon. Alice can send him a
flower or bullet.3 Neither Bob nor Alice has full control of
the interior, which really belongs to both sides. The existence
of the interior spacetime comes from the entanglement of the
two sides. This is ER ¼ EPR [15] and is very mysterious.
We can also look at the thermofield double perturbed by

Alice throwing in a thermal photon. After the extra photon
gets scrambled with her original S qubits, it will not be easy
for Alice to undo Bob’s operations. But nevertheless, Bob’s
unitary operations can still be undone by Alice [Fig. 5(b)].
In this case, to maximize both terms in (2.1), we can put
Bob’s time at some large cutoff time [Fig. 5(a)], and the two
terms will still be equal. Bob’s density matrix still has no
uncomplexity as expected. In Fig. 5(a), the interior is
outside Bob’s entanglement wedge.

B. Transition from two-sided to one-sided black holes

One key feature of a one-sided black hole is that in
principle Bob can predict an infalling observer’s expe-
rience within the framework of quantum mechanics.4

In other words, he has full control of his interior. From
a quantum information point of view, the expansion of the
interior is fueled by Bob’s own uncomplexity. In contrast,
if Bob holds one side of the thermofield double, he does
not have full control of the interior since the expansion
of the interior is fueled by the relative rotations of the
Schmidt basis, not Bob’s own uncomplexity. In the rest of
the paper, by saying one-sided black hole, we mean that
the portion of the interior accessible to Bob is determined
only by operations on his subsystem. By saying two-
sided black hole, we mean the portion of the interior
accessible to Bob can be also affected by operations on
Alice’s subsystem. Note that the property of being a one-
sided or two-sided black hole can be time dependent.
We do not mean counting the number of boundaries the
system has.5

Next, we will perturb the thermofield double from Bob’s
side and ask for Bob’s uncomplexity. In this case, we
expect Bob to have finite uncomplexity after the perturba-
tion. See Refs. [1,3] for discussions of one clean qubit
computation.6 We throw in an extra photon from Bob’s
side at time tw.

1. Quantum circuit picture

Let us look at this from a quantum circuit point of view
(Fig. 6). In Fig. 6, the qubits turn red after they interact
directly or indirectly with the extra qubit. Before the extra

A B

(a)

A B

(b)

FIG. 4. Uncomplexity of Bob’s density matrix in thermoeld double.

A B

A B

(a)
(b)

FIG. 5. Uncomplexity of Bob’s density matrix in thermoeld double perturbed from Alice side.

3I heard this saying from Leonard Susskind.
4It may be highly complex.

5For example, a very wide Penrose diagram for which the
entangling surface is deep inside Bob’s event horizon is consid-
ered as a one-sided black hole for Bob.

6The original version of one clean qubit computaiton made use
of a maximally mixed state [16], not a maximally complex state
as in Ref. [1]. This paper provides an uncomplexity definition
in the context of Ref. [16].
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photon comes in (tR < tw), Bob holds S qubits maximally
entangled with Alice’s qubits, and he has no computational
power. He has one side of a two-sided black hole. The extra
photon brings him uncomplexity of order eS [1,3]. When
tw < tR < t�, the effect of the extra photon starts to spread.
Since the number of qubits affected by the extra photon
grows exponentially with time [5,17,18], during this
regime, most of the qubits have not been affected, and
most of Bob’s operations are still relative Schmidt basis
rotations. So, to a first approximation,7 in this regime, we
will ignore the interactions involving the extra photon and
treat the system as S maximally entangled pairs with one
clean qubit on Bob’s side. The uncomplexity of his density
matrix does not change during this period. After the extra
photon gets completely scrambled (tR > tw þ t�), all qubits
are affected by the extra photon, and unitary operators on
Bob’s side can no longer be undone from Alice’s side. We
could say Bob has a one-sided black hole. His uncom-
plexity decreases linearly with time.

2. Black hole geometry

Now, we look at the black hole geometry. The extra
photon comes in from Bob’s side at time tw. The transition
from two-sided to one-sided black holes for Bob happens
between tw and tw þ t�. For less than scrambling time after
we throw in the extra photon, the perturbation has little
effect on the black hole geometry, and we will ignore it in
this section. We will treat the geometry as an unperturbed
two-sided black hole for tR < tw þ t�. We will do better in
the next section.
First, observe that inmaximizing both terms in (2.1)we are

free to move the left time, since the left time evolution can
be written as some unitary operator on the right system
(system B) which does not change Bob’s density matrix. To
maximize both terms in (2.1), we can fix the left time at either
some large positive cutoff time or some large negative cutoff
time. Both will work. Here, we also see why we choose to
work with definition (2.1). Black hole dynamics is expected
to be chaotic and naturally push the state toward becoming
maximally complex [2], so both terms in (2.1) have geo-
metric interpretations in the Penrose diagram.

We fix the left time at some large positive cutoff. We start
by putting the right time at some large cutoff value tcutoff
where Bob has no more uncomplexity. During the time
when tw þ t� < tR < tcutoff , the uncomplexity of Bob’s
density matrix decreases linearly with increasing right time
(Fig. 7),8 as the expansion of his black hole consumes his
uncomplexity. In this regime, Bob essentially has a one-
sided black hole.
When tw < tR < tw þ t�, naively, Bob’s uncomplexity

keeps increasing linearly with decreasing tR (Fig. 8).
However, from earlier circuit analysis, we know this is
incorrect.
The reason is that in the second term of (2.1) we should

maximize the uncomplexity of the state by Bob’s unitary
operations with the restriction that his density matrix stays
the same. When we are at less than scrambling time after
the perturbation, we could ignore the perturbation. We are
essentially in the two-sided black hole regime, and the right
time evolution until tw þ t� will not change the density
matrix. So, an almost correct picture is in Fig. 9. In this
regime, the expansion of the interior is fueled by the
relative rotations of the Schmidt basis, and the uncom-
plexity of Bob’s density matrix stays constant.
We can do the same calculation with the left cutoff time

fixed at some large negative value, and we will get the same
results. The details are in Appendix B.
Notice a couple of points:
(i) The spacetime region corresponding to the uncom-

plexity of Bob’s density matrix always stays inside
Bob’s entanglement wedge. See the Penrose dia-
grams on the right side of Figs. 7 and 9.

(ii) In the discussions of both the circuit picture and the
black hole geometry, we made the approximation
that Bob’s density matrix does not change by right
time evolution from tw to tw þ t�. This is not exactly
correct. That is why we say Fig. 9 is only almost
correct. To do better, we will make a connection with
subregion duality.

C. Relation to subregion duality

If we want to identify the spacetime region correspond-
ing to the uncomplexity of Bob’s density matrix, it has to
be inside his entanglement wedge, as it has been shown
that the bulk dual of a density matrix is its entanglement
wedge [8].9

We have seen that if Bob has the subsystem B of a
system AB in an entangled pure state there are two kinds of
operators he can apply:

A B

tw tw+t*
tR

two-sided black hole one-sided black hole

FIG. 6. The lines here are qubits. The extra photon comes in at
time tw as a red line.

7We will do better in the next section.

8In contrast to the case of the unperturbed thermofied double,
the left cutoff time does not move as we vary the right time due to
the existence of the perturbation.

9In a talk given at the IFQ workshop on complexity at
Stanford, 2017, Brian Swingle discussed various possible def-
initions of complexity of the density matrix and identified the
action of entanglement wedge as its bulk dual [10].
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(1) Relative Schmidt basis rotations between the two
subsystems A and B; these can be undone from
side A.

(2) Unitary operations UB that cannot be undone from
side A.

The meaning of the first kind is clear. Exactly what we
mean by the second kind of operations in a more general
context is discussed in Appendix A. Here, we will restrict
our discussion to the simple situation which works for a
black hole, i.e., S maximally entangled pairs with extra

- =

tw

tR

tw+t*

tcuto

tw tw

tR

tcutotcuto
L

A B

INCORRECT

FIG. 8. Uncomplexity of Bob’s density matrix less than scrambling time after the perturbation, an incorrect try.

- =

- =

tw

tR

tw+t*

tcuto

tw tw

tR

tcutotcuto
L

A B

A

B

t*

t*

t*

t*

tw+t*

Almost Correct

tR

tw+t*

tw

FIG. 9. Uncomplexity of Bob’s density matrix less than scrambling time after the perturbation, almost correct.

- =

- =

tw

tR
tw+t*

tcuto

tw tw

tR

tcutotcuto
L

A B

A

B

t*

t*

t*

t*

FIG. 7. The pictures below the Penrose diagrams represent quantum circuits. See Refs. [4,18] for more details.
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qubits added. In this context, the unitary operationsUB that
cannot be undone from side A are those operators affected
by the extra qubits. See later discussions of a Hayden-
Preskill type circuit and epidemic model [17–19].
It has been shown in various contexts that the growth of

the interior geometry accompanies the growth of the
minimal circuit preparing a state [4,5,7,12]. As discussed
earlier, the first kind of operations does not belong to any
single subsystem, while the second kind of operations
contributes to the uncomplexity of Bob’s density matrix.
So, it is natural to expect that the first kind of operations is
responsible for the growth of the entanglement region, i.e.,
the spacetime region outside both entanglement wedges,
and the second kind of operations is responsible for the
growth of Bob’s entanglement wedge.
With slight abuse of language, in what follows, we will

sometimes say certain gates are stored in certain spacetime
regions. What we really mean is the growth of certain
spacetime regions accompanies the growth of certain parts
of the minimal circuit.
In Fig. 10, the blue dot in the center represents the

entangling surface, i.e., extremal surface obtained by a
maximin construction [20]. The relative rotations of the
Schmidt basis are stored in the entanglement region (orange
region). This portion of spactime is accessible from both
conformal field theory. The gates of the second kind of
operations are stored inside Bob’s entanglement wedge
(yellow region).
To see this, we need to study the transition from two-

sided to one-sided black holes in more detail.

1. Epidemic model

An epidemic model was used to study the growth of a
precursor [17,18]. We briefly review it here. Represent
the black hole by K qubits and its dynamics by a Hayden-
Preskill type circuit [19]: at each time step, the qubits
are randomly grouped into K

2
pairs, and on each pair, a

randomly chosen 2-qubit gate is applied. We can character-
ize the effect of some small perturbation in such a system as
follows. Imagine the unperturbed system contains K
healthy qubits, and the perturbation is one extra qubit
carrying some disease. The sick qubit enters the system at
τ ¼ 0. Any qubits that interact directly or indirectly with
sick qubits will get sick. We define the size of the epidemic
sðτÞ to be the number of sick qubits at time τ. It satisfies

ds
dτ

¼ ðK þ 1 − sÞs
K

sðτÞ
K þ 1

¼
1
K e

Kþ1
K τ

1þ 1
K e

Kþ1
K τ

¼
1
K e

τ

1þ 1
K e

τ :

We used initial condition sðτ ¼ 0Þ ¼ 1. Later we will
adjust this initial condition to better match the bulk
geometry.
At each time step from τ − Δτ to τ, K gates are applied.10

Among them, sðτÞ gates involve the extra qubit and cannot
be undone by the other side, and K − sðτÞ gates are healthy
and can be undone by the other side.

2. Compare with black hole geometry

We perturb the thermofield double from Bob’s side at tw
and focus on the regime tw < t < tw þ t�. (Fig. 11; the blue
dot is the entangling surface.)
As we increase t, the spacetime inside both the

entanglement region (orange region in Fig. 11) and
Bob’s entanglement wedge (yellow region) grows. We
want to argue that the computations that can be undone
by the left side are stored in the orange region (entan-
glement region), while the computations that cannot be
undone by Alice are stored in the yellow region (Bob’s
entanglement wedge). We will show that the growth of
these regions has close correspondence with the epidemic
picture.
We work in BTZ geometry [21] and look at the

spacetime volume of these regions. We find that

dVolorangeðtÞ
dt

¼ πrðtÞ2 ¼ πr2Htanh
2

�
π

β
ðt� − tþ twÞ

�
dVolyellowðtÞ

dt
¼ πr2H

cosh2
�
π
β ðt� þ tw − tÞ

�

where t� ¼ β
2π log S.

To compare with the circuit picture, we first go to
dimensionless time and let τ ¼ 2π

β ðt − twÞ. Let S ¼ K.
Then, we have

A B

FIG. 10. A wide Penrose diagram. The blue dot represents the
entangling surface.

tw

t

tcuto
L

t+ t

tw+t*

A B

FIG. 11. Growth of the black hole spacetime after a perturba-
tion from Bob’s side.

10We count each two-qubit gate as two gates.
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dVolentanglement region

dτ
¼ ðπrHl2Þ×

( ð1−1
Ke

τÞ2
ð1þ1

Ke
τÞ2 0 < τ < logK

0 τ > logK

ð3:1aÞ
dVolBob’s sentanglement wedge

dτ
¼ ðπrHl2Þ

×

( 4
Ke

τ

ð1þ1
Ke

τÞ2 0 < τ < logK

1 τ > logK
;

ð3:1bÞ
where we also included the regime when t − tw > t�.
To do the match, we shift the circuit time by log 4.

The circuit answer becomes

dNcan be undoneðτÞ
dτ

¼ K − sðτÞ ¼ K
1

1þ 4
K e

τ ð3:2aÞ

dNcannot be undoneðτÞ
dτ

¼ sðτÞ ¼ K
4
K e

τ

1þ 4
K e

τ : ð3:2bÞ

To compare (3.1) and (3.2), we only need to compare
(3.1b) and (3.2b). We identify spacetime volume πrHl2 in
(3.1) with entropy K.11 The following plots are made for
two scrambling times after the perturbation.

We first take the value of K to be 105, with which the
scrambling time τ� ¼ logK is roughly 10.
In Fig. 12(a), the blue line is the increase of spacetime

volume in Bob’s entanglement wedge every thermal
time [Eq. (3.1b)]. The pink line is the increase of the number
of gates that cannot be undone fromAlice’s side [Eq. (3.2b)].
Figure 12(b) is the ratio of these two. We see that the results
from black hole spacetime volume calculation deviate from
the results from circuit picture analysis for roughly four
thermal times around the scambling time. However, as we
increase the number of qubits (increase scrambling time), a
couple of thermal times become less and less significant, and
the match becomes better and better. In the following plots
(Fig. 13), we take K to be the entropy of a solar mass black
hole, 1076, with which logK ¼ 175.
We see that, aside from a few thermal times around the

scrambling time, at which the bulk geometry involved is
close to the singularity, the match is almost perfect. Note
that the functional forms of (3.1) and (3.2) are not the same.
We also do not expect them to be the same. After all, the
epidemic model is a toy model, and we do not expect the
spacetime volume to exactly reproduce the gates counting.
What this match tells us is that the spacetime growth (both
inside and outside Bob’s entanglement wedge) and the
qubit model share the same key features like exponential
growth, saturation after scrambling time, and so on. So, it is
reasonable to identify different parts of the circuits as being
stored in different spacetime regions.
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FIG. 12. logK ¼ 11.
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Coming back to uncomplexity, the computational power
of Bob’s density matrix comes from Bob’s operations that
cannot be undone from Alice side. We see that in a black
hole geometry those gates are stored in Bob’s entanglement
wedge. So, Bob’s uncomplexity in general should not
correspond to the entire interior region accessible to
him. Only the portion which is also in his entanglement
wedge contributes to his uncomplexity. This solves the
puzzle about the uncomplexity of the thermofield double
we encountered in Sec. III A.
Next we will look at this from our definition (2.1).

3. Uncomplexity during transition from two-sided
to one-sided black holes, revisited

In Sec. III B, we made some approximations in studying
Bob’s uncomplexity during less than scrambling time after
the perturbation. Now, with a better understanding of
different gates being stored in different parts of spacetime,
we can do better.
Consider the case when we fix the left cutoff time at some

large positive value, tw < tR < tw þ t�. As argued before, in
maximizing the second term in (2.1), we could do some right
time evolution without changing Bob’s density matrix. But
only those relative Schmidt basis rotations will leave Bob’s
density matrix truly untouched. So, as we evolve up, we can
only apply those gates stored in the entanglement region
(middle Penrose diagram in Fig. 14). At the end, what
corresponds to Bob’s uncomplexity is exactly the interior
spacetime accessible to him that is also inside his entangle-
ment wedge (right Penrose diagram in Fig. 14).
A similar argument can be made if we fix the left cutoff

time at some large negative value, and we will reach the
same conclusion. The details are in Appendix B.

D. Apparent horizons

Here is the general picturewe have so far. Consider a wide
Penrose diagram forwhich the entangling surface lies behind
the event horizon (Fig. 15; the Blue dot in the center is the
entangling surface). We again focus on side B. Notice that
the area of the event horizon is bigger than the area of the
entangling surface, which means the coarse-grained entropy
Scoarse-grained is bigger than the entanglement entropy Sent.
We start from the entangling surface of which the area

gives the entanglement entropy and move toward the event
horizon along a spacelike direction. Here is a circuit
description. At the entangling surface, there are Sent qubits
actively computing. As we move toward the event horizon,
there are more and more qubits coming and actively
participating in the computation (see Fig. 16). This is
reflected in the fact that the coarse-grained entropy increases.
Recently, it was shown that the area of the apparent

horizon is associated with the coarse-grained entropy subject
to knowing the exterior geometry [9]. It is natural to expect
the coarse-grained entropy given by the area of the apparent
horizon to correspond to the number of qubits actively
computing of which the gates are stored in the nearby
spacetime region. In fact, from a circuit point of view, the
procedure of coarse graining over the information in the
interior exactly corresponds to the procedure of erasing some
left part of the circuit in Fig. 16 and replacing it with
Scoarse-grained bell pairs with another system A0 (Fig. 17).12

Notice that the apparent horizon passes the entangling
surface (blue lines in Fig. 15). Now, we can describe our
general picture as follows. For a wide Penrose diagram, at
the entangling surface, there are Sent Bell pairs of which the
relative rotations are stored inside the entanglement region

- =

tw

tR

tw+t*

tcuto

tw tw

tR

tcutotcuto
L

A B

tw+t*

Correct

tR tw+t*

FIG. 14. Uncomplexity of Bob’s density matrix less than scrambling time after the perturbation, correct.

A B

FIG. 15. A wide Penrose diagram. The blue lines represent the
apparent horizon.

A B

entangling 
surface event

horizon

FIG. 16. A circuit representation of a black hole with a wide
Penrose diagram.

12I thank Aron Wall for explaining this to me.
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(orange region in Fig. 15). As we move away from the
entangling surface along the apparent horizon, the coarse-
grained entropy is increasing. Correspondingly, more and
more qubits participate in the computation. The number of
qubits actively computing is given by the apparent horizon
area Scoarse−grained. The gates that cannot be undone from
Alice’s side are stored in Bob’s entanglement wedge.
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APPENDIX A: MORE CAREFUL TREATMENT
OF THE DEFINITION OF UNCOMPLEXITY

The key to giving a proper definition of mixed state
uncomplexity is to get rid of those relative Schmidt basis
rotations, as Bob cannot do computations with them. Bob’s
Schmidt basis rotations depend on the state. Consider the
space of all states in the Hilbert space HA ⊗ HB equipped
with complexity metric [1,18,22]. At each point jψi on this
space, Bob can apply unitary operators UB to move the
state jψi in different directions. The relative Schmidt basis
rotations form a subspace of the tangent space at each point,
which we call T useless. The tangent vectors orthogonal to
the relative Schmidt basis rotations form another subspace
which we call T useful.

13 (Fig. 18).
When we ask about Bob’s uncomplexity, we want to ask,

starting from jψi, how far can Bob go if we only allow his
unitaries to move along those useful directions? In

definition (2.1), what we do is to first let Bob move along
the useless directions for as far as possible. Say, Bob stops
at jψ 0i. Now, set jψ 0i as his new starting point, and ask how
far he can go. Assuming how far he can go along useful
directions does not depend on the purifications he starts from
(uncomplexity of a density matrix does not depend on its
purifications), Eq. (2.1) gives Bob’s computational power.
We classify Bob’s unitary operations into two kinds.

The first kind are the UB’s that can be undone by Alice.
The second kind are the UB’s that cannot be undone by
Alice. In Sec. III C, we argue that the first kind of gates is
stored in the entanglement region, while the second of gates
is stored in Bob’s entanglement wedge. Here is what we
mean. Consider the minimal circuit from jψi to UBjψi
(blue line in Fig. 19). We decompose each small step of
the circuit into T useless and T useful directions. The gates in
the T useless directions are relative rotations of the Schmidt
basis and are stored in the entanglement region. The gates
along T useful directions cannot be undone by Alice and are
stored in Bob’s entanglement wedge.

APPENDIX B: CALCULATIONS WITH LARGE
NEGATIVE LEFT CUTOFF TIME

Consider the thermofield double perturbed by Bob
throwing in a thermal photon at time tw. We will calculate
Bob’s uncomplexity with the left cutoff time fixed at some
large negative value.

A B

entangling 
surface event

horizon

A B

entangling 
surface event

horizon

A

entangling
surface

Scoarse-grained

Sent

entangling
surface

FIG. 17. A circuit representation of coarse graining.

Tuseless

Tuseful

Tuseless

Tuseful

>

FIG. 18. The Hilbert space HA ⊗ HB equipped with complex-
ity metric.

Tuseless

Tuseful

>

UB >

Tuseless

Tuseful

FIG. 19. A minimal circuit connecting jψi and UBjψi.

13The words “useless” and “useful” are used because Bob
cannot do computations with the former operation, while he can
do computations with the latter operation.
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For tR > tw þ t�, everything stays the same as the case of
large positive left cutoff time (Fig. 20). This is expected,
since in this regime Bob has a one-sided black hole of
which the expansion is fueled by his own uncomplexity.
Nothing about his black hole should be affected by the
value of the left time.
The Penrose diagrams look different when tw < tR <

tw þ t�. Naively, Bob’s uncomplexity starts to decrease
as we further decrease the right time beyond tw þ t�
(Fig. 21; notice the two regions in the right Penrose
diagram contribute with different signs). But this is again
incorrect.
As before, within less than scrambling time after the

perturbation, Bob is in the two-sided black hole regime.
With fixed left time at some large negative cutoff, if we

move the right time (Bob’s time) below tw þ t�, the total
wormhole length will exceed the cutoff length. We need to
either move the left cutoff time or, equivalently, move the
right time back to tw þ t� (recall that this will not change
Bob’s density matrix.) Here is an almost correct picture
(Fig. 22), and we conclude that Bob’s uncomplexity stays
constant when tw < tR < tw þ t�.
This is not exactly correct. In Sec. III C, we see that the

relative Schmidt basis rotations are stored in the entangle-
ment region, while Bob’s gates that cannot be undone by
Alice are stored in Bob’s entanglement wedge. To get
Bob’s uncomplexity completely correct, we need to use this
conclusion.
We look at Bob’s uncomplexity at time tR < tw þ t�. To

avoid exceeding the maximal cutoff length in the second
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FIG. 21. Uncomplexity of Bob’s density matrix less than scrambling time after the perturbation, an incorrect try.
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FIG. 20. Uncomplexity of Bob’s density matrix more than scrambling time after the perturbation.
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FIG. 22. Uncomplexity of Bob’s density matrix less than scrambling time after the perturbation, almost correct.
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term of (2.1), we need to do right time evolution until
tw þ t�. But to make sure Bob’s density matrix does not
change, we can only apply those gates stored inside the
entanglement region (behind the past horizon; see the

middle Penrose diagram in Fig. 23). At the end, we again
see that Bob’s uncomplexity corresponds to his accessible
interior, which is also inside his entanglement wedge (right
Penrose diagram in Fig. 23).
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