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In this paper, we investigate an electrodynamics in which the physical modes are coupled to a Lorentz-
violating background by means of a higher-derivative term. We analyze the modes associated with the
dispersion relations obtained from the poles of the propagator. More specifically, we study Maxwell’s
electrodynamics modified by a Lorentz-violating operator of mass dimension 6. The modification has the
form Dβα∂σFσβ∂λFλα; i.e., it possesses two additional derivatives coupled to a CPT-even tensor Dβα that
plays the role of the fixed background. We first evaluate the propagator and obtain the dispersion relations
of the theory. By doing so, we analyze some configurations of the fixed background and search for sectors
where the energy is well defined and causality is assured. A brief analysis of unitarity is included for
particular configurations. Afterward, we perform the same kind of analysis for a more general dimension-6
model. We conclude that the modes of both Lagrange densities are possibly plagued by physical problems,
including causality and unitarity violation, and that signal propagation may become physically meaningful
only in the high-momentum regime.
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I. INTRODUCTION

Physics beyond the Standard Model has been under
extensive development in the latest years, encompassing
Lorentz-violating (LV) theories as one branch of inves-
tigation. The minimal Standard Model extension (SME)
[1,2] is a general gauge-invariant and power-counting
renormalizable framework that incorporates terms of
Lorentz invariance violation by means of tensor-valued
background fields fixed under particle Lorentz transforma-
tions. These background fields can be interpreted as
vacuum expectation values that are generated by sponta-
neous symmetry breaking taking place in a more funda-
mental theory. Studies in the SME have been pursued to
look for LVeffects and to develop a precision program that
allows us to scrutinize the limits of Lorentz symmetry in

several physical interactions. In this sense, many inves-
tigations were performed in the context of the SME fermion
sector [3,4], CPT-violating contributions [5], the CPT-odd
electromagnetic sector [6,7], the CPT-even electromag-
netic sector [8,9], fermion-photon interactions [10–12], and
radiative corrections [13]. Lorentz-violating theories are
also connected to higher-dimensional operators. In this
context, nonminimal extensions of the SME were devel-
oped, in both the photon [14] and fermion sectors [15],
composed of CPT-even and CPT-odd higher-derivative
operators. Other higher-dimensional LV theories [16,17]
were also proposed and examined. Nonminimal higher-
dimensional couplings that do not involve higher deriva-
tives have been proposed and constrained, as well [18–20].
Models of a higher-derivative electrodynamics have been

investigated since the advent of Podolsky’s theory [21],
characterized by the Lorentz- and gauge-invariant term
∂αFαβ∂λFλ

β, one of the simplest dimension-6 structures
that can be built with the electromagnetic field. Podolsky’s
Lagrangian is

L ¼ −
1

4
FμνFμν þ θ2

2
∂αFαβ∂λFλ

β − jμAμ; ð1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the field strength tensor
assigned to the vector field Aμ and θ is Podolsky’s
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parameter having mass dimension −1. The vector field is
coupled to a conserved 4-current jμ. One of the most
remarkable characteristics of Podolsky’s electrodynamics is
the generation of a massive mode without the loss of gauge
symmetry, being in this aspect different from Proca’s
theory. The Podolsky propagator contains two poles, one
corresponding to the massless photon and the other one
associated with the massive photon. At the classical level,
the massive mode of the model has the advantage of curing
divergences connected to the pointlike self-energy, but at
the quantum level, it is associated with the occurrence of
ghosts [22]. The suitable gauge condition to address
Podolsky’s electrodynamics is not the usual Lorenz gauge
but a modified gauge relation [23], compatible with the
existence of 5 degrees of freedom (d.o.f.) (2 related to a
massless photon and 3 related to the massive mode). Other
aspects of quantum field theories in the presence of the
Podolsky term, such as path integral quantization and
finite-temperature effects [24,25], renormalization [26],
as well as multipole expansion and classical solutions
[27] were also examined.
Another dimension-6 term, proposed in the late 1960s,

Fμν∂α∂αFμν, defines Lee-Wick electrodynamics [28],
which leads to a finite self-energy for a pointlike charge
in (1þ 3) spacetime dimensions. Furthermore, it produces
a bilinear contribution to the Lagrangian similar to that of
Podolsky’s term but with opposite sign. This “wrong” sign
yields energy instabilities at the classical level, while it
leads to negative-norm states in the Hilbert space at the
quantum level. Lee and Wick also proposed a mechanism
to preserve unitarity, which removes all states containing
Lee-Wick photons from the Hilbert space. This theory
regained attention after the proposal of the Lee-Wick
standard model [29], based on a non-Abelian gauge
structure free of quadratic divergences. Such a model
had broad repercussions, with many contributions in both
the theoretical and phenomenological senses [30]. In the
Lee-Wick scenario, studies of ghost states [31], construc-
tions endowed with higher derivatives [32], renormaliza-
tion aspects [33], and finite-temperature investigations [34]
have been reported, as well. The study of higher-derivative
terms in quantum field theories was also motivated by their
role as ultraviolet regulators [35]. Some works were
dedicated to investigating interactions between stationary
sources in the context of Abelian Lee-Wick models, with
emphasis on sources distributed along parallel branes with
arbitrary dimension and the Dirac string in such a context
[36]. Lee-Wick electrodynamics was also studied for the
case of the self-energy of pointlike charges in arbitrary
dimensions, exhibiting a finite ultraviolet result for d ¼ 1
and d ¼ 3 (spatial dimensions) [37], for the case of perfectly
conducting plates [38], and in the evaluation of the inter-
action between two pointlike charges [39]. Recently, a LV
higher-derivative and dimension-6 term, dβdσ∂αFαβ∂λFλσ

with an observer 4-vector dμ, radiatively generated in

Ref. [40], was considered in the context of Maxwell’s
Lagrangian [41]. The latter study focused on interactions
between external sources with the modified electromagnetic
field, as performed in Refs. [36,37].
For almost 20 years now, Lorentz-violating contributions

of mass dimensions 3 and 4 have been investigated
extensively from both phenomenological and theoretical
points of view. Many of the corresponding controlling
coefficients are tightly constrained, especially in the photon
and lepton sectors [42]. Since a point in time not long ago,
significant interest was aroused in field theories endowed
with higher-order derivatives. In the CPT-even photon
sector, the leading-order contributions in an expansion in
terms of additional derivatives are the dimension-6 ones.
Hence, these are also the most prominent ones that could
play a role in nature, if higher-derivative Lorentz vio-
lation existed. Note that Lorentz-violating terms of mass
dimension 6 are known to emerge from theories of non-
commutative spacetimes, as the noncommutativity tensor
has a mass dimension of −2.
In the present work, we investigate basic features of a

higher-derivative electrodynamics, in which the physical
fields are coupled to a CPT-even and LV background by
means of a dimension-6 term. More specifically, we study
Maxwell’s theory modified by a LV operator of mass
dimension 6, which possesses two additional derivatives
coupled to aCPT-even fixed background,Dβα, in a structure
of the formDβα∂σFσβ∂λFλα. The latter is a kindof anisotropic
Podolsky term; i.e., it is a natural Lorentz-violating extension
of Podolsky’s theory. Initially, the condition for which a LV
structure of this kind comprises the Podolsky term (nonzero
trace) is discussed. It is interesting to note that in Ref. [43],
Lorentz violation is considered in a scenario with intact
supersymmetry. The Lorentz-violating background fields are
assumed to be linked to a supersymmetric multiplet, and their
effect on photon propagation is studied. After integrating out
the contributions from the photino, the effective Lagrangian
given by Eq. (9) of that reference incorporates the type of
modified Podolsky term that we are studying.
So far, notmuch is known about the properties of Lorentz-

violating theories including higher derivatives. It is a well-
established fact, though, that higher-dimensional operators
lead to a rich plethora of new effects as well as additional
issues. For example, the existence of additional time
derivatives may produce exotic modes that cannot be
considered perturbations of the standard ones. These modes
can lead to an indefinite metric in Hilbert space, which is
connected to the occurrence of states with negative norm.
The procedure developed by Lee and Wick [28] makes it
possible to deal with such modes in a quantized theory such
that a breakdown of unitarity is prevented. Before delving
into these possibly very profound problems of Lorentz-
violating theories including higher derivatives, the classical
properties of these frameworks should be well under-
stood first.
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Describing classical aspects of LV theories with higher
derivatives is the main motivation of the current paper.
Hence, we are interested in obtaining the Green function of
the field equations and the dispersion relations (DRs), as
well as developing an understanding of classical causality.
Using a technique already employed in some previous LV
models [44], which includes the construction of a closed
projector algebra, and using the prescription Dμν ¼
ðBμCν þ BνCμÞ=2 with two observer 4-vectors Bμ and
Cμ, the propagator is derived, and the dispersion relations
are determined from its poles. The goal of this work is to
examine signal propagation within a Podolsky electrody-
namics modified by the term Dβα∂σFσβ∂λFλα. Thus, the
modes described by the corresponding dispersion relations
are analyzed for several configurations of the fixed back-
ground, and we search for sectors where the energy is well
defined and causality is assured. Furthermore, we will
perform a brief analysis of unitarity of the theory for a
vanishing Podolsky parameter. After doing so, we present a
more general dimension-6 higher-derivative Lagrangian
that can be proposed in the presence of the rank-2 back-
ground Dβα. The latter also involves a kind of anisotropic
Lee-Wick term Dμν∂σFσλ∂μFνλ. The corresponding propa-
gator and the dispersion relations are derived again. Mode
propagation is examined for several configurations of the
background, revealing that the dispersion relations of these
LV dimension-6 models may exhibit physical behavior in
the limit of large momenta only. We finally show that the
dimension-6 terms considered here are contained in the
nonminimal SME developed by Kostelecký and Mewes
[14]. Throughout the paper, natural units will be employed
with ℏ ¼ c ¼ 1.

II. MAXWELL ELECTRODYNAMICS MODIFIED
BY HIGHER-DERIVATIVE TERMS: SOME

POSSIBILITIES

As a first step, we propose a Maxwell electrodynamics
modified by a higher-derivative, CPT-even term of mass
dimension 6 including two additional derivatives coupled
to a fixed tensor Dβα, that is,

Dβα∂σFσβ∂λFλα; ð2Þ

which represents a kind of anisotropic and generalized
Podolsky term. Without a restriction of generality, Dβα can
be taken to be symmetric, as its antisymmetric part does not
contribute, anyway. Hence, a possible Lagrangian to be
considered is

L ¼ −
1

4
FμνFμν þ η2Dβα∂σFσβ∂λFλα; ð3Þ

where the parameter η has dimension of ðmassÞ−1. A
property to check is if the anisotropic piece (2) contains
a sector that is equivalent to the Podolsky term of Eq. (1).

Such a term is generated from a nonvanishing trace of Dμν,
which can be shown quickly. If Dμν contains nonzero
diagonal components of the form D11 ¼ D22 ¼ D33 ¼
−D00, the tensor involves a trace that is given by

Dλ
λ ¼ D00 −Dii ¼ 4D00: ð4Þ

We define a new traceless tensor D̃βα by subtracting the
trace from the latter,

D̃βα ≡Dβα −
1

4
gβαDρ

ρ ¼ Dβα − gβαD00; ð5Þ

which fulfills D̃κ
κ ¼ 0 and leads to

D̃βα∂σFσβ∂λFλα ¼ Dβα∂σFσβ∂λFλα −D00ð∂σFσβ∂λFλ
βÞ:
ð6Þ

The second term on the right-hand side corresponds to a
Podolsky term; i.e., such a term appears in connection to
the trace of Dμν, indeed. In this sense, there are two
possibilities that can be pursued; i.e., we can assess a
dimension-6 electrodynamics that either contains or does
not contain the Podolsky term. One option that exhibits, in
principle, the same physical content of Lagrangian (3) is to
consider Podolsky’s electrodynamics modified by the
traceless LV dimension-6 term of Eq. (5), that is,

L ¼ −
1

4
FμνFμν þ θ2

2
∂αFαβ∂λFλ

β þ η2D̃βα∂σFσβ∂λFλα:

ð7Þ

A cleaner option including only the LV dimension-6
contribution in the context of Maxwell’s electrodynamics
is defined when the Podolsky sector is zero, Dκ

κ ¼ 0, so
that the Lagrangian to be addressed is

L ¼ −
1

4
FμνFμν þ η2D̃βα∂σFσβ∂λFλα: ð8Þ

The components of the tensor Dβα can be classified in
accordance with the behavior under the discreteC, P, and T
operations. To do so, we decompose the sum over the
contracted indices in the term (2) into components of the
electric and magnetic fields E and B,

Dβα∂σFσβ∂λFλα

¼ D00∂aEa∂bEb − 2ϵbilD0i∂aEa∂bBl − 2D0i∂aEa∂0Ei

þDij∂0Ei∂0Ej þ 2ϵbjlDij∂0Ei∂bBl

þ ϵbjlϵaimDij∂aBm∂bBl; ð9Þ

remembering that Fa0 ¼ Ea, Fbj ¼ −ϵbjlBl with the three-
dimensional Levi-Civita symbol ϵijk. Under charge
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conjugation (C), the electric and magnetic fields behave
according toE → −E andB → −B, while ∂μ → ∂μ. In this
way, we notice that the coefficientsD00,D0i,Dij areC even.
Under parity (P), E → −E and B → B, ∂a → −∂a,∂0 → ∂0, so that D0i is parity odd, and D00 and Dij are
parity even.Under time reversal (T),B → −B,E → E, with
∂a → ∂a, ∂0 → −∂0. This implies that D0i is T odd, while
D00 and Dij are T even. A summary of these properties can
be found in Table I.

III. PROPAGATOR OF THE DIMENSION-6
GENERALIZED PODOLSKY THEORY

In this section, we consider the Maxwell Lagrangian
modified by the Podolsky and the dimension-6 anisotropic
higher-derivative term (2), given as

L ¼ −
1

4
FμνFμν þ θ2

2
∂αFαβ∂λFλ

β þ η2Dβα∂σFσβ∂λFλα

þ 1

2ξ
ð∂μAμÞ2; ð10Þ

where the last contribution is introduced to fix the gauge.1

The parameters θ, η have dimension of ðmassÞ−1, and Dβα

is the dimensionless CPT-even tensor introduced before.
The coefficients θ2 and η2 are considered here as positive in
analogy with Podolsky’s theory, where θ2 > 0 is a neces-
sary condition for obtaining a physical dispersion relation.
In a broad context, there exists the possibility of consid-
ering θ2 and η2 as negative. These choices have the
potential for altering dispersion relations and other physical
properties of the theory such as unitarity. However, an
investigation of this sector is beyond the scope of the paper,

which is why we will assume that both θ2 ≥ 0 and η2 ≥ 0.
The Lagrangian (10) can be written in the bilinear form,

L ¼ 1

2
AνOμνAμ; ð11Þ

where Oμν is

Oμν ¼ ð1þ θ2□Þ□Θμν −
1

ξ
□Ωμν

þ 2η2½Dνμ□
2 −Dνα□∂μ∂α −Dσμ□∂ν∂σ

þDσα∂ν∂μ∂σ∂α�: ð12Þ

Here, we have used the longitudinal and transverse pro-
jectors,

Ωβλ ¼
∂β∂λ

□
; Θβλ ¼ gβλ − Ωβλ; ð13Þ

respectively, where gμν is the Minkowski metric with
signature ðþ;−;−;−Þ. To derive the propagator, we
propose the following parametrization,

Dμν ¼
1

2
ðBμCν þ BνCμÞ; ð14Þ

where Cμ, Bν are two independent observer 4-vectors
giving rise to preferred spacetime directions. This para-
metrization is nearly general and describes most of the
configurations of the symmetric Dβα tensor. It is used for
technical reasons, mainly connected to the construction of
the propagator of this theory. Furthermore, it allows us to
classify different sectors of the theory by geometric proper-
ties related to the two vectors, e.g., orthogonality of their
spatial parts. With the latter choice, the operator of Eq. (12)
becomes

Oμν ¼ ð1þ θ2□Þ□Θμν þ
�
2η2κρ −

1

ξ

�
□Ωμν

þ η2ðBμCν þ BνCμÞ□2

− η2□ðCνκ∂μ þ Cμκ∂ν þ Bνρ∂μ þ Bμρ∂νÞ; ð15Þ

with

κ ¼ Bα∂α; ρ ¼ Cα∂α: ð16Þ

To derive the propagator, we need to invert the operator
Oμν, composed of the projectors Θμν, Ωμν, Bν∂μ, Bμ∂ν,
CμBν, CνBμ, Cμ∂ν, Cν∂μ. In this sense, the ansatz,

Δν
α ¼ aΘν

α þ bΩν
α þ cBα∂ν þ dCνBα þ eCν∂α

þfBν∂α þ gCαBν þ hCα∂ν þ iBνBα þ jCνCα; ð17Þ

TABLE I. Transformation properties of the components of Dμν

under C, P, T, and their combination.

C P T CPT

D00 þ þ þ þ
D0i þ − − þ
Dij þ þ þ þ

1We mentioned in the introduction that gauge conditions used
in Maxwell’s electrodynamics may cause problems in Podolsky’s
extension [23]. For example, as the vector field component A0 is
nondynamical, Lorenz gauge requires that the solutions of the
field equations be transverse, which is not the case for massive
modes. It is paramount to consider alternative gauge conditions
when quantizing the theory. However, we neither obtain the
solutions of the equations of motion nor do we quantize
the framework under investigation. The focus is on studying
the modified dispersion relations, which is a classical analysis.
Also, the gauge condition will not modify the dispersion
relations. Therefore, to reduce technical complications in com-
puting the propagator, we will still employ the usual set of gauges
used in Maxwell’s electrodynamics.
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for the Green function Δνα ¼ Δναðx − yÞ is proposed
obeying the condition, OμνΔνα ¼ δμ

α, or

OμνΔν
α ¼ Θμα þ Ωμα: ð18Þ

The tensor projectors contained in Eq. (17) fulfill a closed
algebra, as shown in Tables II and III. By inserting Eq. (17)
into Eq. (18), we obtain a system of ten equations for the
ten coefficients to be determined, the solution of which is
given by

a¼ 1

□ð1þθ2□Þ ; c¼f¼η4ðC2□−ρ2Þκ−η2ρΠ
Γ□ð1þθ2□Þ ; ð19aÞ

b¼−
ξ

□
þη2½−η2ρ2ðB2

□−κ2Þ−η2κ2ðC2
□−ρ2Þþ2κρΠ�

Γ□ð1þθ2□Þ ;

ð19bÞ

d ¼ g ¼ η2Π
ð1þ θ2□ÞΓ ;

e ¼ h ¼ η2
½η2ρðB2

□ − κ2Þ − κΠ�
Γ□ð1þ θ2□Þ ; ð19cÞ

i ¼ −
η4ðC2

□ − ρ2Þ
Γð1þ θ2□Þ ; j ¼ −

η4ðB2
□ − κ2Þ

Γð1þ θ2□Þ ; ð19dÞ

where

Γ ¼ η4ðB2
□ − κ2ÞðC2

□ − ρ2Þ − Π2; ð20aÞ

Π ¼ 1þ θ2□þ η2ðB · CÞ□ − η2κρ: ð20bÞ

In momentum space, the propagator is

Δνα ¼ −
i

p2ð1 − θ2p2ÞΓðpÞ fΓðpÞΘνα þ ½b0 − ξð1 − θ2p2ÞΓðpÞ�Ωνα − iFðpÞðBνpα þ BαpνÞ − 2η2Dναp2ΠðpÞ

− iHðpÞðCνpα þ CαpνÞ þ η4p2BνBα½ðC · pÞ2 − C2p2� þ η4p2CνCα½ðB · pÞ2 − B2p2�g; ð21Þ

TABLE II. Closed algebra of tensor projectors (part 1).

Θν
α Ων

α Bα∂ν BαCν Cν∂α

Θμν Θμα 0 0 BαCμ − ρ
□
Bα∂μ Cμ∂α − ρΩμα

Ωμν 0 Ωμα Bα∂μ
ρ
□
Bα∂μ ρΩμα

Bν∂μ Bα∂μ − κΩμα κΩμα κBα∂μ ðB · CÞBα∂μ ðB · CÞ□Ωμα

BνCμ BαCμ − κ
□
Cμ∂α

κ
□
Cμ∂α κBαCμ ðB · CÞBαCμ ðB · CÞCμ∂α

Cμ∂ν 0 Cμ∂α □BαCμ ρBαCμ ρCμ∂α

Bμ∂ν 0 Bμ∂α □BμBα ρBμBα ρBμ∂α

BμCν BμCα −
ρ
□
Bμ∂α

ρ
□
Bμ∂α ρBμBα C2BμBα C2Bμ∂α

Cν∂μ Cα∂μ − ρΩμα ρΩμα ρBα∂μ C2Bα∂μ C2
□Ωμα

BμBν BμBα − κ
□
Bμ∂α

κ
□
Bμ∂α κBμBα ðB · CÞBμBα ðB · CÞBμ∂α

CμCν CμCα − ρ
□
Cμ∂α

ρ
□
Cμ∂α ρBαCμ C2BαCμ C2Cμ∂α

TABLE III. Closed algebra of tensor projectors (part 2).

Bν∂α BνCα Cα∂ν BνBα CνCα

Θμν Bμ∂α − κΩμα BμCα − κ
□
Cα∂μ 0 BμBα − κ

□
Bα∂μ CμCα − ρ

□
Cα∂μ

Ωμν κΩμα
κ
□
Cα∂μ Cα∂μ

κ
□
Bα∂μ

ρ
□
Cα∂μ

Bν∂μ □B2Ωμα B2Cα∂μ κCα∂μ B2Bα∂μ ðB · CÞCα∂μ

BνCμ B2Cμ∂α B2CμCα κCμCα B2BαCμ ðB · CÞCμCα

Cμ∂ν κCμ∂α κCμCα □CμCα κBαCμ ρCμCα

Bμ∂ν κBμ∂α κBμCα □BμCα κBμBα ρBμCα

BμCν ðB · CÞBμ∂α ðB · CÞBμCα ρBμCα ðB · CÞBμBα C2BμCα

Cν∂μ □ðB · CÞΩμα ðB · CÞCα∂μ ρCα∂μ ðB · CÞBα∂μ C2Cα∂μ

BμBν B2Bμ∂α B2BμCα κBμCα B2BμBα ðB · CÞBμCα

CμCν ðB · CÞCμ∂α ðB · CÞCμCα ρCμCα ðB · CÞBαCμ C2CμCα
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where pμ is the 4-momentum and

b0 ¼ η2fη2ðC · pÞ2½ðB · pÞ2 − B2p2�
þ η2ðB · pÞ2½ðC · pÞ2 − C2p2�
− 2ðB · pÞðC · pÞΠðpÞg; ð22aÞ

FðpÞ ¼ iη2ðC · pÞΠðpÞ − iη4ðB · pÞ½ðC · pÞ2 − C2p2�;
ð22bÞ

HðpÞ ¼ iη2ðB · pÞΠðpÞ − iη4ðC · pÞ½ðB · pÞ2 − B2p2�;
ð22cÞ

with

ΓðpÞ¼η4½ðB ·pÞ2−B2p2�½ðC ·pÞ2−C2p2�−Π2ðpÞ; ð23aÞ

ΠðpÞ¼ 1−θ2p2−η2ðB ·CÞp2þη2ðB ·pÞðC ·pÞ: ð23bÞ
Note that F andH have dimensions of ðmassÞ−1, while Γ

and Π are dimensionless. In the absence of the LV term,
η ¼ 0, and the propagator (21) takes the form

Δνα ¼ −i
�

Θνα

p2ð1 − θ2p2Þ −
ξ

p2
Ωνα

�
; ð24Þ

recovering Podolsky’s propagator, as expected. Setting
θ2 ¼ 0 in the propagator (21), the result is

Δνα ¼ −
i

p2ΓðpÞ fΓðpÞΘνα þ ðb0 − ξΓÞΩνα

− iFðpÞðBνpα þ BαpνÞ − 2η2Dναp2ΠðpÞ
− iHðpÞðCνpα þ CαpνÞ
þ η4BνBα½ðC · pÞ2 − C2p2�p2

þ η4CνCα½ðB · pÞ2 − B2p2�p2g; ð25Þ

where b0, FðpÞ; HðpÞ;ΓðpÞ are given by the same expres-
sions of Eqs. (22) and (60), with

Πθ¼0ðpÞ ¼ 1 − η2ðB · CÞp2 þ η2ðB · pÞðC · pÞ: ð26Þ

In this situation, there are still two poles, p2 ¼ 0, ΓðpÞ ¼ 0,
associated with the Maxwell modes and those related
to the LV higher-derivative term. Thus, in principle, the
Lagrangian (25) has d.o.f. linked to both modes, yielding a
counting of modes analogous to that in Podolsky’s electro-
dynamics (see Ref. [23]).

A. Dispersion relations

The dispersion equations of the modified electrodynam-
ics defined by Eq. (10) can be red off the poles of the
propagator (21) in momentum space,

p2ð1 − θ2p2Þ ¼ 0; ð27aÞ

ΓðpÞ ¼ 0: ð27bÞ

Since these poles also appear in terms that are not
connected to the gauge fixing parameter ξ, they must be
physical. As before, the dispersion equation p2 ¼ 0 repre-
sents the well-known Maxwell modes, while 1 − θ2p2 ¼ 0
stands for the Podolsky modes. Neither is modified by the
higher-derivative term, the effect of which is fully encoded
in the dispersion equation (27b). In the absence of the
Podolsky term, θ2 ¼ 0, the modified Eq. (27b) yields

η4½ðB · pÞ2 − B2p2�½ðC · pÞ2 − C2p2�
− ½1 − η2ðB · CÞp2 þ η2ðB · pÞðC · pÞ�2 ¼ 0: ð28Þ

With the help of FORM2 [45], the dispersion equations
above can be generalized to an arbitrary choice ofDμν. For a
general choice of this tensor, the dispersion equationp2 ¼ 0

remains, but 1 − θ2p2 ¼ 0 and Eq. (28) merge into a single
equation.Although, in principle, there aremany possibilities
of forming observer Lorentz scalars from a general 2-tensor
and the momentum 4-vector, the latter result collapses when
taking into account thatDμν is symmetric. The equation can
then be conveniently written as follows:

0 ¼ −ð1 − θ2p2Þ3 − 2ð1 − θ2p2Þ2η2ðDμνpμpν − p2Dμ
μÞ

þ 2ð1 − θ2p2Þp2η4½p2DμνDμν − 2DμνDμϱpνpϱ þDμ
μð2Dνϱpνpϱ − p2Dν

νÞ�

þ 4

3
p4η6½3DμνDμνðDϱσpϱpσ − p2Dϱ

ϱÞ þ ðDμ
μÞ2ðp2Dν

ν − 3DνϱpνpϱÞ þ 2p2DμνDμ
ϱDνϱ

þ 6ðDμνDμϱpνpϱDσ
σ −DμνDμϱDνσpϱpσÞ�: ð29Þ

Note that it is not possible to factor out 1 − θ2p2, as there is
a contribution proportional to η6 that does not contain the
latter term. This contribution vanishes when Dμν is decom-
posed into two 4-vectors according to Eq. (14), whereupon
ð1 − θ2p2ÞΓðpÞ ¼ 0 is reproduced.

2FORM is a programming language that allows for symbolic
manipulations of mathematical expressions to be performed. It is
widely used for evaluating lengthy algebraic expressions that
occur in computations of quantum corrections in high-energy
physics.
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B. Analysis of some sectors of the theory

In this section, we analyze some sectors of Eqs. (27)–
(29) to search for LV configurations that exhibit a con-
sistent physical behavior. We are especially interested in
causality. The behavior of the group and front velocity [46]
allows for conclusions to be drawn on it where

ugr ≡ ∂p0

∂p ; ufr ≡ lim
jpj↦∞

p0

jpj : ð30Þ

We use a notion of classical causality that requires ugr ≡
jugrj ≤ 1 and ufr ≤ 1. Dispersion laws that do not describe
standard photons for vanishing Lorentz violation will be
referred to as “exotic,” which includes Podolsky-type
dispersion relations but not necessarily unphysical ones.
Dispersion relations that exhibit divergent group/front
velocities or velocities greater than 1 will be called “spu-
rious.” For all the investigated background configurations,
there are three distinct poles, including p2 ¼ 0, which
describes the usual photon.3 The first and the second of
the isotropic cases examined below cannot be parametrized
with two 4-vectors as proposed in Eq. (14). Therefore, they
must be studied by using the more general Eq. (29).

1. Isotropic trace sector

As an initial cross check of Eq. (29), we study the case of a
diagonal tensor Dβα with D00 ¼ −D11 ¼ −D22 ¼ −D33,
Dij¼0 for i≠j, i.e.,Dβα¼D00gβα, which givesDκ

κ ¼ 4D00.
It is a pure trace configuration that is Lorentz invariant,
though. The dispersion equation for this configuration of
Dμν reads

½1 − Θ2ðp2
0 − p2Þ�3 ¼ 0; Θ2 ¼ θ2 þ 2η2D00; ð31Þ

from which we deduce

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 1

Θ2

r
: ð32Þ

This result is Podolsky’s dispersion relation, obviously with
a redefined Podolsky parameterΘ that involves the standard
Podolsky parameter θ and the nonvanishing controlling
coefficient. If a Lorentz-violating background field Dμν

existed in nature, its trace would mimic the Podolsky term.
Finding such a contribution experimentally, could even hint
toward the existence of a Lorentz-violating background. The
dispersion relation found is causal and compatible with a
well-behaved propagation of signals as long asΘ2 > 0, i.e.,
for D00 > −θ2=ð2η2Þ.

2. Complete isotropic sector

The traceless isotropic sector can be expressed in the
form Dμν ¼ −D00 × diagð3; 1; 1; 1Þμν where the global

minus sign is chosen to be consistent with the definitions
in Sec. III B 1. This choice of the background tensor can be
covariantly expressed in terms of the Minkowski metric
tensor and the purely timelike preferred direction λμ ¼
ð1; 0; 0; 0Þμ as follows:

Dμν ¼ D00ðgμν − 4λμλνÞ: ð33Þ

Hence, the isotropic case under consideration contains the
Lorentz-invariant part considered in Sec. III B 1 and a
Lorentz-violating contribution dependent on the preferred
direction λμ, which is similar to that discussed in the
forthcoming Sec. III B 3. This particular framework exhib-
its two distinct dispersion relations that can be obtained
from Eq. (29):

pð1Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 1

Θ2

r
; Θ2 ¼ θ2 þ 2η2D00; ð34aÞ

pð2Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λp2 þ 1

Θ2

r
; Λ ¼ 1 −

8η2D00

Θ2
: ð34bÞ

The first dispersion law is a perturbation of the usual
Podolsky dispersion relation, which corresponds to Eq. (32)
found before. We already know that this mode has a well-
defined energy and is causal for D00 ≥ −θ2=ð2η2Þ. The
second dispersion law is a perturbation, aswell, but it is at bit
more involved, as the momentum-dependent terms are
also modified. The front velocity of the latter is

given by uð2Þfr ¼ ffiffiffiffi
Λ

p
. Thus, the front velocity is real for

D00 ≤ θ2=ð6η2Þ, and it is ≤ 1 as long as D00 > 0. The
modulus of the group velocity can be cast into the form

uð2Þgr ¼ Λjpj=pð2Þ
0 . This function monotonically increases

from 0 to a constant value given by

lim
jpj↦∞

uð2Þgr ¼ uð2Þfr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2 − 6η2D00

θ2 þ 2η2D00

s
: ð35Þ

The latter quantity is ≤ 1 forD00 > 0; i.e., the framework is
causal and well-behaved for a controlling coefficient in the
range D00 ∈ ½0; θ2=ð6η2Þ�.

3. Timelike isotropic sector

The simplest isotropic LV configuration is based on the
decomposition of Eq. (14) with the purely timelike direc-
tions Bμ ¼ ðB0; 0Þμ, Cμ ¼ ðC0; 0Þμ. This sector corre-
sponds to D00 ¼ C0B0 and D0i ¼ Di0 ¼ Dij ¼ 0. For
the latter, Eq. (27) can be solved for p0, providing

pð1Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 1

θ2

r
; ð36aÞ

pð2Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψp2 þ 1

θ2

r
; Ψ ¼ 1þ 2η2D00

θ2
; ð36bÞ

3This fact will be demonstrated in Sec. III C explicitly.
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where pð1Þ
0 is the original Podolsky dispersion relation and

pð2Þ
0 is a perturbation of the latter. The first is known to

describe a proper propagation of signals. The front velocity

of the second is uð2Þfr ¼ ffiffiffiffi
Ψ

p
, which requires D00 to be

nonpositive such that uð2Þfr ≤ 1. Furthermore, the modulus

of the group velocity amounts to uð2Þgr ¼ Ψjpj=pð2Þ
0 . It rises

monotonically from 0 to a constant value that corresponds
to the front velocity of this mode:

lim
jpj↦∞

uð2Þgr ¼ uð2Þfr : ð37Þ

Therefore, D00 ≤ 0 has to hold to grant causal signal
propagation.

4. Parity-even anisotropic sector (with θ = 0)

For the configuration described by the two purely
spacelike directions Bμ ¼ ð0;BÞμ and Cμ ¼ ð0;CÞμ, the
components of the 2-tensor background field are D00 ¼ 0,
D0i ¼ Di0 ¼ 0, and Dij ¼ ðBiCj þ BjCiÞ=2. Furthermore,
the preferred directions obey B2 ¼ −B2, C2 ¼ −C2,
B · p ¼ −B · p, and C · p ¼ −C · p. Inserting this infor-
mation into Eq. (28) delivers

0 ¼ η4½B2C2p4 þ B2ðC · pÞ2p2 þ C2ðB · pÞ2p2

þ ðB · pÞ2ðC · pÞ2�
− ½1þ η2ðB · CÞp2 þ η2ðB · pÞðC · pÞ�2: ð38Þ

Employing the additional restriction of parallel or antipar-
allel vectors,C ¼ αBwith α ∈ Rnf0g providing ðB·CÞ2¼
B2C2 andBðC · pÞ ¼ CðB · pÞ, produces a nonbirefringent
dispersion relation,

p2
0 ¼ p2 − ðB̂ · pÞ2 − 1

2η2αB2
; ð39Þ

with the unit vector B̂ ¼ B=jBj. Here, α > 0 stands for
parallel vectors, whereas α < 0 describes antiparallel ones.
Introducing an angle via the relationship B · p ¼
jBjjpj cos ϑ yields

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 sin2 ϑ −

1

2η2αB2

s
: ð40Þ

This dispersion relation is similar to that of Podolsky’s
theory, but themomentum-dependent part ismodified by the
factor sin2 ϑ. Moreover, the “mass” term, 1=ð2η2αB2Þ,
appears with a negative sign for α > 0, which jeopardizes
the energy definition. Relation (39) can be investigated with
respect to causality. First, the front velocity is given by ufr ¼
j sinϑj ≤ 1 independently from α and does not show any
vicious behavior. Second, the group velocity reads

ugr ¼
p − B̂ðB̂ · pÞ

p0

; ð41Þ

having a modulus given by

ugr ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− sgnðαÞ½2x2sin2ϑ�−1
p ; x¼ ηjpj

ffiffiffiffiffiffi
jαj

p
jBj: ð42Þ

For α > 0, the velocity (42) is only well defined for
p2 > ð2η2αjBj2sin2ϑÞ−1. One problem is that this minimum
cutoff depends on the angleϑ, which iswhy it does not really
work as a true cutoff. Besides, themode does not behave like
a standard photon for vanishing η. It is easy to notice that the
group velocity is always larger than 1 and even singular for
ηjpjjBj ¼ csc ϑ=

ffiffiffiffiffiffi
2α

p
; i.e., the corresponding mode violates

causality and is spurious. Its behavior is depicted in Fig. 1(a)
as a function of x. In contrast, the group velocity for α < 0
does not exhibit any singularities. This mode is exotic, as its
group velocity increases from zero and approaches the limit
ugr ¼ 1 from below. A plot of its modulus is presented in
Fig. 1(b).
Another possibility worth considering is that of orthogo-

nal B and C, B ·C ¼ 0. This configuration is especially
interesting because it implies Dii ¼ 0 and TrðDμνÞ ¼ 0,
whereupon it represents a higher-derivative electrodynam-
ics that does not contain Podolsky’s sector at all. The
dispersion equation (28) is

p4ðη4B2C2Þ þ η4p2½B2ðC · pÞ2 þC2ðB · pÞ2�
− 2η2ðB · pÞðC · pÞ − 1 ¼ 0: ð43Þ

To analyze this situation, we adopt a coordinate system in
which the vectors C and B point along the x and y axes,
respectively: C ¼ jCjêx, B ¼ jBjêy. The momentum p
shall enclose an angle ϑ with the z axis. In this system, it
holds that

p ¼ jpjðsinϑ cosϕ; sinϑ sinϕ; cosϑÞ; ð44Þ

(a) (b)

FIG. 1. Group velocity of Eq. (42) for α > 0 (a) and for α < 0
(b) where ϑ ¼ 9π=10. Asymptotes are illustrated as black,
dotted lines.

RODOLFO CASANA et al. PHYS. REV. D 97, 115043 (2018)

115043-8



which implies B · p¼ jBjjpj sinϑ cosϕ and C·p ¼
jCjjpjsinϑsinϕ. The relation (43) is rewritten as

ðpð�Þ
0 Þ2¼ αϑjpj2�

1

η2jBjjCj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
ν21jpj4þν1jpj2 sin2ϕþ1

r
;

ð45aÞ

with

αϑ ¼ 1 −
1

2
sin2ϑ; ν1 ¼ η2jBjjCjsin2ϑ: ð45bÞ

In what follows, modes denoted by the glyph ⊕ will be
identified with the upper sign choice of a dispersion

relation, whereas modes called ⊖ will correspond to the
lower one. The front velocity reads ufr ¼ 1 independently
of the angles ϑ and ϕ, which is a result compatible with
causality. The next step is to evaluate the group velocity, the
modulus of which can be expressed in terms of the basis
B ¼ jBjêy, C ¼ jCjêx by using the representation of the
momentum of Eq. (44),

uð�Þ
gr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2S̃ þ 2x4T̃ þ x6Ũ

Y2fx2½3þ cosð2ϑÞ� � 2Yg

s
; ð46aÞ

with

S̃ ¼ 3þ cosð2ϑÞ � Ysin2ϑ sinð2ϕÞ; ð46bÞ

T̃ ¼ 2½3þ cosð2ϑÞ�sin2ϑ sinð2ϕÞ � Ysin4ϑ; ð46cÞ

Ũ ¼ ½3þ cosð2ϑÞ�sin4ϑ; ð46dÞ

Y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ x2sin2ϑ½x2sin2ϑþ 4 sinð2ϕÞ�

q
;

x ¼ ηjpj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jBjjCj

p
: ð46eÞ

The graph of Fig. 2 displays the modulus of the group
velocity of the two modes⊕ and⊖ considered in Eq. (46a)
for different choices of the angles. Some comments are
worthwhile. First, we point out that the group velocity of
the mode ⊖ diverges for the following choice of the
dimensionless variable x:

xsing ¼
j sec ϑj

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½3þ cosð2ϑÞ�2 − 4sin4ϑcos2ð2ϕÞ

q
þ 2sin2ϑ sinð2ϕÞ

r
: ð47Þ

This value is indicated by the dashed, vertical lines in
Fig. 2. Because of the singularity, the behavior of the latter
mode at momenta lying in this regime is unphysical. In
contrast, the group velocity of the mode ⊕ (continuous
line) does not have any singularities. For small momenta,
the group velocities can be expanded as follows:

uð�Þ
gr ¼ Θ̃ð�Þjpj;

Θ̃ð�Þ ¼ η
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jBjjCj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½sinð2ϕÞ ∓ 1�sin2ϑ� 1

r
: ð48Þ

Each behaves like a Podolsky mode of which the mass
depends on the momentum direction. Note that such
expansions can also be interpreted as expansions valid
for a small controlling coefficient η. Furthermore, Fig. 2(a)
shows that the group velocity of the mode ⊕ has a
maximum, approaches 1 from above, and becomes larger
than 1 (breaking causality) for a certain range of

parameters. For the same values of the angles, the group
velocity of the mode⊖ decreases from its initial singularity
to reach a minimum and finally approaches 1 from below.
The graph 2(b), generated for other values of the angles,
does not reveal any maxima or minima, with the group
velocity of the mode ⊖ approaching 1 from above and the
mode ⊕ approaching 1 from below. For this parameter
choice, the mode ⊕ is exotic. It was also verified that the
mode⊖ does not propagate for certain angles. For example,
the group velocity vanishes identically for ϑ ¼ π=2 andϕ ¼
π=4 where for ϑ ¼ π=2 and ϕ < ½π þ arcsinð1=x2Þ�=2 it
even takes complex values.
So, we conclude that the spacelike configuration,

Bμ ¼ ð0;BÞμ and Cμ ¼ ð0;CÞμ, with parallel or orthogonal
B and C can yield both exotic and spurious dispersion
relations of which the group velocities diverge or break
causality. In general, such relations suggest meaningful
signal propagation only in a regime of large momenta that

(a) (b)

FIG. 2. Group velocity of Eq. (46) for ϑ ¼ 3π=7, ϕ ¼ 4π=5 (a)
and for ϑ ¼ 3π=4, ϕ ¼ 2π=5 (b). The group velocity for the mode
⊕ is represented by a plain, blue line, whereas the mode ⊖ is
shown as a red, dashed line. Asymptotes are illustrated as black,
dotted lines.
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is compatible with ufr ¼ 1. However, this interpretation is
not capable of recovering a certain sector, once the
dispersion relations associated cannot be considered as
physical for a given momentum range.

5. Parity-odd anisotropic sector (with θ= 0)

A parity-odd anisotropic configuration is characterized
by a purely timelike direction Cμ ¼ ðC0; 0Þμ and a purely
spacelike one Bμ ¼ ð0;BÞμ, which leads to

p0 ¼
sgnðC0Þjpj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η4C2

0jB × pj4 þB2
p

− B · p
η2C0jB × pj2 ; ð49aÞ

or

p0 ¼
sgnðC0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ η4C2

0B
2p4sin4ϑB

p
− cosϑB

η2C0jBjjpjsin2ϑB
; ð49bÞ

with B · p ¼ jBjjpj cosϑB, jB × pj ¼ jBjjpj sinϑB. The
dispersion relation is positive, real valued, and not defined
in the limit C0 ↦ 0. The result for the front velocity is
simply ufr ¼ 1, not revealing any problems with causality
in the large-momentum regime. The associated group
velocity, however, is

ugr ¼ ½ðηjpjÞ−4C−2
0 ϒ−3fðB · p̂Þ½sgnðC0Þ2Ξðϒþ 4B2Þ

− 4B2ðB · p̂Þ� þ 2B2ðϒ − 2B2Þ − 4Ξ2ϒg
þ 5 − 4ϒ−1B2½sgnðC0Þ2Ξ−1ðB · p̂Þ − 1�
− 4ðηjpjÞ4B2C2

0ϒΞ−2�1=2; ð50aÞ

with

ϒ¼ðB · p̂Þ2−B2; Ξ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þðηjpjÞ4C2

0ϒ
2

q
: ð50bÞ

Note that there is, in principle, a single mode only; i.e., the
framework considered describes a nonbirefringent vacuum
for photons. However, both the dispersion law and the
group velocity depend on the sign of the component C0

explicitly. In terms of the angle ϑB between B and p, the
result is expressed as

ugr ¼
�
1 − 4csc2ϑB þ sgnðC0Þ

8

Y
cotϑB cscϑB þ 4x4

Y2
sin2ϑB

þ 1

8x4

�
csc6

�
ϑB
2

�
ð1 − sgnðC0ÞYÞ þ sec6

�
ϑB
2

�
ð1þ sgnðC0ÞYÞ

��
1=2

; ð51Þ

where Y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðx sinϑÞ4

p
, x ¼ ηjpj ffiffiffiffiffiffiffiffiffiffiffiffiffiffijBjjC0j

p
. The group velocity becomes singular for a vanishing momentum only, see

Fig. 3, which characterizes an unphysical regime for each sign of C0, therefore. An expansion for a small momentum and
controlling coefficient η, provides

ugr ¼
1

2
ffiffiffi
2

p
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1þ sgnðC0Þ�sec6

�
ϑB
2

�
þ ½1 − sgnðC0Þ�csc6

�
ϑB
2

�s
; ð52Þ

explicitly revealing the singularities for both possible signs
of C0. Note that the group velocity of one of the modes (for
C0 < 0) has a minimum and approaches 1 from below for
increasing x, whereas the group velocity of the second
mode (for C0 > 0) has both a minimum and a maximum
and approaches 1 from above. The modulus of the group
velocity becomes larger than 1 for both modes at some
values of x, which is a behavior that corresponds to
causality violation. We also point out that the two modes
merge into a single mode for ϑ ¼ π=2 and that they

interchange their role for ϑ ∈ ðπ=2; π�. Neither mode
behaves like standard photons when η vanishes. As their
group velocities exhibit singularities, they are spurious.
The compilation of the results obtained seems to reveal

that this higher-derivative electrodynamics only exhibits
well-behaved signal propagation in the limit of large
momenta. But the dispersion relations cannot be valid only
for a given momentum range, unless a physically reason-
able cutoff can be imposed on the theory. So, this
interpretation will not be considered at this stage. For

FIG. 3. Group velocity of Eq. (51) for ϑB ¼ 3π=10, sgnðC0Þ ¼
1 (blue, plain), and sgnðC0Þ ¼ −1 (red, dashed). The horizontal
asymptote is illustrated as a black, dotted line.
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small momenta, some of the modes behave like a Podolsky
mode where the Podolsky parameter can depend on the
direction of the momentum due to anisotropy. We encoun-
tered exotic modes such as the dispersion relation⊕ for the
parameter choice used in Fig. 2(b). The others that exhibit
nonphysical features must be considered as spurious.

C. Unitarity analysis

At this point, we present some discussion on unitarity of
this higher-derivative model. The analysis of unitarity at
tree level can be performed by means of a contraction of the
propagator with external currents [47], which leads to a
Lorentz scalar that is often referred to as the saturated
propagator (SP):

SP≡ JμΔμνJν: ð53Þ

The gauge current Jμ is taken as real and satisfies the
conservation law ∂μJμ ¼ 0, which in momentum space
reads pμJμ ¼ 0. Therefore, a contraction with this current
eliminates all contributions of which the tensor structure
contains at least a single 4-momentum. The latter are
associated with the gauge choice; i.e., these terms do not
describe the physics of the system under consideration. In
accordance with this method, unitarity is assured whenever
the imaginary part of the residue of the saturation SP
evaluated at a vanishing denominator is positive.
We first assess the usual Podolsky theory, the propagator

of which is given by Eq. (24). Contractions with the
external 4-current provide

SP ¼ −i
�

JνΘναJα

p2ð1 − θ2p2Þ −
ξ

p2
JνΩναJα

�
; ð54Þ

which simplifies to

SP ¼ i
θ2

�
J2

p2ðp2 − 1=θ2Þ
�

ð55Þ

due to current conservation. As properly noted in Ref. [48],
the latter can be written as

SP ¼ i

�
−
J2

p2
þ J2

p2 − 1=θ2

�
: ð56Þ

For a physical spacelike current, J2 < 0, the pole p2 ¼ 0
yields a positive imaginary part of the residue of SP, while
the pole p2 ¼ 1=θ2 provides a negative one, so that this
theory reveals a nonunitary behavior associated with the
massive mode. The Lee-Wick theories are plagued by
the same problem, but mechanisms to recover unitarity
by suppressing the negative-norm states are stated in the
literature [31]. Within this scenario, we point out that
working with a Poldosky Lagrangian, the term proportional
to θ2 of which has a reversed sign, does not solve the

unitarity problem at all (it only moves the problem from one
pole to the other). Instead, it leads to a dispersion relation
that is not well defined for small enough momenta.
Considering the propagator of Eq. (25), defined in the

absence of the Podolsky term (θ2 ¼ 0), the saturation reads

SP ¼ −
i

p2ΓðpÞ fΓðpÞJ
2 − 2η2p2ðB · JÞðC · JÞΠθ¼0ðpÞ

þ η4p2ðB · JÞ2½ðC · pÞ2 − C2p2�
þ η4p2ðC · JÞ2½ðB · pÞ2 − B2p2�g; ð57Þ

with Πθ¼0ðpÞ given by Eq. (26). The latter should be
analyzed with respect to the residue of each denominator.
For the first pole, the residue of the saturation evaluated

at p2 ¼ 0 is simply given by

ResðSPÞjp2¼0 ¼ −iJ2: ð58Þ

A spacelike J2 < 0 yields Im½ResðSPÞjp2¼0� > 0, which is
why unitarity is assured. Therefore, we deduce that a
quantization of this mode, which is the standard one of
electrodynamics, corresponds to the photon.
For the second pole, evaluating the residue at ΓðpÞ ¼ 0

works in the same manner, in principle:

ResðSPÞjΓðpÞ¼0 ¼ −iη2fη2ðB · JÞ2½ðC · pÞ2 − C2p2�
þ η2ðC · JÞ2½ðB · pÞ2 − B2p2�
− 2ðB · JÞðC · JÞΠθ¼0ðpÞgjΓðpÞ¼0: ð59Þ

The situation now is more involved and requires a careful
analysis to find the global sign of the expression in curly
brackets. Considering Eq. (23a), an evaluation of ΓðpÞ ¼ 0
provides the useful relationship

sgnðΠθ¼0ÞΠðpÞ
			

θ¼0
ΓðpÞ¼0

¼η2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðB ·pÞ2−B2p2�½ðC ·pÞ2−C2p2�

q 			
ΓðpÞ¼0

: ð60Þ

The sign function on the left-hand side must be taken
into account, as Πθ¼0ðpÞ can be a negative quantity
on shell, whereas the right-hand side is manifestly positive.
Furthermore, we again have to distinguish between two
cases. After investigating a large number of Lorentz-violating
sectors numerically, we deduced that eitherpμ ∈ M1 orpμ ∈
M2 with the two sets M1≡fðB·pÞ2−B2p2>0;ðC·pÞ2−
C2p2>0g orM2≡fðB·pÞ2−B2p2<0;ðC·pÞ2−C2p2<0g.
Both options assure a real ΠðpÞ. For the first option,
the residue can be expressed in terms of the square of a
sum of two terms. For the second option, a global minus
sign must be pulled out of the whole expression, reversing
the global saturation sign. The residues can then neatly be
written as follows:
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ResðSPÞ
			
ΓðpÞ¼0

¼ iη4

8><
>:
−fðB ·JÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC ·pÞ2−C2p2

p
− sgnðΠθ¼0ÞðC ·JÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB ·pÞ2−B2p2

p
g2
			
ΓðpÞ¼0

for pμ ∈M1;

fðB ·JÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðC ·pÞ2−C2p2j

p
þ sgnðΠθ¼0ÞðC ·JÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðB ·pÞ2−B2p2j

p
g2
			
ΓðpÞ¼0

for pμ ∈M2:
ð61Þ

Hence, Im½ResðSPÞjΓðpÞ¼0� < 0 for the first case, which
is a behavior indicating a breakdown of unitarity. The
second case behaves in the opposite way, whereupon
unitarity is preserved. The parity-odd configuration with
ðCμÞ ¼ ðC0; 0Þ, ðBμÞ ¼ ð0;BÞ analyzed in Sec. III B 4 is
covered by the latter case. We find

ðB · pÞ2 − B2p2 ¼ −
jBj

2η2jCj < 0;

ðC · pÞ2 − C2p2 ¼ −
jCj

2η2jBj < 0; ð62Þ

which is why pμ ∈ M2 in this sector. Thus, unitarity is
preserved for this configuration.
For the parity-odd case introduced in Sec. III B 5, it holds

that ðC · pÞ2 − C2p2 ¼ C2
0p

2 > 0. However, it is a bit more
involved to evaluate the second condition. The inequality
ðB · pÞ2 − B2p2 ≥ 0 to be checked can be cast into a more
transparent form as follows,

2x4sin4ϑBcos2ϑB

þ
�
3þcosð2ϑBÞ−4sgnðC0ÞcosðϑBÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þx4sin4ϑB

q �
≥0;

ð63aÞ

which is equivalent to

2

�
1 − sgnðC0Þ cosϑB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x4sin4ϑB

q �
2

≥ 0: ð63bÞ

The latter involves the angle ϑB defined directly below
Eq. (49b) and the dimensionless quantity x defined under
Eq. (51). For C0 > 0, the equality sign is valid for ϑB ¼ 0
only, whereas for C0 < 0, it is valid for ϑB ¼ π. Apart from
these very special values at the boundaries of the interval
for ϑB, the condition ðB · pÞ2 − B2p2 > 0 is fulfilled
manifestly, whereby pμ ∈ M1. Therefore, according to
our criterion, there are issues with unitarity for this sector.
There is an alternative possibility of calculating the

saturated propagator. Using the transverse (T) and longi-
tudinal (L) projection operators Θμν and Ωμν of Eq. (13)
transformed to momentum space, the propagator can be
decomposed into the four parts, ΔTT

μν ≡ ΘμαΔαβΘβν,
ΔTL

μν ≡ ΘμαΔαβΩβν, ΔLT
μν ≡ ΩμαΔαβΘβν, and ΔLL

μν ≡
ΩμαΔαβΩβν. After performing contractions with the con-
served current, only ΔTT

μν will survive. Following this

procedure, the saturated propagator can be cast into
the form

SP ¼ JμΔTT
μν Jν; ΔTT

μν ¼ −i
ðM−1Þμν

p2
; ð64aÞ

Mμν ¼ ½ð1 − θ2p2Þg − 2η2DTTp2�μν;
ðDTTÞμν ≡ ΘμαDαβΘβν: ð64bÞ

Hence, the behavior of unitarity is completely controlled
by the totally transverse part of the matrix Dμν. Performing
a formal partial-fraction decomposition, the standard pole
p2 ¼ 0 can be separated from the remaining expressions
involving the Podolsky parameter and the Lorentz-violating
coefficient:

ΔTT
μν ¼ −i

�
gμν
p2

þ ðθ2δþ 2η2DTTÞμαðM−1Þαν
�
: ð65Þ

Using the explicit decomposition of Dμν in terms of two 4-
vectors proposed in Eq. (14) and setting θ ¼ 0, we can
deduce that detðMÞ ¼ ΓðpÞ with ΓðpÞ from Eq. (60) for
θ ¼ 0. The result of Eq. (65) is suitable to investigate
unitarity for the case of a nonzero θ and a general Dμν of
which the form does not rely on a decomposition into two
4-vectors. The analysis of such cases is an interesting open
problem.
To conclude this section, unitarity violation seems to be

connected to the appearance of additional time derivatives
in the Lorentz-violating contributions of the Lagrange
density, cf. Eqs. (11) and (12). A behavior of this kind
is expected. For a Lorentz-invariant, higher-derivative
theory, it was observed in Ref. [28], among other works.
The authors of Ref. [49] pointed out that additional time
derivatives in the minimal SME fermion sector lead to
issues with the time evolution of asymptotic states. Related
problems in the nonminimal SME were found in the third
and second paper of Refs. [14,15], respectively.

IV. GENERALIZED MODEL INVOLVING
ANISOTROPIC PODOLSKY AND

LEE-WICK TERMS

There are two other CPT-even dimension-6 terms
endowed with two additional derivatives, besides the LV
modification (2), that can be expressed in terms of
the electromagnetic field strength tensor and the tensor
Dμν, namely,
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DαβFμν∂α∂βFμν; Dμν∂σFσλ∂μFνλ: ð66Þ

The first one is a kind of anisotropic Lee-Wick term, while
the second yields a bilinear contribution similar to it, but
with the opposite sign, so that only one of these terms will
be considered. The very same correspondence observed for
the case of the anisotropic Podolsky term holds for the
anisotropic Lee-Wick term, too: for the configuration of a
diagonal tensor Dβα of the form Dβα ¼ D00gβα, it becomes
proportional to the usual Lee-Wick term, that is,

DαβFμν∂α∂βFμν ¼ D00ðFμν□FμνÞ: ð67Þ

The behavior of the coefficients of the tensor Dβα under
discrete C, P, and T operations, described in Table I, does
not depend on the way the tensor is coupled to the
electromagnetic field, being equally valid for the aniso-
tropic Lee-Wick structures of Eq. (66).
In principle, the most general LV dimension-6 electro-

dynamics, modified by a rank-2 symmetric tensor,Dβα, also
includes the second of the anisotropic Lee-Wick contribu-
tions of Eq. (66) and is represented by the following
Lagrangian,

L ¼ −
1

4
FμνFμν þ θ2

2
∂αFαβ∂λFλ

β þ η21Dβα∂σFσβ∂λFλα

þ η22D
βα∂σFσλ∂βFαλ þ

1

2ξ
ð∂μAμÞ2; ð68Þ

with θ ≥ 0, η1 ≥ 0, and η2 ≥ 0. The latter incorporates the
standard Podolsky term, its LV modification considered
earlier, and the LVanisotropic Lee-Wick contribution. Such
a Lagrangian can bewritten in the formL ¼ ð1=2ÞAμŌμνAν,
where

Ōμν ¼ ð1þ θ2□þ 2η22D
βα∂β∂αÞ□Θμν

þ
�
2η21D

βα∂β∂α −
1

ξ

�
□Ωμν þ 2η21Dνμ□

2

− 2η21Dνα□∂μ∂α − 2η21Dσμ□∂ν∂σ: ð69Þ

Based on the prescription (14) for the symmetric tensorDβα,
we obtain

Ōμν ¼ð1þθ2□þ2η22κρÞ□Θμν

þ
�
2η21κρ−

1

ξ

�
□Ωμνþη21ðBμCνþBνCμÞ□2

−η21ðCν∂μþCμ∂νÞκ□−η21ð∂νBμþ∂μBνÞρ□; ð70Þ

with κ and ρ of Eq. (16). Using the same tensor algebra as
that of the first case, the following propagator can be derived,

Δνα ¼ −
i

p2ΔðpÞ fΓ̃ðpÞΘνα þ ½b0 − ξΔðpÞ�Ωνα

− iF̃ðpÞðBνpα þ BαpνÞ − 2η21Dναp2Π̃ðpÞ
− iH̃ðpÞðCνpα þ CαpνÞ
þ η41BνBα½ðC · pÞ2 − C2p2�p2

þ η41CνCα½ðB · pÞ2 − B2p2�p2g; ð71aÞ

where

ΔðpÞ ¼ ½1 − θ2p2 − 2η22ðB · pÞðC · pÞ�Γ̃ðpÞ; ð71bÞ

Γ̃ðpÞ¼η41½ðB ·pÞ2−B2p2�½ðC ·pÞ2−C2p2�− Π̃2ðpÞ; ð71cÞ

Π̃ðpÞ¼ 1−θ2p2−η21p
2ðB ·CÞþ ½η21−2η22�ðB ·pÞðC ·pÞ;

ð71dÞ

F̃ðpÞ ¼ FðpÞjη¼η1
; H̃ðpÞ ¼ HðpÞjη¼η1

; ð71eÞ

with FðpÞ and HðpÞ of Eqs. (22b) and (22c), respectively.
The new dispersion equations read

0 ¼ p2½1 − θ2p2 − 2η22ðB · pÞðC · pÞ�; ð72aÞ

0 ¼ Γ̃ðpÞ: ð72bÞ

We now observe that, in contrast to Eq. (27a), Podolsky’s
dispersion relation is also modified, as shown in Eq. (72a).

A. Dispersion relations

To analyze the dispersion equations (72a) and (72b),
we consider the main two background configurations—
timelike and spacelike—discussed in the first model. The
Podolsky parameter θ will not be discarded.

1. Timelike isotropic sector (with θ ≠ 0)

The timelike isotropic configuration is characterized by
Bμ ¼ ðB0; 0Þμ, Cμ ¼ ðC0; 0Þμ. As already mentioned, the
dispersion equation (72a) shows that the usual Podolsky
dispersion relation is now modified by a contribution
resulting from the anisotropic Lee-Wick term. In this case,
the dispersion relation obtained from Eq. (72a) takes the
simple form

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ε

�
p2 þ 1

θ2

�s
; ð73Þ

with ε ¼ 1þ 2η22B0C0=θ2. The latter is a Podolsky-like
dispersion relation, modified by a kind of dielectric con-
stant, ε. For B0C0 > 0, the front velocity is less than 1,
ufr < 1, and the group velocity,
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ugr ¼
jpjffiffiffi

ε
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ 1=θ2
p ; ð74Þ

is always less than 1, as well, ensuring the validity of
causality for this configuration. The DR (73) only makes
sense in the presence of the Podolsky term (θ2 ≠ 0). Note
that θ2 appears inside ε, as well. Now, we analyze the
dispersion equation (72b) for the isotropic configuration
with Bμ ¼ ðB0; 0Þμ, Cμ ¼ ðC0; 0Þμ. It can be written as

Eð�Þ ¼ ψ ð�Þjpj; ψ ð�Þ ¼ ψ ð�ÞðjpjÞ; ð75aÞ
where

ψ ðþÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ θ2jpj2
2y2 þ θ2jpj2

s
; ð75bÞ

ψ ð−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x2 þ θ2jpj2
2y2 þ θ2jpj2

s
; ð75cÞ

and x ¼ ffiffiffiffiffiffiffiffiffiffiffi
B0C0

p
η1jpj, y ¼ ffiffiffiffiffiffiffiffiffiffiffi

B0C0

p
η2jpj are dimensionless

coefficients. Note that both x and y are linear functions of
the 3-momentum magnitude where the ratios x=ðθjpjÞ¼ffiffiffiffiffiffiffiffiffiffiffi
B0C0

p
η1=θ≡α and y=ðθjpjÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffijBjjCjp

η2=θ≡ β are
dimensionless. Hence, it is reasonable to investigate the
expressions for the characteristic velocities after replacing
x by αθjpj and y by βθjpj, respectively. Now, the front
velocities for both modes are simply given by

uðþÞ
fr ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2β2
p ; ð76aÞ

uð−Þfr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2α2

1þ 2β2

s
: ð76bÞ

The first of these expressions is always smaller than 1,
whereas the second can be larger than 1 for α > β. As the
case under consideration is isotropic, it is not too involved
to obtain the group velocities:

uðþÞ
gr ¼ ψ ðþÞ

1þ ðθjpjÞ−2 ; ð77aÞ

uð−Þgr ¼ ψ ð−Þ
�
1 −

1

ðψ ð−ÞÞ2½2y2 þ ðθjpjÞ2�

�
: ð77bÞ

Neither expression exhibits any singularities. The graph
of Fig. 4 reveals decreasing group velocities for declining
momenta where each mode behaves as a Podolsky mode in
this regime:

uð�Þ
gr ¼ Θ̂ð�Þjpj; ð78aÞ

Θ̂ðþÞ ¼ θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2β2

p ; Θ̂ð−Þ ¼ ð1þ 2α2Þθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2β2

p : ð78bÞ

As the case under consideration is isotropic, the Podolsky
parameters do not depend on the momentum direction, but
they involve the Lorentz-violating coefficients. Causality
violation can occur for the mode⊖ dependent on the chosen
parameters. The group velocity for eachmode rises from0 to
a finite value that is given by the previously obtained
expressions for the front velocity:

lim
z↦∞

uðþÞ
gr ¼ uðþÞ

fr ; lim
z↦∞

uð−Þgr ¼ uð−Þfr : ð79Þ

Hence, the group velocity of the mode ⊖ can reach values
larger than 1, breaking causality, which characterizes a
spurious mode. On the other hand, the ⊕ mode does not
violate causality, although it does not behave like a standard
photon for vanishing η1 or η2. So, it is an exotic mode. Note
that vanishing Lorentz violation translates into the limits
α ↦ 0 and β ↦ 0, which provides the Podolsky-type
dispersion law.

2. Parity-even anisotropic sector (with θ ≠ 0)

For the spatially anisotropic configuration, Bμ ¼ð0;BÞμ,
Cμ ¼ ð0;CÞμ, we can express the dispersion relation
following from Eq. (72a) as follows,

p2
0 ¼

1

θ2
þ p2 −

2η22
θ2

ðB · pÞðC · pÞ; ð80Þ

which for η2 ↦ 0 recovers Podolsky’s dispersion relation.
To analyze the dispersion relation for η2 ≠ 0, we first
consider the situation in which the vectors C and B are
orthogonal. Using the coordinate system employed in
Sec. III B 4 with the momentum of Eq. (44) implies

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

θ2
þ p2

�
1 −

η22
θ2

jBjjCjsin2ϑ sin 2ϕ
�s
: ð81Þ

Here, the front velocity is

FIG. 4. Group velocities of Eq. (77) as a function of z ¼ θjpj
for the mode ⊕ (blue, plain) with β ¼ 1 and for ⊖ with α ¼ 1,
β ¼ 1=3 (red, dashed). The horizontal asymptotes are shown as
black, dotted lines.
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ufr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

η22
θ2

jBjjCjsin2ϑ sinð2ϕÞ
s

; ð82Þ

which can be larger than 1 for some values of ϕ. The
modulus of the group velocity is given by

ugr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ y4sin2ϑ − z2ð2þ z2Þ

z2½1þ z2 − y2sin2ϑ sinð2ϕÞ�

s
; ð83Þ

with y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffijBjjCjp
η2jpj, z ¼ θjpj. Here, we introduce

the constant ratio y=z ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffijBjjCjp
η2=θ≡ β. The graph of

Fig. 5 shows the behavior of the group velocity for distinct
values of the parameter β and the angles. The latter β can be
chosen such that ugr rises steadily from 0 and approaches a
certain constant from below for increasing z. Explicitly, this
constant exceeds 1 at

zjugr¼1 ¼
csc ϑ

jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − sinð2ϕÞ

p ; ð84Þ

whereupon there will be issues with causality. This value of
z is real for β >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð2ϕÞp

only, which demonstrates that
causality problems do not arise necessarily. Besides, ugr
also exhibits a singularity for a suitable choice of the
parameters that lies at the value

zsing ¼
1

β2sin2ϑ sinð2ϕÞ − 1
; ð85Þ

revealing an unphysical regime. For small momenta, the
group velocity of Eq. (83) behaves as

ugr ¼ Θ̆jpj; Θ̆¼ θ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þβ2½β2−2sinð2ϕÞ�sin2ϑ

q
; ð86Þ

so the corresponding mode propagates as a Podolsky-type
mode with a modified mass depending on the momentum
direction. Note the similarities to Eq. (48). The limit β ↦ 0

for vanishing Lorentz violation reproduces the behavior of
the conventional Podolsky mode.
For this spacelike configuration, we now investigate the

dispersion relation derived from Eq. (72b) by initially
studying the case of orthogonal vectors B and C. This
configuration yields two different additional dispersion
relations, written as

ðpð�Þ
0 Þ2

¼ p2

z4−x4

�
V=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz4−x4Þ½x4cos2ϑ−W�þðV=2Þ2

q �
;

ð87aÞ
where

V¼ 2z2ð1þ z2Þ−2x4þ sin2ϑ½x2þðx2−2y2Þz2 sinð2ϕÞ�;
ð87bÞ

W ¼ ½1þ z2 − y2sin2ϑ sinð2ϕÞ�
× ½1þ z2 þ ðx2 − y2Þsin2ϑ sinð2ϕÞ�; ð87cÞ

and

x¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jBjjCj

p
η1jpj; y¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jBjjCj

p
η2jpj; z¼θjpj: ð87dÞ

The modulus squared of the group velocity is given by a
highly involved expression,

ðuð�Þ
gr Þ2¼ jpj2

ðpð�Þ
0 Þ2

�
cos2ϑþf2�ðϑ;ϕÞþf2�ðϑ;π=2−ϕÞ

g2�ðϑ;ϕÞ
�
;

ð88aÞ

with

FIG. 5. Group velocity of Eq. (83) for β ¼ 1, ϑ ¼ ϕ ¼ 0
(blue, plain), for β ¼ 3=2, ϑ ¼ π=5, ϕ ¼ π=3 (green, dash-
dotted), and for β ¼ 2, ϑ ¼ π=2, ϕ ¼ π=3 (red, dashed). The
asymptotes are indicated by black, dotted lines.

(a) (b)

FIG. 6. Group velocity of Eq. (88) of the mode ⊕ for the
parameters α ¼ 3=2, β ¼ 2, ϑ ¼ π=2, and ϕ ¼ π=3 (blue, plain);
for α ¼ 3=2, β ¼ 1, ϑ ¼ π=4, and ϕ ¼ 0 (red, dotted); and for
α ¼ 1=3, β ¼ 1=2, ϑ ¼ π=2, and ϕ ¼ π=4 (green, dash-dotted)
(a). The group velocity of the mode⊖ for α ¼ 3=2, β ¼ 1, ϑ ¼ 0,
and ϕ ¼ 0 (blue, plain) and for α ¼ 3=2, β ¼ 3, ϑ ¼ π=2, and
ϕ ¼ 0 (red, dotted) is shown in (b). Vertical asymptotes at
singularities are illustrated via color-coded, dotted lines, whereas
horizontal asymptotes are shown as black, dotted lines.
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f�ðϑ;ϕÞ¼ 2y2ðy2−x2Þsin3ϑsinð2ϕÞsinϕþðx2−2y2Þf1þ z2½2sin2ϑcos2ϕþ1− ðeð�ÞÞ2�gsinϑsinϕ
þðx4½ðeð�ÞÞ2− cos2ϑ�þ2z2f1þ½1− ðeð�ÞÞ2�z2gÞsinϑcosϕ; ð88bÞ

g�ðϑ;ϕÞ ¼ ½2ðeð�ÞÞ2 − 1 − cos2ϑ�x4 þ ½2þ ðx2 − 2y2Þsin2ϑ sinð2ϕÞ�z2 þ 2½1 − ðeð�ÞÞ2�z4; ð88cÞ

where eð�Þ ≡ pð�Þ
0 =jpj. Figure 6 shows the group velocity for the modes ⊕ and ⊖ for different angles and parametersffiffiffiffiffiffiffiffiffiffiffiffiffijBjjCjp

η1=θ≡ α and
ffiffiffiffiffiffiffiffiffiffiffiffiffijBjjCjp

η2=θ≡ β. The group velocity of the mode ⊕ is badly behaved for a broad range of
parameters and angles, as it exhibits one or even two singularities that lie at the following values of z:

zð�Þ
sing ¼

ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2β2 − α2Þsin2ϑ sinð2ϕÞ − 2� α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4cos2ϑþ sin4ϑsin2ð2ϕÞ

pq : ð89Þ

Besides, when there are singularities, the group velocity even becomes complex for large domains of the momentum. For
small momenta, the group velocity for both modes has the following asymptotic behavior:

uð�Þ
gr ¼ Θ̄ð�Þjpj; ð90aÞ

Θ̄ð�Þ ¼ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 ∓ α2 þ sin2ϑ½α2ð�α2 − 2Þ � 2β2ðα2 − β2Þ þ ðα2 ∓ 2Þðα2 − 2β2Þ sinð2ϕÞ�

2ðα2 ∓ 1Þ

s
: ð90bÞ

Hence, these modes are modifications of the Podolsky
modewith anisotropic Podolsky parameters that can become
complex when the parameters are chosen suitably. The
Podolsky mode is reproduced in the combined limit α ↦ 0
and β ↦ 0. For certain choices, the group velocity is well
behaved in the sense that it increases monotonically from 0
until it approaches a value smaller than 1 from below, cf. the
curve in Fig. 6(a). It then behaves like an exotic mode. The
other curves in this figure correspond to parameter choices
that provide spurious behaviors. In contrast, the mode⊖ in
Fig. 6(b) does not exhibit any singularities. It rises from 0
and converges to a value smaller than 1 from below or larger
than 1 from above. The latter behavior, though, is interpreted
as a violation of causality, which occurs at least for some
parameter choices. Therefore, the mode represented by the
blue curve is exotic, whereas the mode illustrated by the red
curve is spurious.
We can also present expansions for the front velocities

following from DR (87a) in the limit of a large Podolsky
parameter θ in comparison to the LV coefficients η1 and η2:

uðþÞ
fr ≈ 1þ 1

2

��
x
z

�
2

−
�
y
z

�
2
�
sin2ϑ sinð2ϕÞ; ð91aÞ

uð−Þfr ≈ 1 −
1

2

�
y
z

�
2

sin2ϑ sinð2ϕÞ: ð91bÞ

Both can be larger than 1, depending on the relative sizes
of x and y and on the angle ϕ, which spoils the premises of
causality. Thus, while the mode ⊕ is unphysical in several
senses, the mode ⊖ breaks causality for certain choices of
parameters.

The other configuration to be examined is the case of
parallel vectors B and C, where the dispersion equa-
tion (72b) yields

Eð�Þ ¼ ζð�Þjpj; ζð�Þ ¼ ζð�ÞðjpjÞ; ð92aÞ

ζðþÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2 − 2y2cos2ϑ

p
z

; ð92bÞ

ζð−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2 − 2ðx2sin2ϑþ y2cos2ϑÞ

z2 − 2x2

s
: ð92cÞ

The front velocities of both modes are given by

uðþÞ
fr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2β2cos2ϑ

q
; ð93aÞ

uð−Þfr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2ðα2sin2ϑþ β2cos2ϑÞ

1 − 2α2

s
; ð93bÞ

where these results are expressed in terms of the constant
ratios x=z≡ α and y=z≡ β. The front velocity of the mode
⊕ cannot exceed 1, which does not hold for the mode ⊖,

though, as uð−Þfr can be larger than 1 for β < α. The next step
is to obtain the magnitudes of the group velocities,

uðþÞ
gr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4y2ðy2 − z2Þcos2ϑþ z4

z2ð1þ z2 − 2y2cos2ϑÞ

s
; ð94aÞ

uð−Þgr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðx2−y2Þðx2þy2− z2Þcos2ϑ− ð2x2− z2Þ2
ð2x2− z2Þ½1þ z2−2ðx2 sin2ϑþy2 cos2ϑÞ�

s
;

ð94bÞ
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with the definitions (87d). By introducing the parameters α
and β into the previous results, the asymptotic behavior of
the group velocity for small momenta is

uð�Þ
gr ¼ Θ

¼ð�Þjpj; ð95aÞ
Θ
¼ðþÞ ¼ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4β2ðβ2−1Þcos2ϑ

q
;

Θ
¼ð−Þ ¼ θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−2α2þ4ðα2−β2Þ½1− ðα2þβ2Þ�cos2ϑ

1−2α2

s
:

ð95bÞ
Each mode again resembles an anisotropic Podolsky

mode. The limit of vanishing Lorentz violation leads to the
standard Podolsky dispersion relation. Also, the modes can
exhibit spurious behaviors, since singularities are present
for

zðþÞ
sing ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2β2cos2ϑ − 1

p ;

zð−Þsing ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðα2sin2ϑþ β2cos2ϑÞ − 1
p ; ð96Þ

again pointing to the existence of unphysical regimes (see
the red curves of Fig. 7). The parameters α and β can be
chosen such that these values are complex, whereupon
there are no singularities. In this case, the group velocity
rises from 0 to a finite value. This behavior is characteristic
of an exotic mode if this finite value is smaller than 1. The
blue curve in Fig. 7(a) represents an example for this case.
If the finite value is larger than 1, the mode is spurious,
whereby an example is given by the blue curve in Fig. 7(b).
Each expression for the group velocity exceeds 1 for

zj
uðþÞ
gr ¼1

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4β2 − 2

p
jβ cosϑj

;

zj
uð−Þgr ¼1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2α2

ð1 − 2β2Þðα2 − β2Þ½1þ cosð2ϑÞ�

s
: ð97Þ

The first value becomes complex for β < 1=
ffiffiffi
2

p
, and the

second becomes complex for α > 1=
ffiffiffi
2

p
, β > 1=

ffiffiffi
2

p
, and

β > α at the same time or for α > 1=
ffiffiffi
2

p
> β or when

1=
ffiffiffi
2

p
> β > α. Under these conditions, the group velocity

stays below 1. The profiles of ugr for these two modes are
depicted in Fig. 7.

V. CONNECTION TO NONMINIMAL SME

An interesting question to ask is whether the LV
contribution of the Lagrangian (3) is contained in the
nonminimal SME by Kostelecký and Mewes [14]. As we
are addressing LV and CPT-even dimension-6 terms, the
first higher-order LV coefficient to be considered is that of
dimension 6, namely,

ðk̂FÞκλμν ¼ ðkð6ÞF Þκλμνα1α2∂α1∂α2 ; ð98Þ

where we have omitted the usual dimension-4 CPT-even

coefficients of the photon sector of the SME, ðkð4ÞF Þκλμν. It is
possible to show that the parametrization

ðkð6ÞF Þμνϱσα1α2 ¼ η2Dνσgμα1gϱα2 ð99aÞ

successfully reproduces the LV term present in Lagrangian
(3). Indeed,

ðkð6ÞF Þμνϱσα1α2∂α1∂α2FμνFρσ ¼ η2Dνσ∂μFμν∂ϱFρσ; ð99bÞ

which demonstrates that this LV piece is contained in the
nonminimal SME [14]. In an analogous way, the corre-
spondence

ðkð6ÞF Þμνϱσα1α2 ¼ η21D
νσgμα1gϱα2 − η22D

α2σgμα1gνϱ ð100Þ

yields the LV terms of the generalized model of the
Lagrangian (68). Finally, the symmetries of ðk̂FÞκλμν have
to be taken into account. The latter fourth-rank observer
tensor is antisymmetric in the first and second pair of
indices and symmetric under an exchange of both index
pairs, which is evidently not the case for the choices in
Eqs. (99) and (100). Performing the (anti)symmetrization
explicitly and considering the factor 1=4 before ðk̂FÞκλμν in
the definition of the CPT-even term of the SME
photon sector, the final mapping of our terms to the SME
is given by

ðk̂FÞμνϱσ ¼
1

2
½ðkð6ÞF Þμνϱσα1α2 − ðkð6ÞF Þνμϱσα1α2

− ðkð6ÞF Þμνσϱα1α2 þ ðkð6ÞF Þνμσϱα1α2
þ ðμ ↔ ϱ; ν ↔ σÞ�∂α1∂α2 : ð101Þ

It can be checked that the tensor constructed in this way
automatically satisfies the Bianchi identity for an arbitrary

(a) (b)

FIG. 7. Group velocity of Eq. (94) of the mode ⊕ for the
parameters β ¼ 1=ð2 ffiffiffi

2
p Þ and ϑ ¼ π=3 (blue, plain) and for β ¼ 1

and ϑ ¼ 0 (red, dotted) (a). The group velocity of the mode⊖ for
the parameter choices α ¼ 1=2, β ¼ 1=ð2 ffiffiffi

2
p Þ, and ϑ ¼ π=3

(plain, blue) and α ¼ β ¼ 1 and ϑ ¼ 0 (red, dotted) can be
found in (b). Asymptotes are shown as black, dotted lines.
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triple of indices chosen from the first four indices. In
addition, antisymmetrization on any three indices must be
imposed via Eq. (55) of the first paper in Ref. [14]. The
Podolsky term is Lorentz invariant and cannot be mapped to
SME coefficients. However, it is introduced into the field
equations of the nonminimal CPT-even photon sector as
follows:

MμνAν ¼ 0; ð102aÞ
Mμν ¼ fð1 − θ2p2Þ½gμνgαβ − gμαgνβ� þ 2ðk̂FÞμανβgpαpβ:

ð102bÞ

VI. CONCLUSION AND REMARKS

In this work, we have addressed an electrodynamics
endowedwith LV terms ofmass dimension 6.We considered
aspects not yet analyzed in the literature, such as an evaluation
of the propagator, the dispersion relations, and the propaga-
tionmodes. First, aMaxwell electrodynamicsmodified by an
anisotropic Podolsky-type term of mass dimension 6 was
examined. For certain parameter choices, all the modes,
which are affected by the higher-dimensional term, were
found to exhibit nonphysical behavior. The magnitude of the
group velocity was demonstrated to become larger than 1
(breaking of causality), to have singularities, or to vanish for
small momenta (absence of propagation). The first two
behaviors described are interpreted as unphysical, and we
referred to dispersion relations having characteristics of this
kind as spurious. Features such as decreasing group or front
velocities for small momenta only indicate that these modes
decouple from the low-energy regime. According to the
criteria used in the paper, a mode endowed with such
properties is called exotic as long as it neither involves
singularities nor superluminal group or front velocities.
The results obtained indicate that an electrodynamics

modified by this kind of higher-derivative LV term can only
provide a physical propagation of signals in the limit of
large momenta. Such an interpretation could recover mean-
ingful behavior of the theory in the case that it is possible to
state a suitable cutoff without generating bad side effects.
For small momenta, some of the modes correspond to
Lorentz-violating modifications of the Podolsky-type
dispersion relation, which are not necessarily unphysical.
We also found dispersion relations providing group veloc-
ities that are larger than 1 or divergent at some points,
which are behaviors characterizing spurious propagation
modes. A brief discussion of unitarity for this modification
was delivered as well. The result of our analysis was that
additional time derivatives in the Lagrange density are
likely to spoil unitarity. This behavior is expected and was
already observed in Lorentz-invariant higher-derivative
theories as well as alternative LV higher-derivative mod-
ifications of the photon and fermion sector.
At a second stage, we analyzed a more general extension

of the modified electrodynamics in the presence of an

additional anisotropic Lee-Wick term of mass dimension 6.
Again, the propagator was derived, and the corresponding
dispersion relations were obtained from it. Subsequently,
these dispersion relations were examined with respect to
signal propagation. The structure of this second framework
is more involved in comparison to the first theory under
consideration. The modified dispersion relations are asso-
ciated with exotic and spurious modes, as already observed
in the first model. There exist parameter choices that are
connected to issues with causality. Another observation
was that some of the dispersion relations can exhibit
singularities, i.e., they become unphysical for a certain
range of momenta, which is enough to classify these modes
as spurious. However, we also found sectors for which the
dispersion laws do not suffer from any of the problems just
mentioned. Therefore, those can be considered as well
behaved according to the criteria that the current paper is
based on.
The results of the paper suggest which sectors of the

framework should be subject to quantization and which
ones should be discarded. These sectors are classified
according to the geometrical properties of the two 4-vectors
that the background tensor is composed of. Both spurious
and exotic modes were found dependent on choices of the
parameters. There is no need to introduce lower cutoffs of
the 4-momentum, which would be difficult to realize from a
physical point of view, anyway. Instead, the regions of
parameter space associated with a vicious classical behav-
ior should be removed from the theory. If the theories
proposed are subject to studies at the quantum level in the
future, the results of the paper demonstrate which sectors
could be quantized properly. Physical dispersion relations
must be clearly free of singularities. Modes without
violations of classical causality may be the preferred ones
to be studied. However, it ought to be taken into account, as
well, that superluminal velocities do not necessarily cause
problems at the quantum level, e.g., for microcausality [50].
One of the most significant questions to be answered in

future works would be related to gauge fixing. It was
mentioned in the paper that gauge fixing in vector field
theories including higher derivatives is evenmore subtle than
in the standard case. Whether or not the gauge fixing
conditions proposed in Ref. [23] for Podolsky’s theory are
still applicable in the Lorentz-violating case would be an
interesting aspect to investigate. Furthermore, to quantize the
theory, proper field operatorswill have to be constructed, and
a treatment of the spurious dispersion laws at the quantum
level would be mandatory. A related question is whether the
prescription of how to preserve (perturbative) unitarity,
which was introduced by Lee and Wick [28], still works.
Finally, the free theory should be coupled to fermions to be
able to study physical processes. Such questions have been
considered recently for a particular fermionic framework
including higher derivatives [51], but how to proceed in the
photon sector is still an open problem.

RODOLFO CASANA et al. PHYS. REV. D 97, 115043 (2018)

115043-18



ACKNOWLEDGMENTS

The authors are grateful to FAPEMA, CAPES, and CNPq (Brazilian research agencies) for invaluable financial support.

[1] D. Colladay and V. A. Kostelecký, Phys. Rev. D 55, 6760
(1997); 58, 116002 (1998); S. R. Coleman and S. L.
Glashow, Phys. Rev. D 59, 116008 (1999).

[2] V. A. Kostelecký and S. Samuel, Phys. Rev. Lett. 63, 224
(1989); Phys. Rev. D 39, 683 (1989); 40, 1886 (1989); Phys.
Rev. Lett. 66, 1811 (1991); V. A. Kostelecký and R. Potting,
Nucl. Phys. B359, 545 (1991); Phys. Rev. D 51, 3923
(1995); Phys. Lett. B 381, 89 (1996).

[3] V. A. Kostelecký and C. D. Lane, J. Math. Phys. (N.Y.) 40,
6245 (1999); V. A. Kostelecký and R. Lehnert, Phys. Rev. D
63, 065008 (2001); D. Colladay and V. A. Kostelecký, Phys.
Lett. B 511, 209 (2001); R. Lehnert, Phys. Rev. D 68,
085003 (2003); J. Math. Phys. (N.Y.) 45, 3399 (2004); B.
Altschul, Phys. Rev. D 70, 056005 (2004); G. M. Shore,
Nucl. Phys. B717, 86 (2005).

[4] W. F. Chen and G. Kunstatter, Phys. Rev. D 62, 105029
(2000); O. G. Kharlanov and V. Ch. Zhukovsky, J. Math.
Phys. (N.Y.) 48, 092302 (2007); B. Gonçalves, Y. N.
Obukhov, and I. L. Shapiro, Phys. Rev. D 80, 125034
(2009); S. I. Kruglov, Phys. Lett. B 718, 228 (2012); T. J.
Yoder and G. S. Adkins, Phys. Rev. D 86, 116005 (2012); S.
Aghababaei, M. Haghighat, and I. Motie, Phys. Rev. D 96,
115028 (2017).

[5] R. Bluhm, V. A. Kostelecký, and N. Russell, Phys. Rev.
Lett. 79, 1432 (1997); Phys. Rev. D 57, 3932 (1998); Phys.
Rev. Lett. 82, 2254 (1999); V. A. Kostelecký and C. D.
Lane, Phys. Rev. D 60, 116010 (1999); R. Bluhm and V. A.
Kostelecký, Phys. Rev. Lett. 84, 1381 (2000); R. Bluhm,
V. A. Kostelecký, and C. D. Lane, Phys. Rev. Lett. 84, 1098
(2000); R. Bluhm, V. A. Kostelecký, C. D. Lane, and N.
Russell, Phys. Rev. Lett. 88, 090801 (2002).

[6] S. M. Carroll, G. B. Field, and R. Jackiw, Phys. Rev. D 41,
1231 (1990); A. A. Andrianov and R. Soldati, Phys. Rev. D
51, 5961 (1995); Phys. Lett. B 435, 449 (1998); A. A.
Andrianov, R. Soldati, and L. Sorbo, Phys. Rev. D 59,
025002 (1998); C. Adam and F. R. Klinkhamer, Nucl. Phys.
B607, 247 (2001); B657, 214 (2003); V. Ch. Zhukovsky,
A. E. Lobanov, and E. M. Murchikova, Phys. Rev. D 73,
065016 (2006); A. A. Andrianov, D. Espriu, P. Giacconi, and
R. Soldati, J. High Energy Phys. 09 (2009) 057; J. Alfaro,
A. A. Andrianov, M. Cambiaso, P. Giacconi, and R. Soldati,
Int. J. Mod. Phys. A 25, 3271 (2010); Y. M. P. Gomes and
P. C.Malta, Phys. Rev. D 94, 025031 (2016); A.Martín-Ruiz
and C. A. Escobar, Phys. Rev. D 95, 036011 (2017).

[7] A. P. B. Scarpelli, H. Belich, J. L. Boldo, and J. A. Helayël-
Neto, Phys. Rev. D 67, 085021 (2003); R. Lehnert and R.
Potting, Phys. Rev. Lett. 93, 110402 (2004); Phys. Rev. D
70, 125010 (2004); C. Kaufhold and F. R. Klinkhamer,
Nucl. Phys. B734, 1 (2006); B. Altschul, Phys. Rev. D 75,

105003 (2007); H. Belich, L. D. Bernald, P. Gaete, and J. A.
Helayël-Neto, Eur. Phys. J. C 73, 2632 (2013).

[8] B. Altschul, Phys. Rev. Lett. 98, 041603 (2007); C.
Kaufhold and F. R. Klinkhamer, Phys. Rev. D 76,
025024 (2007); B. Altschul, Nucl. Phys. B796, 262 (2008).

[9] V. A. Kostelecký and M. Mewes, Phys. Rev. Lett. 87,
251304 (2001); Phys. Rev. D 66, 056005 (2002); Phys.
Rev. Lett. 97, 140401 (2006); C. A. Escobar and M. A. G.
Garcia, Phys. Rev. D 92, 025034 (2015); A. Martín-Ruiz
and C. A. Escobar, Phys. Rev. D 94, 076010 (2016).

[10] B. Altschul, Phys. Rev. Lett. 98, 041603 (2007); C.
Kaufhold and F. R. Klinkhamer, Phys. Rev. D 76, 025024
(2007); F. R. Klinkhamer and M. Risse, Phys. Rev. D 77,
016002 (2008); 77, 117901 (2008); F. R. Klinkhamer andM.
Schreck, Phys. Rev. D 78, 085026 (2008).

[11] A. Moyotl, H. Novales-Sánchez, J. J. Toscano, and E. S.
Tututi, Int. J. Mod. Phys. A 29, 1450039 (2014); 29,
1450107 (2014).

[12] M. Schreck, Phys. Rev. D 86, 065038 (2012); G. Gazzola,
H. G. Fargnoli, A. P. B. Scarpelli, M. Sampaio, and M. C.
Nemes, J. Phys. G 39, 035002 (2012); A. P. B. Scarpelli,
J. Phys. G 39, 125001 (2012); B. Agostini, F. A. Barone, F.
E. Barone, P. Gaete, and J. A. Helayël-Neto, Phys. Lett. B
708, 212 (2012); L. C. T. Brito, H. G. Fargnoli, and A. P. B.
Scarpelli, Phys. Rev. D 87, 125023 (2013).

[13] R. Jackiw and V. A. Kostelecký, Phys. Rev. Lett. 82, 3572
(1999); J.-M. Chung, Phys. Rev. D 60, 127901 (1999); M.
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