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NNLO QCD corrections to the polarized top quark decay #(1) — X, + W+
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We compute the next-to-next-to-leading order (NNLO) QCD corrections to the decay #(1) — X, + W™
of a polarized top quark. The spin-momentum correlation in this quasi two-body decay is described by the
polar angle distribution dI'/d cos 8p = g (1 + P,apcosBp), where P, is the polarization of the top quark
and ap denotes the asymmetry parameter of the decay. For the latter we find od™N-© = 0.3792 + 0.0037.
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I. INTRODUCTION

The number of single top quark events reported by the
LHC Collaborations ATLAS and CMS in Run 1 and 2 is
ever increasing. More and more single top quark events are
being seen at the LHC [1-4]. The present situation
concerning both ATLAS and CMS results on single top
production is nicely summarized in a review article by N.
Faltermann [5]. After Run 3 the LHC will operate in the
high luminosity mode with a projected total luminosity of
3 ab~!, which corresponds to approximately 10° single top
quark events. In the dominating t-channel process, which is
a weak production process, single top quarks are produced
with a large longitudinal polarization P, ~0.9 in the
direction of the spectator jet in the top quark rest frame,
and a slightly smaller polarization of P, ~ 0.8 for antitop
quarks [6-9]." Since the top quark decays so rapidly, it
retains its polarization from birth when it decays. The
dominant decay mode is the quasi two-body mode 7(1) —
X, + W' mediated by the quark level transition  — b
proportional to the CKM matrix element V,, ~ 1.

In this paper we study top quark polarization effects in the
quasi two-body decay #(1) — X, + W at next-to-next-to-
leading order (NNLO) in QCD. The NNLO results are
obtained in the form of a power series expansion in terms of

'Close to maximal values of the polarization of top quarks can
be achieved with moderate tuning of the longitudinal beam
polarization at the ILC (see, e.g., Ref. [10]).
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theratiox = myy/m;, where my, and m;, are the masses of the
W boson and the top quark, and we include terms up to x'°.
This analysis can be considered to be complementary to the
decay part of the recent numerical NNLO evaluation of
polarized top production and decay [11,12].

Since the decay is weak, the top quark is self-analyzing.
The angular decay distribution reads

1 dr 1
I:mzi(l+P,apcos9p), (1)
where 6p is the angle between the polarization direction of
the top quark and the momentum direction of the W+ (see
Fig. 1). The analyzing power for the polarization of the
decay is given by the asymmetry parameter ap where, at
leading order (LO), one has a® = (1 —2x2)/(1 + 2x?) =
0.398. Here and throughout this paper we set the bottom
quark mass to zero.

The measurements suggested here require the reconstruc-
tion of the momentum direction of the W boson, which is not
simple experimentally. However, the experimentalists have

FIG. 1. Definition of the polar angle 0p in the decay
(1) = X, + Wt
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devised sophisticated tools to reconstruct the W-boson
momentum direction for their analysis of the helicity fractions
in unpolarized top quark decays which can also be used in this
analysis.

This paper is organized as follows. In Sec. II we outline
the calculational methods used to obtain our result. In
Sec. III we provide a numerical analysis of the decay rate
and the asymmetry parameter. A summary and outlook are
given in Sec. I'V. Analytical results for the decay rate can be
found in the Appendix.

II. CALCULATION

Our calculation follows the approach used in
Refs. [13—15] for the calculation of the total unpolarized
decay rate and in Ref. [16] for the so-called helicity
fractions of the W boson. Using the optical theorem,
we compute the top-quark decay width from the imaginary
part of self-energy diagrams,

1
I'= o Im(%,), (2)
where X, is computed from one-particle irreducible self-
energy diagrams of the top quark. We sum over the spin
degrees of freedom of the W boson; i.e., we do not specify
its helicity components as has been done in Ref. [16]. Thus,
we use the unitary gauge form for the spin sum,

S eme(m) =P =—g# + L (3)

2 b
iy nyy

which enters our calculation in the numerator of the
W-boson propagator. Here ¢ is the momentum of the
WT. At LO we have g = p, — p,, where p, and p,
are the momenta of the top and bottom quark, respectively.

It is clear that the polar angle distribution is sensitive to
the longitudinal polarization vector of the top quark, sf’” .
We have

= tr((p, + mt)'b/tf}/SZ)? (4)

where i is the sum of the top-quark self-energy diagrams.
In the rest frame of the top quark, the polarization vector
reads s,f’” = (0;0,0,1); i.e., the three-dimensional polari-
zation vector points in the direction of the momentum of the
W boson (z direction in Fig. 1). For our calculation we
require a covariant representation of the longitudinal
polarization four-vector s/, which is given by

1 .
‘o u P:q ﬂ)
st == == ph ). (5)
tdl ( m;
where |G| = /42 — ¢°. The polarization four-vector s*
can be seen to satisfy p, - s/ = 0 and s/ - s/ = —1, where
we use the fact that p, - ¢ = m,q, in the rest system of the top
quark. Just as in the case of the helicity fractions, we find that

due to the polarization vector we have to deal with the
modulus of the W momentum three-vector in the denom-
inator of the expressions for the self-energy diagrams.

There are 38 three-loop diagrams altogether. Since we
use the unitary gauge for the W boson, there is no need to
include Goldstone bosons in the Feynman diagrams. For
the gluons we use the covariant R; gauge with the spin sum
P (R:) = —g" + Ek*k* /K*, where € is an arbitrary gauge
parameter. We have checked that the gauge-parameter
dependence cancels in the final result. Since we only
require traces involving an even number of ys matrices,
we can work with a naively anticommuting ys [17,18].

After setting the bottom-quark mass to zero, the Feynman
integrals corresponding to the top-quark self-energy dia-
grams depend on two scales: the hard scale m, and the soft
scale my,. We then employ the method of regions (see, e.g.,
Ref. [19]) to construct an expansion around the limit where
the ratio x = my /m, of the two scales tends to zero. Here,
we have to consider two regions for each loop momentum
(the loop momenta are chosen to be the momenta of the
gluons and the W boson). In the so-called hard region, all
components of a loop momentum k scale like the hard scale
k# ~m, for u € {0,1,2,3} and in the so-called soft region
all components scale like the soft scale k# ~ my. In each
region we then expand the integrand according to the scaling
of all loop momenta. If the momentum of a gluon is soft, the
corresponding loop integral becomes scaleless and is set to
zero in dimensional regularization. We are therefore left with
only two contributions for each integral: one where all loop
momenta are hard and one where the gluon momenta are
hard, but the momentum of the W boson is soft.

This expansion also makes it easier to deal with the
unwieldy normalization factor 1/|g| appearing in the
covariant representation (5). In the hard region, we can
express it in terms of a power series in 1/N?, where N =
(p: +q)* —m? = 2p,q + ¢* is the denominator of a top-
quark propagator with momentum p, + ¢. Again using
P+ g = m,qqy, we find

4m?|G* = (N?> = 2¢°N + ¢* — 4m?q?), (6)

which then leads to the expansion [16]

L _2mn (20N (24N =" gt o)
lgh N &\ 4N? '

In our calculation of the Feynman diagrams, we are only
interested in the imaginary part due to a cut through the
W-boson line. Thus, we can replace ¢ by m?, in Eq. (7).
The series is then truncated at the desired order in x.

In the soft region, it is not possible to construct an
expansion of |g|, since |g|> = g5 — m}, and gy ~ my in the
soft region. However, in this region the loop containing
the W boson factorizes from the remaining diagram due to
the expansion. Therefore, the only integrals that have to be
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modified are one-loop massive tadpole integrals, which are
relatively simple.

After the expansion, all remaining integrals depend only
on a single scale and are thus easier to compute. However,
the denominators of the expanded propagators are now
raised to higher powers. We use the program rows [20],
which implements the so-called Laporta algorithm [21,22],
to reduce all of these integrals to a small set of so-called
master integrals. Compared to the calculation of the
unpolarized decay rate and the helicity fractions, we do
not encounter any new master integrals.

III. NUMERICAL RESULTS

Our analytical results can be found in the Appendix to
this paper. For the numerical evaluation of the analytical
expression we use the values m, = 173.1 = 0.6 GeV,

my = 80.385 +0.015 GeV, and o\ (m,) =0.1182 +
0.0012 [23]. The strong coupling constant is then evolved
to the required scale using five-loop running. Note that our
result is expressed in terms of the strong coupling constant
with six active flavors, whereas the initial value aES) (mZ) is
defined with only five. Thus, we also have to use the
(four-loop) decoupling relation to translate the latter into
the former. All of this is achieved with the help of version 3
of the program RunDec [24,25]. Our central value is
¥ (m,) = 0.1078.

We present our results in terms of the reduced helicity
rates fa defined by

GFmt |Vth|

8\/§7t Fa

I = (8)

The total unpolarized and polarized rates are denoted by
a=U+L and a= (U+L)", where L refers to the
longitudinal and U to the unpolarized-transverse polariza-
tion of the W boson (the latter is the sum of the two
transverse polarizations). We then expand the reduced rates
up to the second order in the strong coupling constant «; as

A A R ‘ A N2
e =610 (3) 02 () o

where o, = a'® (m,) is defined with six active flavors and

evaluated at the renormalization scale y = m,. Furthermore,
we define the coefficients in the x = my/m, expansion by

10 10

FUNO 3 POy PO Y PO (1)
i=0 i=0

For f‘ﬁL we use the result of Ref. [14]. Note that the

coefficients of [, ; contain logarithms of x. In principle,
the sums run up to infinity, but in practice we only calculated

TABLE I. Numerical values for coefficients in the X expansion
of the unpolarized and polarized reduced rates IHNY NEO and FNUNJEBP
[cf. Eq. (10)]. The results for the rates are given in the last line. In
the third and fourth column we list the values of the asymmetry
parameter at NLO and NNLO at a given order n in the x

expansion [cf. Eq. (11)].

n f*I:NLO f‘II\JI,I:LO C(B\JILO ( I’l) aI}\jNLO ( I’l)
0 +0.88690  +0.88360  0.99671  0.99628
2 4007452 —-3.65421  0.11502  0.10582
4 —2.93225  +4.93143 042533 042381
5 0 ~0.31636  0.41792  0.41490
6 202534 —2.08447 038221  0.37763
7 0 +0.23471 038338 0.37901
8 ~0.15921  —0.00614 038351 037916
9 0 +0.01129 038352 037918
10 —0.03276  —0.00048 038352 037919
PNNLO 1078655 +0.29825

the terms up to O(x'?). This is sufficient to provide areliable
approximation of the full result. Up to the order O(x") we
then calculate the NLO and NNLO values of the asymmetry
parameter according to the ratio

s F NNLO ;

N)NLO
ap MO (n) = = F( o (11)
i=0" i

1

where I" NLO s defined as in Eq. (9), but with f‘,(,z) set to zero.

In Table I we give numerical results for the coefficients
of the reduced rates and the asymmetry parameter.
Analytical results are given in the Appendix. For the
reduced rates, we find that the absolute values of the
coefficients in the power series in x decrease when
the power of x increases. The convergence of the x
expansion is also illustrated in Figs. 2 and 3. Figure 2

shows the O(a,) and O(a?) contributions to F?Ilﬂ“gp as

functions of x. We observe in both cases that adding terms
beyond x leads only to small changes at the physical value
of x. Furthermore, the results truncated after x3 and x!© are
visually indistinguishable even up to x = 0.6. A similar
behavior can be observed for oiN-C in Fig. 3. (The figure
for ait© would look very similar due to the smallness of
the O( 2) correction.) Finally, we note that the unexpanded

result for FE U> L)

tinguishable from the n = 10 curve in the upper panel of
Fig. 2. Thus, we have good convergence behavior, and the
truncation of the series does not change the result for all
practical purposes. Indeed, we can see in Table I that the

difference between afo >NLO(10) and aEDN)NLO(S) at the
physical value for x is already at the level of 107.

In order to determine the precision of our final result
for the asymmetry parameter, we consider the following
sources of uncertainties:

given in the Appendix would be indis-
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FIG. 2. The O(a,) and O(af)(kcontributions to f?ﬁi‘g)p as

functions of x. The coefficients lA“P’Z are defined analogously to

the ones in Eq. (10), but for lA“E];]) L) instead of f?g}gp. Our
(6)

central value for a; (m;) is used throughout. The vertical
line indicates the physical value of x. Note that the lines for
n = 8 lie below the ones for n = 10.
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FIG. 3. of™O(n) as a function of x. Our central value for

aff)(mt) is used throughout. The vertical line indicates the

physical value of x. Note that the lines for n =6 and n =8
lie below the one for n = 10.

(1) The uncertainty in the mass of the top quark. This is
the largest source of uncertainty in our result. We
note that in our calculation we have employed
the pole mass definition for the top quark, whereas

the numerical value corresponds to the so-called
Monte-Carlo mass parameter. This difference adds
an additional uncertainty to our result, which is,
however, currently not precisely known and not
included in our analysis. (Recent efforts to determine
this difference can be found in Refs. [26,27].)

(i) Higher orders in QCD. We estimate the size of
unknown higher order corrections by taking half the
difference between aiN-0(10) and a¥'°(10).”

(iii) The strong coupling constant. In addition to the
uncertainty in the value of o (my), we also vary the
decoupling scale at which the five-flavor value is
translated to the six-flavor one. However, the effect
of the latter is completely negligible.

(iv) The uncertainty in the mass of the W boson.

(v) The truncation of the series in x. We estimate this
effect by taking the difference between a3 (10)
and a¥™O(8). As can be seen from Table I, this
uncertainty is very small.

(vi) Nonzero bottom-quark mass. We estimate the error
due to setting m;, to zero by taking the difference to
N0 (10) computed as before, but with m;, = 5 GeV

in the Born-level contributions fg% ;, and IA“E(L) L)

Our final result is

afNLO = 0.3792 + 0.0029(m,) + 0.0022(higher orders)
+0.0002(at,) = 0.0002(1ny)

+ 0.00002(truncation)
+0.0004(m,, # 0) (12)
= 0.3792 + 0.0037. (13)

In the last line, we have added the different uncertainties in
quadrature. It is important to note that the above result
includes only QCD corrections. However, at this level of
precision, electroweak corrections can also play a role.
Since the electroweak NLO corrections to f(U 4p)r are
currently unknown, we make an estimate of their size by
looking at the known corrections to the helicity fractions,
where they increase the Born-level results by roughly 2%
[28]. The total decay rate is shifted by a similar amount
[29,30]. Taking both of these corrections into account
changes our result for o0 only at the permille level,
which is well within our uncertainty estimate.

IV. SUMMARY AND OUTLOOK

We have presented analytical and numerical results on
the NNLO coefficients of a power series expansion of the

*Alternatively, one could also vary the renormalization scale
by a factor two around the central value y = m,. This would give
a value that is roughly one half of the one from our chosen
method.

094008-4



NNLO QCD CORRECTIONS TO THE POLARIZED TOP ...

PHYS. REV. D 97, 094008 (2018)

polarized decay rate where we have expanded in the mass
ratio x = my /m,. Including the previously calculated LO
and NLO results and the NNLO result for the unpolarized
decay rate, we obtain a O(a?) result for the asymmetry
parameter ap determining the angular decay distribution of
a polarized top quark decay. It would be interesting to
experimentally check on the size of the asymmetry param-
eter in polarized top quark decays.

It is interesting to observe that the power series expan-
sion of the parity-odd polarized rate f,‘;) contains both even
and odd powers while the parity-even unpolarized rate
contains only even powers of x. This follows the pattern
observed in the NNLO calculation of the helicity fractions
[16]. We regret to say that we are lacking a deep under-
standing of this pattern. We mention that the electroweak
NLO corrections to the structure functions do not follow
this pattern.

In this paper we have summed over the three helicities of
the W boson. It would be interesting to repeat the
calculation for the three helicity components of the W
boson separately. The corresponding decay distribution is
given by

1 1(3 X
592 02l + TP, cos0
chosﬁpdcos 2{8 +cos0)*(I'y + 1P, cos Op)
3
8

(1 —cos@)*(I"_ +1T7P,cos0p)

3 A
—l—ZSian(FL +TPP,cos ep)}. (14)

It should be clear that all three asymmetry parameters
af = I/ (j = +. -, L) must satisfy the positivity con-
dition |af| < 1.

The LO Born term values for the unpolarized and
polarized structure functions are given by [31,32]

f“ = =0,
— (1 —x2)2, TP =_2x2(1 - 2?2,
=(1-x»)%  IP=(1-x~ (15)
J
53 46 7 4 49
Puin = Cr {ZJFE —O g = 50
) 15 17 , 1324 , 31 . 48868
F pu— _——— e - T -
w+L) F{ 478" T 2257 736" 11025

23
288 6615 100™

7

The LO asymmetry parameter af is undetermined for the
transverse-plus rate and maximal for the transverse-minus
and longitudinal rates. This has to be compared to the total
LO asymmetry parameter a5’ = 0.398, which is far from
being maximal.

Including the NLO corrections, one obtains |/
for all three asymmetry parameters [32]. ThlS is very
gratifying from the point of view that the O(a,) asymmetry
parameters satisfy the necessary positivity condition
la¥| < 1. We expect that the inclusion of NNLO results
in the calculation of the asymmetry parameter will retain
this feature.

PNLO| <1
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APPENDIX: ANALYTICAL RESULTS

In this Appendix we provide the analytical results for the
reduced rates defined in Egs. (8) and (9).

1. LO Born term contributions

[ = (1=2P2(1+22%),
(0
B0, = (1= x2)(1 = 242), (A1)

2. NLO a,-corrections

Using the techniques described in the paper, we calculate
the NLO corrections in a, in terms of a series expansion in
the mass ratio x = my,/m,. One has

4 3 2
—x10—2(1 = x2)2(1 +2x*)¢(2) + <3 —=x2+=xt+ —x6>x4 lnx} ,

3 2 5

884 3

e EARRIERELcl] NS

where Cr = (N2 —1)/(2N,) = 4/3 for N. = 3 colors and ¢ denotes the Riemann zeta function. These results can be
compared with the x expansion of the closed form results calculated in Refs. [31,32]. One has
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1 1
Z(l —x?)(5+9x% —6x*) = 2x2(1 + x*)(1 = 2x*) In x —5(1 —x3)2(5+4x*)In(1 — x?)

fg)ﬂ = CF{
. . 71'2
=2(1=x%)2(1 +2x?) (2L12(x) + 2Liy(=x) + InxIn(1 — x?) +€>},
R 1 1
= {_Z (1= 2(15 + 20 = 527 = 1226 + 2%) + (1 +42°)(2) =5 (1 = )*(1 = 4%) In(1 - x)

(1=x*)(3=x2)(1 4+ 4x?)In(1 + x) = 2(1 = x*)?(1 = 2x?)Liy(x) + 2(2 + 5x* = 2x%)Li,(=x) |, (A3)

l\)|>—

where Li, denotes the dilogarithm function. We have found agreement in this comparison.

3. NNLO a?-CORRECTIONS

We present our results in terms of the color-flavor decomposition

P2 = ColC BP0 + Y 4+ N, T 4 Ny TR0, (A4)

where C, =N, =3, Tr=1/2, N, =5, and Ny = 1. The coefficients of lA“g)H‘ were calculated in Ref. [14] and are

presented here for completeness. We have

~(2F) 73 , 71537 , 16499 1586479 11808733 |, (E_ﬂ2 31979 +13589x6>x4lnx

| A S
0 =5 e e = 55500 6480000 24 72 8640 13500

119 123, 523, 407 . 2951 , 37 ,, (57 81,
Y (e e e e Y W 2l 0 (22616 | In2
(8 R T T YT AT A S

15 20 3 1 53 295 7 9 6
+ (——— 2 4= 4+§x6>x4lnx>§(2)— <§—3—2x4+5x6—§x8—§x10>4‘(3)

47377y
U0 191, 21
(8+41 +— Ix>g(4),
plr 35 345 , 132413, 6991909 o 1931557 ;13210017881 ; 68041043843 ,
(L) = 7487 48 T 11520 405000 | 72576 972405000 1219276800
| 92602080451 , 4454582599 ,, (35 . 1889 , 862 5 4529 . 87146 ; 1674161
- —— —— =X - X — X
35006580000" 14515200 &\ 4 320 775 T2 T 025t T 0216
31246 , 122414357 ,, (55 93 , 1279 . 64787 , 24113
S (i 1o P Bl 6_ 8 _ x1% )12 )2
19845" 230400 (2 R R TR T ) )C()
05 113 , 5927 , 70097 , 11855441 , 286453 ,,
2 22 - 3
(8 7 760" T 107520 s06 * )¢

gt N Ty 2
521,91 , 12169 , 13685 . 420749 ( 4868261 ,, (73 1121 , 11941 , 153397 (\
o § 216" 3456 " T10s000" )* ™

3 177, 605 , 337 . 171 , 171 1 1
- (— — x4 4+—x6—|—7x8+—x10>€(4)—4(1—2x2)(2—2x2—|—x4) <Li4 (5) —ln22{,’(2)+ﬂln42),

(2, =4 —x>— X x°
7576 48 576 864~ 103680" 12960000

(505 329 2171 , 47 3263 o 557 |, <57 81 3 )ln2
S X ———x*-3x

a2 T os N T T 2308" 800 416

9 9, 3 9 377, 19, 9. 3
—(Z42 2,74, 7 6 41 2 o _~6_~.8___~ 10 3
<8+ SRR )x nx)(( )J“(mjL R LT >C( )

1139, 385, 43
DR PR e ) 4
+<16 e 16x+8x)é( )
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o (3155 15, 5213, 645811 ; 6888169 19545586 , 7008567101 ,
= —— — X" — x X
W+ = 7192 T16" T 384 T 40500 T ' 259200 © | 1929375~ ' 101606400
8723471549 , 117991469621 ,, (1129 455 , 3229 , 31 . 373 , 353 .
x AT (e ol U B
26254935000 609 638400 144 18 192" T225" T1agt 7735
345851 1853 o 35471879\, (55 19 , 93 , 1279 . 64787 , 24113
- - (R e - - n2 )¢
6144 28357 T 153600 4 20 T T Y T sz YT e ¢@)
191 427 , 6329 , 4909 . 12031441 4301531
—_—— xt— x° - x'£(3)
16 24" T1927 T8 215040 26880
9 117, 531, 373, 93, 93
(Pl 2 T e s 7 4
(4+8x+16x+8x+2x+2x ¢(4)
|
12(1-222)(2 = 222 + 1) (Li4 (5) —In22¢(2) + —41n42>
. 419, 745 , 5839 4253 . 689 710, 17, 7
for I 4 6 8 _ wo_(L_oa  2hay T o6) 4
Uit =TT T T Teea0™ T 270007 (2 3V TR it >x e
23 4, 31, 14, 3, 2
(18+§x —Fx“—{— i +§x8+§x10)é’(2)+(1—x2)2(1—|—2x2)4‘(3),
. 19 1, 1565, 20249 o 9319 , 437779 , 513487 , 4993343 , 284003
por U 1o 4 8 O 10
W+1)" =4 T2 T8 3375 © T 6480°  128625" 7257607  12502350° 2268000
10 44, 5, 8, 7, 4 4, 25, 10
R L Y. 2)— (3202 + 254 =258 )£ (3).
+<9 9x+6x+9x 8" ~15* ¢(2) 3x+3x 3x ¢(3)
jop 12991 35 , 6377, 319 T6873 , 237107
UL = — X" ————X X X
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