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Recently, a double-copy formalism was used to calculate gravitational radiation from classical Yang-
Mills radiation solutions. This work shows that the Yang-Mills theory coupled to a biadjoint scalar field
admits a radiative double copy that agrees with solutions in the Einstein-Yang-Mills theory at the lowest
finite order. Within this context, the trace-reversed metric h̄μν is a natural double copy of the gauge boson
Aμa. This work provides additional evidence that solutions in gauge and gravity theories are related, even
though their respective Lagrangians and nonlinear equations of motion appear to be different.
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I. INTRODUCTION

The Lagrangians and equations of motion for gauge and
gravity theories appear to be rather different. Nevertheless,
there are intriguing double-copy connections between their
solutions. This includes the Kawai-Lewellen-Tye (KLT)
tree-level relations between gauge and gravity amplitudes
in string theory [1] and the Bern-Carrasco-Johansson (BCJ)
double-copy relations between diagrams in quantum field
theory [2]. The BCJ double-copy relations are based on
color-kinematics duality, which gives particularly simple
constructions of gravity amplitudes starting from gauge-
theory amplitudes.
At tree level the BCJ amplitude relations are proven [3–7].

Numerous calculations at higher loops provide evidence for
the loop-level double-copy conjecture [8–11], and progress
has been made to understand analogous monodromy rela-
tions, extending KLT relations to loop level [12–17].
Einstein-Yang-Mills scattering amplitudes [18–21] can also
be found via the double copy [22–24] using the Cachazo-He-
Yuan (CHY) formalism [25]. Biadjoint scalar fields can be
used to find solutions in Yang-Mills [26], and solutions in a
Yang-Mills-biadjoint-scalar theory have been shown to give
scattering amplitudes in Einstein-Yang-Mills [27–29].
With the recent experimental detection of gravitational

waves by LIGO [30], precision calculational tools for
gravitational wave emission are essential. Exploiting
color-kinematics duality to relate radiation solutions
between Yang-Mills and general relativity is attractive

because general relativity is difficult to solve and the
double copy has been shown to work for a wide variety
of gravity theories [31–33] The connection between radi-
ation solutions of gauge theory and gravity has been
described recently [34–40]. The first example of using
the radiative double copy to find nonlinear terms in general
relativity utilized perturbative Yang-Mills solutions [41].
Similarly a biadjoint scalar field can be used to find Yang-
Mills radiation [42].
This work builds off the radiative double copy for general

relativity found by Goldberger and Ridgway [41] to find
gravitational radiation in Einstein-Yang-Mills theory. By
comparing the differential equations of the sources and fields
in gauge theory and gravity, radiative diagrams are used to
represent specific algebraic terms. Solutions in gravity can be
found from Yang-Mills theory, and the diagrams with three-
point vertices can be computed by stitching lower-order
solutions together. At leading order, the trace-reversedmetric
[43], h̄μν, is a natural double copy of theYang-Mills potential
Aμa [44]. Motivation for a perturbative double copy can be
seen at the Lagrangian level, as the linearized gravity
Lagrangian is quite similar to the QED Lagrangian,
a linearized version of the Yang-Mills Lagrangian.
Similarly, these two theories both have an analogous linear-
ized wave equation. Remarkably, radiation solutions of
nonlinear gauge and gravity theories are related, at least
when iterated perturbatively. A double copy of Yang-Mills-
adjoint-scalar theory is also briefly mentioned, which can
recover radiation solutions in the Einstein-Maxwell theory.
While this paper focuses on classical solutions that could

be calculated with more traditional methods [45–54], the
hope is that the radiative double copy could help with
difficult calculations that may be more cumbersome to do
in general relativity alone. As more experimental data for
gravitational radiation is collected, new methods for cal-
culating complicated radiation processes are encouraged.
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Section II calculates radiation in the Yang-Mills-biad-
joint-scalar theory. Section III calculates radiation in the
Einstein-Yang-Mills theory and the double copy is con-
firmed by direct calculation. Section IV states our con-
cluding remarks. Appendix A calculates details of the
gravitational contribution to the energy momentum pseu-
dotensor and Appendix B gives radiative Feynman rules for
simple diagrams with three-point vertices.

II. RADIATION IN YANG-MILLS-
BIADJOINT-SCALAR THEORY

A. Equations of motion and initial conditions

In this section, the non-Abelian radiation field for the
Yang-Mills-biadjoint-scalar field theory is computed to first
order in the weak-field approximation. To start, the
Lagrangian associated with the Yang-Mills-biadjoint-scalar
theory is

L¼−
1

4
Fa
μνFμνaþ 1

2
DμΦãaDμΦãa −

y
3
fabcfã b̃ c̃ΦãaΦb̃bΦc̃c

− gJμaAa
μ − yJãaAãa; ð2:1Þ

where fabc and fã b̃ c̃ refer to structure constants of different
groups, the biadjoint scalar Φãa has an index associated
with each gauge group, and y ¼ −igg̃=2 relates the con-
ventions of Ref. [27] with the conventions of Refs. [26,42].
In principle, there could be an OðΦ4Þ term in the
Lagrangian, but the coupling constant would have different
dimensions than y and is not needed for the double copy.
The non-Abelian field strength is given by

Fa
μνðxÞ ¼ ∂μAa

νðxÞ − ∂νAa
μðxÞ − gfabcAb

μðxÞAc
νðxÞ; ð2:2Þ

and the mostly minus metric will be used, such that
ημν ¼ diagð1;−1;−1;−1Þ. The covariant derivative is
given by

DμΦãaðxÞ ¼ ∂μΦãaðxÞ − gfabcAb
μðxÞΦãcðxÞ: ð2:3Þ

The equations of motion for the Yang-Mills field is

DμFμνaðxÞ − gfabcΦãbðxÞDνΦãcðxÞ ¼ gJνaðxÞ; ð2:4Þ

where JμaðxÞ is a non-Abelian vector current acting as a
source for the Yang-Mills field and is covariantly con-
served, such that DμJμa ¼ 0. The equation of motion for
the biadjoint scalar field is

∂μDμΦãaðxÞ − gfabcAb
μðxÞDμΦãcðxÞ

− yfabcfã b̃ c̃Φb̃bðxÞΦc̃cðxÞ ¼ yJãaðxÞ: ð2:5Þ

For N colliding charged particles, the worldline of particle
α is xμαðτÞ ¼ bμα þ vματ for τ → −∞. These initial conditions

specify an impact parameter bμαβ ¼ bμα − bμβ and a constant
initial velocity vμα which satisfies v2α ¼ 1. For arbitrary
times near and after the collision,

xμαðτÞ ¼ bμα þ vματ þ zμαðτÞ; ð2:6Þ

where zμαðτÞ is the deflection due to the Yang-Mills and
biadjoint scalar fields. The vector source for N colliding
charged particles is

JμaðxÞ ¼
XN
α¼1

Z
dτcaαðτÞvμαðτÞδdðx − xαðτÞÞ; ð2:7Þ

where α is a particle number label, vμαðτÞ ¼ dxμαðτÞ
dτ is the

velocity, and caαðτÞ is the associated adjoint color charge
[55]. The biadjoint source JãaðxÞ for N particles is

JãaðxÞ ¼
XN
α¼1

Z
dτcãαðτÞcaαðτÞδdðx − xαðτÞÞ; ð2:8Þ

where it is assumed that the color charges cãαðτÞ and caαðτÞ
are in two different gauge groups.
The Lorenz gauge is taken by setting ∂μAμa ¼ 0. In order

to simplify these equations, the explicit dependence on the
covariant derivatives is removed and gauge dependent
sources Ĵμa and J̃ãa are defined such that

□AμaðxÞ ¼ gĴμaðxÞ; □Φãa ¼ yĴãa; ð2:9Þ

where □≡ ∂ν∂ν. With these definitions, the pseudovector
source is

Ĵμa ¼ Jμaþfabc½Ab
νð∂νAμcþFνμcÞþΦãbDμΦãc�; ð2:10Þ

where the pseudovector is locally conserved, ∂μĴ
μa ¼ 0.

The pseudoscalar source is given by

Ĵãa ¼ Jãa þ g
y
fabc

�
∂μðAμbΦãcÞ þ AμbDμΦãc

þ y
g
fã b̃ c̃Φb̃bΦc̃c

�
: ð2:11Þ

Similar to the worldline xμαðτÞ, the color charges are
dynamical and are given initial conditions caαðτÞ ¼ caα and
cãαðτÞ ¼ cãα for τ → −∞. For times near and after the
collision,

caαðτÞ ¼ caα þ c̄aαðτÞ; cãαðτÞ ¼ cãα þ c̄ãαðτÞ; ð2:12Þ

where c̄aαðτÞ and c̄ãαðτÞ are the corrections due to the Yang-
Mills and biadjoint scalar fields. The time evolution of the
momentum is
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dpμ
αðτÞ
dτ

¼ gcaαðτÞFμνaðxαðτÞÞvανðτÞ
− y∂μΦãaðxαðτÞÞcaαðτÞcãαðτÞ; ð2:13Þ

and the time evolution of the charges is

dcaαðτÞ
dτ

¼ gfabcvμαðτÞAb
μðxαðτÞÞccαðτÞ

− yfabcΦb̃bðxαðτÞÞcb̃αðτÞccαðτÞ;
dcãαðτÞ
dτ

¼ −yfã b̃ c̃Φb̃bðxαðτÞÞcbαðτÞcc̃αðτÞ: ð2:14Þ

These summarize all of the equations needed to iteratively
solve for radiation in Yang-Mills-biadjoint-scalar theory
within a weak-field approximation.

B. Solutions of the radiation fields

For weak fields, the lowest-order sources can be found
from the initial conditions. The pseudocurrents in momen-
tum space are

ĴμaðkÞjOðg0Þ ¼
XN
α¼1

eik·bαð2πÞδðk · vαÞvaαcaα;

ĴãaðkÞjOðy0Þ ¼
XN
α¼1

eik·bαð2πÞδðk · vαÞcãαcaα; ð2:15Þ

which can be utilized to find the Yang-Mills and biadjoint
scalar fields to lowest order from Eq. (2.9), giving

AμaðxÞjOðg1Þ ¼ −g
XN
α¼1

Z
l
ð2πÞδðl · vαÞ

e−il·ðx−bαÞ

l2
vμαcaα;

ΦãaðxÞjOðy1Þ ¼ −y
XN
α¼1

Z
l
ð2πÞδðl · vαÞ

e−il·ðx−bαÞ

l2
cãαcaα:

ð2:16Þ

The lowest-order fields can be used to find the deflec-
tions of the sources, given by

mα
d2zμαðτÞ
dτ2

����
Oðg2Þ

¼ gcaαð∂μAνaðxαðτÞÞjOðg1Þ

− ∂νAμaðxαðτÞÞjOðg1ÞÞvαν;

mα
d2zμαðτÞ
dτ2

����
Oðy2Þ

¼ −y∂μΦãaðxαðτÞÞjOðy1Þcãαcaα: ð2:17Þ

Plugging in the derivatives of the lowest-order fields gives

mα
d2zμαðτÞ
dτ2

����
Oðg2Þ

¼ ig2
X
β≠α

ðcaαcaβÞ
Z
l
ð2πÞδðl ·vβÞ

e−il·ðbαβþvατÞ
l2

× ½ðvα ·vβÞlμ−ðvα ·lÞvμβ�;

mα
d2zμαðτÞ
dτ2

����
Oðy2Þ

¼−iy2
X
β≠α

ðcaαcaβÞcãαcãβ
Z
l
ð2πÞδðl ·vβÞ

×
e−il·ðbαβþvατÞ

l2
lμ: ð2:18Þ

Note that writing the color charge contraction as cα · cβ
would be ambiguous with our notation, as caαcaβ and cãαcãβ
are distinct. The first correction of the color charges to
second order in g is given by

dc̄aαðτÞ
dτ

����
Oðg2Þ

¼ gfabcvμαAb
μðxαðτÞÞjOðg1Þccα;

dc̄aαðτÞ
dτ

����
Oðy2Þ

¼ −yfabcΦb̃bðxαðτÞÞjOðy1Þcb̃αccα;

dc̄ãαðτÞ
dτ

����
Oðy2Þ

¼ −yfã b̃ c̃Φb̃bðxαðτÞÞjOðy1Þcbαcc̃α: ð2:19Þ

Once again, plugging in the lowest-order fields gives

dc̄aαðτÞ
dτ

����
Oðg2Þ

¼ −g2
X
β≠α

fabccbβc
c
αðvα · vβÞ

×
Z
l
ð2πÞδðl · vβÞ

e−il·ðbαβþvατÞ

l2
;

dc̄aαðτÞ
dτ

����
Oðy2Þ

¼ y2
X
β≠α

fabccbβc
c
αcb̃αcb̃β

Z
l
ð2πÞδðl · vβÞ

×
e−il·ðbαβþvατÞ

l2
;

dc̄ãαðτÞ
dτ

����
Oðy2Þ

¼ y2
X
β≠α

fã b̃ c̃cb̃βc
c̃
αcbαcbβ

Z
l
ð2πÞδðl · vβÞ

×
e−il·ðbαβþvατÞ

l2
: ð2:20Þ

These deflections can be utilized to find the sources to next
order, which give the lowest-order radiation fields.
Taking the Fourier transform of Eq. (2.7) and integrating

over the delta function gives

JμaðkÞ ¼
XN
α¼1

Z
dτeik·xαðτÞ

�
vμα þ dzμαðτÞ

dτ

�
ðcaα þ c̄aαðτÞÞ:

ð2:21Þ

Expanding these results perturbatively in g and y gives
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JμaðkÞ ¼
XN
α¼1

Z
dτeik·ðbαþvατÞ

�
ð1þ ik · zαÞvμαcaα þ vμαc̄aα þ

dzμα
dτ

caα

�
þOðg2y2Þ; ð2:22Þ

where explicit τ dependence has been suppressed and only terms to second order in g or y are kept. Integrating Eqs. (2.18)
and (2.20) allows for the second-order current to be found, which has Yang-Mills and biadjoint scalar contributions given by

JμaðkÞjOðg2Þ ¼ g2
XN
α¼1
β≠α

Z
lα;lβ

μα;βðkÞ
l2α

k · vα

�
ifabccbαccβðvα · vβÞvμα þ

cbαcbβ
mα

caα

�
−vα · vβ

�
lμβ −

k · lβ
k · vα

vμα

�
þ k · vαv

μ
β − k · vβv

μ
α

��
;

JμaðkÞjOðy2Þ ¼ y2
XN
α¼1
β≠α

cãαcãβ

Z
lα;lβ

μα;βðkÞ
l2α

k · vα

�
cbαcbβ
mα

caα

�
lμβ −

k · lβ
k · vα

vμα

�
− ifabccbαccβv

μ
α

�
; ð2:23Þ

where an extra integral over lα was added with a momen-
tum conserving delta function such that k ¼ lα þ lβ and

μα;βðkÞ ¼
�
ð2πÞδðvα · lαÞ

eilα·bα

l2α

��
ð2πÞδðvβ · lβÞ

eilβ ·bβ

l2β

�
ð2πÞd

× δdðk− lα − lβÞ: ð2:24Þ

The nonlinear field contributions to the pseudovector are
represented by jμa, which gives the following second order
contributions:

jμaðkÞjOðg2Þ ¼ g2
XN
α¼1
β≠α

ifabccbαccβ

Z
lα;lβ

μα;βðkÞ

× ½2k ·vβvμα−vα ·vβl
μ
α�;

jμaðkÞjOðy2Þ ¼ y2
XN
α¼1
β≠α

ifabccbαccβc
ã
αcãβ

Z
lα;lβ

μα;βðkÞlμα: ð2:25Þ

While Jμa and jμa were computed algebraically, they
also can be represented diagrammatically. Figure 1 depicts

the diagrams associated with Ĵμa to second order in g and y.
The six diagrams are defined as

ð1aÞμaðkÞ≡XN
α¼1

Z
dτeik·ðbαþvατÞ

×

�
vμαc̄aαðτÞjOðg2Þ þ caα

dzμαðτÞ
dτ

����
Oðg2Þ

�
;

ð1bÞμaðkÞ≡XN
α¼1

Z
dτeik·ðbαþvατÞik · zαðτÞjOðg2Þv

μ
αcaα;

ð1cÞμaðkÞ≡ jμaðkÞjOðg2Þ;

ð1dÞμaðkÞ≡XN
α¼1

Z
dτeik·ðbαþvατÞ

×

�
vμαc̄aαðτÞjOðy2Þ þ caα

dzμαðτÞ
dτ

����
Oðy2Þ

�
;

ð1eÞμaðkÞ≡XN
α¼1

Z
dτeik·ðbαþvατÞik · zαðτÞjOðy2Þv

μ
αcaα;

ð1fÞμaðkÞ≡ jμaðkÞjOðy2Þ; ð2:26Þ

α

β

α

(b)(a)
β

α

(c)
β

α

β
(d)

α

β
(f)

α

β
(e)

FIG. 1. These diagrams represent all of the contributions to Ĵμa in Yang-Mills-biadjoint-scalar theory. Straight lines represent matter
fields, curly lines represent Yang-Mills fields, and double-dashed lines represent biadjoint scalar fields. Diagrams 1(a), 1(b), 1(d), and 1
(e) correspond to JμaðkÞ, while diagrams 1(c) and 1(f) correspond to jμaðkÞ.
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where diagrams 1(a), 1(b), 1(d), and 1(e) give JμaðkÞ and
diagrams 1(c) and 1(f) give jμaðkÞ, both to second order in g
and y. The source JμaðkÞ was split into two types of
diagrams, as 1(a) represents radiation that was emitted after
the particle was deflected, while 1(b) represents radiation
that was emitted before the particle was deflected. As such,
it is anticipated that 1(b) and 1(e) should be proportional to
the undeflected quantities vμαcaα, while 1(a) and 1(d) are in

terms of corrections such as dzμα
dτ c

a
α and v

μ
αc̄aα. Diagrams 1(c)

and 1(f) are computed in Appendix B from the three-point
vertex with three vectors and the three-point vertex with
two scalars and one vector, respectively. The six diagrams
sum to give Ĵμa and satisfy the Ward identity kμĴ

μaðkÞ ¼ 0.
Summing up the three diagrams 1(a)–1(c)is algebraically

equivalent to ĴμaðkÞjOðg2Þ, giving

ĴμaðkÞjOðg2Þ ¼ g2
XN
α¼1
β≠α

Z
lα;lβ

μα;βðkÞ
�
ifabccbαccβ

�
2ðk · vβÞvμα þ ðvα · vβÞ

�
l2α

k · vα
vμα − lμα

��

þ cbαcbβ
mα

l2αcaα
k · vα

�
vα · vβ

�
k · lβ
k · vα

vμα − lμβ

�
þ k · vαv

μ
β − k · vβv

μ
α

��
; ð2:27Þ

which is the pure Yang-Mills contribution found by Ref. [41]. Summing up the three diagrams 1(d)–1(f) is equivalent to
ĴμaðkÞjOðy2Þ, giving

ĴμaðkÞjOðy2Þ ¼ −y2
XN
α¼1
β≠α

cãαcãβ

Z
lα;lβ

μα;βðkÞ
�
cbαcbβ
mα

l2αcaα
k · vα

�
k · lβ
k · vα

vμα − lμβ

�
þ ifabccbαccβ

�
l2α

k · vα
vμα − lμα

��
: ð2:28Þ

The radiative field must be gauge invariant and the above
expression satisfies the Ward identity kμĴ

μaðkÞjOðgy2Þ ¼ 0,
as the identity must be satisfied order by order. Adding the
above contributions to Eq. (2.27) gives the total source, Ĵμa.
To find the radiation field Aμa

rad from the source Ĵμa [41,56],

Aμa
radðxÞ ¼

g
4πr

Z
dω
2π

e−iωtĴμaðkÞ; ð2:29Þ

where kμ ¼ ωð1; x⃗=rÞ.

III. GRAVITATIONAL RADIATION
IN EINSTEIN-YANG-MILLS THEORY

A. Equations of motion and initial conditions

The action for the Einstein-Yang-Mills-dilaton theory in
consideration is

S ¼
Z

ddx
ffiffiffiffiffiffi
−g

p �
−

2

κ2
R −

1

4
gμρgνσFã

μνFã
ρσ

þ 2

κ2
ðd − 2Þgμν∂μϕ∂νϕ

�
−m

Z
dτeϕ; ð3:1Þ

where ϕ is the dilaton field and dτ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμνdxμdxν

p
. By

varying the action above, the energy-momentum pseudo-
tensor contributions from the Yang-Mills field and the
dilaton are given by

8πGTμν ¼ Rμν −
1

2
gμνR

− ðd − 2Þ
�
∂μϕ∂νϕ −

1

2
gμνgρσ∂ρϕ∂σϕ

�

þ 8πG

�
gρσFã

μρFã
νσ −

1

4
gμνgρσgλτFã

ρλF
ã
στ

�
:

ð3:2Þ

According to Dirac,
ffiffiffiffiffijgjp

Tμν is the density and flux of
energy and momentum for matter [57] such that in the
presence of gravity, N particles contribute

ffiffiffiffiffi
jgj

p
TμνðxÞ¼

XN
α¼1

mα

Z
dτvμαðτÞvναðτÞδdðx−xαðτÞÞ: ð3:3Þ

Aweak-field approximation is taken by introducing hμν as

gμν¼ ημνþκhμν;

gμν¼ ημν−κhμνþκ2hμρhνρþ���;

jgj≡−detðgμνÞ¼1þκh−
κ2

2
ðhμνhμν−h2Þþ���; ð3:4Þ

where h≡ hρρ and the radiation can be calculated pertur-
batively in powers of κ. Textbook presentations of gravi-
tational waves often focus on linearized gravity [43], which
introduces the trace-reversed metric,
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h̄μν ≡ hμν −
1

2
ημνh; ð3:5Þ

and find that □h̄μν ¼ − κ
2
Tμν. If an effective energy-

momentum pseudotensor T̂μν was found to contain con-
tributions from matter, nonlinear gravitational field
contributions, and the other fields, then the following
equation of motion can be solved iteratively within the
context of the weak-field approximation

□h̄μν ¼ −
κ

2
T̂μν: ð3:6Þ

Because of the harmonic gauge condition, the pseudotensor
satisfies ∂μT̂

μν ¼ 0. The field contributions to the pseudo-
tensor tμν≡ T̂μν−Tμν will be found by expanding Eq. (3.2).
The pseudotensor slightly differs from the common pseu-
dotensor used by Landau and Lifshitz [43,47,58] and is
closer to ones used previously by Einstein and Dirac, giving

T̂μν ¼ Tμν þ tμν ≡ ffiffiffiffiffi
jgj

p
Tμν þ t̂μν; ð3:7Þ

where t̂μν is conveniently defined to absorb ð1 − ffiffiffiffiffijgjp ÞTμν.
In this section, the algebraic method of perturbing
Einstein’s field equations and iteratively solving for the
radiation field is presented, leaving some technical details
of the calculation of t̂μν to Appendix A. Since the three-
point graviton vertex is derived from the Lagrangian of the
full theory, diagrams can encode how to find higher order
field contributions from linearized field solutions. In
Appendix B, radiative Feynman rules are provided for
the diagrams contributing to tμν.
The Christoffel symbol Γρ

μν and the Ricci tensor Rμν are
given by

Γρ
μν ¼

1

2
gρσðgσν;μ þ gσμ;ν − gμν;σÞ;

Rμν ¼ Γρ
μν;ρ − Γρ

μρ;ν þ Γρ
σρΓσ

μν − Γρ
σνΓσ

μρ: ð3:8Þ

After expanding the metric perturbatively in κ and applying
the gauge condition ∂μhμν ¼ 1

2
ημνh;μ,

Γρ
μν ¼

κ

2
ðhρν;μ þ hρμ;ν − hμν;ρ − κhρσðhσν;μ þ hσμ;ν − hμν;σÞÞ

þOðκ3Þ; ð3:9Þ

Rμν ¼ −
κ

2
□hμν þ

κ2

2

�
hρσðhμν;ρσ þ hρσ;μν − hσν;μρ − hμρ;σνÞ

þ hμρ;σh
ρ;σ
ν − hμρ;σh

σ;ρ
ν þ 1

2
hρσ;μhρσ;ν

�

þOðκ3Þ: ð3:10Þ

This gives the Ricci scalar R,

R ¼ ðημν − κhμνÞRμν

¼ −
κ

2
□hþ κ2

�
hρσ□hρσ þ

3

4
hρσ;μhρσ;μ −

1

2
hμρ;σhμσ;ρ

�

þOðκ3Þ: ð3:11Þ

To lowest order, Rμν − 1
2
gμνR ≈ − κ

2
h̄μν, and all higher order

terms in Eq. (3.2) are subtracted to the other side of the
equation to be absorbed into the definition of tμν. Splitting
these terms among tμνjΔh, tμνjΔϕ, and tμνjΔA gives

tμνjΔh ¼ 2hρσðhμρ;νσ þ hνσ;μρ − hμν;ρσ − hρσ;μνÞ þ hμν□h

− 2hμρ□hνρ − 2hνρ□hμρ − 2hμρ;σðhνρ;σ − hνσ;ρÞ
− hρσ;μhρσ;ν

þ ημν
�
2hρσ□hρσ þ hρσ;λ

�
3

2
hρσ;λ − hρλ;σ

��
;

tμνjΔϕ ¼ ðd − 2Þ
�
2

κ

�
2
�
∂μϕ∂νϕ −

1

2
ημν∂ρϕ∂ρϕ

�
;

tμνjΔA ¼ −FμρãFν
ρ
ã þ 1

4
ημνFρσãFã

ρσ; ð3:12Þ

where it is important to raise the indices on Rμν − 1
2
gμνR

with gμν to get all of the necessary terms.
Similar to the previous section, the position of the

particle is given by xμαðτÞ, which has deflections zμαðτÞ
which must be calculated from the field solutions. The
matter is also assumed to have a color charge cãαðτÞ, but
their corrections do not source the lowest-order gravita-
tional radiation field. The Christoffel symbol can be used to
find the force on each particle, giving

mα
d2zμαðτÞ
dτ2

����
Δh

¼ −Γμ
νρmαvναv

ρ
α: ð3:13Þ

The equation of motion utilized for the dilaton is

mα
d2zμαðτÞ
dτ2

����
Δϕ

¼ mαvαν∂μϕvνα: ð3:14Þ

While this equation differs slightly from Ref. [41], both of
our total pseudotensors agree and are the physical object
that satisfies the gauge-invariant Ward identity. The force
due to the gauge field is

mα
d2zμαðτÞ
dτ2

����
ΔA

¼ g̃cãαFμνãvανðτÞ: ð3:15Þ

B. Solutions of the radiation fields

Figure 2 shows nine diagrams which contribute to
gravitational radiation for the Einstein-Yang-Mills theory.
Algebraically, the first three diagrams for the pure gravity
contributions are
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ð2aÞμν þ ð2bÞμν ¼
ffiffiffiffiffi
jgj

p
TμνjΔh;Oðκ2Þ;

ð2cÞμν ¼ t̂μνjΔh;Oðκ2Þ

≡ tμνjΔh;Oðκ2Þ þ ð1 −
ffiffiffiffiffi
jgj

p
ÞTμνjΔh;Oðκ2Þ;

ð3:16Þ

while the diagrams with internal dilatons algebraically
represent

ð2dÞμν þ ð2eÞμν ¼
ffiffiffiffiffi
jgj

p
TμνjΔϕ;Oðκ2Þ;

ð2fÞμν ¼ t̂μνjΔϕ;Oðκ2Þ ≡ tμνjΔϕ;Oðκ2Þ; ð3:17Þ

and the diagrams with internal gauge bosons represent

ð2gÞμν þ ð2hÞμν ¼
ffiffiffiffiffi
jgj

p
TμνjΔA;Oðg̃2Þ;

ð2iÞμν ¼ t̂μνjΔA;Oðg̃2Þ ≡ tμνjΔA;Oðg̃2Þ: ð3:18Þ

Since ð1− ffiffiffiffiffijgjp Þ is purely gravitational, t̂μνjΔϕ ≡ tμνjΔϕ and
t̂μνjΔA ≡ tμνjΔA. Similar to Eq. (2.26), the diagrams 2(a),
2(b), 2(d), 2(e), 2(g), and 2(h) sum to give

ffiffiffiffiffijgjp
Tμν; 2(c),

2(f), and 2(i) give t̂μν; and all nine sum to give the locally
conserved pseudotensor T̂μν, where all expressions are kept
to second order only in κ or g̃. While the diagrammatic
representation may be useful for organizing higher order

computations, it is simple enough to calculate
ffiffiffiffiffijgjp

Tμν as a
single algebraic expression for the purpose of confirming
the validity of the radiative double copy to leading order.
It should be noted that an oversimplification was made,

which has no physical consequences at leading order.
Technically speaking, additional diagrams that couple
two gravitons to an ingoing and an outgoing matter particle
should be included in tμν for Fig. 2, as shown in Ref. [41].
However, a careful reader will note that an oversimplifi-
cation was made in the computation of Tμν, since

R
dτ

contains an additional gravitational term due to the fact that
dτ2 ¼ gμνdxμdxν, which contains κ dependence. The intro-
duction of these higher order terms in Tμν were found to
cancel exactly with the additional diagrams needed in tμν.
The analogous diagrams with two dilaton lines coupling to
matter were canceled similarly by our simplification of the
dilaton force law in Eq. (3.14). These oversimplifications
may not necessarily hold at higher orders.
Focusing on the energy-momentum tensor

ffiffiffiffiffijgjp
Tμν,

ffiffiffiffiffi
jgj

p
Tμν ¼

XN
α¼1

mα

Z
dτeik·xαðτÞ

�
vμα þ dzμαðτÞ

dτ

�

×

�
vνα þ

dzναðτÞ
dτ

�
: ð3:19Þ

Solving for the appropriate field equations gives hμν, ϕ, and
Aμa to lowest order,

α

β

α

(b)(a)

α

β

(d) (e)

β

α

β

α

β

(c)

(f)

β

α

α

β

α

(h)(g)

β

α

β

(i)

FIG. 2. These diagrams represent all of the contributions to T̂μν in the Einstein-Yang-Mills theory. The wavy lines represent
gravitational fields, the dashed lines represent dilaton fields, and the curly lines represent Yang-Mills fields. Diagrams 2(a), 2(b), 2(d), 2
(e), 2(g), and 2(h) correspond to

ffiffiffiffiffijgjp
TμνðkÞ, while diagrams 2(c), 2(f), and 2(i) correspond to t̂μνðkÞ.
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hμνðxÞjOðκ1Þ ¼
κ

2

XN
α¼1

mα

Z
l
ð2πÞδðl · vαÞ

e−il·ðx−bαÞ

l2

�
vμαvνα −

ημν

d − 2

�
;

ϕðxÞjOðκ2Þ ¼
1

ðd − 2Þ
�
κ

2

�
2XN
α¼1

mα

Z
l
ð2πÞδðl · vαÞ

e−il·ðx−bαÞ

l2
;

AμãðxÞjOðg̃1Þ ¼ −g̃
XN
α¼1

Z
l
ð2πÞδðl · vαÞ

e−il·ðx−bαÞ

l2
cãαv

μ
α: ð3:20Þ

Plugging the lowest-order field solutions into Eqs. (3.13), (3.14), and (3.15) gives

d2zμαðτÞ
dτ2

����
Δh

¼ i

�
κ

2

�
2X
β≠α

mβ

Z
lβ

ð2πÞδðlβ · vβÞ
e−ilβ ·ðx−bβÞ

l2β

�
2ðvα · vβÞk · vαvμβ −

2k · vα
d − 2

vμα −
�
ðvα · vβÞ2 −

1

d − 2

�
lμβ

�
;

d2zμαðτÞ
dτ2

����
Δϕ

¼ −i
d − 2

�
κ

2

�
2X
β≠α

mβ

Z
lβ

ð2πÞδðlβ · vβÞ
e−ilβ ·ðx−bβÞ

l2β
lμβ;

d2zμα
dτ2

����
ΔA

¼ ig̃2
X
β≠α

cãαcãβ
mα

Z
l
ð2πÞδðl · vβÞ

e−il·ðbαβþvατÞ

l2
½ðvα · vβÞlμ − ðl · vαÞvμβ�: ð3:21Þ

The corrections to the position are useful for finding
ffiffiffiffiffijgjp

TμνðkÞ,

ffiffiffiffiffi
jgj

p
TμνðkÞ ¼

XN
α¼1

mα

Z
dτeik·ðbαþvατþzαðτÞÞ

�
vμα þ dzμαðτÞ

dτ

��
vνα þ

dzναðτÞ
dτ

�
;

ffiffiffiffiffi
jgj

p
TμνðkÞjOðκ2Þ ¼

XN
α¼1

mα

Z
dτeik·ðbαþvατÞ

�
ik · zαv

μ
αvνα þ

dzμα
dτ

vνα þ vμα
dzνα
dτ

�
: ð3:22Þ

The lowest order term proportional to vμαvνα may be dropped, as it was used to find the solution to hμν in Eq. (3.20). Focusing
on the corrections due to gravity,

ffiffiffiffiffi
jgj

p
TμνðkÞjΔh ¼

�
κ

2

�
2X
α≠β

mαmβ

Z
lα;lβ

μα;βðkÞl2α
�
vμαvνα

�
2vα · vβ

k · vβ
k · vα

þ 2

d − 2
−

lβ · k

ðk · vαÞ2
�
ðvα · vβÞ2 −

1

d − 2

��

− 2vα · vβðvμαvνβ þ vναv
μ
βÞ þ

1

k · vα

�
ðvα · vβÞ2 −

1

d − 2

�
ðvμαlνβ þ vναl

μ
βÞ
�
: ð3:23Þ

Additionally, the dilaton contributes

ffiffiffiffiffi
jgj

p
TμνðkÞjΔϕ ¼ 1

d − 2

�
κ

2

�
2X
α≠β

mαmβ

Z
lα;lβ

μα;βðkÞl2α
�
−vμαvνα

�
lβ · k

ðk · vαÞ2
�
þ 1

k · vα
ðvμαlνβ þ vναl

μ
βÞ
�
: ð3:24Þ

Finally, the gauge boson contributes

ffiffiffiffiffi
jgj

p
TμνðkÞjΔA ¼ g̃2

XN
α¼1
β≠α

cãαcãβ

Z
lα;lβ

μα;βðkÞ
l2α

k · vα

×

�
vμαvνα

�
vα · vβ

k · lβ
k · vα

− k · vβ

�
þ ðvμαvνβ þ vναv

μ
βÞðk · vαÞ − ðvμαlνβ þ vναl

μ
βÞðvα · vβÞ

�
: ð3:25Þ
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Appendix A works out the algebraic details of computing tμνjΔh and t̂μνjΔh. In summary, gravity contributes

t̂μνðkÞjΔh ¼
�
κ

2

�
2 XN

α¼1
β≠α

mαmβ

Z
lα;lβ

μα;βðkÞ
�
2vμαvνα

�
ðk · vβÞ2 −

l2α
d − 2

�

þ ðvμαvνβ þ vναv
μ
βÞðl2αvα · vβ − k · vαk · vβÞ − 2ðvμαlνα þ vναl

μ
αÞðvα · vβk · vβÞ

þ lμαl
μ
α

�
ðvα · vβÞ2 −

1

d − 2

�
þ ημν

�
k · vαk · vβvα · vβ −

l2α
2

�
ðvα · vβÞ2 −

1

d − 2

���
: ð3:26Þ

Similarly, Eq. (3.12) the dilaton contributes

t̂μνðkÞjΔϕ ¼ 1

ðd − 2Þ
�
κ

2

�
2 XN

α¼1
β≠α

mαmβ

Z
lα;lβ

μα;βðkÞ
�
−lμαlνβ þ ημν

lα · lβ
2

�
: ð3:27Þ

When calculated algebraically from Eq. (3.12), the gauge boson contributes

t̂μνðkÞjΔA ¼ g̃2
XN
α¼1
β≠α

cãαcãβ

Z
lα;lβ

μα;βðkÞ
�
1

2
ðvμαvνβ þ vναv

μ
αÞlα · lβ þ ðvμαlνα þ vναl

μ
αÞk · vβ − lμαlναvα · vβ

−
1

2
ημνðk · vαk · vβ þ vα · vβlα · lβÞ

�
: ð3:28Þ

In Appendix B, the three-point boson vertices of the Einstein-Yang-Mills theory are used to find the same results for tμν via
radiative Feynman rules.
Summing all contributions to order κ2 gives the contributions from pure dilaton gravity,

T̂μνðkÞjOðκ2Þ ¼
�
κ

2

�
2XN

α¼1
β≠α

mαmβ

Z
lα;lβ

μα;βðkÞ
�
vμαvνα

�
2ðk · vβÞ2 þ 2k · vβ

l2αvα · vβ
k · vα

−
l2αðvα · vβÞ2k · lβ

ðk · vαÞ2
�

− ðvμαvνβ þ vναv
μ
βÞðl2αvα · vβ þ k · vαk · vβÞ − ðvμαlνα þ vναl

μ
αÞðvα · vβÞ

�
l2αvα · vβ
k · vα

þ 2k · vβ

�

þ lμαlναðvα · vβÞ2 þ ημνðvα · vβÞ
�
l2αvα · vβ

2
þ k · vαk · vβ

��
; ð3:29Þ

which agree with the results found in Ref. [41].
ffiffiffiffiffijgjp

TμνjΔA and t̂μνjΔA give the additional contributions in the Einstein-
Yang-Mills theory,

T̂μνðkÞjOðg̃2Þ ¼ g̃2
XN
α¼1
β≠α

Z
lα;lβ

μα;βðkÞ
�
vμαvνα

�
vα · vβ

k · lβ
ðk · vαÞ2

−
k · vβ
k · vα

�
l2α þ

1

2
ðvμαvνβ þ vναv

μ
βÞl2α

þ ðvμαlνα þ vναl
μ
αÞ
�
l2αvα · vβ
k · vα

þ k · vβ

�
− lμαlναvα · vβ −

1

2
ημνðk · vαk · vβ þ l2αvα · vβÞ

�
: ð3:30Þ

Adding this result to Eq. (3.29) gives the total source for gravitational radiation for the Einstein-Yang-Mills theory. Next, we
show that this result agrees precisely with what is found with the radiative double-copy method.

C. The radiative double copy

In order to use the double copy to find gravitational radiation in the Einstein-Yang-Mills theory, the same replacement
rules used for general relativity [41] may be used with the radiation found in the Yang-Mills-biadjoint-scalar theory. The
replacement rules are
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g →
κ

2
; y → g̃; caα → pν

α;

ifa1a2a3 → −
1

2
ðην1ν3ðq1 − q3Þν2 þ ην1ν2ðq2 − q1Þν3

þ ην2ν3ðq3 − q2Þν1Þ;
ĴμaðkÞ → T̂μνðkÞ; ð3:31Þ

where the momenta q1 þ q2 þ q3 ¼ 0. Similar to the
Ward identity kμĴ

μa ¼ 0, we can shift T̂μν by terms

proportional to either kμ or kν, such that kμT̂
μν ¼

kνT̂
μν ¼ 0, which shifts the gauge-dependent pseudotensor

into the harmonic gauge. Since Ref. [41] showed that
the radiative double copy could recover T̂μνjOðκ2Þ and
Ref. [40] showed how to use Yang-Mills ghosts to
remove the dilaton, we focus on the additional terms
introduced in the Einstein-Yang-Mills theory. Applying
the double copy replacement rules in Eq. (3.31) to
Eq. (2.29) gives

T̂μνðkÞjg̃2 ¼ g̃2
XN
α¼1
β≠α

mαmβcãαcãβ

Z
lα;lβ

μα;βðkÞ
�
vα · vβ

l2αvνα
k · vα

�
k · lβ
k · vα

vμα − lμβ

�

−
1

2
ð2k · vβvνα − 2k · vαvνβ þ vα · vβðlβ − lαÞνÞ

�
l2α

k · vα
vμα − lμα

��
: ð3:32Þ

Shifting lμβ → ðlβ − lαÞμ=2 gives the gauge invariant T̂μν,

T̂μνðkÞjOðg̃2Þ ¼ g̃2
XN
α¼1
β≠α

mαmβcãαcãβ

Z
lα;lβ

μα;βðkÞ
�
vα · vβ

l2αvνα
k · vα

�
k · lβ
k · vα

vμα −
1

2
ðlβ − lαÞμ

�

−
1

2
ð2k · vβvνα − 2k · vαvνβ þ vα · vβðlβ − lαÞνÞ

�
l2α

k · vα
vμα − lμα

��
: ð3:33Þ

Symmetrizing this result gives the appropriate final expression for T̂μν,

T̂μνjOðg̃2Þ ¼ −g̃2
�
κ

2

�
2 XN

α¼1
β≠α

mαmβcãαcãβ

Z
lα;lβ

μα;βðkÞ
�
vμαvνα

�
k · vβ
k · vα

−
vα · vβ
ðk · vαÞ2

k · lβ

�
l2α −

1

2
ðvμαvνβ þ vναv

μ
βÞl2α

− ðvμαlνα þ vναl
μ
αÞ
�
vα · vβ
k · vα

l2α þ k · vβ

�
þ lμαlναðvα · vβÞ þ

1

2
ημνl2αðvα · vβÞ

�
; ð3:34Þ

where the gauge condition allows for vμαkν ¼ 1
2
ημνk · vα.

This result agrees precisely with what was found in
Eq. (3.31), demonstrating that the radiative double
copy holds for the Einstein-Yang-Mills theory to leading
order.

D. Einstein-Maxwell theory

Since it is more physically relevant to scatter massive
point particles with electric charge rather than particles with
weak-isospin or color, an Abelian Uð1Þ gauge symmetry is
also worth studying. The action for fields in the Einstein-
Maxwell theory is

S ¼
Z

ddx
ffiffiffiffiffi
jgj

p �
−

2

κ2
R −

1

4
gμρgνσFμνFρσ

�
: ð3:35Þ

When comparing with the Einstein-Yang-Mills theory, the
Maxwell field Aμ can be recovered from a single

component of the Yang-Mills field Aμã. In order to find
results in the Einstein-Maxwell theory from the Einstein-
Yang-Mills theory, care must be taken with the coupling
constants. For example, the Maxwell current density for
point particles is given by

JμðxÞ ¼ e
XN
α¼1

qα

Z
dτvμαðτÞδdðx − xαðτÞÞ; ð3:36Þ

where qα ¼ −1 for electrons, such that eqα represents the
electric charge of particle α. In order to recover the
Einstein-Maxwell theory from Einstein-Yang-Mills, one
must substitute g̃ → e and cãα → qα, given our conventions
for g̃ and the normalization of the Lagrangian given in
Eq. (3.1). Applying these substitutions to Eq. (3.31) would
give gravitational radiation in Einstein-Maxwell theory. At
higher orders, fã b̃ c̃ would be sent to zero as well.
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In terms of the radiative double copy, an adjoint scalar
field Φa could also be seen as a single component of the
biadjoint scalar field Φãa. Results for the Yang-Mills-
adjoint-scalar theory can easily be found from Eq. (2.29)
by properly sending cãα → qα and reinterpreting y as the
coupling constant of the adjoint scalar theory. It is
straightforward to see that the double copy of Yang-
Mills-adjoint-scalar theory gives solutions in Einstein-
Maxwell theory with the replacement rules shown in
Eq. (3.31) and y → e.

IV. CONCLUSIONS

In previous work, the double copy has been applied to
gravitational radiation in general relativity with a dilaton,
which suggested that schematic radiative diagrams
may be useful for depicting sources of radiation [41].
Similarly, it was shown that the same replacement rules can
be used to find Yang-Mills radiation from biadjoint-scalar
radiation [42] and that ghosts can be used to remove the
dilaton [40].
In this work, the gravitational radiation produced by

colliding color charges was found within the context of
the Einstein-Yang-Mills theory. Our primary result dem-
onstrates that the double copy can be used to find
radiation in the Einstein-Yang-Mills theory from Yang-
Mills-biadjoint-scalar theory. These calculations provided
insight on how a radiative diagrammatic scheme closer to
Feynman diagrams used for scattering amplitudes may be
possible. Furthermore, radiation in Einstein-Maxwell
theory can be found via similar methods. This work
suggests that it may be possible to develop systematic
rules for constructing radiative diagrams that can be used
to calculate radiation to higher orders, at least for initial
conditions associated with N particle scattering. It appears
that rules for worldline propagators would be needed,
in addition to the typical rules used for scattering
amplitudes.
In future work, it would be interesting to investigate if

the radiative double copy holds for higher orders, as the
precise replacement rules are not yet known. Additional
efforts to perform the integrals are also needed. The
gravitational interactions between the quantized spin of
Dirac particles would be an interesting theoretical chal-
lenge, while considering the scattering of macroscopic
mass distributions with classical angular momentum would
be more applicable for experiments such as LIGO.
Studying the formation of bound states due to higher order
effects would also be important.
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APPENDIX A: DERIVATION OF
GRAVITATIONAL RADIATION

FROM PSEUDOTENSOR

In this section, the steps for deriving the gravitational
radiation coming from nonlinear gravitational interactions
are provided. In Sec. III, Einstein’s field equations to first
order for weak gravitational fields was found to be

□h̄μν ¼ −
κ

2
T̂μν; ðA1Þ

where the energy-momentum pseudotensor T̂μν ¼
Tμν þ tμν ¼ ffiffiffiffiffijgjp

Tμν þ t̂μν contains the nonlinear correc-
tions to the linearized field equations, such that the purely
gravitational component of the pseudotensor tμν is given by
Eq. (3.12)

tμν ¼ 2hρσðhμρ;νσ þhνσ;μρ−hμν;ρσ −hρσ;μνÞþhμν□h

− 2hμρ□hνρ− 2hνρ□hμρ − 2hμρ;σðhνρ;σ −hνσ;ρÞ

−hρσ;μh;νρσ þ ημν
�
2hρσ□hρσ þhρσ;λ

�
3

2
hρσ;λ −hρλ;σ

��
:

ðA2Þ

In order to solve for this, the lowest-order solution of the
gravitational field is used,

hμνðxÞ ¼ κ

2

XN
α¼1

mα

Z
lα

ð2πÞδðlα · vαÞ
e−ilα·ðx−bαÞ

l2α

×

�
vμαvνα −

ημν

d − 2

�
; ðA3Þ

which gives rise to a source for the nonlinear gravitational
interaction via tμν. Each term in tμν is second order in hμν,
so one is related to particle α and another to particle β,
giving a double sum. The summation and integrals on all
terms will have the following form:

tμν ¼
�
κ

2

�
2 XN

α¼1
β≠α

mαmβ

Z
lα;lβ

μα;βðkÞIμν; ðA4Þ

where Iμν is the integrand containing many terms. For the
integrand, focusing on the ðvμαvνα − ημν=ðd − 2ÞÞ portion of
the solution to hμν and manually plugging these pieces into
Eq. (A2) gives
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Iμν ¼ 2

�
vβρvβσ −

ηρσ
d− 2

��
−lναlσα

�
vμαv

ρ
α−

ημρ

d− 2

�
− lμαl

ρ
α

�
vναvσα −

ηνσ

d− 2

�
þ lραlσα

�
vμαvνα −

ημν

d− 2

�
þ lμαlνα

�
vραvσα −

ηρσ

d− 2

��

− l2β

�
vμαvνα −

ημν

d− 2

��
−2
d− 2

�
þ 2l2α

�
vμβv

ρ
β −

ημρ

d− 2

��
vαρvνα −

ηνρ
d− 2

�
þ 2l2α

�
vνβv

ρ
β −

ηνρ

d− 2

��
vαρv

μ
α −

ημρ
d− 2

�

− 2ilσα

�
vμαv

ρ
α−

ημρ

d− 2

��
ilβσ

�
vνβvβρ−

ηνρ
d− 2

�
− ilβρ

�
vνβvβσ −

ηνσ
d− 2

��
þ lμαlνβ

�
vραvσα−

ηρσ

d− 2

��
vβρvβσ −

ηρσ
d− 2

�

þ ημν
�
−2l2α

�
vραvσα−

ηρσ

d− 2

��
vβρvβσ −

ηρσ
d− 2

�
þ ilαλ

�
vαρvασ −

ηρσ
d− 2

��
3

2
ilλβ

�
vρβv

σ
β −

ηρσ

d− 2

�
− ilσβ

�
vρβv

λ
β −

ηρλ

d−2

���
:

ðA5Þ

Distributing these factors and reorganizing all of the terms with the same tensor index structure gives

Iμν ¼ vμαvνα

�
2ðk · vβÞ2 −

2l2α
d− 2

þ 2l2β
d− 2

−
4l2α þ 4l2β
d − 2

−
4lα · lβ
d− 2

�
þ ðvμαvνβ þ vναv

μ
βÞð2l2αðvα · vβÞ þ lα · lβðvα · vβÞ

− k · vαk · vβÞ þ ðvμαlνα þ vναl
μ
αÞ
�
−2ðvα · vβÞk · vβ þ

2k · vα
d− 2

�
þ ðvμαlνβ þ vναl

μ
βÞ
�
2k · vα
d− 2

�

þ lμαlνα

�
−

4

ðd− 2Þ2 þ 2ðvα · vβÞ2 −
4

d− 2
þ 2d
ðd− 2Þ2

�
þ ðlμαlνβ þ lναl

μ
βÞ
�
−

1

ðd− 2Þ2 þ
1

2
ðvα · vβÞ2 −

1

d− 2
þ d
2ðd− 2Þ2

�

þ ημν
�
−
2ðk · vβÞ2
d− 2

þ 2l2α
ðd− 2Þ2 −

2l2β
ðd − 2Þ2 þ

4l2α
ðd− 2Þ2 þ

2lα · lβ
ðd− 2Þ2 −

�
2l2α þ

3

2
lα · lβ

��
ðvα · vβÞ2 −

2

d− 2
þ d
ðd − 2Þ2

�

þ
�
vα · vβk · vαk · vβ þ

lα · lβ
ðd− 2Þ2

��
: ðA6Þ

Next, the relation k2 ¼ l2α þ 2lα · lβ þ l2β ¼ 0 is used to simplify further. The identity aμlνβ ¼ aμkν − aμlνα, and the gauge
condition of the gravitational field allows for the gauge-invariant shift aμlνβ →

1
2
a · kημν − aμlνα, since dotting this expression

with the polarization tensor would give the same radiation amplitude. Making such changes gives

Iμν ¼ vμαvνα

�
2ðk · vβÞ2 −

4l2α
d − 2

�
þ ðvμαvνβ þ vναv

μ
βÞðl2αðvα · vβÞ − k · vαk · vβÞ − 2ðvα · vβÞk · vβðvμαlνα þ vναl

μ
αÞ

þ lμαlνα

�
ðvα · vβÞ2 −

1

d − 2

�
þ ημν

�
2ðk · vαÞ2
d − 2

þ k · lα
2

ðvα · vβÞ2 −
k · lα

2ðd − 2Þ
�

þ ημν
�
−
2ðk · vβÞ2
d − 2

þ 2l2α
ðd − 2Þ2 −

2l2β
ðd − 2Þ2 þ

4l2α
ðd − 2Þ2 þ

2lα · lβ
ðd − 2Þ2 −

�
2l2α þ

3

2
lα · lβ

��
ðvα · vβÞ2 −

2

d − 2
þ d
ðd − 2Þ2

�

þ
�
vα · vβk · vαk · vβ þ

lα · lβ
ðd − 2Þ2

��
: ðA7Þ

By considering that α and β are symmetric, all particle labels may be switched for any term, which allows further
simplification to give the final result

Iμν ¼ vμαvνα

�
2ðk · vβÞ2 −

4l2α
d − 2

�
þ ðvμαvνβ þ vναv

μ
βÞðl2αðvα · vβÞ − k · vαk · vβÞ − 2ðvα · vβÞk · vβðvμαlνα þ vναl

μ
αÞ

þ lμαlνα

�
ðvα · vβÞ2 −

1

d − 2

�
þ ημν

�
vα · vβk · vαk · vβ −

l2α
2

�
ðvα · vβÞ2 −

1

d − 2

��
: ðA8Þ

To more easily compare with the diagrammatic method, t̂μν is found by adding the lowest-order term of ð1 − ffiffiffiffiffijgjp ÞTμν,
where
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TμνðxÞ ≈
XN
α¼1

mα

Z
lα

ð2πÞδðvα · lαÞe−ilα·ðx−bαÞvμαvνα;

hðxÞ ≈ −κ
d − 2

X
β≠α

mβ

Z
lβ

ð2πÞδðlβ · vβÞ
e−ilβ ·ðx−bβÞ

l2β
;

ð1 −
ffiffiffiffiffi
jgj

p
ÞTμν ≈

1

d − 2

�
κ

2

�
2 X

mαmβ

Z
lα;lβ

μα;βðkÞ2l2αvμαvνα: ðA9Þ

Adding this to tμν gives t̂μν ≡ ðκ
2
Þ2PN

α¼1
β≠α

mαmβ

R
lα;lβ

μα;βðkÞÎμν, such that

Îμν ¼ vμαvνα

�
2ðk · vβÞ2 −

2l2α
d − 2

�
þ ðvμαvνβ þ vναv

μ
βÞðl2αðvα · vβÞ − k · vαk · vβÞ − 2ðvα · vβÞk · vβðvμαlνα þ vναl

μ
αÞ

þ lμαlνα

�
ðvα · vβÞ2 −

1

d − 2

�
þ ημν

�
vα · vβk · vαk · vβ −

l2α
2

�
ðvα · vβÞ2 −

1

d − 2

��
: ðA10Þ

As shown in the next appendix, this result agrees precisely
with a diagram involving the three-point graviton vertex.

APPENDIX B: SOME RADIATIVE
FEYNMAN RULES

1. Yang-Mills and biadjoint-scalar theory

A Feynman diagram approach can be used to find the
results for diagrams 1(c) and 1(f), shown in Fig. 1. Expanding
the kinetic term of the Lagrangian, the OðA3Þ term corre-
sponding to the three-point vector boson interaction is

−
1

4
Fa
μνFμνa ¼ −∂μAa

νgfabcAμbAνc þ � � � : ðB1Þ

This term in the Lagrangian gives the textbook non-Abelian
three-point vector boson vertex, given by

Γμa;νb;ρcðk; p; qÞ ¼ fabcððkν − qνÞημρ þ ðpρ − kρÞηνμ
þ ðqμ − pμÞηρνÞ; ðB2Þ

whereAa
μ is associatedwith themomentum k,Ab

ν is associated
with p, and Ac

ρ is associated with q.
The three-point vertex for two biadjoint scalars and one

adjoint vector field can be used to efficiently calculate a
piece radiation, which comes from the kinetic term of the
biadjoint scalar. Focusing on the terms in the Lagrangian to
OðΦ2AÞ,

1

2
ðDμΦãÞaðDμΦb̃Þaδã b̃

¼ gfabcδã c̃ð∂μΦãaÞAμbΦc̃c þ � � � : ðB3Þ

Taking the appropriate functional derivatives and properly
symmetrizing gives the three-point vertex for two scalars
and one vector,

Γãa;νb;c̃cðk; p; qÞ ¼ fabcδã c̃ðkν − qνÞ: ðB4Þ

The three-point vertices above can be used to find
diagrams 1(c) and 1(f), giving

ð1cÞμaðkÞ ¼ 1

2

Z
lα;lβ

Ab
νðlαÞjOðg1ÞiΓμa;νb;ρcð−k; lα; lβÞ

× Ac
ρðlβÞjOðg1Þð2πÞdδdðk − lα − lβÞ;

ð1fÞμaðkÞ ¼ 1

2

Z
lα;lβ

Φb̃bðlαÞjOðy1ÞiΓb̃b;μa;c̃cðlα;−k; lβÞ

×Φc̃cðlβÞjOðy1Þð2πÞdδdðk − lα − lβÞ; ðB5Þ

where a symmetry factor of 1=2 has been added.
The solutions needed for these diagrams were found in

Eq. (2.16), giving

AμaðlαÞjOðg1Þ ¼ −g
XN
α¼1

ð2πÞδðlα · vαÞ
eilα·bα

l2α
vμαcaα;

ΦaãðlαÞjOðy1Þ ¼ −y
XN
α¼1

ð2πÞδðlα · vαÞ
eilα·bα

l2α
caαcãα: ðB6Þ

Plugging in these solutions gives

ð1cÞμaðkÞ ¼ g2

2

X
α≠β

ifabccbαccβ

Z
lα;lβ

μα;βðkÞ

× ½−2k · vαvμβ þ 2k · vβv
μ
α þ vα · vβðlβ − lαÞμ�;

ð1fÞμaðkÞ ¼ y2

2

X
β≠α

ifabccbαccβc
ã
αcãβ

Z
lα;lβ

μα;βðkÞðlα − lβÞμ:

ðB7Þ

RADIATIVE DOUBLE COPY FOR EINSTEIN-YANG-MILLS … PHYS. REV. D 97, 084025 (2018)

084025-13



Because of the antisymmetry of fabccbαccβ, switching α ↔ β
for a term multiplied by this factor introduces a minus sign,
allowing further simplification,

ð1cÞμaðkÞ ¼ g2
X
α≠β

ifabccbαccβ

Z
lα;lβ

μα;βðkÞ

× ½2k · vβvμα − ðvα · vβÞlμα�;

ð1fÞμaðkÞ ¼ y2
X
β≠α

ifabccbαccβc
ã
αcãβ

Z
lα;lβ

μα;βðkÞlμα: ðB8Þ

Note how this result agrees with the algebraic method
found in Eq. (2.26).

2. General relativity and Einstein-Yang-Mills theory

Next, the three-point graviton vertex will be used to
stitch together lower order gravitational field solutions to
generate a piece of the gravitational radiation field. The
three-point graviton vertex from DeWitt [59] and utilized
by Sannan [60] is

Vμα;νβ;σγðk1; k2; k3Þ ¼ sym

�
−
1

2
P3ðk1 · k2ημαηνβησγÞ −

1

2
P6ðk1νk1βημαησγÞ þ

1

2
P3ðk1 · k2ημνηαβησγÞ þ P6ðk1 · k2ημαηνσηβγÞ

þ 2P3ðk1νk1γημαηβσÞ − P3ðk1βk2μηανησγÞ þ P3ðk1σk2γημνηαβÞ þ P6ðk1σk1γημνηαβÞ

þ 2P6ðk1νk2γηβμηασÞ þ 2P3ðk1νk2μηβσηγαÞ − 2P3ðk1 · k2ηανηβσηγμÞ
�
; ðB9Þ

where P3 and P6 refers to a permutation of k1, k2, and k3 resulting in three or six terms, respectively, and sym applies a
symmetrization across μα, νβ, and σγ. For example,

P3ðk1 · k2ημνηαβησγÞ ¼ k1 · k2ημνηαβησγ þ k2 · k3ηνσηβγημα þ k3 · k1ημσηαγηνβ;

sym½ημνηαβ� ¼
1

4
ðημνηαβ þ ημβηνα þ ηναημβ þ ηαβημνÞ: ðB10Þ

Expanding P3 and P6 gives

Vμα;νβ;σγðk1; k2; k3Þ ¼ sym

�
−
1

2
ðk1 · k2 þ k2 · k3 þ k3 · k1Þημαηνβησγ

−
1

2
ðkν1kβ1ημαησγ þ kσ1k

γ
1η

μαηνβkμ2k
α
2η

νβησγ þ kσ2k
γ
2η

μαηνβ þ kμ3k
α
3η

νβηγσ þ kν3k
β
3η

μαηγσÞ

þ 1

2
ðk1 · k2ημνηαβησγ þ k2 · k3ηνσηβγημα þ k3 · k1ημσηαγηνβÞ

þ ðk1 · k2ημαηνσηβγ þ k1 · k2ηνβημσηαγ þ k2 · k3ηνβημσηαγ þ k2 · k3ησγημνηαβ þ k3 · k1ησγημνηαβ

þ k3 · k1ημαηνσηβγÞ þ 2ðkν1kγ1ημαηβσ þ kσ2k
μ
2η

νβηγμ þ kμ3k
β
3η

σγηανÞ
− ðkβ1kμ2ηανησγ þ kγ2k

ν
3η

βσημα þ kβ3k
μ
1η

γμηνβÞ þ ðkσ1kγ2ημνηαβ þ kμ2k
α
3η

νσηβγ þ kν3k
β
1η

σμηγαÞ
þ ðkσ1kγ1ημνηαβ þ kν1k

β
1η

μσηαγ þ kμ2k
α
2η

νσηβγ þ kσ2k
γ
2η

νμηγα þ kν3k
β
3η

σμηγα þ kμ3k
α
3η

σνηαβÞ
þ 2ðkν1kγ2ηβμηασ þ kμ1k

γ
2η

ανηβσ þ kσ2k
α
3η

γνηβμ þ kν2k
α
3η

βσηγμ þ kμ3k
β
1η

ασηγν þ kσ3k
β
1η

γμηασÞ
þ 2ðkν1kμ2ηβσηγα þ kσ2k

ν
3η

γμηαβ þ kμ3k
σ
1η

ανηβγÞ − 2ðk1 · k2ηανηβσηγμ þ k2 · k3ηβσηγμηαν

þ k3 · k1ηγμηανηγσÞ
�
: ðB11Þ

To find the radiative field contribution from this three-point vertex, two instances of the lowest-order field solution will be
stitched together with this vertex to find a higher order contribution. The lowest-order field in momentum space is given by

hρσðlαÞ ¼
κ

2

XN
α

mα
eilα·bα

l2α
ð2πÞδðlα · vαÞ

�
vραvσα −

ηρσ

d − 2

�
: ðB12Þ
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The three-point vertex allows for a purely gravitational source to be found, which corresponds to a component of the
pseudotensor, tμν. This component of the source that generates radiation is given by

tσλðkÞ ¼ 1

2

Z
lα;lβ

Vμρ;ντ;σλð−lα;−lβ; kÞhμρðlαÞhντðlβÞδdðk − lα − lβÞ: ðB13Þ

Since the lowest-order solutions for lα and lβ are symmetric, the symmetrization is only needed for indices σ and λ in
Vμρ;ντ;σλ. Focusing on the integrand and breaking down the two lowest-order solutions into four terms gives

hμρðlαÞhντðlβÞ ∝
�
vμαv

ρ
αvνβv

τ
β −

1

d − 2
ðvμαvραηντ þ vνβv

τ
βη

μρÞ þ 1

ðd − 2Þ2 ðη
μρηντÞ

�
: ðB14Þ

Using Mathematica to perform the index contractions gives

ð2cÞστðkÞ ¼
�
κ

2

�
2XN

α¼1
β≠α

mαmβ

Z
lα;lβ

μα;βðkÞ
�
2vσαvλα

�
ðk · vβÞ2 −

l2α
d − 2

�
þ ðvσαvλβ þ vλαvσβÞðl2αvα · vβ − k · vαk · vβÞ

− 2ðvσαlλα þ vλαlσαÞðvα · vβk · vβÞþlσαlλα

�
ðvα · vβÞ2 −

1

d− 2

�
þ ησλ

�
k · vαk · vβvα · vβ −

l2α
2

�
ðvα · vβÞ2 −

1

d− 2

���
;

ðB15Þ

where this result gives the integrand of diagram 2(c), as
shown in Eq. (3.26).
For calculating the additional gravitational radiation

diagrams due to Yang-Mills contributions, the Feynman
rules for scattering outlined by Rodigast’s thesis give
the necessary three-point vertex [61,62]. The Feynman
rule for the three-point vertex with two gluons and one
graviton can be found from the interaction term in the
Lagrangian,

L ¼ ffiffiffiffiffiffi
−g

p
gμρgνσ∂μAa

ν∂ ½ρAa
σ� þ � � �

≈ κ

�
ημτηρληνσ þ ημρηντησλ −

1

2
ητλημρηνσ

�

× hτλ∂μAa
ν∂ ½ρAa

σ�: ðB16Þ

Taking the functional derivatives, and properly symmetriz-
ing over all indices and momenta, gives

Γτλ;μã;νb̃ðk; p; qÞ

¼ −2iδã b̃
�
pðτqλÞημν þ 1

2
p · qðητμηλνητνηλμ − ητλημνÞ

þ 1

2
ητλpνqμ − qμηνðλpτÞ − pνημðτqλÞ

�
; ðB17Þ

where a factor of 2=κ was added to have the same
conventions as DeWitt’s three-point vertex. This allows
us to use the same formula for calculating the contribution
to the radiation source. By reusing the lowest-order result
for AμaðlÞjOðg1Þ and switching a → ã, the solution to
diagram 2(i) is

ð2iÞμνðkÞ ¼ 1

2

Z
lα;lβ

iΓμν;ρã;σb̃ð−k; lα; lβÞAã
ρðlαÞjOðg1Þ

× Ab̃
σðlβÞjOðg1Þδdðk − lα − lβÞ: ðB18Þ

Plugging in the lowest-order solution gives

ð2iÞμνðkÞ ¼ g̃2
XN
α¼1
β≠α

Z
lα;lβ

μα;βðkÞcãαcãβ
�
1

2
ðvμαvνβ

þ vναv
μ
β − ημνvα · vβÞlα · lβ þ vα · vβl

ðμ
α l

νÞ
β

þ 1

2
ημνk · vαk · vβ − k · vβv

ðμ
α l

νÞ
β − k · vαv

ðμ
β l

νÞ
α

�
;

ðB19Þ

which can be shown to agree with the algebraic result found
in Eq. (3.28).
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