PHYSICAL REVIEW D 97, 083520 (2018)

Quantum entanglement in de Sitter space with a wall
and the decoherence of bubble universes
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We study the effect of a bubble wall on the entanglement entropy of a free massive scalar field between
two causally disconnected open charts in de Sitter space. We assume there is a delta-functional wall
between the open charts. This can be thought of as a model of pair creation of bubble universes in de Sitter
space. We first derive the Euclidean vacuum mode functions of the scalar field in the presence of the wall in
the coordinates that respect the open charts. We then derive the Bogoliubov transformation between the
Euclidean vacuum and the open chart vacua that makes the reduced density matrix diagonal. We find that
larger walls lead to less entanglement. Our result may be regarded as evidence of decoherence of bubble
universes from each other. We also note an interesting relationship between our results and discussions of

the black hole firewall problem.
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I. INTRODUCTION

Quantum entanglement has fascinated many physicist
because of its counterintuitive nature. Quantum entangle-
ment makes it possible to know everything about a system
composed of two subsystems (in a pure state) but know
nothing at all about the subsystems (in the case of maximal
entanglement). After Aspect et al. succeeded in showing
experimental evidence of the quantum nature of entangle-
ment by measuring correlations of linear polarizations of
pairs of photons [1,2], much attention has been paid to this
genuine quantum property in various research areas includ-
ing quantum information theory, quantum communication,
quantum cryptography, quantum teleportation, and quan-
tum computation.

Quantum entanglement should play an important role in
cosmology. In de Sitter space where the universe expands
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exponentially, any two mutually separated regions even-
tually become causally disconnected. This is most con-
veniently described by spanning open universe coordinates
on two open charts in de Sitter space. The positive
frequency mode functions of a free massive scalar field
for the Euclidean vacuum (the Bunch-Davies vacuum) that
have support on both regions were derived in Ref. [3].
Using them, quantum entanglement between two causally
disconnected regions in de Sitter space was first studied
by Maldacena and Pimentel [4]. They showed that the
entanglement entropy, which is a measure of quantum
entanglement, of a free massive scalar field between two
disconnected open charts is nonvanishing. Motivated by
this work, the entanglement entropy of a vacua [5,6], that
of the Dirac field [7] and axion field were examined [8,9].
The spectrum of cosmological fluctuation was also studied
in Refs. [10,11]. Quantum entanglement is also of consid-
erable interest in the context of the proposed ‘“‘entanglement-
geometry correspondence”(e.g., Refs. [12,13]).

One of the cornerstones of inflationary cosmology is
that primordial density fluctuations have a quantum
mechanical origin. Inflation leads to an “initial state” of
the Universe following inflation that is highly entangled.
This invites the question of whether compelling observa-
tional evidence for the entangled nature of the initial
density fluctuations can be found. Several studies have
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been made to quantify the initial-state entanglement by
using some measure of entanglement such as the Bell
inequality [14-20], entanglement negativity [21-23], and
quantum discord [24,25]. There have also been several
attempts to find some observational signatures on the
cosmic microwave background when the initial state is a
non-Bunch-Davies vacuum due to entanglement between
two scalar fields [26,27], between two universes [28], and
due to scalar-tensor entanglement [29,30].

In this paper, we extend the calculation of Maldacena
and Pimentel [4] to the case in which a bubble wall is
present between the two open charts. The modes of the
scalar field are changed by the presence of the wall, which
in turn changes the entanglement entropy between the two
regions. We find that for sufficiently large walls the
entanglement entropy approaches zero. Our technical
results may prove useful in several of the areas discussed
above. Here, we focus on the possible implications for the
decoherence of bubble universes.

The paper is organized as follows. In Sec. II, we review
the method developed by Maldacena and Pimentel [4]
with some comments relevant to the calculation of the
entanglement entropy with a bubble wall. In Sec. III, we
introduce the bubble wall in the system and construct the
positive frequency mode functions for the Bunch-Davies
vacuum. We then compute the entanglement entropy and
logarithmic negativity. Finally, we summarize our result
and discuss the implications in Sec. IV.

II. ENTANGLEMENT ENTROPY
IN de SITTER SPACE

Recently, Maldacena and Pimentel studied quantum
entanglement between two causally disconnected regions
in de Sitter space in Ref. [4]. They showed that the
entanglement entropy of a free massive scalar field between
two disconnected open charts is nonvanishing. In this
section, we review their result.

A. Mode functions in the open chart

We consider a free scalar field ¢ with mass m in de Sitter
space represented by the metric g,,. The action is given by

1 2
s= [ axvma-grome-"e| e

The metric in each R and L region of open charts in de
Sitter space (see Fig. 1) can be obtained by analytic
continuation from the Euclidean metric,

dst = H2[de® + cos? z(dp? + sin® pdQ?)],  (2.2)
and expressed, respectively, as
ds% = H™%[—dt% + sinh’tz(dr + sinh?rzdQ?)],
ds? = H™2[—df? + sinh?t; (dr? + sinh?r, dQ?)],  (2.3)

t, =const. t, =const.

Infinite volume exists

Causally disconnected regions

Open chart

FIG. 1. The Penrose diagram of the de Sitter space is shown.
L and R are the two causally disconnected regions described by
the open charts. A late-time spatial hypersurface in each region is
depicted.

where H~! is the Hubble radius and dQ is the metric on the
2-sphere. Note that the regions R and L covered by the
coordinates (t;, r;) and (tg, rg), respectively, are the two
causally disconnected open charts of de Sitter spalce.1

The solutions of the Klein-Gordon equation are
expressed as

H
uapfm(t’ r, Q) ~ w)(p.a(t)Ypfm(rv Q)?

_Lzypfm = (1 + pz)Ypfm? (24)
where (t,r) = (tg,rg) or (t;, r;) and Y 4, are harmonic
functions on the three-dimensional hyperbolic space. The
eigenvalues p normalized by H take positive real values.
The positive frequency mode functions corresponding to
the Euclidean vacuum (the Bunch-Davies vacuum) that are
supported in both the R and L regions are derived by Sasaki
et al. in Ref. [3],

—inv

e —ige™™ pip _ e —ice”™ p=ip
Xp o - 7, je~t [ - .
B ce™P —je~ " pip __ge""P—ie”" p—ip
C(v+ip+}) Pv—%(COShtL) T(v—ip+Y) Pl,_% (coshry),

(2.5)

where Pbi_if are the associated Legendre functions and the
2

index o takes the values 41, which distinguishes two
independent solutions for each region, and v is a mass
parameter,

S5}

(2.6)

<
\
EEN N
|
33

"The point between R and L regions is a part of the timelike
infinity where infinite volume exists.
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Here and below in the text, we focus on the case
m?/H?> <9/4 to save space and make the discussion
clear. The extension to the case m?/H? > 9/4 is straight-
forward, and the result we present will include both mass
ranges.

Note that v = 1/2 (m?> = 2H?) is equivalent to a con-
formally coupled massless scalar. The minimally coupled
massless limit is v = 3/2. For 1/2 < v < 3/2, it is known
that there exists a supercurvature mode p = ik where
0 < k < 1, which may be regarded as a bound-state mode.
The role of supercurvature modes in the quantum entan-
glement is not clear. In Ref. [4], it is conjectured that they
will not contribute. In the body of this paper, we simply
ignore them. An analysis in the case of a conformal scalar
in the presence of a bubble wall is given in Appendix A. It
turns out that a bubble wall can make the effective potential
deep and allow a supercurvature mode to exist. In fact, we
find that the eigenvalue k can exceed unity and become
arbitrarily large as the effective potential becomes deeper,
and as a result, the contribution of the supercurvature mode
in the vacuum spectrum in each open chart is more
important.”

Going back to the solutions in Eq. (2.5), the Klein-
Gordon normalization fixes the normalization factor as

4 sinh zp+/coshzp — o sin v

N, =
! Vall(v+ip +)|

(2.7)

Since they form a complete orthonormal set of modes, the
field can be expanded in terms of the creation and
annihilation operators,

sinh t/ p z (ipfm)(p o

o,l,m

qa(t, r,Q) =

+a;pf m}(;lf( )] pfm(r Q)

smh Z/ pz¢pfrn pfm(r, Q.), (28)

_ i _

where Y. =Y ,e [a,,,if,'n, qg,p,ﬂm,} =6(p— p’) X
0p,6/0¢ ¢'Om m With ag,.,, annihilating the Bunch-Davies
vacuum, d,,s,|0)gp = 0, and we introduced a Fourier
mode field operator,

¢pfm(t) = Z[aapfm)(p,zf(t) + aj;pf—m){;.a(t)]' (29)

o

For convenience, we write the mode functions and the
associated Legendre functions of the R and L regions

1% PP 1jp(coshig ) = PRE,

. Also, below, we omit the

in a simple form: y, (1) =

P;’l’/z (coshtg ;) = PReL*

See Eq. (3.10) in Ref. [31].

indices p, ¢, and m of ¢,z agpem, and a for

opl—m
simplicity. For example, a, = a,pz,, and a; = Aoptm
unless there may be any confusion.”

B. Bogoliubov transformations and entangled states

Next, we consider the positive frequency mode functions
for the R or L vacuum that have support only on the R or L
region, respectively. They are given by

{ N;'P? in regiong,

@ = , : :

0 in the opposite region,

- V2

N,=—YL _ (2.10)
IC(1+ip)|

where ¢ = (R, L). As the Fourier mode field operator (2.9)
should be the same under this change of mode functions,
we have

¢( ) =ax" + ao_)(a* = bq¢q + bq¢q*

where we have introduced the new creation and annihila-
tion operators (b,,, b}) such that b,|0), = 0. The operators

(2.11)

(ag, aj;) and (b, b:;) are related by a Bogoliubov trans-
formation. The Bunch-Davies vacuum may be constructed
from the states over |0),

0)gp o exp < Z mi;b} bj) 210, (2.12)
i.j=R.L
where m;; is a symmetric matrix. The condition

a,|0)gp = 0 determines m;;,

i0 V2e 7 coszv  isinh pr
m.. = e ’
Y V/cosh2zp + cos2zv \ isinh pr  cosav
(2.13)

where e contains all unimportant phase factors for 2> > 0.
This is an entangled state of the Hz ® H; Hilbert space.

The density matrix p = |0)gppp (0| is not diagonal in the
|0)g]0), basis unless v =1/2 or 3/2. To make the
calculation easier for tracing out the degrees of freedom
in, say, the L space later, we perform a further Bogoliubov
transformation in each of R and L regions. Apparently, this
Bogoliubov transformation does not mix the operators in
‘Hyr space and those in H; space. We introduce new

operators ¢, = (cg, c,) that satisfy

cp = ubg + vb;, ¢, = u*b; + v*bz (2.14)

to obtain

It may be noted that this abbreviation implies (a,)" =
a:;pfm #a) = aipf_m. But since this is a small technical problem
that can be easily solved by doubling the degrees of freedom,

below we assume (a,)’ = aj.
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0)sp = Ny, exp (r,cpep )0 |00 (2.15)

Note that the condition |u|> — |v|*> = 1 is assumed so that

the new operators satisfy the commutation relation

[ci, (¢;)T] = &,;. The normalization factor N, is given by
1

N%p = |exp (J’pc;reCD|0>R'|O>L’|2 = PN (2.16)
P

where [y,| < 1 should be satisfied. The consistency rela-

tions from Eq. (2.15) (cg[0)pp = 7,¢1|0)pps ¢£10)pp =

7pckl0)sp) give

1
7 :Z {—w2+52+ 1- \/(a)z—(z— 1)2-422(,  (2.17)
where we defined w = myzp = m;; and { = mp;, = myp in
Eq. (2.13). Note that a minus sign in front of the square-root
term is taken to make y, converge. Putting the @ and ¢
defined in Eq. (2.13) into Eq. (2.17), we obtain

V2

Yp

(2.18)

Note that y, simplifies to |y,| = e for v = 1/2 (con-
formal) and v = 3/2 (massless). The u and v may be
determined by inserting the above y,, into the consistency
conditions.

C. Reduced density matrix and entanglement entropy

Given the density matrix in the diagonalized form, it is
straightforward to obtain the reduced density matrix. From
Egs. (2.15) and (2.16), we obtain the density matrix for
each mode labeled by p, ¢, and m as

pr="Try |0>BDBD (0]

= (L=1lr,) > lrp|n: pm)(n: pem|. (2.19)
n=0

where we defined |n; p£m) = 1/v/n!(c})"|0)g. In the
conformal (v = 1/2) and massless (v = 3/2) cases, the
reduced density matrix reduces to a thermal state with
temperature 7 = H/(2x).

The entanglement entropy for each mode is given by

S(p.v) = =Trpg(p)logopr(p)

7,

—L _log,ly,>.  (2.20)
1 - |7p|2 e

= —log, (1 = |r,*) -

Then, the total entanglement entropy between two causally
disconnected open regions is obtained by integrating over p
and a volume integral over the hyperboloid,

= i .
vcosh2zp + cos 2zv 4+ /cosh2zp + cos 2z + 2

S/Sv=1/2

) /\/

0.8

0.6

0.4

0.2

0.0 v?

-4 -3 -2 -1 0 1 2

FIG. 2. Plot of the entanglement entropy normalized by the
conformal scalar case (v = 1/2) as a function of 1.

e [©dpp? 1 e
S(V)ZVFEA Y S(P,V):;A dpp*S(p.v).

(2.21)
where V8 = 27 is the regularized volume of the hyper-
boloid [4]. The result is plotted in Fig. 2. We see that the
entanglement is largest for small mass (positive 2?) and
decays exponentially for large mass (negative v?). The two

peaks correspond to the massless (v = 3/2) and conformal
(v = 1/2) cases.

III. EFFECTS OF A BUBBLE WALL
ON THE ENTANGLEMENT

Now, we study the effect of a bubble wall on the
entanglement. The Penrose diagram of our setup is depicted
in Fig. 3. We consider the same action as Eq. (2.1) but now
with m? as a function of the background geometry that
contains a wall. In the case in which the background
geometry is given by an instanton solution with o(z) being
the scalar field configuration and ¢ being its fluctuations,
m? will be given by

Inside of another bubble Inside of a bubble

L R R

@
c
S
=4
o
H
o

False vacuum
(Euclid space)

Open chart Our setup

FIG. 3. The Penrose diagrams of de Sitter space with and without
a delta-function wall. We assume that pair creation of identical
vacuum bubbles through false vacuum decay and that the bubbles
are separated by an infinitesimally thin wall in region C.
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_ d*V (o)

2
m(z) do?

(3.1)
where V is the potential of the ¢ field and the 7 dependence
of m? is through its ¢ dependence. In a realistic situation,
m? would be a smooth function of 7 and is positive on both
sides of the wall but negative at the wall where the potential

has a peak. For simplicity, however, here, we model the
wall with a delta function.

A. Setup

We consider the same action as Eq. (2.1) but now with a
delta-functional wall in region C parametrized by A
according to

1 2 AS(t
s= [ d‘*x\ﬁ—g[—igﬂvé‘mam—mf(%z (62
where the metric is expressed as
ds% = H72[df% + cos? to(—drz + cosh? redQ?)]. (3.3)

Note that the radial coordinate . in the region C coincides
with 7 of the instanton solution [see Eq. (3.6) below]. Note
also that if we denote the width of the wall by Az, we
have A = |d*V/do?|HAx,,.

Setting the field ¢ as

H
4) = —)(p([C)Ypfm<rC’Q)’

= 3.4
cos t¢ (34)

the solution of the mode function y, in the C region is given
by the associated Legendre function, y, Pjt_’f (sintc).
2

B. Mode functions in the presence of a wall

Now, we want to pick up the positive frequency mode
functions that are relevant for the pair creation of bubble
universes through false vacuum decay, namely, those mode
functions that describe the Euclidean vacuum in the
presence of a wall in region C. They are obtained by
requiring regularity in the lower hemisphere of the
Euclidean de Sitter space with the wall when they are
analytically continued to that region [3,31].

1. Relation between the Lorentzian
and the Euclidean coordinates

The open chart is obtained by analytic continuation of
the Euclidean sphere S*. The Lorentzian coordinates of the
regions L, R, and C are related to the Euclidean coordinates
given in Eq. (2.2) as

{IR:l.(T—g), ZRZO

rg = ip, TR 2

(3.5)

tc =1, -5<tc <%
{C , 2= (3.6)
re=1ip=3%), 0<rc<oo
t; =i(—t=%), t; >0
fi=ite=. )
rp = ip, rp > 0.

For simplicity, we write sinf- = 7., coshtp =z, and
cosht; = —z; below. Then, the above relations give
ic = 2r = —ZL-

2. Analytic continuation in the presence of the wall

Lety}(zz) = Pilii(ZR) and yj;(z,) = P,ifil(ZL) (2L =—2r)s
where ’ ’

1 74+ 1\5 1-z2
Pllj - F_’ 171_; 3
O =rir=g (27) P15

(3.8)

z>1 or z<-1.

(i) FromR (R={zz>1})toCT (CT ={0 < zc < 1}):

Analytic continuation is through Jzz < 0. This

means that the argument of zp — 1 =z — 1 is —=x.
Hence, zz — 1 = z¢ — 1 = ¢7*(1 — z¢). Thus,

(1+z¢) = (1+2),

(1 =z¢) = [1 = zgle™ = (zg = e, (3.9)
which gives
(”ZR)’f_e—%p(l“C)li (3.10)
iR — 1 1- ic

when analytically continued from zz > 1 to zz =
z¢ < 1. This means
Io(zc) = e—%PPili%(Zc), (3.11)

for zz = zc < 1, where PJ(x) for —1 <x <1 is
defined as

- 1 1+x\5 1—x
P(x)= R 2] (RIS I P
) r<1—u><1—x> (””* # 2)

(3.12)

(ii) From C* to C~ (C~ ={-1 < z¢ < 0}):
Assuming there is a delta-functional wall of
height A at zc = 0, y%(z¢) is deformed to

X (zc) = e (Ape_”pi)zl(zc) + Bpe”pp;i[l](z(f)>’
2 2
(3.13)

in C”, where A, and B, are given by

083520-5
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/4 A
A =142 DB ()P, 3.14
r +2isinhztpH2| ”‘%( ) (3.14)
r A y 2
B,=——————e 7 P7(0)] . 3.15
b 2isinhap H2® < V—%( )> (3.15)

Note that in the absence of a wall (A = 0) we have

A,=1and B, =0.
(iii)) From L (L={zy <-1}) to C~
{—1 < Zc < 0})

(=

Now, we express the above solution in terms of
)(5. To do this, we first introduce Z. = —z, and
from L to C~, where

analytically continue x5

0 < Zc < 1. It is exactly the same as the analytic
continuation from R to C*, and we have

xp(Zc) = e_%pi)ili (2c). (3.16)

1
2

for ZL = fc < 1
(iv) Matching y® with y*:

We now express )(,13 in terms of x5 and y£,. To do
this, we express Pvi_lf (z¢) = Pyi_lf (=2¢) in terms of
2 2
Pjt_lf (¢¢), which can be achieved by using the
2

transformation formulas for the hypergeometric

functions in Appendix B. We find

Pl \(~2c) = C,P! () + D, PN (2c).  (3.17)

where

_ cosmy

~isinhzp’

cos(v+ip)al3+v+ip)
isinhzp T(3+v—ip)

p

— _e—27rp

D,= (3.18)

Using Eq. (3.17), ;(j,f is expressed as’

15(zc) = e%[ApPili%(—ZAc) + Bpp;ig—fc)}
= (Apcp + BpD—p))(é(ZAC)

+e™(A,D, + B,C_)ztp(2c).  (3.20)

Notice that P;’%’ (—Z¢) is not complex conjugate

of P:l:%(—fc)

3. Euclidean vacuum in the presence of the wall

Finally, the positive frequency mode functions for the
Euclidean vacuum in the presence of the bubble wall are
found to be

R 1 Pi]i%(ZR)’
)(P(Z) - N_ ) ip . —ip (321)
w | (A,Cp, + BpD_p)PU_%(zL) + e (A,D, + BpC_p)PD_% (z1),
L 1 (Apcp + BpD—p)P:[:%(ZR) + eﬂp(Apr =+ BpC—p)P;i[%J(ZR)’
@ =1 (3:22)
w Pl,_%(ZL)’
where the Klein-Gordon normalization for the above solutions is
N2 = N2+ I, = g, P). (3.23)
where N p is defined in Eq. (2.10) and we have defined
f,=A,C,+B,D_,, g, =¢e"P(A,D,+B,C_,). (3.24)
Note that in the absence of the wall (A = 0) we have f, = C,, and g, = ¢"’D,,.
“In the language of Ref. [31], we have
a,=e"(A,D,+B,C_,), p,=A,C,+B,D_,. (3.19)

We can check the symmetry, aj, = e‘z’”’a_p, By =P_p

083520-6
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C. Bogoliubov transformations and entangled states

We perform the same Bogoliubov transformation in Eq. (2.11) that mixes the operators in the Hilbert spaces H and H; .
The derivation of the symmetric matrix m;; is given in Appendix C. The components of the m;; in Eq. (2.13) are now

expressed as

2 * 2
o=y 4530 (1= 120 ) =+ 1 =l (£, - 12225 )] (3.25)
P P
* 2 2
c= =+ ) (1 =125 ) = (11, = lapP) (112255 | (3.20
P P
where
g 1 gl >2_< _f}élgp\z)2
Fei g E- (1 P =) (3.27)

If there is no wall, w is real (w = w*), and { is pure
imaginary (¢ = —(*) for positive 12, then the second
Bogoliubov transformation was simplified as in
Eq. (2.14). In the presence of the wall, however,
Egs. (3.25) and (3.26) are neither real nor imaginary,
respectively, for positive 2. In this case, we need to
perform the Bogoliubov transformation of the form

Cr = MbR + ’Ub}g, Cp = ﬁbL + T}bz (328)
to get the relation (2.15). Note that |u|*> — |v]*> =1 and
|it|*> = |5|*> = 1 are assumed. Then, the consistency rela-
tions (cg|0)gp = 7pCZ|O>BD’ cr|0)gp = ypc;r%|0>BD) give
the system of four homogeneous equations:

ou+v—y,v°=0, fu-y,u"—y,0v" =0,

wi+v-y,{v* =0, fiu—-y,u" —y,0v"=0. (3.29)
To have a nontrivial solution in the above system of

equations, y,, must be [5]

0.015

0.010

0.005

0.000 — v

-4 -3 -2 -1 0 1 2

1
AR S S e SR R )

—\/(a)zcj*2+a)*2§2—|a)|4—|—2|a)|2—1—|C|4)2—4|Zj|4},
(3.30)

where we took a minus sign in front of the square-root term
to reduce Eq. (2.17) when there is no wall. Then, putting
Egs. (3.25) and (3.26) into Eq. (3.30), we can calculate the
entanglement entropy for each mode in Eq. (2.20). The
resulting total entanglement entropy, Eq. (2.21), is plotted
in Fig. 4.

D. Entanglement entropy

From the left panel in Fig. 4, we see that the entangle-
ment entropy decreases as the effect of the wall increases
for small mass (positive 2%). For large mass (negative 1?),
the entanglement entropy decays exponentially in the
absence of the wall (A = 0). In the presence of the wall,

N

0.015

0.010

0.005

0.000 A
0 2 4 6 8 10

FIG. 4. The left panel shows plots of the entanglement entropy versus v> for several values of A. Running from top to bottom on the
right side of the panel: A = 0 (blue), A/H? = 1 (orange), A/H? = 3 (green), A/H> = 5 (red), and A/H? = 8 (purple). The right panel
shows the A dependence of the entanglement entropy, where the horizontal axis is in units of H = 1. Again running from top to bottom
along the right, we show the massless case (v = 3/2, blue), v = 1 (orange), and the conformal case (v = 1/2, green).
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FIG. 5.

LN
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0.002

0.000 A
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The left panel shows plots of the logarithmic negativity versus . We set H = 1. Running from top to bottom on the right side

of the panel: A = 0 (blue), A/H? = 1 (orange), A/H?> = 3 (green), A/H? = 5 (red), and A/H? = 8 (purple). The right panel shows the
A dependence of the logarithmic negativity, where the horizontal axis is in units of H = 1. Again running from top to bottom along the
right, we show the massless case (v = 3/2, blue), v = 1 (orange), and the conformal case (v = 1/2, green).

the peak at the conformally coupled scalar (v = 1/2) shifts
to the left and eventually disappears as the effect of the wall
increases. The right panel also shows that the peak of the
entanglement entropy corresponding to the massless case
and the conformally coupled scalar is an identical value in
the absence of the wall (A = 0). However, as the effect of
the wall becomes large, the entanglement entropy in the
case of a conformally coupled scalar decays faster than that
of the massless case.

E. Logarithmic negativity

To characterize the entanglement of a quantum state,
there have been many entanglement measures proposed.
The logarithmic negativity is one such measure of quantum
entanglement. This measure is derived from the positive
partial transpose criterion for separability [32]. The idea of
it is to characterize an entangled state as a state that is not
separable. In this subsection, we compute the entanglement
of our model with the logarithmic negativity.

The second Bogoliubov transformation (2.15) is rewrit-
ten as

0)pp = Ny Zy;', n; pfm)p|n; ptm) ., (3.31)
n=0

where the states |n; p£m) g and |n; p£m),, are n particle
excitation states in R’ and L’ spaces. For a pure state, any
state has a Schmidt decomposition expressed as

ly) = Z \/’Ti|i>A ® |i)g,

(3.32)

where 4; is the probability to observe the ith state and
satisfies ) _;4; = 1. By using the eigenvalues, the logarith-
mic negativity is expressed as

(3.33)

LN =2log, <Z \//1_,>

Thus, if we compare Eq. (3.31) with the Schmidt decom-
position, we can read off the corresponding eigenvalues

%= Ny, ", (3.34)

and the logarithmic negativity for each mode is calculated
as [22]

1+ 1y,
- |7p‘2
(3.35)

LN (p.v) =2log, (ZM‘)I@I") — log

Then, the logarithmic negativity is obtained by integrating
over p and a volume integral over the hyperboloid,

1

LN (v) = ;/)Oo dpp*LN (p,v). (3.36)

The result is plotted in Fig. 5. We find that the qualitative
features are the same as the result of entanglement entropy.

IV. SUMMARY AND DISCUSSION

We have studied the effect of a bubble wall on the
entanglement entropy of a free massive scalar field between
two causally disconnected open charts in de Sitter space.
We assume there is a delta-functional wall between them
parametrized by our wall parameter A. This may be
regarded as a model describing the pair creation of identical
bubble universes separated by a bubble wall. To analyze the
system, we first derived the Euclidean vacuum mode
functions of the scalar field in the presence of the wall
in the coordinates that respect the open charts. We then
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gave the Bogoliubov transformation between the Euclidean
vacuum and the open chart vacua that makes the reduced
density matrix diagonal. We derived the reduced density
matrix in one of the open charts (R space) after tracing out
the other (L space). We then computed the entanglement
entropy of the scalar field by using the reduced density
matrix and compared the result with the case of no bubble
wall. We found that larger values of parameter A corre-
spond to less entanglement. We also computed a different
measure of entanglement called logarithmic negativity. The
qualitative features were found to be the same as the result
of entanglement entropy.

In the limit of small entanglement entropy, the Bunch-
Davies quantum state approached a product of ground-state
wave functions for each of the charts. Our results thus show
that for large A the dynamics of bubble formation select this
product state and ensure its stability under evolution. These
are the features identified in the literature’ to correspond to
the selection of special “pointer states” via the decoherence
process. Our results thus may be regarded as evidence of
the decoherence of bubble universes from (and by) each
other.

We also note that in discussions of the black hole firewall
problem [38,39] it is argued that the absence of entangle-
ment implies the existence of a firewall. We are intrigued by
a certain parallel, in a kind of reverse-engineered way, with
our results: we show a particular example of how the
presence of a wall can reduce entanglement.
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APPENDIX A: SUPERCURVATURE MODE

On the de Sitter background, there exists a supercurvature
mode in the open chart if the mass squared is in the range
0 <m?/H?> <2 [3]. The supercurvature mode has an
imaginary eigenvalue, p=ik, where 0 <k<1. Therefore,
this may be regarded as a bound-state mode in the spectrum.

The role of supercurvature modes in the quantum
entanglement is not known. In Ref. [4], it is conjectured
that they do not contribute to the entanglement. Here, we
consider the effect of the presence of a bubble wall on the
supercurvature mode by focusing on the simplest case of
m?/H? = 2, i.e., the conformal scalar case. In this case, if

5See, for example, Refs. [33—36] and also Ref. [37], Sec. IV-D,
for a nice review.

there is no wall, there is no supercurvature mode. We see
below that a supercurvature mode appears when there is
a wall.

Let us first write down the equation for the mode
function y,(#¢) in region C,

> da(te) d p?
L) @ i) +—E |y, =0,
d[%v a(tc)dtc dtc * ( C) * Hzaz(tc) )(P
(A1)
where a(t;) = H™' cost¢ and
2= AS(1
pp = - Adlte). (A2)

HZ

By using the conformal coordinate dé = dtq/a(tc), we
have a = (H cosh&)~!, and Eq. (A1) is reexpressed as

& M-2
-t — - =0. A3
d&? + cosh?¢ PoiX (A3)
We set p?> = —k*> (k > 0), since we consider a super-

curvature mode. For M? = 2, Eq. (A3) gives the solution

i x ek for € #0. (A4)
For either sign, the solution is singular at { - oo if there
were no wall. However, the presence of a wall allows the
solution to be

{ ek for ¢ >0, (A3)
x
KX ek for £ <0,
The matching condition at £ = 0 gives
d A
| = (48)
which can be readily solved to obtain
A
k=—. A7
2H2 ( )

Thus, the supercurvature mode exists for any value of
A > 0, and the eigenvalue k can be arbitrarily large, unlike
the case of the pure de Sitter background.

To complete the analysis, let us compute the normali-
zation factor of the supercurvature mode. Setting y; =
Nile* for £ 50, we have

0 2 o 1
1= d 2== dée ™ = —— A8
Thus, we obtain a very simple result:
Ny = (A9)
k \/E .
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Thus, the larger the eigenvalue k, the smaller the normali-
zation factor becomes, implying that its contribution to the
spectrum of the vacuum fluctuations in each open chart
becomes more and more important [31].

APPENDIX B: TRANSFORMATION FORMULAS

C(y)lC(a+p—v)

Fla,p.r:z) = N (f) (1 —z)re?
XFly—ay=py—a-p+1:1-2)
C(y)U(y —a+p)
Ly —a)l(y = B)
xFla.pa+p—y+1;1-2), (B1)
and
Fla.f.y;z) = (1 -2 PF(y—a,y —p.y:z). (B2)

APPENDIX C: BOGOLIUBOV COEFFICIENTS

From Eq. (2.11), the relation between the operators a;
and b, is given by
by=a;(M)!;.  by=(b,.by). a=(a,ai), (Cl)
where the capital indices (/, J) run from 1 to 4; the
subscripts ¢, 6 = (R, L); M is a 4 x 4 matrix,

M, = <aaq Py >
ﬂd*q ao'*q
and « and f are 2 x 2 matrices and consist of f, and g,, in
Eq. (3.24) such as

(C2)

a_Np 1 f, G_Np 0 g,
“‘f—Nw(f,, 1>’ ﬁq‘Nw<g,, 0)' ()

The relation (C1) is rewritten as
a./ = bI(M_1)1J7

(MY, = (éqﬁ 5(]6),

620 qgo
&= (a—pa'p)7",
{ 6= —a'pe. ()

By using Eq. (C3), we find the above matrices £ and ¢ are
expressed, respectively, as

lg, Iolgpl
1 — el —f, =12
N, 1 1/} P 1=fy
=== el |2 2 ’ (CS)
N, E _f _ Fhlgyl 1 — 19l
Po1=f 1-f3?
N, 1 g ( fotf; —1=|f,[*+lg I2>
_Nw L gp pTJp P P
NPE*l_f%’ _l_lfp|2+|gp|2 fp+fz
(Co)
If we apply a, to Eq. (2.12), then we have
0 =a,|0)gp = m;; = _(5*5_1)”’ (C7)
and m;; is found to be
w ¢
e (c w) )

where w and ¢ are given in Egs. (3.25) and (3.26).

[11 A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 47,
460 (1981).

[2] A. Aspect, J. Dalibard, and G. Roger, Phys. Rev. Lett. 49,
1804 (1982).

[3] M. Sasaki, T. Tanaka, and K. Yamamoto, Phys. Rev. D 51,
2979 (1995).

[4] J. Maldacena and G. L. Pimentel, J. High Energy Phys. 02
(2013) 038.

[5] S. Kanno, J. Murugan, J. P. Shock, and J. Soda, J. High
Energy Phys. 07 (2014) 072.

[6] N. lizuka, T. Noumi, and N. Ogawa, Nucl. Phys. B910, 23
(2016).

[7] S. Kanno, M. Sasaki, and T. Tanaka, J. High Energy Phys.
03 (2017) 068.

[8] S. Choudhury and S. Panda, Eur. Phys. J. C 78, 52 (2018).

[9] S. Choudhury and S. Panda, arXiv:1712.08299.

[10] S. Kanno, J. Cosmol. Astropart. Phys. 07 (2014) 029.

[11] F. V. Dimitrakopoulos, L. Kabir, B. Mosk, M. Parikh, and
J.P. van der Schaar, J. High Energy Phys. 06 (2015) 095.

[12] S. Ryu and T. Takayanagi, Phys. Rev. Lett. 96, 181602
(2006).

[13] V.E. Hubeny, M. Rangamani, and T. Takayanagi, J. High
Energy Phys. 07 (2007) 062.

[14] D. Campo and R. Parentani, Phys. Rev. D 74, 025001
(2006).

[15] D. Campo and R. Parentani, Braz. J. Phys. 35, 1074 (2005).

[16] J. Maldacena, Fortschr. Phys. 64, 10 (2016).

[17] J. Martin and V. Vennin, Phys. Rev. A 93, 062117 (2016).

[18] S. Choudhury, S. Panda, and R. Singh, Eur. Phys. J. C 77, 60
(2017).

083520-10


https://doi.org/10.1103/PhysRevLett.47.460
https://doi.org/10.1103/PhysRevLett.47.460
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/PhysRevD.51.2979
https://doi.org/10.1103/PhysRevD.51.2979
https://doi.org/10.1007/JHEP02(2013)038
https://doi.org/10.1007/JHEP02(2013)038
https://doi.org/10.1007/JHEP07(2014)072
https://doi.org/10.1007/JHEP07(2014)072
https://doi.org/10.1016/j.nuclphysb.2016.06.024
https://doi.org/10.1016/j.nuclphysb.2016.06.024
https://doi.org/10.1007/JHEP03(2017)068
https://doi.org/10.1007/JHEP03(2017)068
https://doi.org/10.1140/epjc/s10052-017-5503-4
http://arXiv.org/abs/1712.08299
https://doi.org/10.1088/1475-7516/2014/07/029
https://doi.org/10.1007/JHEP06(2015)095
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1103/PhysRevD.74.025001
https://doi.org/10.1103/PhysRevD.74.025001
https://doi.org/10.1590/S0103-97332005000700016
https://doi.org/10.1002/prop.201500097
https://doi.org/10.1103/PhysRevA.93.062117
https://doi.org/10.1140/epjc/s10052-016-4553-3
https://doi.org/10.1140/epjc/s10052-016-4553-3

QUANTUM ENTANGLEMENT IN DE SITTER SPACE WITH ...

PHYS. REV. D 97, 083520 (2018)

[19] S. Kanno and J. Soda, Phys. Rev. D 96, 083501 (2017).

[20] J. Martin and V. Vennin, Phys. Rev. D 96, 063501
(2017).

[21] Y. Nambu, Phys. Rev. D 78, 044023 (2008).

[22] S. Kanno, J. P. Shock, and J. Soda, J. Cosmol. Astropart.
Phys. 03 (2015) 015.

[23] A. Matsumura and Y. Nambu, arXiv:1707.08414.

[24] J. Martin and V. Vennin, Phys. Rev. D 93, 023505
(2016).

[25] S. Kanno, J. P. Shock, and J. Soda, Phys. Rev. D 94, 125014
(2016).

[26] A. Albrecht, N. Bolis, and R. Holman, J. High Energy Phys.
11 (2014) 093.

[27] S. Kanno, Europhys. Lett. 111, 60007 (2015).

[28] S. Kanno, Phys. Lett. B 751, 316 (2015).

[29] H. Collins and T. Vardanyan, J. Cosmol. Astropart. Phys. 11
(2016) 059.

[30] N. Bolis, A. Albrecht, and R. Holman, J. Cosmol. Astropart.
Phys. 12 (2016) 011; 08 (2017) EOL1.

[31] K. Yamamoto, M. Sasaki, and T. Tanaka, Phys. Rev. D 54,
5031 (1996).

[32] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Rev. Mod. Phys. 81, 865 (2009).

[33] W. H. Zurek, Phys. Rev. D 24, 1516 (1981).

[34] W.H. Zurek, S. Habib, and J. P. Paz, Phys. Rev. Lett. 70,
1187 (1993).

[35] W. H. Zurek, Prog. Theor. Phys. 89, 281 (1993).

[36] J.R. Anglin and W.H. Zurek, Phys. Rev. D 53, 7327
(1996).

[37] W.H. Zurek, Rev. Mod. Phys. 75, 715 (2003).

[38] S.L. Braunstein, S. Pirandola, and K. yczkowski, Phys. Rev.
Lett. 110, 101301 (2013).

[39] A. Almbheiri, D. Marolf, J. Polchinski, and J. Sully, J. High
Energy Phys. 02 (2013) 062.

083520-11


https://doi.org/10.1103/PhysRevD.96.083501
https://doi.org/10.1103/PhysRevD.96.063501
https://doi.org/10.1103/PhysRevD.96.063501
https://doi.org/10.1103/PhysRevD.78.044023
https://doi.org/10.1088/1475-7516/2015/03/015
https://doi.org/10.1088/1475-7516/2015/03/015
http://arXiv.org/abs/1707.08414
https://doi.org/10.1103/PhysRevD.93.023505
https://doi.org/10.1103/PhysRevD.93.023505
https://doi.org/10.1103/PhysRevD.94.125014
https://doi.org/10.1103/PhysRevD.94.125014
https://doi.org/10.1007/JHEP11(2014)093
https://doi.org/10.1007/JHEP11(2014)093
https://doi.org/10.1209/0295-5075/111/60007
https://doi.org/10.1016/j.physletb.2015.10.050
https://doi.org/10.1088/1475-7516/2016/11/059
https://doi.org/10.1088/1475-7516/2016/11/059
https://doi.org/10.1088/1475-7516/2016/12/011
https://doi.org/10.1088/1475-7516/2016/12/011
https://doi.org/10.1088/1475-7516/2017/08/E01
https://doi.org/10.1103/PhysRevD.54.5031
https://doi.org/10.1103/PhysRevD.54.5031
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevD.24.1516
https://doi.org/10.1103/PhysRevLett.70.1187
https://doi.org/10.1103/PhysRevLett.70.1187
https://doi.org/10.1143/ptp/89.2.281
https://doi.org/10.1103/PhysRevD.53.7327
https://doi.org/10.1103/PhysRevD.53.7327
https://doi.org/10.1103/RevModPhys.75.715
https://doi.org/10.1103/PhysRevLett.110.101301
https://doi.org/10.1103/PhysRevLett.110.101301
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/JHEP02(2013)062

