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We report on the calculation of first-order quantum electrodynamics (QED) corrections for the
yp — 717 p’ process. An upcoming experiment at MAMI (Mainz) aims to compare the cross sections
of muon- and electron-pair production in this reaction to test lepton universality. Precise knowledge of the
electromagnetic radiative corrections is needed for these measurements. As a first step, we present the
leading QED radiative corrections in the soft-photon approximation when accounting for the finite lepton
mass. For the kinematics at MAMI, we find corrections of the percent level for muons, and of order 10% for

electrons.
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I. INTRODUCTION

Recent experiments found a significant difference in the
proton charge radius, comparing measurements with elec-
trons and muons. Currently, the most precise measurements
with electron scattering were performed by the Al
Collaboration in Mainz [1,2]. The proton radius extracted
from these measurements is Ry = 0.879(8) fm. For
muonic measurements, there is currently only the proton
radius extraction by muonic spectroscopy [3,4], yielding a
significantly smaller value than the extraction by electron
scattering experiments. The reported value of the muonic
hydrogen experiments is Ry = 0.84087(39) fm [4].

This discrepancy, often referred to as the proton radius
puzzle, has triggered a lot of activity in recent years.
Explanations for this puzzle reach from systematic errors in
the extraction, see Refs. [5—12], to physics beyond the
standard model, see for example in Refs. [13-22]. If one
tries to explain this puzzle by new physics, one has to give
up lepton universality as a consequence, since this requires
the same, universal coupling for all leptons.

To shed further light on this puzzle and test lepton
universality, the MUSE experiment has been proposed,
which aims at comparing the scattering of muons and
electrons on a proton target [23,24]. In Ref. [25], the
authors suggested another test of lepton universality by
comparing the cross section of lepton-pair production for
muons and electrons in the process yp — [T~ p’. Such
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experiment only requires a relative measurement through
the ratio of electron- and muon-pair production cross
sections slightly above dimuon production threshold.
According to the finding of Ref. [25], the measurement
of this ratio with absolute precision of around 7 x 10™* can
test lepton universality at 3¢ significance level. An upcom-
ing experiment at MAMI is planned to perform such
measurements [26].

For a precise theoretical prediction, it is, however,
necessary to include higher-order corrections to the proc-
ess. In this article, we report as a first step on the calculation
of the first-order QED corrections in the soft-photon limit
when accounting for the finite lepton mass.

The outline of the paper is as follows. In Sec. II, we
introduce the kinematical notations for the process yp —
[T~ p' and give the formulas for the cross section at tree
level. In Sec. III, we evaluate the first-order QED correc-
tions to the cross section in the soft-photon approximation.
This limit is defined by a soft scaling of the loop momenta.
We give the analytic expressions for the real and virtual
corrections. We show that they factorize in terms of the tree
level cross section, and explicitly check the cancellation of
infrared divergences. In Sec. IV, we present the results of
this work. We quantify how the ratio of cross sections
of muon- and electron-pair production to electron-pair
production is affected by radiative corrections. We give
our conclusions and an outlook in Sec. V.

II. LEPTON-PAIR PRODUCTION
AT TREE LEVEL

The Bethe-Heitler process at tree level is described by
two graphs, see Fig. 1. We use p (p’) for the momenta of
the initial (final) proton, and p5 (p4) for the momenta of
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FIG. 1. The Bethe-Heitler process at tree level.

leptons [~ (I*) respectively. The initial photon has momen-
tum p;, and the virtual photon momentum in the
one-photon exchange graphs of Fig. 1 is defined as
p>» = p — p'. The Mandelstam variables for this process
are defined as

(p3 + pa)* = s, (1)
(p3—p1)* =11, (2)
pr=(p-p)P=t (3)

The on-shell condition for external particles implies:

p3=pi=m’, (4)
p?=p? =M, (5)
pi = 0. (6)
At leading order, the scattering amplitude M, is
given by
_ i(p3 — /1 +m)
M, = u(ps)(ie) [}’ W "

PP IE p erntp) T e

xa(p')(=ie)l, (t)u(p). (7)

where the electromagnetic vertex I'* for the proton is
expressed as

G”D(pZ)u (8)

F’l t 9
(1) M

= Fp(0)y" — iFp(1)
with the proton’s Dirac and Pauli form factors F, and Fp,
respectively.

The corresponding unpolarized differential cross section
doy is given by

()
dtds,dQ;"" )

B (2711) i4 2ME,) [ZZ (M Mo} 9)

where E, is the lab energy of the initial photon and
QﬁM”F is the solid angle of the lepton pair in their

center-of-mass frame, in which the lepton velocity is
denoted by

p= L (10)

S

In Eq. (9), we average over all polarizations in the initial
state and sum over the polarizations in the final state. We
express the cross section as a product of hadronic and
leptonic parts as

do a’p
- L, H*™, (11
<dtds,,dQCM'*">0 167(2ME,)* > an

where the fine-structure constant is defined as
a = e?/4n ~ 1/137. Furthermore, the unpolarized leptonic
tensor L,, (including the average over the initial photon
polarization) is given by

Al onl e
J%zﬁijiaym‘m)
) (yy (1(17113—_171?3;—22 ot (Zl—_pi/;;—nzz yv) } ’
(12)
and the unpolarized hadronic tensor H** by
R =T M) M) (1)

Using (8),
expressed as

the unpolarized hadronic tensor can be

P3
PP [GA() + G (), (14)
1+7" E M
where p=(p+p')/2, t=-1/(4M?), and where we

conveniently express the hadronic tensor in terms of
electric (Gg) and magnetic (G,;) form factors defined as
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GE:FD—TFP, (15)
Gy =Fp+ Fp, (16)

which are functions of the spacelike momentum transfer 7.
For the electric and magnetic proton form factors, which
enter the total cross sections for lepton-pair production, we
exploit the fit of Ref. [2], which is based on a global
analysis of the electron-proton scattering data at Q> <
10 GeV? with an empirical account of TPE corrections.
In the experimental setup, when only the recoil proton is
measured, one has to integrate (11) over the lepton angles:

do a’p CM 4 -
= o d, L HY. (17
<dtds”>0 16x(2ME, )1 / i " (7)

The kinematical invariant ¢ is in one-to-one relation with
the recoiling proton lab momentum p’ (or energy E'):

|P'| = 2M~\/7(1 + 1), (18)
E' = M(1+21), (19)

whereas the invariant s; is then determined from the
recoiling proton lab scattering angle:

S + Z(S +M2)T

2(s = M)\ /r(1 +71)’

where s is the squared center-of-mass energy, which can be
expressed in terms of the initial photon-beam energy E:

cosf, = (20)

s =2E,M + M. (21)

In Ref. [25], the authors calculated the ratio R of cross
sections between electron- and muon-pair production:

P _ oo u7)](su) + [oo(e™e™)](su)
Rowsi) == el

which depends on the invariant mass of the lepton pair s,
and a reference point s9 to which the measurement is
normalized.

The corresponding plot for the kinematical range acces-
sible at MAMI is shown in Fig. 2. The normalization is
shown for the choice 5(1)1 = sy, 1.e., at each point above the
muon-pair production threshold the sum of the cross
sections for muon- and electron-pair production is divided
by the corresponding cross section for electron-pair pro-
duction. In this plot, the blue curve describes the scenario,
when lepton universality holds, i.e., G = G4, while the
red curve corresponds to a case when lepton universality is
broken by an amount of 1%. The blue band describes the 3¢
deviation if this observable is measured with an absolute

E, =05 GeV
—t=0.03 GeV?
1.14f ‘

— lepton y with G = G5,

y violation with G = G = 1.01

1.13f

1.12F

alete” +putp~)/olete)

1411

0.065 0.070 0.075 0.080
Si [GCVZ]

FIG. 2. Ratio of the cross sectionsinyp — (eTe™ +puTu~)pvs
yp — (e*e™)p. The blue band corresponds to a 3¢ band, where
6c=7x10"%

accuracy of 7 x 10™*. We will show in this work that
radiative corrections shift this curve by more than 3o,
making their inclusion indispensable for a comparison with
experiment.

III. LEADING-ORDER RADIATIVE
CORRECTIONS IN THE
SOFT-PHOTON LIMIT

We evaluate the first-order QED corrections to the
yp — ITI"p process in the soft-photon limit. This limit
is defined by a scaling of the momenta & of virtual photons
in the loops and real photon momenta in the bremsstrah-
lung process, with respect to external scales, as

ko~ 2, (23)

where A is a small parameter. We calculate the diagrams at
leading order in A. This procedure reproduces all infrared-
divergent contributions and results in a finite, gauge-
invariant piece. The resulting cross section correction
factorizes in terms of the tree-level cross section given

by Eq. (11).

A. Virtual corrections

We start by calculating the one-loop virtual radiative
corrections. In the soft-photon approximation, only box
diagrams contribute. We list all propagators and their
scaling with 4 in Table I:

The integral measure d*k scales as

d*k ~ 2t (24)

Therefore, to obtain a contribution of order 1, we need a
denominator of order A*. This is only possible for the box
diagrams when the first 3 propagators of Table I are present
in a Feynman integral.
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TABLE 1. Scaling of the propagator denominators with the
expansion parameter 4. Only integrals with the first 3 propagators
contribute, since these integrals have a denominator scaling as A%,
which is the scaling of the integral measure in the numerator.

Propagator denominator Scaling at least as

(k+ p3)* —m? A
(k= p4)* —m? 4
k? 2
(p3=pi + k) —m? 1

For the box diagrams shown in Fig. 3, we obtain the
following leading contribution:

MP* = (ie?)4- (p3ps) - Mou*™
dk 1 1 1
O
X/( 27)% (p3 4+ k)? —m? (k— py)? —m2k2+ @
2
:—86_(511—2’") M- Co(m?, 51, m?,0,m*, m?),

(25)

with the 3-point function C, in dimensional regularization,
see Ref. [27]1:

2 2 2 2
Co(m*, 57, m*,0,m=, m*)

1 1 47:/42 p—1
Suﬂ{ [_YEJrln( m? )} ]n<ﬂ+1>

C(p-1 51\ 1. ,/p—-1\ =
”le( 2 >“ 2< 2 ) 21“2<ﬂ+1> _6}‘

(26)

In Egs. (25), (26), p is a scale introduced to account for
the correct energy dimension of the integral. Physical
quantities have to be independent of this scale, as well
as of the infrared regulator ejg =2 — d/2 < 0. All other
diagrams are infrared finite and scale at least as A.
Therefore, the other graphs do not contribute in the soft-
photon limit.

Although the box diagrams are UV finite, we have to
include counterterm corrections, shown in Fig. 4, since they
contain infrared-divergent parts in the on-shell subtraction
scheme, which we follow here. We describe these con-
tributions according to Ref. [28].

In the on-shell subtraction scheme, the vertex counter-
term is defined to fix the electron charge e at g*> = 0.
Considering the vertex function in Fig. 5, one can decom-
pose the diagram into two tensor structures with corre-
sponding form factors F and G:

'We use the same notation for this function as in http://qcdloop
.fnal.gov/

P1

o :

p3 p3
k k
Pa Pa
P2
P2
P i P i
FIG. 3. QED box diagrams contributing to the radiative

corrections calculation in the soft-photon approximation.

a(p" ) u(p)=a(p') |(1 +F(q2))r"+iG(q2)0"”2q—,:1 u(p),
27)
with
q=p'-p. (28)
Only F(g?) is UV divergent, and one finds at g*> = 0 the
renormalization constant:
Z,=1-F(0)
2 2
1= e ()]
+2[$—yE+ln<4:£2>} +4}. (29)

This leads to the renormalized vertex:
=r¢+ (Z, = )y* (30)

that in the soft-photon limit (%), which corresponds to
taking only the infrared-divergent part, is expressed as

s 1 drp®
Fé‘z—zi}"‘{——ygﬂn( i )] (31)
T m

The contribution of the two vertex counterterms in Fig. 4 is
then given by

al l Arp?
= =2 [— - ln( )}Mo. (32)
T m

€IR

The self-energy counterterm is defined from the lepton
self-energy correction X(p), which is expressed in terms of
the lepton propagator S:

076012-4


http://qcdloop.fnal.gov/
http://qcdloop.fnal.gov/
http://qcdloop.fnal.gov/

SOFT-PHOTON CORRECTIONS TO THE BETHE-HEITLER ...

PHYS. REV. D 97, 076012 (2018)

p1 n

/

p p p

p1

/ /

p p p

FIG. 4. Counterterm diagrams, which contribute to the yp — [71~ p process. These give rise to infrared-divergent contributions in the
on-shell subtraction scheme and have therefore to be accounted for when calculating the radiative corrections in the soft-photon

approximation.

FIG. 5. Diagrams for the calculation of the counterterms. The
upper diagram defines the vertex counterterm, the lower diagram
corresponds to the lepton self-energy.

iS = iS04+ iSO (—i)Z(p)isS, (33)
with free fermion propagator given by

_pt+m
= m

S(p) .. (34)
Calculating up to first order, we have to include the one-
loop correction:

dk y (P + K+ m)y,

T == | B (o + 0 =i

(35)

The on-shell renormalization condition fixes the pole at
p* = m? with residue equal to one. This gives the renorm-
alization constants Z, and Z,,:

_ ., dX(p)
Z =1+, . (36)
(1=2,)Zym = (m). (37)

The evaluation of X(p) and its derivative, results in the
renormalization constants:

e’ 1 dmp®
Z,=1-- |y 1
: (4”)2{[%\/ ”(m)]

1 4y
—1—2[——7/E+ln< il )] +4}, (38)
€1R m
e? 1 Am?
2,7, =1-—< 14| = —y, 41
2o <4n>2{ [ et “<m2 )]
1 Arp?
+2{——y5+ln<”—lz>] +8}. (39)
€1IR m

The renormalized self-energy is then given by

Taking only the infrared-divergent piece in the soft-photon
limit (%), we obtain:

20 = tp-m -+ m(*E0)]

IR

The contribution of the self-energy counterterm M< in
Fig. 4 is therefore given by

1 4ru?
Ve [——}'E—I—ln( ”;’j )]MO. (42)

2w €IR

Adding virtual corrections of Eq. (25) and counterterms
of Egs. (32) and (42), we obtain the virtual one-loop
correction in the soft-photon limit M.y:
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a
My = ~ 5 {(s” —2m?*)Co(m?, 55, m*,0, m*, m?)
1 4my?
+ &—ymln( - )} }MO. (43)

The resulting virtual correction to the cross section is
then given, to first order in a, by

do
= 2Re[ M x M,.y]. 44
<dtlldsll> sV [ 0 ’V] ( )
It can be expressed as

do do
- O +o5y). (45
(dt[[dSﬂ) s;V <dt”dsll>()( sV + S’V) ( )

with the infrared-divergent part:

w0

1 4y
__yE—|—1n< i )] (46)
m

€1R

X

and the finite part:

_[(—a\ [1+
= (7))

X {2Li2 (ﬁ2+ﬂ1) —l—%lnz (%) —ﬂ2}. (47)

B. Soft-photon bremsstrahlung

Besides the QED virtual radiative corrections, one has to
account for processes with radiation of undetected photons.

The diagrams contributing to the soft bremsstrahlung
from the lepton side are shown in Fig. 6. Note that the
diagram, where the photon is attached to the internal lepton
line, vanishes for A — 0 and does not contribute in the
soft-photon limit. Denoting the momentum of the photon
by k, we find the squared matrix element for this process in
the form:

(M(yp—rltip))?
H Iz
e | B

P3‘k_P4‘k P3-k psk
(48)

To calculate the contribution to the cross section, one then
has to integrate over the undetected soft-photon energy up
to a small value AE,, determined by the experimental
resolution.

k

P k p1
LLLLVADi’\P:s ﬁrpzs
D4 L« P4

/ /

P
p p p p

%’Hﬂ_)_ b

p1 b1

k

/ /

p p p p

FIG. 6. Diagrams with real photon emission from the lepton
lines for the Bethe-Heitler process. In the soft-photon limit, the
diagram with the photon attached to the internal (off-shell)
fermion line does not contribute.

Due to the energy-momentum conserving &-function,
5*(p1 + p — p3 — ps — p' — k), the integration domain has
a complicated shape in the lab system. The integration can
be carried out in the rest frame S of the real (p;) and virtual
(p>) photons, which is also the rest frame of the dilepton
pair and soft photon, defined by

P+ DPr=P3+ pa+k=0. (49)

In such frame, the dependence of the integral with respect
to the soft-photon momentum becomes isotropic. For the
differential cross section, we then need to evaluate:

do B do e’ / ﬁ
dtds,, S;Ri dtds,, 0(27[)3 ‘]:‘<AES 2k0

% m’ m’ _ 2(p3pa)
[@¢Y+@MV mwxM@} 50)

where the integration is performed in the frame S.

The integrals are infrared divergent and can be carried
out analytically after dimensional regularization. They have
been worked out, e.g., in Ref. [29]. For the kinematics in
system &, where the soft-photon momentum:

-

|k| << |P3l. |Da

, (51)

s

076012-6



SOFT-PHOTON CORRECTIONS TO THE BETHE-HEITLER ...

PHYS. REV. D 97, 076012 (2018)

with the lepton momenta:

pP=pl="—.  P3=—P (52)

we obtain:

do do
= SR+ 6.1), 53
(dtdsll>s;R (ddeu)o( s T Oor) (53)

where 81 is the infrared-divergent contribution due to real
photon emission:

8- ()2

1 Ay
x {—yE+ln< s )] (54)
€IR m

and dgg is the corresponding finite part:
—a 4AE? 1+p° 1-p
dr=|— 41 1 In| —
a= () (52 [+ (5755
1 1-p
+-=In( —
(i)

- (1 ;rﬂﬁz) [2Li2 (12fﬂ> —I—%lnz (:ﬁ)] } (55)

The maximum value of the undetected soft-photon
energy AE, is defined in the system S. One can reexpress
it in terms of the detector resolutions. We consider the case
of detecting the recoil proton only. The energy E’ and angle
0, of the scattered proton are measured in the lab frame.
The missing mass M, of the system is defined by

Mrzniss = ([J3 + Pyt k>2 =8y + 21WmissEs7 (56)
o ]‘42 — Sy

miss
E, =

2A/Wmiss ' (57)

where E; denotes the soft-photon energy.
The missing mass M, is experimentally determined
from the quantity:

Mrzniss = (pl +p- pl)2

+7

=4Mz <E7 cosf, —E, — M) . (58)

T
where 7 is determined from the lab proton momentum by
Eq. (18), and 6, is the experimentally measured recoil
proton scattering angle in the laboratory frame.

For the process without radiation, this angle is given by
Eq. (20), which can be equivalently obtained from Eq. (58)

by the replacement M2, . — s:

1+7

S = 4MT (E}, COS 9,,/|norad - Ey - M) . (59)

Combining Eqgs. (58) and (59), we can express the soft-
photon energy of Eq. (57) approximately as:

2ME 1
Es — @ [COS 9[7/ — COS 917’ |n0 rad} . (60)
Su

Consequently, the experimental recoiling proton angular
resolution, denoted as A6, determines the maximum
value AE; of the undetected soft-photon energy, which
enters the radiative correction of Eq. (55), as

_ 2ME, (1 +7)

S

AES sin 6,,/ AH,,/ . (6 1)

C. Total result and exponentiation

Adding the real and virtual contributions of Egs. (54) and
(46), we find a cancellation of all infrared divergences on
the level of the cross section:

SR+ 8R, = 0. (62)

For the finite part of the first-order QED corrections in the
soft-photon approximation:

6 = bR + Osv, (63)

we find the result:
4AE? 1—
s=-({ () +n(55)]
1+42\, (1-8
<[ () mli5)]
1-p 1-8
+<T> 1“(@)
1+ p2 2
" ( ;ﬁﬁ > [4”2(1 fﬂ) _”2] } )

which reduces in the limit s, > 4m? to:

- QPE ()] 5 o

To account for the emission of a higher amount of soft
photons or higher-order virtual corrections due to soft
photons in the loop, we follow Ref. [30] and exponentiate
the terms leading to double logarithmic enhancements as
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do B
dtdsll s;tot B

do
= 14+ 0uyp).
(dfdszz> o(  Gexp)

Note that in Eq. (66) terms of single logarithmic nature
of order a are still missing, and require a full one-loop
calculation. The normalization factor F in Eq. (66) is due to
the physical assumption that in an experiment the sum of all
soft-photon energies is smaller than AE;, instead of
requiring that each soft-photon energy is individually
smaller than AE. It was shown in Ref. [30] that when
including the leading correction from unity, the normali-
zation factor F is given by:

G 1+ 4 1-p\1?
oSl (G

Although we account for the factor F explicitly, its
deviation from unity is quite small: for s;=0.077 GeV?>
approximately —2.4 x 1073 for electrons and —8.5 x 107°
for muons.

(67)

do a 4AE?

(i), Foo {2 (5
al/1-p 1-p

. {17[<T) “‘(m) *

[oo(u " u™) (1 + ) (su) + [oo(e"e) (1 + 6°)](su)

Jen(5)] () G=5)])
(o)l (75) <]}

(66)

IV. RESULTS AND DISCUSSION

In Fig. 7, we show the corrections at fixed s, =
0.077 GeV? as a function of the soft-photon energy. We
observe a logarithmic behavior of the correction factor &
which gives rise to the so-called radiative tail. We also show
the exponentiated form, &,,, given by Eq. (66), which
estimates higher-order effects of soft-photon corrections.
Assuming a value AE; = 0.01 GeV, ¢ at first order differs
by about 0.006 for electron-pair production and is indis-
tinguishable at the level of precision for muon-pair pro-
duction (the difference is around —1.0 x 107%).

In Fig. 8, we show the radiative corrections to the cross
section in the kinematical range of s, between 0 and
0.08 GeV?. The muon threshold is at s; =4m;~
0.045 GeV? (vertical dashed red line in Fig 8). We observe
that the corrections for electrons are negative of order 10%,
while the corrections for muons are positive of order 1%.

Taking radiative corrections into account, the ratio of
Eq. (22) is now given by

R(sy,s%) = (68)
i - e\1( <0 ’
[oo(e™e™) (1 +6°)](sp)
A,y [mrad]
0. 9.03678 18.0736 27.1103 36.1471 45.1839
0.00f
005k su = 0.077 GeV? 0.05 T
E, =05 GeV
—t = 0.03 GeV*
-0.10 — electron, first order
- — electron, exponentiated 0.00
—— muon, first order
-0.15F
« -0.05F AE. =0.01 GeV H
-0.20+ ——— electron-pair production
muon-pair production
..... muon-pair production threshhold
-0.25} —otol |
1 1 1 1 1 1 ’
0.000 0.002 0.004 0.006 0.008 0.010 \
AE[GeV]
-0.15 L L L
0.00 0.02 0.04 0.06 0.08
FIG.7. QED corrections to the cross section in the soft-photon su [GeV?]
limit as a function of the soft-photon energy AE,, which
corresponds to the integrated over angular bins A6,/ according FIG. 8. First-order QED corrections to the cross section in the

to Eq. (61). This variation stems from the integrated over radiative
tail. The external kinematics and the di-lepton invariant mass
s; = 0.077 GeV? are indicated on the plot.

soft-photon limit, using AE; = 0.01 GeV. The vertical dashed
red line indicates the muon-pair production threshold at
51 ~0.045 GeV2.
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AE, = 0.01 GV
E, =05 GV
=003 GeV?
— tree level

—— radiative corrections

— lepton universality violated

olete” +putu")/olete)

111 1

L L L
0.065 0.070 0.075 0.080
S [GPVQ]

FIG. 9. Ratio of cross sections between electron- and muon-pair
production at tree level (blue curve) and with account of first-
order QED corrections estimated using AE; = 0.01 GeV (orange
curve) with 3¢ error bands. The red curve denotes the scenario
when lepton universality is broken with G%/G$% = 1.01, includ-
ing the radiative corrections in the soft-photon approximation.

which depends on the measured invariant lepton mass sy
and the reference point s?,, to which the cross section is
normalized. 6¢ and & are given by Eq. (66). One chooses
59 < 4m2, such that the reference measurement is below
the muon-pair-production threshold, and only electron
pairs are created.

In Fig. 9, we show the differential cross section ratio R of
Eq. (22), including first-order QED corrections in the soft-
photon approximation with AE; = 0.01 GeV. One sees
from this plot, that the inclusion of radiative corrections is
indispensable, since the ratio of cross sections, defined in
Eq. (22), is shifted to higher values by more than the 3¢
band. The radiative corrections to R are of the order of a
few percent. The red curve in Fig. 9 shows the scenario
when lepton universality is violated by G%/G% = 1.01.
Following Ref. [25], we use 30 bands around the curves,

0.220 T T T

AE, =0.01 GeV
0.215 E, =05 GeV

—t =0.03 GeV?
0210F — tree level

— radiative corrections

— lepton universality violated

0.205

R(sy,0.02 GeV?)

0.200

0.195

0.190 - B

n " "
0.073 0.074 0.075 0.076 0.077
su [GeV?]

FIG. 10. Ratio of cross sections between electron- and muon-
pair production at tree level (blue curve) and with account of first-
order QED corrections estimated using AE; = 0.01 GeV (orange
curve), normalized to the electron-pair production cross section at
59 =0.02 GeV>.

with the experimental resolution ¢ = 7 x 10~*. The state-
ment that lepton universality can be tested with a 3¢
confidence level remains true if one adds radiative correc-
tions as can be seen in Fig. 9.

In Fig. 10, we show the corresponding ratio between the
cross sections normalized to a value below the muon-pair
production threshold. As a reference point, we choose
s% = 0.02 GeV2. The bands now correspond to the renor-
malized 3¢ bands, i.e.,

V. CONCLUSIONS AND OUTLOOK

In this work, we have calculated QED radiative correc-
tions to the photoproduction of electron and muon pairs on
a proton target in the soft-photon approximation. Only
radiation from the produced pair and box diagrams with
photon and lepton legs contribute in this approximation
when accounting for the finite lepton mass. The resulting
correction to the cross section factorizes in terms of the
tree-level contribution. We expressed the proportionality
factor in a compact analytical form. With account of
radiative corrections, the ratio of photoproduction cross
sections of eTe™ + utu~ to ete™ pairs at the same beam
energy (as well when compared to the e e~ cross section at
an energy below the muon-production threshold) increases
by a percent amount comparing to the tree level result. Such
changes are significantly larger than the precision needed to
distinguish between the proton charge radii extractions
from experiments with muons and electrons. It makes a
correct inclusion of radiative corrections paramount for the
experimental realization. As a next step, we plan to extend
the radiative correction result in the soft-photon approxi-
mation presented in this work to a full one-loop QED
calculation on the lepton side and to include the box
diagrams resulting from the two-photon exchange between
lepton and proton with an intermediate proton state using
the techniques developed in Refs. [31,32] for elastic /™ p
scattering. For the leading corrections resulting from the
hadronic side we expect, from the corresponding results for
the elastic [~ p scattering, to receive cross section correc-
tions at the percent level for the electron case. Such
anticipated corrections would translate in a change of
the ratio of ete™ +uTu~ to ete™ cross sections at
the per mille level, corresponding with the 1o accuracy
goal discussed above for this quantity.

ACKNOWLEDGMENTS

We would like to thank Dr. Aleksandrs Aleksejevs
and Shihao Wu for useful discussions. This work was
supported by the Deutsche Forschungsgemeinschaft DFG
in part through the Collaborative Research Center [The

076012-9



HELLER, TOMALAK, and VANDERHAEGHEN

PHYS. REV. D 97, 076012 (2018)

Low-Energy Frontier of the Standard Model (SFB 1044)],
and in part through the Cluster of Excellence [Precision
Physics, Fundamental Interactions and Structure of
Matter (PRISMA)]. Matthias Heller is supported in part
by GRK Symmetry Breaking (DFG/GRK 1581). Our

figures were generated using JAXODRAW [33], based on
AXODRAW [34]. For our Mathematica plots, we use the
package MATEX.”

2https ://github.com/szhorvat/MaTeX.

[1] J.C. Bernauer et al. (Al Collaboration), High-Precision
Determination of the Electric and Magnetic Form Factors of
the Proton, Phys. Rev. Lett. 105, 242001 (2010).

[2] J.C. Bernauer et al. (Al Collaboration), Electric and
magnetic form factors of the proton, Phys. Rev. C 90,
015206 (2014).

[3] R. Pohl et al., The size of the proton, Nature (London) 466,
213 (2010).

[4] A. Antognini et al., Proton structure from the measurement
of 2§ —2P transition frequencies of muonic hydrogen,
Science 339, 417 (2013).

[5] I. T. Lorenz, H.-W. Hammer, and U. G. Meissner, The size
of the proton—closing in on the radius puzzle, Eur. Phys. J.
A 48, 151 (2012).

[6] L. T. Lorenz and U.G. Meiner, Reduction of the proton
radius discrepancy by 3, Phys. Lett. B 737, 57 (2014).

[7]1 1. T. Lorenz, U. G. Meiner, H.-W. Hammer, and Y.-B. Dong,
Theoretical constraints and systematic effects in the deter-
mination of the proton form factors, Phys. Rev. D 91,
014023 (2015).

[8] G. Lee, J.R. Arrington, and R.J. Hill, Extraction of the
proton radius from electron-proton scattering data, Phys.
Rev. D 92, 013013 (2015).

[9] J. Arrington and I. Sick, Evaluation of the proton charge
radius from e-p scattering, J. Phys. Chem. Ref. Data 44,
031204 (2015).

[10] J. Arrington, An examination of proton charge radius
extractions from e-p scattering data, J. Phys. Chem. Ref.
Data 44, 031203 (2015).

[11] K. Griffioen, C. Carlson, and S. Maddox, Consistency of
electron scattering data with a small proton radius, Phys.
Rev. C 93, 065207 (2016).

[12] D. W. Higinbotham, A. A. Kabir, V. Lin, D. Meekins, B.
Norum, and B. Sawatzky, Proton radius from electron
scattering data, Phys. Rev. C 93, 055207 (2016).

[13] D. Tucker-Smith and I. Yavin, Muonic hydrogen and MeV
forces, Phys. Rev. D 83, 101702 (2011).

[14] V. Barger, C.W. Chiang, W.Y. Keung, and D.
Marfatia, Proton Size Anomaly, Phys. Rev. Lett. 106,
153001 (2011).

[15] V. Barger, C. W. Chiang, W.Y. Keung, and D. Marfatia,
Constraint on Parity-Violating Muonic Forces, Phys. Rev.
Lett. 108, 081802 (2012).

[16] B. Batell, D. McKeen, and M. Pospelov, New Parity-
Violating Muonic Forces and the Proton Charge Radius,
Phys. Rev. Lett. 107, 011803 (2011).

[17] P. Brax and C. Burrage, Atomic precision tests and light
scalar couplings, Phys. Rev. D 83, 035020 (2011).

[18] U.D. Jentschura, Lamb shift in muonic hydrogen. I
Analysis of the discrepancy of theory and experiment,
Ann. Phys. (Amsterdam) 326, 516 (2011).

[19] C.E. Carlson and B. C. Rislow, New physics and the proton
radius problem, Phys. Rev. D 86, 035013 (2012).

[20] L. B. Wang and W.T. Ni, Proton radius puzzle and large
extra dimensions, Mod. Phys. Lett. A 28, 1350094 (2013).

[21] R. Onofrio, Proton radius puzzle and quantum gravity at the
Fermi scale, Europhys. Lett. 104, 20002 (2013).

[22] S. G. Karshenboim, D. McKeen, and M. Pospelov, Con-
straints on muon-specific dark forces, Phys. Rev. D 90,
073004 (2014); Publisher’s Note: Constraints on muon-
specific dark forces, Phys. Rev. D90, 079905 (2014).

[23] R. Gilman et al. (MUSE Collaboration), Studying the proton
“radius” puzzle with up elastic scattering, arXiv:1303.2160.

[24] R. Gilman et al. (MUSE Collaboration), Technical design
report for the Paul Scherrer institute experiment R-12-01.1:
Studying the proton "Radius" puzzle with pp elastic
scattering, arXiv:1709.09753.

[25] V. Pauk and M. Vanderhaeghen, Lepton Universality Test in
the Photoproduction of e~e™ versus p~u™ Pairs on a Proton
Target, Phys. Rev. Lett. 115, 221804 (2015).

[26] A2 Coll. at MAMI, Letter of intent, https://www.blogs
.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-
LOI2016-1.pdf.

[27] W. Beenakker, S. Dittmaier, M. Kramer, B. Plumper, M. Spira,
and P.M. Zerwas, NLO QCD corrections to t anti-t H
production in hadron collisions, Nucl. Phys. B653, 151 (2003).

[28] M. Vanderhaeghen, J. M. Friedrich, D. Lhuillier, D. March-
and, L. Van Hoorebeke, and J. Van de Wiele, QED radiative
corrections to virtual Compton scattering, Phys. Rev. C 62,
025501 (2000).

[29] G.’t Hooft and M. J. G. Veltman, Scalar one loop integrals,
Nucl. Phys. B153, 365 (1979).

[30] D.R. Yennie, S.C. Frautschi, and H. Suura, The infrared
divergence phenomena and high-energy processes, Ann.
Phys. (N.Y.) 13, 379 (1961).

[31] O. Tomalak and M. Vanderhaeghen, Subtracted dispersion
relation formalism for the two-photon exchange correction
to elastic electron-proton scattering: comparison with data,
Eur. Phys. J. A 51, 24 (2015).

[32] O. Tomalak and M. Vanderhaeghen, Two-photon exchange
corrections in elastic muon-proton scattering, Phys. Rev. D
90, 013006 (2014).

[33] D. Binosi and L. Theussl, JaxoDraw: A graphical user
interface for drawing Feynman diagrams, Comput. Phys.
Commun. 161, 76 (2004).

[34] J. A.M. Vermaseren, Axodraw, Comput. Phys. Commun.
83, 45 (1994).

076012-10


https://doi.org/10.1103/PhysRevLett.105.242001
https://doi.org/10.1103/PhysRevC.90.015206
https://doi.org/10.1103/PhysRevC.90.015206
https://doi.org/10.1038/nature09250
https://doi.org/10.1038/nature09250
https://doi.org/10.1126/science.1230016
https://doi.org/10.1140/epja/i2012-12151-1
https://doi.org/10.1140/epja/i2012-12151-1
https://doi.org/10.1016/j.physletb.2014.08.010
https://doi.org/10.1103/PhysRevD.91.014023
https://doi.org/10.1103/PhysRevD.91.014023
https://doi.org/10.1103/PhysRevD.92.013013
https://doi.org/10.1103/PhysRevD.92.013013
https://doi.org/10.1063/1.4921430
https://doi.org/10.1063/1.4921430
https://doi.org/10.1063/1.4922414
https://doi.org/10.1063/1.4922414
https://doi.org/10.1103/PhysRevC.93.065207
https://doi.org/10.1103/PhysRevC.93.065207
https://doi.org/10.1103/PhysRevC.93.055207
https://doi.org/10.1103/PhysRevD.83.101702
https://doi.org/10.1103/PhysRevLett.106.153001
https://doi.org/10.1103/PhysRevLett.106.153001
https://doi.org/10.1103/PhysRevLett.108.081802
https://doi.org/10.1103/PhysRevLett.108.081802
https://doi.org/10.1103/PhysRevLett.107.011803
https://doi.org/10.1103/PhysRevD.83.035020
https://doi.org/10.1016/j.aop.2010.11.011
https://doi.org/10.1103/PhysRevD.86.035013
https://doi.org/10.1142/S0217732313500946
https://doi.org/10.1209/0295-5075/104/20002
https://doi.org/10.1103/PhysRevD.90.073004
https://doi.org/10.1103/PhysRevD.90.073004
https://doi.org/10.1103/PhysRevD.90.079905
http://arXiv.org/abs/1303.2160
http://arXiv.org/abs/1709.09753
https://doi.org/10.1103/PhysRevLett.115.221804
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://www.blogs.uni-mainz.de/fb08-mami-experiments/files/2016/07/A2-LOI2016-1.pdf
https://doi.org/10.1016/S0550-3213(03)00044-0
https://doi.org/10.1103/PhysRevC.62.025501
https://doi.org/10.1103/PhysRevC.62.025501
https://doi.org/10.1016/0550-3213(79)90605-9
https://doi.org/10.1016/0003-4916(61)90151-8
https://doi.org/10.1016/0003-4916(61)90151-8
https://doi.org/10.1140/epja/i2015-15024-1
https://doi.org/10.1103/PhysRevD.90.013006
https://doi.org/10.1103/PhysRevD.90.013006
https://doi.org/10.1016/j.cpc.2004.05.001
https://doi.org/10.1016/j.cpc.2004.05.001
https://doi.org/10.1016/0010-4655(94)90034-5
https://doi.org/10.1016/0010-4655(94)90034-5
https://github.com/szhorvat/MaTeX
https://github.com/szhorvat/MaTeX

