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We present nonperturbative first-principle results for quark, gluon, and meson 1PI correlation functions
of two-flavor Landau-gauge QCD in the vacuum. These correlation functions carry the full information
about the theory. They are obtained by solving their functional renormalization group equations in a
systematic vertex expansion, aiming at apparent convergence. This work represents a crucial prerequisite
for quantitative first-principle studies of the QCD phase diagram and the hadron spectrum within this
framework. In particular, we have computed the gluon, ghost, quark, and scalar-pseudoscalar meson
propagators, as well as gluon, ghost-gluon, quark-gluon, quark, quark-meson, and meson interactions. Our
results stress the crucial importance of the quantitatively correct running of different vertices in the
semiperturbative regime for describing the phenomena and scales of confinement and spontaneous chiral
symmetry breaking without phenomenological input.
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I. INTRODUCTION

Over the past decades, the resolution of the QCD phase
structure as well as the hadron spectrum has been at the
forefront of research in theoretical hadron physics. The
most important open questions include the existence and
location of a critical point in the QCD phase diagram, the
spectrum of higher hadronic resonances, and the compu-
tation of the dynamical properties of QCD matter from its
microscopic description. Answering these qualitative and
quantitative questions requires controlled first-principle
approaches. However, lattice and functional approaches
face various conceptual and numerical challenges. These
range from the sign problem in the former, to the problem
of convergent expansion schemes in the latter, and to the
need for real-time numerical methods for the dynamics of
quantum systems and the hadron spectrum. Thus, comple-
mentary and combined studies within different approaches
offer important cross-checks, as well as the potential to
overcome problems that cannot be addressed within one
method alone.

Recently, the focus has shifted towards top-down
approaches [1–5] within the functional continuum meth-
ods; see, e.g., [6–47]. Within a top-down approach, only the
fundamental parameters of QCD enter as input and no
phenomenological modeling is required. Such a framework
has recently been established by the fQCD Collaboration
[48]. This collaborative effort was initiated with the goal of
using the functional renormalization group (FRG) as a
quantitative first-principle approach to continuum QCD.
Primary applications of this correlation-function-based
approach are the QCD phase structure and the hadron
spectrum, as well as the real-time dynamics of QCD. In
[1,2] we have presented quantitative results for the corre-
lators of quenched two-flavor Landau-gauge QCD and
Landau-gauge Yang-Mills theory. The advances estab-
lished by these two works build the foundation for the
present study of the coupled unquenched system of
equations for the QCD correlation functions. This work
constitutes a crucial prerequisite for future quantitative
first-principle studies at finite temperature and finite
chemical potential. This is confirmed by studies of low-
energy effective models, which show that mismatches in
the fluctuation scales inevitably cause large systematic
errors [49]. Furthermore, this top-down approach allows
the formulation of QCD-enhanced effective models for
different aspects of the strong interaction under extreme
conditions; see, e.g., [50–54] for corresponding studies on
the equation of state and the axial anomaly at finite
temperatures.
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We present a computationally sophisticated analysis of
the self-consistently coupled unquenched system of FRG
equations for QCD correlation functions. This is not a
means in itself, but it is necessitated by the mechanism of
spontaneous chiral symmetry breaking. We found already
in earlier studies that even small deviations in the running
couplings in the semiperturbative regime can lead to the
complete absence of chiral symmetry breaking [1]. Hence,
the consistent semiperturbative running of different vertices
is of crucial importance. Additionally, a full quantitative
resolution of the quark-gluon interaction turns out to be of
qualitative importance for spontaneous chiral symmetry
breaking; cf. [1,4,55–58]. In order to guarantee the crucial
self-consistent running of the vertices, we use the Slavnov-
Taylor identity (STI) to constrain the transverse quark-
gluon vertex in the perturbative and semiperturbative
regime. In particular, we take into account loop corrections
to the STI; see, e.g., [58–62]. In the nonperturbative regime,
on the other hand, the STI cannot constrain the transversely
projected vertex. Consequently, we solve the full flow
equation for the vertex in this regime.
The paper is organized as follows. In Sec. II, we review

the FRG treatment of continuum QCD in a vertex expan-
sion scheme and discuss running couplings and STIs, as
well as the general computational framework. Results for
propagators and vertices are presented and discussed in
Secs. III and IV. We summarize and conclude in Sec. V.
Details on the momentum-dependent generalization of the
dynamical hadronization procedure, the truncation scheme,
the interaction vertices, the modified Slavnov-Taylor iden-
tities, and the regularization scheme are provided in the
Appendixes.

II. QCD FROM THE FUNCTIONAL
RENORMALIZATION GROUP

In this work we present a self-consistent solution of the
system of FRG equations for a large subset of the QCD
correlation functions. It builds on previous works, and we
refer to [1,2,33,34] for more technical details. The classical
gauge-fixed action in a covariant gauge is given by

SQCD ¼
Z
x

1

4
Fa
μνFa

μν þ
Z
x

�
λa∂μAa

μ −
ξ

2
λ2a

�

−
Z
x
c̄a∂μDab

μ cb þ
Z
x
q̄Dq: ð1Þ

Here, ξ denotes the gauge-fixing parameter, which is taken
to zero in the Landau gauge and

R
x ¼

R
d4x. In (1) we have

introduced the auxiliary Nakanishi-Laudrup field λ. It
facilitates the discussion of the STIs in Appendix D. On
its equations of motion the second term in (1) reduces to the
usual gauge-fixing term

Sgf ½A�jλ¼λEoM
¼ 1

2ξ

Z
x
ð∂μAa

μÞ2; ð2Þ

and the dependence on λ will be suppressed in the
remainder of the work, except in the discussion of
the STI in Appendix D. The field strength tensor and
the covariant derivative ∂μ − igAμ in the adjoint represen-
tation are given by

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
ν;

Dab
μ ¼ δab∂μ − fabcAc

μ; ð3Þ

where in the adjoint representation we have
ðTc

adÞab ¼ −ifabc. The fundamental generators Ta
c satisfy

the defining Lie algebra commutation relation and are
normalized to 1/2:

½Ta
c ; Tb

c � ¼ ifabcTc
c ; TrðTa

cTb
c Þ ¼

1

2
δab: ð4Þ

The Dirac operator in (1) in the fundamental representation
reads

D ¼ γμDμ; with Dμ ¼ ∂μ − igAc
μTc

c ; ð5Þ

with the Clifford algebra with Hermitian γ matrices

fγμ; γνg ¼ 2δμν: ð6Þ

In general, our notation follows Refs. [1,2,33] of the fQCD
Collaboration [48].

A. FRG and dynamical hadronization

The FRG is a nonperturbative functional method that
allows the consistent integration of quantum fluctuations in
momentum shells in the Wilsonian spirit. It relies on
introducing an infrared renormalization group (RG) scale
that governs the interpolation between the bare action at
large RG scales and the full quantum effective action in the
limit of a vanishing RG scale; see [6–13] for QCD-related
reviews. On a technical level, this is achieved by intro-
ducing infrared regulators Rk in the dispersions of the fields
that act like momentum-dependent mass terms and sup-
press fluctuations below their effective cutoff scale. This
leads to a generating functional based on a scale-dependent
classical action,

Zk½J� ¼
Z

dΦe−Skþ
R

JΦΦ; Sk½Φ� ¼ SQCD½Φ� þΔSk½Φ�;

ð7Þ

with
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ΔSk½Φ� ¼
Z
x

1

2
Aa
μRab

k;μνA
b
ν þ

Z
x
c̄aRab

k cb

þ
Z
x
q̄Rq

kqþ 1

2

Z
x
ϕRϕ

kϕ: ð8Þ

The superfield

Φ ¼ ðAμ; c; c̄; q; q̄;ϕÞ ð9Þ

includes the fundamental gluon (Aμ); ghost (c̄, c); and
quark (q̄, q) fields, as well as auxiliary hadronic degrees of
freedom (ϕ). In the present work, the auxiliary hadronic
field represents the sigma-meson and the pions

ϕ ¼ ðσ; π⃗Þ; ð10Þ

respectively. The regulator functions Rk suppress the
corresponding fluctuations below momentum scales p2 ≈
k2 and vanish in the ultraviolet for momenta p2 ≫ k2. See
Appendix F for details on the regulators used in the
present work.
The evolution of the effective average action Γk, the

scale-dependent analogue of the effective action Γ, is
described by the Wetterich equation [63],

�
∂t þ ∂tϕk½Φ� δ

δϕ

�
Γk½Φ� ¼ 1

2
TrGk½Φ�∂tRk; ð11Þ

with

Gk½Φ� ¼ 1

Γð2Þ½Φ�þRk
; ΓðnÞ

φ1���φn ½Φ� ¼ δnΓk½Φ�
δφn � � �δφ1

: ð12Þ

Here, φi represents a component of the superfield Φ, e.g.,
φ1 ¼ Aμ. For a graphical representation of the flow
equation (11), see Fig. 1. In (11) we have introduced
t ¼ logðk/ΛÞ, which denotes the RG time. The normali-
zation scale Λ is chosen as the UV scale Λ ¼ ΛUV. The
two-point function Gk½Φ� is the full momentum- and field-
dependent propagator in the presence of the infrared
regulator Rk.
The hadronic auxiliary fields, ϕ ¼ ðσ; π⃗Þ, are genuine,

independent fields in the effective action Γk½Φ�, since the
latter is related to the Legendre transform with respect to

JΦ. Technically, they are introduced via their flows
∂tϕk½Φ� as an efficient description of resonant channels
in multiquark interactions via dynamical hadronization
[1,8,33,64,65]. This procedure naturally avoids the poten-
tial double-counting problems known from low-energy
effective theories. It is the source of the additional term
in the left-hand side of the flow equation (11). This
additional term ensures that in each RG step the quantum
corrections in the given channel are correctly rewritten as
the exchange of the auxiliary degrees of freedom ϕ.
We emphasize that the dynamical hadronization pro-

cedure results in a redefinition of one-particle irreducibility,
which is typical for the introduction of dynamical effective
degrees of freedom. In the present case, a former 1PI four-
Fermi interaction is transformed into the one-particle
reducible exchange of mesons. Amongst other advantages,
this allows us to efficiently include the effects of the
multiscatterings of the resonant channels via the inclusion
of the corresponding higher interactions; cf. the bottom line
of Fig. 2. Finally, the auxiliary fields can be removed again
via their equations of motion δΓk/δϕ½ϕ ¼ ϕEoM� ¼ 0:

ΓQCD;k½A; c; c̄; q; q̄� ¼ Γk½Φ�jϕ¼ϕEoM
; ð13Þ

resulting in the standard effective action in terms of the
fundamental QCD degrees of freedom at vanishing cutoff
scale. Since the fields ϕ are related to bilinears of the
quarks, the mesonic cutoff term introduces an ultraviolet
vanishing form factor to the scalar-pseudoscalar channel of

FIG. 1. Graphical representation of the Wetterich equation.
Lines represent the full scale-, momentum-, and field-dependent
propagators Gk½Φ�ðpÞ; see Fig. 2 for the line coding. Circled
crosses represent the infrared regulator insertions ∂tRk; see (11)
and (12).

FIG. 2. Vertex expansion of the effective action. Wiggly lines
represent gluons, dotted lines ghosts, solid lines quarks, and
dashed lines represent mesons introduced via dynamical hadro-
nization to capture resonant structures in four-Fermi interactions.
The effective action is expanded about the expectation value of
the scalar meson field, which acquires a nonvanishing value in the
chirally broken phase. The symmetric momentum configuration
is denoted by p̄.
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the four-Fermi interaction for k > 0. This term acts as an
infrared regularization for resonant interaction, which
leaves the renormalizability of the theory unspoiled.

B. Vertex expansion and truncation

We approximate the flow equation (11) within a vertex
expansion scheme, i.e., an expansion of the effective action
in terms of 1PI correlation functions. Functional derivatives
of the equation with respect to the fields φ1;…;φn lead to
functional equations for 1PI n-point functions, parame-
trized by

ΓðnÞ
φ1…φn ¼

X
i

λðiÞφ1…φnT
ðiÞ
φ1…φn : ð14Þ

Here, the λðiÞ represent dressing functions and the T ðiÞ
represent a tensor basis for the corresponding proper vertex.
For vertices that appear in the classical action, the classical
tensor structure corresponds to the index i ¼ 1. The above
parametrization of the proper vertices differs from the RG-
invariant parametrization used in [1] by factors of the scalar
propagator dressing functions.
The flow equation of any vertex ΓðnÞ

φ1…φn depends on
higher correlation functions up to (nþ 2)-point functions.
In order to render the system numerically tractable, the
infinite tower of coupled equations for the correlation
functions has to be truncated at some finite order. The
truncation used in this work builds on the truncations used
in the previous works in quenched two-flavor QCD [1] and
Yang-Mills theory [2]. Therefore, we discuss only the
general expansion scheme and those constituents of our
truncation (cf. Fig. 2) that have not been included in these
works. In particular, the latter are given by the two-quark-
two-gluon, the two-quark-three-gluon, the two-quark-two-
meson, and the two-quark-three-meson vertices. Their
representation in terms of tensors is presented in
Appendix C. Due to the large size of the truncation, we
refrain from giving explicit diagrammatic representations
for the flow equations of the involved propagators and
vertex functions. As a representative example, we show the
flow equation for the quark-gluon vertex in Fig. 3 and refer
the reader to [1,2] for further flow equations. The computer
algebraic tool DoFun [66] allows the corresponding dia-
grams to be obtained with little effort.
In order to make the systematics of the vertex expansion

apparent, we sort the constituents of our truncation into
three groups,

(i) classical tensors,
(ii) leading nonclassical tensors,
(iii) subleading nonclassical tensors,

and the assignment of tensors to the three groups is
specified in Appendix B.
In the present implementation of this scheme, we have

assumed that leading nonclassical tensors which are
plugged into the equations of subleading nonclassical

tensors have only a sub-subleading overall effect.
Analogously, we have also assumed the same for sublead-
ing nonclassical tensors, if they are plugged into the
equations of leading nonclassical tensors. The above
assumptions have been verified in many cases. In particular,
the subleading nonclassical tensors have been found to
yield only sub-subleading corrections to the flows of the
leading nonclassical tensors of the quark-gluon vertex;
cf. [1]. Apart from a few exceptions discussed in
Appendix B, we finally take into account only contribu-
tions up to the subleading level, which is illustrated in
Table I. The resulting truncation consists of the largest set
of correlation functions that has so far been solved with
functional methods. Nevertheless, a careful assessment of
truncation artifacts is essential. We discuss the conver-
gence, the classification of tensors, and the approximation
of the momentum dependence of the different dressing
functions in detail in Sec. III, Appendix B, and
Appendix C. Furthermore, the source and assessment of
the leading truncation error is discussed in the next section
as well as in Sec. IV.

C. STI of the quark-gluon vertex

In the resummation scheme defined by the FRG,
spontaneous chiral symmetry breaking is triggered by
the dynamical creation of a four-Fermi interaction from
box diagrams with two exchanged gluons; see, e.g., [12].
The presence or absence of spontaneous chiral symmetry
breaking is therefore most sensitive to the strength of the
momentum-dependent quark-gluon vertex interaction [1].
Consequently, even small quantitative errors can have

FIG. 3. Diagrammatic representation of our approximation of
the flow equation for the quark-gluon vertex. Permutations
include (anti)symmetric permutations of external legs, as well
as permutations of regulator insertions.

TABLE I. Back-coupling of tensor classes. For the classifica-
tion of the tensors and a discussion of the deviations from this
scheme, see Appendix B.

Back-coupled into Classical Leading Subleading

Classical ✓ ✓ ✓
Leading ✓ ✓ ×
Subleading ✓ × ×
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devastating effects on the qualitative and quantitative
behavior of the mechanism of dynamical chiral symmetry
breaking. In order to minimize this sensitivity, we use the
Slavnov-Taylor identity to constrain the quark-gluon ver-
tex. At the symmetric momentum configuration, the STI
leads to the identity (see, e.g., [58–62])

λð9Þq̄qAðp̄Þ ¼
Zqðp̄Þ
Zcðp̄Þ

�
λð1ÞcqQq

ðp̄Þ − 3

2
p̄2λð4ÞcqQq

ðp̄Þ
�
; ð15Þ

see also Appendix D for more details. Here, λð9Þq̄qAðp̄Þ is the
dressing function of the longitudinally projected classical
tensor structure of the quark-gluon vertex; cf. Appendix C.
The generalized Becchi-Rouet-Stora-Tyutin (BRST) verti-

ces λð1ÞcqQq
ðp̄Þ, λð4ÞcqQq

ðp̄Þ [see (D17)] are field derivatives of

the quantum BRST variation of the quark; see (D17) and
Appendix D for more details.
Note also that the BRST vertices are fully dressed and

can be obtained via their respective flow equation, (D13).
Accordingly, the STI (15) only contains fully dressed
quantities that can be derived from the initial effective
action via their flows. This leaves us with a consistent set of
flows and STIs, where each relation by itself has the correct
cutoff and RG scaling. In particular, the important self-
consistency of the renormalization procedure is guaranteed.
Finally, the right-hand side of (15) implicitly introduces

the propagator coupling αs [67–69],

αsðp̄Þ ¼
1

4π

g2

ZAðp̄ÞZ2
cðp̄Þ

; ð16Þ

where ZA, Zq, and Zc are the wave function renormaliza-
tions of the gluon, quark, and ghost propagators, respec-
tively; cf. (26). The renormalized coupling g is defined at
the momentum pren with ZAðprenÞZ2

cðprenÞ ¼ 1 with
g2 ¼ 4παsðprenÞ, setting the renormalization scale.
Typically this scale is close to the initial cutoff scale
k ¼ Λ. With (16) we can rewrite the ratio of wave function
renormalizations in (15) as

Zqðp̄Þ
Zcðp̄Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παsðp̄Þ

p
g

Zqðp̄ÞZ1/2
A ðp̄Þ: ð17Þ

This makes the RG scaling of the quark-gluon vertex
apparent at the expense that it seemingly does depend on
the renormalized coupling g, which is not a fully dressed
quantity.
In the literature, the STI (15) is often used to constrain

the leading dressing function λð1Þq̄qA of the transversely
projected quark-gluon vertex via the identification

λð1Þq̄qAðp; qÞ≡ λð9Þq̄qAðp; qÞ; ð18Þ

where λð1Þq̄qA and λð9Þq̄qA are the dressing function of the
transversely and longitudinally projected classical tensor
structure in our basis; cf. Appendix C. However, there are

some crucial assumptions being made in this identification,
which is obviously admissible at the classical level. As
discussed in more detail in the appendix, the assumption of
generalized regularity, in the sense that the longitudinal and
transverse projections of the generators for the full basis
(C2) are not independent, results in the more general
relation

λð9Þq̄qAðp; qÞ

¼
�
λð1Þq̄qAðp; qÞ þ

�
λð7Þq̄qAðp; qÞ

2
− λð5Þq̄qAðp; qÞ

�
ðp2 − q2Þ

�
:

ð19Þ

However, it was found already in [1] that the relation

λð7Þq̄qAðp; qÞ
2

¼ λð5Þq̄qAðp; qÞ ð20Þ

is fulfilled to very high precision at momenta larger than
1 GeV. Consequently, the assumption of generalized
regularity and the equality (20) are needed in order to
guarantee the validity of identification (18) and lie therefore
at the heart of any application of the Slavnov-Taylor
identity to the transversely projected classical tensor
structure of the quark-gluon vertex. In particular, the results
presented in [1] show that (20) is clearly violated at
nonperturbative momenta, therefore invalidating the usage

of the STI to constrain λð1Þq̄qA via (18).
To understand the implications of the assumption of

generalized regularity, we look at the quark-gluon vertex in
the limit of vanishing gluon momentum. Due to the
structure of the longitudinal and transverse projection, a
violation of (18) at small gluon momentum,

lim
q→−p

λð1Þq̄qAðp; qÞ ≠ lim
q→−p

λð9Þq̄qAðp; qÞ; ð21Þ

implies an irregularity of the full quark-gluon vertex at
vanishing gluon momentum. Note in this context that the
dynamical creation of the gluon mass gap, and hence that of
confinement [70,71], indeed requires irregularities in the
vertices; see [2] for a detailed discussion. Even though this
does not necessarily imply an irregularity of the quark-
gluon vertex, the gapping scale for the gluon propagator
provides another estimate for the scale below which the
identification (18) is no longer enforced by the STI.
From these regularity arguments and the numerical

finding (20), we conclude that there exists a scale,

ΛSTI ¼ Oð1 GeVÞ; ð22Þ

below which (18) cannot be safely applied any more. To
obtain a better estimate of the STI scale ΛSTI, we consider
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the transverse running couplings extracted from the differ-
ent gluonic vertices,

αc̄cAðp̄Þ ¼
1

4π

ðλð1Þc̄cAðp̄ÞÞ2
ZAðp̄ÞZ2

cðp̄Þ
;

αA3ðp̄Þ ¼ 1

4π

ðλð1ÞA3 ðp̄ÞÞ2
Z3
Aðp̄Þ

;

αA4ðp̄Þ ¼ 1

4π

λð1ÞA4 ðp̄Þ
Z2
Aðp̄Þ

: ð23Þ

Here, λð1Þφ1…φn are the dressing functions of the classical

tensors of the vertices ΓðnÞ
φ1…φn as defined in (14). As in the

case of the quark-gluon vertex, the corresponding STIs for
the gluonic vertices constrain only their longitudinal
projection. Assuming negligible nonclassical tensor struc-
tures, the transverse running couplings (23) show therefore
degeneracy as long as a condition analogous to (18) is valid
for each of the gluonic vertices. Therefore, the scale at
which the degeneracy in the transverse gluonic couplings is
lifted yields an approximation for ΛSTI. Based on our
results for the transverse gluonic running couplings [see
Fig. 8(a)], we identify the scale where degeneracy is lost as

ΛSTI ≲ 3–5 GeV: ð24Þ

In particular, the degeneracy of the gluonic running
couplings is violated by more than 5% below 3 GeV,
and the STIs cannot be reliably used to constrain trans-
versely projected couplings below this scale. On the other
hand, we observe near-degeneracy of the gluonic couplings
above 5 GeV.
With the identification of the scale ΛSTI, we are now in a

position to apply the STI (15) to constrain the quark-gluon
vertex, for which a transverse running coupling can be
defined via

αq̄qAðp̄Þ ¼
1

4π

ðλð1Þq̄qAðp̄ÞÞ2
ZAðp̄ÞZ2

qðp̄Þ
: ð25Þ

We use (15) together with (18) to calculate specific

momentum configurations of the dressing function λð1Þq̄qA

of the transversely projected classical tensor structure

T ð1Þ
q̄qAðp̄Þ of the quark-gluon vertex. Due to the presence

of the RG scale, ΛSTI plays a twofold role. For RG scales
k > ΛSTI, we use the STI to constrain the full range of
symmetric momenta p̄ ∈ ½0;∞Þ. All other momentum

configurations of λð1Þq̄qAðp; qÞ are calculated as a relative
offset to this line of symmetric momentum configurations,

whereas the nonclassical dressings λðiÞq̄qAðp; qÞ for i > 1 are
always calculated from the vertex equation. For RG scales
k≲ ΛSTI, on the other hand, we use the STI to constrain

only the restricted range of symmetric momenta p̄ ∈
½ΛSTI;∞Þ of λð1Þq̄qAðp; qÞ. Again, all other momentum
configurations are calculated as relative offsets, whereas
all nonclassical dressings are fully calculated from the
vertex equation. The dependence of our results on varying
the exact transition scale ΛSTI for k and p̄ within a range of
3–7 GeV beyond the estimate (24) leaves us with an
estimate of our truncation error. This error is indicated by
the bands in our results. The solid lines in our results
correspond to the upper value of 5 GeV for the transition
scale in (24).

D. Renormalization

The solution of the flow equation starts from an initial
action ΓΛ at some large momentum cutoff Λ. For Λ → ∞,
the initial action turns into the classical bare action
ΓΛ→∞ ¼ S in the presence of a momentum cutoff. As
discussed in more detail at the beginning of Appendix D,
the presence of the infrared regulator Rk leads to mod-
ifications of the Slavnov-Taylor identities. However, if ΓΛ
fulfills the modified STI and no approximations are made,
Γk→0 fulfills the original STI [72]. Therefore, we are left
with two tasks. First, we need to choose the initial effective
action ΓΛ consistent with the modified STI. Second, we
need to find truncation schemes that preserve the modified
STIs at least approximately during the flow and conse-
quently reduce to the original STIs for k → 0.
The first and most immediate consequence of the

modified STIs is that a quadratically running gluon mass
term is required at the initial UV scale [72]. Apart from one
crucial difference, this is analogous to the case of BRST
symmetry-breaking regularization schemes in perturbation
theory. There, the condition of masslessness of the trans-
verse gluon propagator serves as a unique means of
determining this counterterm. However, in the infrared
the nonperturbative gluon propagator develops a mass gap.
Therefore, the condition of an ungapped gluon propagator
cannot help in the determination of the gluon mass
counterterm in nonperturbative approaches. In principle,
this mass term could be determined by solving the modified
STI for the gluon propagator at the initial UV scale. As
discussed in [2], this is of limited practical use. At the
moment, the only applicable strategy of uniquely determin-
ing this mass term is requiring a gluon propagator of the
scaling type. The difference between this scaling solution
[67,73–80] and the decoupling solution [18,81] usually
found in lattice simulations [82–84] only affects the deep
infrared, where all glue dynamics is decoupled. In any case,
we do not expect any effect on physical observables as this
deviation can possibly be attributed to a difference in the
global gauge fixing. Since the deviation is limited to the
deep infrared, its effect on observables is negligible.
Observables defined in terms of correlations always include
momentum integrations. Hence we use the scaling solution
throughout this work.
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In addition to the gluon mass term at the initial cutoff
scale, the modified STIs imply also logarithmically running
modifications of the perturbatively marginal terms. These
modifications imply that the standard STI-relations
between the renormalization constants are not valid. In
principle, the corrections are again determined by the
modified STIs. Nevertheless, we choose the more direct
approach of choosing the renormalization constants and
bare coupling at k ¼ Λ such that the running couplings
defined from the different vertices, (23) and (25), agree at
some renormalization scale p̄ ¼ μ ≪ Λ at k → 0, as
required by the STIs.
This completes the first task of choosing an initial action

that is consistent with the modified Slavnov-Taylor iden-
tities. Comparing the running couplings (23) and (25) in the
vicinity of the renormalization point μ provides us then
with a measure of how well our resulting truncated effective
action Γk→0 fulfills the Slavnov-Taylor identities, i.e., how
well we did on the second task, which is further discussed
at the beginning of Sec. IV.

E. Numerical computation

In order to minimize cutoff artifacts while keeping the
numerical effort at a manageable level, we calculate our
initial action at Λ ¼ 20 GeV in a simpler truncation.
Starting from the renormalized classical action at
Λ ¼ 100 GeV, we determine ΓΛ¼20 GeV in a truncation
that takes only the propagators and classical vertex tensor
structures into account. Furthermore, we choose the
renormalization constants at the cutoff scale Λ ¼
100 GeV such that the resulting vertices ΓðnÞ

k→0ðp̄Þ fulfill
the Slavnov-Taylor identities at the symmetric momentum
configuration at p̄ ¼ μ ¼ 10 GeV.

Having calculated the initial action ΓΛ¼20 GeV in this
fashion, we integrate the full set of equations down to the
infrared cutoff of ΛIR ¼ 70 MeV, where the bare quark
mass at 20 GeV is chosen such that the desired pion mass is
achieved; cf. [1]. For numerical convenience, the coupled
matter-glue system is solved in an iterative procedure. The
starting point is a solution of the full system with massless
quarks. The scale-dependent gluonic correlators of this
solution are then fed back as input into the matter system.
The resulting matter propagators and vertices are in turn
used as input for the glue system. This process is repeated
until convergence is obtained.
The above procedure has been described in physical units

GeV. In practical first-principle calculations, one chooses a
value for the strong running coupling at the renormalization
scale and translates into GeV only afterwards. In order to
facilitate the comparison with the lattice, we use the location
of the bump in the gluon propagator dressing to set our scale
to lattice units which are given in GeV.
The general computational framework is the one pre-

sented in [1,2] and the reader is referred to these works for
additional details. The algebraic flow equations are derived
using DoFun [66] and subsequently traced with
FormTracer [85], a Mathematica package that uses FORM

[86–88]. The output is exported as optimized C code into
frgsolver, a flexible, object-orientated, parallel C++ frame-
work for the solution of flow equations, developed within
the fQCD Collaboration [48].

III. RESULTS

As a main result of our investigation, we present in
Figs. 4 and 5 the unquenched gluon, quark, and ghost
propagators. The inverse propagators are parametrized by
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FIG. 4. Two-flavor unquenched gluon and quark propagators for different pion masses in comparison to lattice results. (a) Gluon
propagator dressing function 1/ZAðpÞ in comparison to lattice results [89]. The discrepancy at large momenta stems from lattice
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½Γð2Þ
AA�μνðpÞ ¼ ZAðpÞp2

�
δμν −

pμpν

p2

�
;

½Γð2Þ
q̄q �ðpÞ ¼ ZqðpÞðipþMqðpÞÞ;

½Γð2Þ
c̄c �ðpÞ ¼ ZcðpÞp2; ð26Þ

with suppressed color and flavor indices for notational
simplicity. Note that the dressing functions introduced in
(26) are the inverse of the dressing functions Z and G often
used in the Dyson-Schwinger equation (DSE) literature to
parametrize the gluon and ghost propagators, whereas Zq

corresponds to the A function, often used to parametrize the
quark propagators; see, e.g., [14,23]. Our results have been
obtained with Nf ¼ 2 quark flavors at different pion
masses. We indicate our best estimate of the systematic
error due to truncation effects via bands; cf. the discussion
in Sec. II C and Sec. IV.
The gluon propagator dressing function 1/ZAðpÞ, shown

in Fig. 4(a), shows unprecedented agreement with
unquenched two-flavor lattice results [89]. The latter result
flattens out due to lattice artifacts at large momenta, while
our gluon propagator shows a smooth transition to the
expected perturbative behavior. At very small momenta we
find small deviations to the lattice result, as our gluon
propagator is of the scaling type, cf. [2], whereas the lattice
results are of the decoupling type. Note in this context that
the effects due to the nonperturbative gauge-fixing pro-
cedure are still an open issue; see, e.g., [91–94]. Therefore,
any comparison of correlators should keep such effects in
mind. It is also noteworthy that the gluon propagator is
insensitive to the pion mass. This insensitivity to the details
of the matter sector is a very welcome property for
investigations of the phase structure of QCD at finite
temperature and density. There we expect significant
changes in the dynamics of the matter sector, whose impact
on the glue sector should be limited by the above
mechanism. Consequently, this stabilizes the current vertex
expansion scheme at finite temperature and density. In

particular, these findings strengthen the predictive power of
approaches that use lattice input for the gauge sector of the
truncation [95–97].
Our result for the quark propagator is shown in Fig. 4(b).

At intermediate and large momenta we find very good
agreement of the quark mass function, MqðpÞ, with
corresponding lattice results [90]. However, we find a
larger infrared value for the quark mass function as
compared to the lattice. As discussed in more detail in
Sec. IV, this is most likely an artifact of the presence of a
slight scale mismatch between the matter and glue sector.
We refrain from a comparison of the quark wave function
renormalization to the lattice since presently no two-flavor
continuum-extrapolated results with reliable systematic
errors are available. It is interesting to compare the
qualitative behavior of Zq with other functional method
calculations. We find a slight backbending of the quark
wave function renormalization at small momentum scales.
A similar, but more pronounced, effect has also been
observed in Dyson-Schwinger studies of the quark propa-
gator; see, e.g., [56,58,60,98,99]. We find a decreased
backbending for a smaller pion mass; see Fig. 4(b). This is
the opposite effect to the one found in [56,58,60,98,99]. On
the other hand, the quark mass function, MqðpÞ, shows the
expected monotonic dependence on the pion mass.
Apart from the gluon propagator, we show a comparison

of our results for the ghost propagator dressing ZcðpÞ to the
lattice results of [89] in Fig. 5. Similarly to pure Yang-Mills
theory [2], the scaling ghost propagator agrees with the
lattice decoupling solution only down to momenta of about
1 GeV. On the other hand, although we have a scaling
solution, our gluon propagator agrees remarkably well with
the decoupling lattice propagator down to comparably low
momenta.
The self-consistent solution of our large truncation

provides us with a wealth of nontrivial information on
vertex functions. This includes in particular the momentum
dependence of classical and nonclassical tensor structures,

 0

 2

 4

 6

 8

 10

 12

 0.1  1  10

gl
uo

n 
pr

op
ag

at
or

  1
/(

p2  Z
A
)

p [GeV]

error estimate

mπ=140 MeV

lattice, β=5.29, mπ=150 MeV

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0.1  1  10

gh
os

t p
ro

pa
ga

to
r 

dr
es

si
ng

 1
/Z

c

p [GeV]

error estimate

mπ=140 MeV

lattice, β=5.29, mπ=150 MeV

FIG. 5. Two-flavor gluon and ghost propagators in comparison to lattice data [89]. (a) Gluon propagator 1/ðp2ZAðpÞÞ. (b) Ghost
propagator dressing function 1/ZcðpÞ.

CYROL, MITTER, PAWLOWSKI, and STRODTHOFF PHYS. REV. D 97, 054006 (2018)

054006-8



many of which are calculated here for the first time. Here,
we focus on a detailed discussion of our results for the
quark-gluon vertex as the most crucial ingredient for
quantitative accuracy in the unquenched system. The
transversely projected quark-gluon vertex can be repre-
sented with eight basis elements [100]. They include four
chirally symmetric tensors, one of them being the classical
tensor, as well as four tensors which break chiral symmetry;
see Appendix C. In line with earlier investigations
[1,4,56,101], it turns out that only two nonclassical tensor
structures have to be considered as leading nonclassical
tensors in the backcoupling scheme shown in Table I; see
also the detailed discussion of the truncation scheme in
Appendix B. The first, and quantitatively most important, is
the chirally symmetric tensor structure T ð7Þ

q̄qA, and the
second is given by the chiral symmetry-breaking tensor

structure T ð4Þ
q̄qA; see (C2) for the considered basis. Our

results for the leading dressing functions of the quark-gluon
vertex are shown in Fig. 6(a) in comparison to the lattice
results for the classical tensor structure [90]. Within the
errors we find good agreement with the lattice results in the
soft-gluon limit. Consistent with earlier investigations [1],
we find that the dressing of the classical tensor structure of
the quark-gluon vertex shows a sizable angular depend-
ence, as illustrated in Figs. 6(b) and 7(a). We checked that
this angular dependence is genuine and cannot simply be
removed by a reparametrization with propagator dressings.
Therefore, the inclusion with the full three-dimensional
momentum dependence is required. This is in contrast to
the gluonic vertices, where one-dimensional momentum
approximations at the symmetric point represent already
a quantitatively good approximation; see [2,32] and
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Appendix B. The chirally symmetric tensor structure T ð7Þ
q̄qA

takes sizable values already in the semiperturbative

momentum region, whereas T ð4Þ
q̄qA is of quantitative impor-

tance only in the chirally broken phase.
The channels of the four-Fermi interaction that are not

dynamically hadronized are shown in Fig. 7(b) at the
u-channel momentum configuration. Clearly, all of these
channels remain finite on these Euclidean momentum
configurations. Since the poles that would correspond to
the respective bound-state masses are too far from the
investigated Euclidean momentum configurations, no con-
clusions about the spectrum can be drawn at this stage; see
[34] for an investigation where the vector channels have
been dynamically hadronized as well.
At the symmetric point, a quark-gluon running coupling

can be extracted from the vertex dressing via (25).
It is shown along with the gluonic running couplings in
Fig. 8(a). The Slavnov-Taylor identity for the quark-gluon
vertex with a trivial quark-ghost scattering kernel implies
a deviation of the quark-gluon running coupling from
the pure glue running couplings in the (semi)perturba-
tive regime. Only by including quantum corrections to
the quark-ghost scattering (cf. [58–62], Sec. II C, and
Appendix D) can the corresponding quantum corrections
to the ghost-gluon vertex be compensated and the degen-
eracy of all the different running couplings be restored. The
quark-gluon running coupling shown in Fig. 8(a) is the
most important ingredient for a quantitatively and even
qualitatively correct description of spontaneous chiral
symmetry breaking. In particular, the range of momenta
where it exceeds the critical value of the coupling αcr ≈
0.86 determines if, and to which extent, chiral symmetry
breaking occurs [1,12]. Consequently, a precise determi-
nation of the quark-gluon running coupling is of
utmost importance, since the corresponding error directly

translates into the quark mass function, as can be seen by
comparing the bands in Figs. 8(a) and 4(b). Although the
resummation scheme, and as a consequence also the
mechanism for chiral symmetry breaking, is different, an
analogous sensitivity on the quark-gluon interaction
strength is also found in Dyson-Schwinger studies [101].
Further results on higher-order vertex functions are

presented in Fig. 9 and are only discussed briefly at this
point. Turning to higher quark-gluon interaction vertices,
we want to highlight the fact that this work incorporates the
first direct computation of these interactions. Already
earlier investigations found clear evidence for their quanti-
tative importance [1], but inferred their value only indi-
rectly from the quark-gluon-vertex, exploiting the idea of
an expansion in terms of BRST-invariant operators q̄Dnq.
Here we still use this idea as an organizing principle for the
basis construction; see Appendix C. The crucial improve-
ment in comparison to [1] is the direct calculation of the
corresponding dressing functions and their self-consistent
back-coupling into the system of equations at the sym-
metric momentum configuration. In comparison to the
approximation used in [1], the directly calculated two-
quark-two-gluon vertex leads to a moderately enhanced
quark-gluon vertex. Exemplary results for the dressing
functions of the two-quark-two-gluon vertex are shown in
Figs. 9(a)–9(c). Furthermore, we present also exemplary
results for the leading tensors in the two-quark-three-gluon
vertex; see Fig. 9(d). However, they turn out to be of sub-
subleading importance for the overall system of correlation
functions. These results are complemented by results on
quark-meson interaction vertices in the soft-pion channel;

see Fig. 9(e). For the classical tensor T ð1Þ
q̄qπ [see (C14)], this

is the momentum-channel that is relevant to the momentum-
dependent dynamical hadronization procedure discussed
in Appendix A. Although they are of sub-subleading
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importance for the system of equations, the other
momentum-dependent tensor structures of the quark-meson
Yukawa interaction shown in Fig. 9(e) are important
ingredients in bound-state studies; see, e.g., [14,23,102].
The same applies to higher-order quark-pion scattering
operators, also resolved in a momentum-dependent fashion
and depicted in Fig. 9(f).

IV. DISCUSSION

One of the main conclusions we can draw from the
results presented in the previous section is that a quanti-
tatively reliable description of spontaneous chiral sym-
metry breaking within the functional methods requires very
precise results on the quark-gluon interaction Γð3Þ

q̄qAðp; qÞ;
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see also [101] for corresponding observations in the DSE
framework. Additionally, we find that the transverse run-
ning couplings defined from the different vertices deviate
considerably from each other at momenta around and
below the scale of QCD. We interpret this as a clear signal
for the nonapplicability of the respective Slavnov-Taylor
identities to constrain the transversely projected vertices in
this regime. Furthermore, we observe that it seems to be
very hard to find truncations that lead to a consistent (semi)
perturbative running of the coupling strengths of the matter
and gauge sectors. To the best of our knowledge, there are
two sources for this scale separation. On the one hand, a
precise classification of vertices and diagrams in loop
orders is difficult to achieve within the functional
approaches. As a result, the two sectors might run with
different loop orders in the semiperturbative regime.
Furthermore, the chosen truncation, and in particular the
momentum dependencies of the vertex dressing functions,
might violate the BRST symmetry of the different sectors to
a different degree.
These findings emphasize the need for truncations that

lead to a consistent running of all of its constituents. We
find this to be a considerably harder task in fully
unquenched QCD, as compared to the gauge sector, where
consistent running was already achieved in [2]. In particu-
lar, the STIs allow for consistency checks of the running of
the different correlators. However, this requires the com-
putation of their longitudinal as well as transverse parts. To
this end, also other functional relations such as, e.g., DSE,
2PI relations, or transverse Ward-Takahashi identities (see
Appendix E and [62,103–106]) can be employed. Such an
elaborate approach will be discussed elsewhere.
In this work, we tackled these issues with a two-step

strategy. First, we used the Slavnov-Taylor identity for the
quark-gluon vertex (cf. Sec. II C) to constrain the pertur-
bative behavior of its transversely projected classical tensor
structure. In particular, we find that using this STI forces
the degeneracy of the running couplings of the matter and
glue sector in the perturbative regime. Second, we extended
the truncation to include higher quark-gluon interactions,
namely, the two-quark-two-gluon and the two-quark-three-
gluon 1PI correlators, Γð4Þ

q̄qA2 and Γ
ð5Þ
q̄qA3 , with a consistent set

of basis elements. This allowed us to calculate the non-
perturbative features of the quark-gluon interaction with
unprecedented precision.
Consequently, we have two tools at our disposal to assess

the systematic error. First, we vary the transition scale up to
which the STI (15) is used to constrain the quark-gluon
vertex; cf. the discussion in Sec. II C. In line with the
reasoning to determine ΛSTI (see Sec. II C), we observe
sizable deviations from the one-loop STI in the classical
vertex structures of the gluonic vertices, below 3 GeV to
5 GeV; cf. the inset in Fig. 8(a). Therefore, we vary the
transition scale from the STI-constrained to fully calculated
vertex, ΛSTI, between 3 and 7 GeV to obtain the shown

bands. Our main results (solid lines) are obtained with a
transition scale of 5 GeV.
Second, we compare our best result to results obtained

within simpler truncations of the matter sector. In Fig. 8(b)
we show a comparison of the corresponding quark propa-
gators. Here, the blue result has been obtained in a
truncation, where only the classical tensor structure for
the quark-gluon vertex has been taken into account on a
symmetric momentum configuration, similarly to the
approximation of the vertices in the glue sector. The
difference between the blue and red results gives an
estimate for the upper bound of the truncation error.
Finally, we want to point out that the difference between

the bands in Fig. 8(b) makes the resulting error look worse
than it will actually be in applications to the phase structure
and bound state spectrum of QCD. In such investigations,
we would have to set the scale of the theory in terms of
observables like the pion decay constant or the quark
condensate. Simulating this procedure by using the value of
the constituent quark mass MqðpÞ at p ¼ 0.5 GeV to set
this scale, we obtain the dashed curves in Fig. 8(b) for the
two truncations. The difference between the resulting quark
mass functions gives a more realistic estimate of the
truncation effects on observables, since only relative effects
will be important in this case.

V. SUMMARY AND CONCLUSIONS

In this work we investigated correlation functions in
unquenched Landau gauge QCD with Nf ¼ 2 quark
flavors. This analysis was performed within the functional
renormalization group approach in a vertex expansion
scheme for the effective action. We presented a self-
consistent solution for the hitherto largest system of
correlation functions aiming at quantitative precision.
The numerical results for the gluon propagator and quark
mass function were found to be in very good agreement
with the corresponding lattice results. Results for the
propagators with different values of the pion mass were
presented. In particular, this includes results with small
pion masses, which are notoriously difficult to obtain in
lattice simulations. Finally, we also showed results for the
higher quark-quark, quark-gluon, and quark-meson inter-
actions that are part of our truncation.
Special emphasis was put on the importance of the

correct running of vertices. In particular, the STI-consistent
running of the quark-gluon vertex was found to be of
utmost importance for the qualitative and quantitative
description of chiral symmetry breaking. Although our
truncation is of an unprecedented extent, we still observe a
mismatch in the scales of the glue and the matter sector.
Therefore, the quark-gluon vertex STI was used to guar-
antee the correct running in the (semi)perturbative regime,
whereas the full nonperturbative structure of the vertex was
numerically calculated at nonperturbative momenta. In our
truncation, we found that the STIs imply degeneracy of the
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running couplings defined from different vertices only if
quantum corrections to the quark-ghost scattering kernel
are included.
These results provide a major milestone towards the goal

of first-principle investigations of the phase structure of
QCD. Having established a stable truncation that allows us
to solve the FRG equations without modeling input,
investigations at finite temperature are now the next logical
step. In parallel, further investigations of the stability of the
truncation will be of crucial importance. These further tests
and improvements of the truncation will be particularly
important for investigations at finite densities, which
require the full quantitative control over the fluctuation
degrees of freedom.
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APPENDIX A: MOMENTUM-DEPENDENT
DYNAMICAL HADRONIZATION

In the resummation scheme defined by the FRG, chiral
symmetry breaking is driven by the four-Fermi interaction,
which in turn is created dynamically from box diagrams
with a two-gluon exchange; see, e.g., [12]. In the case of a
momentum-independent approximation, the spontaneous
breaking of chiral symmetry is signaled by a divergence in
the pion channel of the four-Fermi interaction. As a
consequence, divergences appear also in the other channels.
The emergence of this singularity is a consequence of the
emerging pion pole, whose proper description requires
momentum dependencies. In order to include the missing
momentum dependencies as efficiently as possible and to
be able to access the symmetry-broken regime, the dynami-
cal hadronization technique is applied [1,8,33,64,65]. Once
the auxiliary mesonic field variables are introduced, the
remaining channels of the four-Fermi vertex remain finite at
all finite RG scales; see Fig. 7(b).

Analogous to [1,8,33] we introduce a scale-dependent
dynamically hadronized field in the scalar-pseudoscalar
channel of the four-Fermi interaction by defining the scale
derivative of its field expectation value

ϕ̇a
kðpÞ ¼

Z
q
∂tAq̄Ta

f q;k
ðp − q; qÞ½q̄Ta

f q�ðp − q; qÞ: ðA1Þ

Here, the dot indicates the derivative with respect to
t ¼ logðk/ΛÞ; the Ta

f , a ∈ f1; 2; 3g, correspond to the
Pauli matrices divided by 2; and T0

f is the unit matrix
divided by 2. Therefore, ϕa

k represents a bosonic field with
the quantum numbers of the pions (f0ð500Þ) for a ¼ 1, 2, 3
(a ¼ 0). The main difference to the procedure used
previously in [1,8,33] is the momentum dependence, i.e.,
∂tAq̄Ta

f q;k
ðp − q; qÞ, and the absence of an additive term

∂tBq̄Ta
f q;k

ðpÞϕkðpÞ on the right-hand side of (A1). Such a
term simply introduces a momentum-dependent rescaling
of the wave function renormalization Zϕ;kðpÞ of ϕ and is
hence not considered here.
The introduction of ϕa

k leads to an additional term in the
standard flow equation, which becomes

_Γk½Φ� ¼ 1

2
Tr

1

Γð2Þ
k þ Rk

_Rk −
δΓk

δϕa ϕ̇
a
k: ðA2Þ

Consequently, any n-point function that includes at
least one quark-antiquark pair q̄Ta

f q gets an additional
contribution,

Δ _ΓðnÞ
q̄Ta

f qφ3���φn
ðp1; p2;…; pnÞ

¼ −
δnðδΓk

δϕa ∂tAq̄Ta
f q;k

½q̄Ta
f q�Þ

δφnðpnÞ � � � δφ3ðp3Þδ½q̄Ta
f q�ðp1; p2Þ

; ðA3Þ

where the integration over momenta in the numerator is
implicit. Therefore, the flow of any n-point function

ΓðnÞ
q̄qφ3���φn

, whose combined quantum numbers of φ3…φn

correspond to one of the pions or the sigma meson, is
modified by the introduction of the scale-dependent
dynamical hadronization fields.
In particular, the flow of the four-Fermi interaction

channel corresponding to pion or sigma-meson exchange
and the corresponding quark-meson Yukawa interaction are
modified as

Δ _Γð4Þ
ðq̄Ta

f qÞ2
ðp1;p2;p3Þ¼−

δn
�
δΓk
δϕa∂tAq̄Ta

f q;k
½q̄Ta

f q�
�

δ½q̄Ta
f q�ðp3;p4Þδ½q̄Ta

f q�ðp1;p2Þ
;

Δ _Γð3Þ
ðq̄Ta

f qÞϕaðp;qÞ¼−∂tAq̄Ta
f q;k

ðp;qÞΓϕaϕaðpþqÞ;
ðA4Þ

where p4 ¼ −p1 − p2 − p3. Since ∂tAq̄Ta
f q;k

is a function
of two momenta, we can choose it such that particular
momentum channels of the four-Fermi interaction are
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rewritten in terms of the exchange of mesons represented
by the field ϕa by demanding

Flow½Γð4Þ
ðq̄Ta

f qÞ2
� þ Δ _Γð4Þ

ðq̄Ta
f qÞ2

jΩ ≡ 0 ðA5Þ

on a subset of momenta Ω. Dynamically hadronizing the

momentum channel Γð4Þ
ðq̄Ta

f qÞ2
ðp; q;−p;−qÞ corresponds

then to the choice

∂tAq̄Ta
f q;k

ðp; qÞ ¼ −2
_λðπÞq̄ q̄ qqðp;−q;−p; qÞ

hð1Þq̄qϕðq; pÞ

þ
_λðπÞq̄ q̄ qqðq; q;−q;−qÞhð1Þq̄qϕðp;−pÞ

2hð1Þq̄qϕðq; pÞhð1Þq̄qϕðq;−qÞ

þ
_λðπÞq̄ q̄ qqðp; p;−p;−pÞhð1Þq̄qϕðq;−qÞ

2hð1Þq̄qϕðq; pÞhð1Þq̄qϕðp;−pÞ
;

ðA6Þ

where λðπÞq̄ q̄ qq ¼ λ
ðS−PÞþ
q̄ q̄ qq þ λ

ðSþPÞþ
q̄ q̄ qq with the conventions of

[1] and hð1Þq̄qϕ are the dressing functions of the four-Fermi
interaction and quark-meson Yukawa interaction,
respectively.
These equations are simplified considerably in the

u-channel rebosonization, where both (anti)quarks carry
the momentum ð−Þp, leading to

Δ _hð1Þq̄qϕðp;−pÞ ¼
Γϕaϕað0Þ

hð1Þq̄qϕðp;−pÞ
_λðπÞq̄ q̄ qqðp; p;−p;−pÞ: ðA7Þ

This channel is particularly interesting, because the quark
mass function receives an analogous correction from this
channel by multiplying the above equation with the
expectation value of hϕ0i. Therefore, this is the momentum
channel that is bosonized in this work. Finally, (A7)
reduces to the well-known result [33,64]

Δ _hð1Þq̄qϕ ¼ m2
π

hð1Þq̄qϕ

_λðπÞq̄ q̄ qq ðA8Þ

at vanishing momenta.

APPENDIX B: TRUNCATION SCHEME

As discussed in Sec. II B, we classify all tensors into
classical, leading nonclassical, and subleading nonclassical
and neglect all sub-subleading contributions. Although
previous results indicate that the importance of different
constituents of the truncation might be connected to BRST-
invariant operators [1], we perform additional, explicit
checks to test the importance of different parts of our

truncation. The identification of the classical tensors is
clear, where we additionally interpret the Yukawa inter-
action between quarks and mesons as well as the meson
propagators as classical tensors. The latter are present in
our truncation because of a momentum-dependent version
of the dynamical hadronization technique that has been
used to represent the leading channel of the dynamically
created four-quark interaction in terms of the exchange of
mesons; see [1,8,33,64,65] and Appendix A. The resulting
classification of the different vertices and their tensor
structures considered in our truncation is summarized in
Table II.
The remaining equations are still very large and we

deviate in a controlled manner from the above expansion
scheme in some equations in order to make the system of
equations numerically tractable.

(i) First, we completely neglect the subleading non-
classical quark-gluon vertex tensors, which has been
checked explicitly to be a very good approximation;
see also [1,4,56,101].

(ii) Second, we ignore any subleading nonclassical
contributions to the four-gluon vertex. Since this
vertex is the least important of the classical vertices,
we expect this to be a good approximation, although
explicit checks are amiss due to the size of these
equations.

(iii) Third, contributions from the tensor T ð4Þ
q̄qA are

ignored in the equation for the dressing of T ð7Þ
q̄qA

and vice versa, which has been tested to be a very
good approximation.

(iv) Fourth, we include the effect of the two-quark-three-
gluon vertex in the leading nonclassical tensors of
the quark-gluon and the two-quark-two-gluon ver-
tex, which has been found to yield only small
corrections.

(v) Fifth, we ignore the effect of T ð4Þ
q̄qA and T ðiÞ

q̄qA2 ,
i ∈ f1;…; 6; 8; 9; 10; 12; 13; 16; 17; 18g, in the

equation for the dressings of T ðiÞ
q̄qA2 , i¼f1;…;15g,

and furthermore the effect of T ð7Þ
q̄qA and T ðiÞ

q̄qA2 ,

i ∈ f1;…; 15g, in the equation for the dressings

of T ðiÞ
q̄qA2 , i ∈ f16; 17; 18g. This approximation has

been explicitly checked to be very good.
(vi) Sixth, we always feed back all purely mesonic

interactions, which is particularly important for
the effective potential and the mesonic propagators.

Finally, we do not calculate the full momentum depend-
ence of all of the dressing functions that appear in our
truncation. The calculated momentum dependency of each
constituent of our truncation is shown in Fig. 2. Here, p̄
represents the symmetric momentum configuration defined
by p̄2 ¼ pi · pi ¼ −ðn − 1Þpi · pj with i ≠ j ∈ f1;…; ng
for any n-point function ΓðnÞ

Φ1…Φn
ðp1;…; pn−1Þ. The

momentum dependence on this symmetric configuration
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is then used to evaluate the momentum dependence
on any other momentum configuration via the approxi-

mation ΓðnÞ
Φ1…Φn

ðp1;…; pnÞ ≈ ΓðnÞ
Φ1…Φn

ðp̄ðp1;…; pnÞÞ with

p̄ðp1;…; pnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2

1 þ � � � þ p2
nÞ/n

p
. A similar approxi-

mation is used to calculate the full momentum dependen-
cies from the calculated reduced momentum dependencies
of the quark-meson interactions; cf. Appendix C 2.
Finally, the mesonic interactions are approximated as
momentum independent and calculated at vanishing
momentum.
In comparison to the approximation used in [2], we have

ignored additional momentum dependencies in the pure
gauge sector of the theory due to the computational costs of
taking these into account. The effect of this approximation
is an overestimation of the bump in the gluon propagator of
5% to 10% as shown explicitly in [2]. On the other hand,
first exploratory checks indicate an underestimation of the
bump in the gluon propagator of 10% due to our restricted
momentum dependence of the two-quark-two-gluon vertex
in the quark tadpole of the gluon-propagator equation.
Consequently, the net effect of these approximations is
expected to be small. This will be checked, together with
the influence of the neglected additional momentum
dependencies, tensors, and nonclassical correlation func-
tions in future investigations.

APPENDIX C: QUARK-GLUON, QUARK-MESON,
AND QUARK-GHOST INTERACTION VERTICES

Here we discuss the constituents of our truncation that
have not been included in the previous works on quenched
QCD [1] and Yang-Mills theory [2].

1. Two-quark-n-gluon vertices

We classify the full tensor decomposition of the quark-
gluon vertex, the two-quark-two-gluon, and the two-quark-
three-gluon vertex in tensors that can be related to operators
of the type q̄Dnq, whereDμ ¼ ∂μ − igTa

cAa
μ. Therefore, the

elements of the full basis of each of the two-quark-n-gluon
interactions are ordered according to the number of explicit
momentum variables in the basis elements. Additionally,
this expansion leads to a natural classification in terms of
chirally symmetric and symmetry-breaking tensors. All
even values of n lead to operators that violate chiral
symmetry. In particular n ¼ 0 corresponds to the mass
term in the quark propagator.

a. Quark-gluon vertex

We expand the transversely projected quark-gluon vertex
as in [1],

Π⊥
μνðpþ qÞ½Γð3Þ

q̄qA�aνðp; qÞ

¼ 1fTa
c

X8
i¼1

λðiÞq̄qAðp; qÞΠ⊥
μνðpþ qÞ½T ðiÞ

q̄qA�νðp; qÞ: ðC1Þ

For quantitative accuracy, we include the full three-dimen-
sional momentum dependence of the quark-gluon vertex
dressing function. The vertex has been assumed diagonal in
flavor space via 1f , and Ta

c are the generators of the
fundamental representation of the SUð3Þ color group.

The tensors ½T ðiÞ
q̄qA� are given by

q̄Dq∶ ½T ð1Þ
q̄qA�μðp; qÞ ¼ −iγμ;

q̄D2q∶ ½T ð2Þ
q̄qA�μðp; qÞ ¼ ðp − qÞμ1s;

½T ð3Þ
q̄qA�μðp; qÞ ¼ ðp − qÞγμ;

½T ð4Þ
q̄qA�μðp; qÞ ¼ ðpþ qÞγμ;

q̄D3q∶ ½T ð5Þ
q̄qA�μðp; qÞ ¼ iðpþ qÞðp − qÞμ;

½T ð6Þ
q̄qA�μðp; qÞ ¼ iðp − qÞðp − qÞμ;

½T ð7Þ
q̄qA�μðp; qÞ ¼

i
2
½p; q �γμ;

q̄D4q∶ ½T ð8Þ
q̄qA�μðp; qÞ ¼ −

1

2
½p; q �ðp − qÞμ; ðC2Þ

TABLE II. Assignment of considered vertices/tensor structures
from Fig. 2 to the three classes; cf. Table I.

Object Classical Leading Subleading

Γð2Þ
A2

All

Γð2Þ
c̄c

All

Γð3Þ
c̄cA T ð1Þ

c̄cA

Γð3Þ
A3 T ð1Þ

A3

Γð4Þ
A4 T ð1Þ

A4

Γð2Þ
q̄q

All

Γð3Þ
q̄qA T ð1Þ

q̄qA T ð4Þ
q̄qA, T

ð7Þ
q̄qA

Remaining T ðiÞ
q̄qA

Γð4Þ
q̄qA2 T ð1Þ

q̄qA2…T ð18Þ
q̄qA2

Γð5Þ
q̄qA3 T ð1Þ

q̄qA3…T ð5Þ
q̄qA3

Γð4Þ
q̄ q̄ qq T ðπÞ

q̄ q̄ qq, T
ðη0Þ
q̄ q̄ qq

Remaining T ðiÞ
q̄ q̄ qq

Γð3Þ
qcQq

T ð1Þ
qcQq

, T ð4Þ
qcQq

Γð2Þ
ϕ2

All

Γð3Þ
q̄qϕ T ð1Þ

q̄qϕ T ð2Þ
q̄qϕ…T ð4Þ

q̄qϕ

Γð4Þ
q̄qϕ2

T q̄qϕ2

Γð5Þ
q̄qϕ3

T q̄qϕ3

ΓðnÞ
ϕn

T ϕ3 , T ϕ4 T ϕ5…T ϕ12
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and the transverse and longitudinal projection operators are
given by

Π⊥
μνðkÞ ¼ δμν −

kμkν
k2

; Πk
μνðkÞ ¼ kμkν

k2
: ðC3Þ

The transverse projection of the tensors (C2) yields a basis
for the transversely projected quark-gluon vertex (C1).
Furthermore, the longitudinal projections of these tensors
span the longitudinally projected vertex. However, only
four of the longitudinally projected tensors (C2) are linearly
independent. We choose

½T ð9Þ
q̄qA�μðp; qÞ ¼ Πk

μνðpþ qÞ½T ð1Þ
q̄qA�νðp; qÞ;

½T ð10Þ
q̄qA �μðp; qÞ ¼ Πk

μνðpþ qÞ½T ð2Þ
q̄qA�νðp; qÞ;

½T ð11Þ
q̄qA �μðp; qÞ ¼ Πk

μνðpþ qÞ½T ð6Þ
q̄qA�νðp; qÞ;

½T ð12Þ
q̄qA �μðp; qÞ ¼ Πk

μνðpþ qÞ½T ð8Þ
q̄qA�νðp; qÞ; ðC4Þ

as basis elements for the longitudinally projected quark-
gluon vertex

Πk
μνðpþ qÞ½Γð3Þ

q̄qA�aνðp; qÞ

¼ 1fTa
c

X12
i¼9

λðiÞq̄qAðp; qÞ½T ðiÞ
q̄qA�μðp; qÞ: ðC5Þ

The full quark-gluon vertex is then given as the sum of (C1)
and (C5).
At this point, we want to discuss the consequences of a

generalized regularity assumption, which implies that the
full quark-gluon vertex is spanned by the unprojected
tensors (C2), i.e.,

½Γð3Þ
q̄qA�aνðp; qÞ¼

! 1fTa
c

X8
i¼1

λðiÞq̄qAðp; qÞ½T ðiÞ
q̄qA�νðp; qÞ: ðC6Þ

In the limit of vanishing gluon momentum, a regular quark-
gluon vertex can be expressed in this way since singular-
ities would otherwise be introduced by the projectors (C3).
Assuming that (C6) holds also for finite gluon momenta,
i.e., assuming generalized regularity, the transverse and
longitudinal dressing functions are obviously not indepen-
dent any more. By construction, the transverse dressing
functions of (C1) are identical to the dressings of (C6). On
the other hand, the longitudinal dressings in (C5) are then
given by particular linear combinations of the transverse
dressings

λð9Þq̄qA ¼
�
λð1Þq̄qA þ

�
λð7Þq̄qA

2
− λð5Þq̄qA

�
ðp2 − q2Þ

�
;

λð10Þq̄qA ¼
�
λð2Þq̄qA þ λð3Þq̄qA þ λð4Þq̄qA

ðpþ qÞ2
p2 − q2

�
;

λð11Þq̄qA ¼
�
λð6Þq̄qA þ

1

2
λð7Þq̄qA

ðpþ qÞ2
q2 − p2

�
;

λð12Þq̄qA ¼
�
λð8Þq̄qA þ 2λð3Þq̄qA

1

q2 − p2

�
: ðC7Þ

Here, we have abbreviated λðiÞq̄qA ≡ λðiÞq̄qAðp; qÞ. The
four longitudinal dressings are constrained by the
quark-gluon vertex STI; see Appendix D. Therefore,
even under the generalized regularity assumption (C6),
the STI constrains only the combinations of the trans-
verse dressing functions given by the right-hand sides
of (C7).

b. Two-quark-two-gluon vertex

The transversely projected two-quark-two-gluon vertex
(with projection operators suppressed for readability)

½Γð4Þ
q̄qA2 �ab

μν
ðp1; p2; p3Þ

¼ 1f
X18
i¼1

λðiÞ
q̄qA2ðp̄Þ½T ðiÞ

q̄qA2 �ab
μν
ðp1; p2; p3; p4Þ ðC8Þ

receives contributions from the operators q̄Dnq with
n ≥ 2. We take into account the tensors corresponding to
n ¼ 2,

q̄D2q∶ ½T ð16Þ
q̄qA2 �ab

μν
¼ γμγνTa

cTb
c þ γνγμTb

cTa
c ;

½T ð17Þ
q̄qA2 �ab

μν
¼ γμγνTb

cTa
c þ γνγμTa

cTb
c ;

½T ð18Þ
q̄qA2 �ab

μν
¼ ðγμγν þ γνγμÞδab; ðC9Þ

and n ¼ 3,
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q̄D3q∶ ½T ð1Þ
q̄qA2 �ab

μν
¼ iðp1;μγν þ p1;νγμÞδab;

½T ð2Þ
q̄qA2 �ab

μν
¼ iðp2;μγν þ p2;νγμÞδab;

½T ð3Þ
q̄qA2 �ab

μν
¼ iðp1;μγνTa

cTb
c þ p1;νγμTb

cTa
c Þ;

½T ð4Þ
q̄qA2 �ab

μν
¼ iðp2;μγνTa

cTb
c þ p2;νγμTb

cTa
c Þ;

½T ð5Þ
q̄qA2 �ab

μν
¼ iðp1;μγνTb

cTa
c þ p1;νγμTa

cTb
c Þ;

½T ð6Þ
q̄qA2 �ab

μν
¼ iðp2;μγνTb

cTa
c þ p2;νγμTa

cTb
c Þ;

½T ð7Þ
q̄qA2 �ab

μν
¼ iðγμp1γν þ γνp1γμÞδab;

½T ð8Þ
q̄qA2 �ab

μν
¼ iðγμp2γν þ γνp2γμÞδab;

½T ð9Þ
q̄qA2 �ab

μν
¼ iðγμp1γνTa

cTb
c þ γνp1γμTb

cTa
c Þ;

½T ð10Þ
q̄qA2 �ab

μν
¼ iðγμp2γνTa

cTb
c þ γνp2γμTb

cTa
c Þ;

½T ð11Þ
q̄qA2 �ab

μν
¼ iðγμp1γνTb

cTa
c þ γνp1γμTa

cTb
c Þ;

½T ð12Þ
q̄qA2 �ab

μν
¼ iðγμp2γνTb

cTa
c þ γνp2γμTa

cTb
c Þ;

½T ð13Þ
q̄qA2 �ab

μν
¼ iðγμp3γν þ γνp4γμÞδab;

½T ð14Þ
q̄qA2 �ab

μν
¼ iðγμp3γνTa

cTb
c þ γνp4γμTb

cTa
c Þ;

½T ð15Þ
q̄qA2 �ab

μν
¼ iðγμp3γνTb

cTa
c þ γνp4γμTa

cTb
c Þ;

ðC10Þ

which are symmetric under Aμ;a ↔ Aν;b. We find that after
transverse projection, all other conceivable tensors of this
type can be expressed in terms of the tensors listed in (C9)
and (C10).

c. Two-quark-three-gluon vertex

The transversely projected two-quark-three-gluon vertex
(with projection operators suppressed for readability)

½Γð5Þ
q̄qA3 �abc

μνρ
ðp1; p2; p3; p4Þ

¼ 1f
X5
i¼1

λðiÞq̄qA3ðp̄Þ½T ðiÞ
q̄qA3 �abc

μνρ
ðp1; p2; p3; p4; p5Þ ðC11Þ

receives contributions from the operator Dnq with
n ≥ 3. We take into account the tensors corresponding to
n ¼ 3,

q̄D3q∶ ½T ð1Þ
q̄qA3 �abc

μνρ
¼ −ðγμγνγρ − γμγργν þ � � �Þfabc;

½T ð2Þ
q̄qA3 �abc

μνρ
¼ iðγμγνγρTa

cTb
cTc

c þ permÞ;

½T ð3Þ
q̄qA3 �abc

μνρ
¼ iðγμγνγρTc

cTa
cTb

c þ permÞ;

½T ð4Þ
q̄qA3 �abc

μνρ
¼ iðγμγνγρTb

cTc
cTa

c þ permÞ;

½T ð5Þ
q̄qA3 �abc

μνρ
¼ iðγμγνγρTb

cTa
cTc

c þ permÞ; ðC12Þ

which are symmetric under Aμ;a ↔ Aν;b ↔ Aρ;c.

2. Two-quark-n-meson vertices

a. Yukawa interaction vertex

We expand the quark-pion Yukawa interaction as [107]

½Γð3Þ
q̄qπ�aðp; qÞ ¼ 1cTa

f iγ5
X4
i¼1

hðiÞq̄qπðpsoftÞ½T ðiÞ
q̄qπ�ðp; qÞ;

ðC13Þ

with a ∈ f1; 2; 3g and tensor basis elements

½T ð1Þ
q̄qπ�ðp; qÞ ¼ 1s;

½T ð2Þ
q̄qπ�ðp; qÞ ¼ iðpþ =qÞ;

½T ð3Þ
q̄qπ�ðp; qÞ ¼ iðp − =qÞ;

½T ð4Þ
q̄qπ�ðp; qÞ ¼ −

1

2
½p; =q�: ðC14Þ

Here, Ta
f , a ∈ f1; 2; 3g, are the generators of the SUð2Þ

flavor group with TrðTa
f T

b
f Þ ¼ δab/2. We calculate the

momentum dependence of the dressing functions of the
Yukawa interaction from the soft-pion channel, where
the quark and antiquark have opposite momenta. This is
the channel that is most important for the momentum-
dependent version of the dynamical hadronization used in
this work; see Appendix A. The full momentum depend-
ence is approximated from this single-momentum
channel via

hðiÞq̄qπðp1; p2Þ ¼ hðiÞq̄qπ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 − p2Þ2

4
þ ðp1 þ p2Þ2

r !
:

ðC15Þ

This choice is the outcome of explicit checks of the
momentum dependence of the Yukawa interaction. We
find that the interaction strength drops faster by a factor of 2
with the pion momentum p1 þ p2, which is reflected by the
above formula.
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b. Higher-order quark-meson interactions

Furthermore, we add the simplest tensor structures that
contribute to the two-quark-two-pion and the two-quark-
three-pion vertex. These tensor structures are created from
field dependencies in the Yukawa interaction hð1Þq̄qπðρÞ and
have been found to yield small corrections in [108]. The
vertices are then given by

½Γð4Þ
q̄qπ2 �

abðfpigÞ ¼ hð1Þq̄qπ2ðpsoftÞ½T q̄qπ2 �ab;
½Γð5Þ

q̄qπ3
�abcðfpigÞ ¼ hð1Þ

q̄qπ3
ðpsoftÞ½T q̄qπ3 �abc; ðC16Þ

with the tensor basis elements

½T q̄qπ2 �ab ¼ 1c1sT0
f δ

ab;

½T q̄qπ3 �abc ¼ i1cγ5ðδabTc
f þ δbcTa

f þ δcaTb
f Þ; ðC17Þ

where a; b; c ∈ f1; 2; 3g. Since these interactions stem
from field dependencies in the Yukawa interaction

hð1Þq̄qπðρÞ, they have to be proportional to each other at
vanishing external momenta

hð1Þ
q̄qπ2

ð0Þ ¼ hð1Þ
q̄qπ3

ð0Þhσi; ðC18Þ

which we find to be fulfilled to 2% in our numerical results.
Similarly to the Yukawa interaction, we approximate the
full momentum dependence of the two-quark-n-pion inter-
actions from the soft-pion momentum channel via

hð1Þq̄qπnðfpigÞ ¼ hð1Þq̄qπn

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 − p2Þ2

4
þ p2

3 þ � � � þ p2
nþ2

r !
:

ðC19Þ

for n ∈ f2; 3g.
Due to chiral symmetry, the two-quark-n-sigma inter-

actions can be obtained from combinations of the corre-
sponding quark-pion interactions and are given in our
truncation by

½Γð3Þ
q̄qσ�ðp; qÞ ¼ 1cT0

f ½T ð1Þ
q̄qπ�ðp; qÞ

× ðhð1Þq̄qπðpsoftÞ þ hσi2hð1Þ
q̄qϕ3ðpsoftÞÞ;

½Γð4Þ
q̄qσ2 �ðfpigÞ ¼ 3hσihð1Þq̄qπ3ðpsoftÞ½T q̄qπ2 �00;

½Γð5Þ
q̄qσ3

�ðfpigÞ ¼ 3hð1Þ
q̄qπ3

ðpsoftÞ½T q̄qπ2 �00: ðC20Þ

Here we took only the first tensor structure for the quark-
sigma Yukawa interaction into account, since the sigma-
meson effects are considerably suppressed in comparison to
the pion effects. Furthermore, the two-quark-two-sigma
interaction has been approximated by using the relation
(C18) and contributions that would come from higher field

dependencies in hð1Þq̄qπðρÞ have not been taken into account.
On the one hand, they are not present in our current
truncation, and, on the other hand, their effect has been
found to be negligible [108].

APPENDIX D: MODIFIED STI AND
QUARK-GHOST SCATTERING KERNEL

The quark-ghost scattering kernel plays a crucial role in
the Slavnov-Taylor identity of the quark-gluon vertex. For
the sake of completeness, we briefly sketch the derivation
of the latter in the presence of infrared cutoff terms; see
[8,72,109,110]. The related master equation is derived from
the generating functional Zk½J;Q� in the presence of source
terms for the BRST transformations,

Zk½J;Q� ¼
Z

dΦdλe−Sk½Φ�þΔSk½Φ�þ
R
x
Jiφiþ

R
x
Qisφi ; ðD1Þ

with the currents QA, Qc, Qc̄, Qq, Qq̄, or short Qi for Qφi
,

for the BRST transformations of the fundamental fields,

sðAμ; c; c̄; q; q̄Þ ¼ ϵðDμc; igc2; λ; igcq; igq̄cÞ; ðD2Þ

with a Grassmann number ϵ. The BRST transformations, as
well as the BRST currents of the fermionic fields,
are Grassmannian, while those of the bosonic fields are
c-numbers. This renders the source terms c-numbers. The
BRST transformation of λ is given by sλ ¼ 0. We also have
sϕ ¼ 0 for the colorless mesonic fields. Consequently, we
set Qλ ¼ Qϕ ¼ 0. The effective action

Γk½Φ; Q� ¼ −Wk½J;Q� þ
Z
x
Jiφi − ΔSk½Φ� ðD3Þ

is the Legendre transform of Wk½J;Q� ¼ logZk½J;Q� with
respect to J, and hence has the same Q-derivatives as the
Schwinger functionalWk. This entails that the generator of
quantum BRST transformations commutes with all fields.
It reads, in terms of the effective action,

−
δΓk

δQi

δ

δφi
; with −

δΓk

δQΦ
¼ δWk

δQΦ
¼ hsΦi: ðD4Þ

The gauge-fixed action is invariant under BRST trans-
formations, as is the BRST source term with s2 ¼ 0. The
invariance of the path integral measure in (D1) under BRST
transformation then leads to the modified master equation,

Z
x

δΓk

δQi

δΓk

δφi
¼ TrðRkGkÞij

δ2Γk

δφjδQi
; ðD5Þ

with the full field-dependent propagator Gk defined in (12).
The second term in (D5) vanishes at Rk ≡ 0, leaving us
with the standard homogeneous master equation at k ¼ 0.
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The modified STIs (mSTIs) for correlation functions are
obtained from the master equation (D5) by taking appro-
priate derivatives with respect to the fields.
The generating equation for the mSTIs (D5) depends on

the BRST variations of the effective action. They are
(generalized) vertices of the theory and can be straightfor-
wardly computed from (D2) and (D4). We find

Γð1Þ
QΦ

¼ −ϵðDμcþ GAc; igðc2 þ GccÞ; λ;
igðcqþ GcqÞ; igðq̄cþGq̄cÞÞ; ðD6Þ

with Gφiφj
¼ ðGkÞφiφj

being the φi, φj component of the
full propagator. Note that we have used in an abuse of
notation the same symbol for the fields and their expect-
ation values as they appear as arguments in the effective
action. The quantum BRST transformations are therefore
obtained from the classical BRST transformations by the
replacement

φiðxÞφjðxÞ → φiðxÞφjðxÞ þ Gφiφj
ðx; xÞ; ðD7Þ

while the linear part is unchanged. Accordingly, the
quantum deformation consists of the diagonal part of the
mixed propagator Gφiφj

ðx; xÞ and is given by a loop in
momentum space. For the BRST transformation of the
gauge field,

Γð1Þ
QA

¼ −ϵhDμci; ðD8Þ

we can invoke the antighost DSE. To that end, we notice
that the antighost DSE, derived via a derivative with respect
to ∂μc̄, can be written as

1

∂2
∂μ

δΓk

δc̄
¼ hDμci: ðD9Þ

Inserting (D9) in (D8) leaves us with

Γð1Þ
QA

¼ −ϵ∂μ
1

∂2
Γð1Þ
c̄

a; ðD10Þ

as an alternative representation for the first term in (D6).
This is preferable, as it depends on a first derivative of the
effective action instead of the inverse of the full two-point
function.
The STI for the quark-gluon vertex is now derived from

(D5) by taking a q, q̄, and c-derivative at vanishing fields,

δ

δq
δ

δq̄
δ

δc
ðD5Þ

				
Φ;λ¼0

: ðD11Þ

Due to the ghost derivative, only terms with ghost number 1
are left. On both sides of (D5), these are the terms that
involve BRST variations of the gluon, quark, and antiquark

fields. For the rest of the current work, we drop the
right-hand side of (D5) also at finite k, leading to

Z
x
ðΓð2Þ

QAc
Γð3Þ
Aq̄q − Γð2Þ

q̄q Γ
ð3Þ
Qqcq

þ Γð3Þ
Qq̄cq̄

Γð2Þ
q̄q Þ ¼ 0: ðD12Þ

This approximation guarantees the standard STI at k ¼ 0.
The modification terms on the right-hand side of the master
equation at finite k only feed back as subleading terms in
other flow equations beyond the accuracy of the current
approximation; see also the discussion below (D13). This
will be resolved in a future work where a mSTI-consistent
approximation will be used, thus resolving the current
issues.
It is left to compute the unknown vertex functions Γð2Þ

cQA
,

Γð3Þ
qcQq

, Γð3Þ
cq̄Qq̄

in (D12) from Γð1Þ
QΦ

in (D6) and (D8). As it is

simply given by a momentum-space loop of one propaga-
tor, the quantum deformation in (D6) requires in general a
regularization. Within the present FRG approach, this is
consistently resolved with the flow equations for the
quantum BRST transformations. These are most easily
obtained by taking a Ql-derivative of the flow of Γk,

∂t
δΓk

δQl
¼ −

1

2
TrðGk∂tRkGkÞij

δ3Γk

δφjδφiδQl
: ðD13Þ

We shall solve this flow in the following approximation: we
rewrite its right-hand side as a total derivative with respect
to t and terms proportional to ∂tΓðnÞ,

∂t
δΓk

δQl
¼ ∂t

�
1

2
TrGk;ij

δ3Γk

δφjδφiδQl

�
þ ∂tΓðnÞ − terms:

ðD14Þ

The latter RG-improvement terms are dropped as they are
higher order in fully RG-resummed loops and hence are
higher-order corrections of the BRST variations. Note that
this even reproduces the correct result if only the classical

BRST variation Sð3ÞQCD;φjφijQl
is inserted in the right-

hand side.
In this approximation, we get

Γð2Þ
QAc

ab
μ

¼ −ϵ∂μ
1

∂2
Γð2Þ
c̄c

ab: ðD15Þ

The remaining two terms, Γð3Þ
Qqcq

and Γð3Þ
Qq̄cq̄

, are similar and

we only discuss the former. With (D6) we are led to

Γð3Þ
Qqcq

¼ −igϵ
δ

δq
δ

δca
ðcqþ Gk;cqÞ: ðD16Þ

We expand the quark-ghost scattering kernel (D16) as
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Γð3Þ
Qqcq

¼ −iϵ
X4
i¼1

λðiÞQqcq
T ðiÞ

Qqcq
; ðD17Þ

with four tensor structures T ðiÞ
Qqcq

. In momentum space it

finally reads

Γð3Þ
Qqcq

ðr; q; pÞ ¼ −iϵTa
c

�
λð1ÞQqcq

ðr; pÞ þ λð2ÞQqcq
ðr; pÞ=r

þ λð3ÞQqcq
ðr; pÞpþ λð4ÞQqcq

ðr; pÞ 1
2
½=r; p�

�
:

ðD18Þ

The above expansion coefficients relate to the expansion
coefficients Xi that are predominantly used in the literature

[58–61] via λðiÞQqcq
ðp; qÞ ¼ gXi−1ðp; qÞ for i ∈ f1; 3g and

λðiÞQqcq
ðp; qÞ ¼ −gXi−1ðp; qÞ for i ∈ f2; 4g. Equation (D18)

involves loop terms originating from the cq-propagator in
(D16), as well as a tree-level part ig, originating from the
expectation values in (D16). The latter part reflects the
classical BRST transformations (D2) with

λðiÞQqcq

			
cl
¼ δi1g: ðD19Þ

In the current approximation, the quark-ghost scattering
kernel fulfils the equation (see, e.g., [14])

ðD20Þ

This involves the connected two-quark-two-ghost vertex,
as well as the dressed quark and ghost propagators.
Ignoring its subleading 1PI part, the two-quark-two-ghost
vertex is obtained from the dressed quark-gluon and ghost-
gluon vertices, connected by a dressed gluon propagator. In
this approximation, the quark-ghost scattering kernel takes
the form (see, e.g., [58,60,61])

ðD21Þ

The dressing functions of the quark-ghost scattering kernel
(D18) are obtained by evaluating appropriate projections of
this simple integral. Finally, these dressing functions are

used in the Slavnov-Taylor identity (15) for the quark-
gluon vertex.
Note that Γð3Þ

cq̄Qq̄
has an analogous expansion in terms of

the same expansion functions as in (D18) [58–61],

Γð3Þ
Qq̄cq̄

ðr; q; pÞ ¼ −iϵTa
c

�
λð1ÞQqcq

ðp; rÞ − λð2ÞQqcq
ðp; rÞp

− λð3ÞQqcq
ðp; rÞr − λð4ÞQqcq

ðr; pÞ 1
2
½p; r �

�
:

ðD22Þ

What remains is to establish the connection between (15)
and (D12). Note therefore that (D12) reads in momentum
space

0 ¼
Z
q
Γð2Þ
QAc

ð−q; pÞΓð3Þ
Aq̄qðq; p1; p2Þ

− Γð2Þ
q̄q ðp1;−qÞΓð3Þ

Qqcq
ðq; p; p2Þ

þ Γð3Þ
Qq̄cq̄

ðq; p; p1ÞΓð2Þ
q̄q ð−q; p2Þ; ðD23Þ

suppressing all external indices and denoting the ghost
momentum by p and the (anti)quark momenta by p2 (p1).
After inserting propagators, the relation reads

0 ¼ −ϵTa
cZcðp2Þð−ipμÞ½Γð3Þ

q̄qAðp1; p2; pÞ�μ

− Zqðp2
1Þðip1 þMqðp2

1ÞÞΓð3Þ
Qqcq

ðp1; p; p2Þ
þ Γð3Þ

Qq̄cq̄
ðp2; p; p1ÞZqðp2

2Þðip2 þMqðp2
2ÞÞ: ðD24Þ

Inserting the Ansätze (D18), (D22), and (C5), we obtain

0 ¼ −iZcðp2Þðp1 þ p2Þμ
X12
i¼9

λðiÞq̄qAðp1; p2ÞT ðiÞ
q̄qAðp1; p2Þμ

− Zqðp2
1Þðip1 þMqðp2

1ÞÞΓð3Þ
Qqcq

ðp1;−p1 − p2; p2Þ
þ Γð3Þ

Qq̄cq̄
ðp2;−p1 − p2; p1ÞZqðp2

2Þðip2 þMqðp2
2ÞÞ;
ðD25Þ

which still carries a Dirac structure. We can contract the
equation with either 1s, p1 þ p2, p1 − p2, or 1

2
½p1; p2�

to obtain explicit STIs for λðiÞq̄qA for i ∈ f9;…; 12g. This
leads to
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λð9Þq̄qAðp1; p2Þ ¼
1

2ZcðpÞ
ðZqðp2Þðλð1Þ12 − iðλð2Þ12 þ λð3Þ12 ÞMqðp2Þ þ λð4Þ12 ðp1 − p2Þ · p2Þ

þ Zqðp1Þðλð1Þ21 þ iðλð2Þ21 þ λð3Þ21 ÞMqðp1Þ þ λð4Þ21 ðp2 − p1Þ · p1ÞÞ;

λð10Þq̄qAðp1; p2Þ ¼
1

2ZcðpÞðp2
1 − p2

2Þ
ðZqðp2Þð−λð1Þ12 Mqðp2Þ − iλð2Þ12 p

2
1 − iλð3Þ12 p

2
2Þ

þ Zqðp1Þð−λð1Þ21 Mqðp1Þ þ iλð2Þ21 p
2
2 þ iλð3Þ21 p

2
1ÞÞ;

λð11Þq̄qAðp1; p2Þ ¼
1

ZcðpÞðp2
1 − p2

2Þ
ðZqðp2Þð−λð1Þ12 − iðλð2Þ12 − λð3Þ12 ÞMqðp2Þ − λð4Þ12 ðp1 þ p2Þ · p2ÞÞ

þ Zqðp1Þðλð1Þ21 − iðλð2Þ21 − λð3Þ21 ÞMqðp1Þ þ λð4Þ21 ðp1 þ p2Þ · p1ÞÞ;

λð12Þq̄qAðp1; p2Þ ¼
1

ZcðpÞðp2
1 − p2

2Þ
ðZqðp2Þð−iλð2Þ12 þ λð4Þ12 Mqðp2ÞÞ þ Zqðp1Þðiλð2Þ21 þ λð4Þ21 Mqðp1ÞÞÞ; ðD26Þ

using the shorthand notation λðiÞij ≡ λðiÞQqcq
ðpi; pjÞ. Evaluated at the symmetric point, one obtains for λð9Þq̄qAðp̄Þ

λð9Þq̄qAðp̄Þ ¼
Zqðp̄Þ
Zcðp̄Þ

�
λð1ÞQqcq

ðp̄Þ − 3

2
λð4ÞQqcq

ðp̄Þp̄2

�
: ðD27Þ

APPENDIX E: TRANSVERSE
WARD-TAKAHASHI IDENTITIES

Transverse Ward-Takahashi identities (tWTIs) [62,103–
106] constitute combinations of DSEs. They are functional
relations for exterior derivatives hDμJν −DνJμi with fer-
mionic currents Jμ, whereas the (longitudinal) WTIs or
STIs are relations for expectation values of covariantly
conserved current, hDμJμi.
The derivation of the transverse WTIs is based on the

observation that DSEs for mixed gluon-quark correlation
functions can be derived from either the gluon DSE or the
quark DSE; for a lucid discussion, see [104]. The formal
equivalence of both DSEs leads to the tWTI. An important
difference to the longitudinal WTI or STI are contributions
of the form



Dμ

δðSYM þ SghostÞ
δAν

−Dν

δðSYM þ SghostÞ
δAμ

�
: ðE1Þ

While (E1) is trivial in Abelian theories [linear in the
expectation value of the field ∼∂2

ρFμνðhAiÞ], it provides us
with a nontrivial loop relation in non-Abelian theories.
Importantly, in the tWTI there is no counterpart for the
vanishing of the Yang-Mills part in the longitudinal WTI in
(E1) related to gauge symmetry,

Dμ
δSYM
δAμ

≡ 0: ðE2Þ

This nontrivial relation is missing in the tWTI and signals
that it is not a gauge symmetry relation.

Typically, the tWTI is used within an Abelian approxi-
mation. Then (E1) is trivial due to its independence of the
quark fields, and it resembles the standard longitudinal
WTIs or STIs in the same approximation.
As has become clear from the discussion of the STIs, the

theory is fully nonperturbative below ΛSTI and the Abelian
approximation cannot hold any more. Strictly speaking, one
should even lose confinement within the Abelian approxi-
mation. Hence, one should use the tWTI beyond the Abelian
approximation in this regime. If evaluated for the quark-
gluon vertex, the ghost-contribution resembles the quark-
ghost vertex in the longitudinal STI; see Appendix D.
In conclusion, the Yang-Mills part in (E1) provides us

with an additional estimate for the STI scale as the scale
where the nontrivial Yang-Mills part neglected in Abelian
approximations grows large. In this regime, the tWTI in the
non-Abelian approximation provides us with an additional
functional relation for the quark-gluon vertex. Enforcing
the tWTI leads then to consistency between a solution of
the quark-gluon vertex DSE as derived from the functional
quark and gluon DSE.

APPENDIX F: REGULATORS

For the regulators in (8), we choose

Rab
k;μν ¼ Z̃AðkÞrðp2/k2Þp2δabΠ⊥

μνðpÞ;
Rab
k ¼ ZcðkÞrðp2/k2Þp2δab;

Rq
k ¼ Zqð0Þrðp2/k2Þp;

Rϕ
k ¼ Zϕð0Þrðp2/k2Þp2; ðF1Þ
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where rðp2/k2Þ denotes the dimensionless shape function and the gluon regulator dressing Z̃AðkÞ is chosen as in [2]. We
employ the exponential regulator shape function,

rðxÞ ¼ xm−1e−x
m

1 − e−x
m : ðF2Þ

In the pure glue system, we have checked that the results obtained with the exponential regulator agree, within our
numerical precision, with the results obtained in [2] with the flat shape function.
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