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We study the trident process in inhomogeneous plane-wave background fields. We obtain compact
analytical expressions for all terms in the probability, including the exchange part, for an arbitrarily shaped
plane wave. We evaluate the probability numerically using complex deformation of light-front time
integrals and derive various analytical approximations. Our results provide insights into the importance of
the one-step and exchange parts of the probability relative to the two-step process, and into the convergence

to the locally constant field approximation.
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I. INTRODUCTION

Trident pair production in electromagnetic background
fields, e~ — 2¢~ + e, is a basic process in electron-laser
collisions. It was first studied in detail in the 1970s for
constant crossed fields in Refs. [1,2] before the advent of
high-intensity lasers (see Ref. [3] for a review of the
development of such lasers). Trident, or at least part of
it, was explored in a famous experiment at SLAC [4] in the
late 1990s, with a laser of still modest intensity. At that
time, complete theoretical predictions for the trident
process were still lacking. Since then, the available laser
intensities have increased by a couple of orders of magni-
tude, but on the theory side the situation has been improved
thanks to only a few publications [5—7]. The importance of
the trident process in high-intensity laser processes there-
fore motivates further investigations; see also Ref. [8].

One part of the trident process is a two-step process
where the initial electron emits a real photon that sub-
sequently decays into an electron-positron pair, i.e.,
nonlinear Compton scattering followed by nonlinear
Breit-Wheeler pair production, and its contribution is
given by incoherently gluing together the two correspond-
ing rates; see Refs. [5,9]. For a recent comprehensive
analysis of the two-step process, see Ref. [10]. One of the
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main questions for the trident process is under what
conditions this two-step process is a good approximation
for the total trident process. In the experiment at SLAC
[4], corrections to the two-step part were estimated
using the Weizsicker-Williams approximation, and in
that parameter regime they were found to be negligible
compared to the two-step process.1 Further, the two-step
process is expected to dominate for sufficiently large
ap = eE/(mw), where E is the field strength and w is the
frequency of the field. This is important for particle-in-cell
codes (see Ref. [11] for a review) where higher-order
processes, e.g., cascades, are described as a sequence of
first-order processes. We study here in more detail when
corrections to the two-step process can be important.

The trident amplitude has two terms due to the exchange
between the identical particles in the final state, and the
absolute square of the amplitude gives a cross term which is
referred to as the exchange part of the probability.
In Refs. [1,2] the direct or nonexchange part of the
probability was obtained from the imaginary part of a loop
diagram, i.e., using the optical theorem. The direct part is
expected to dominate, e.g., for y = agby> 1, where
by = kp/m? is the product of a characteristic wave vector
of the laser, k,, and the initial momentum of the incoming
electron, p,. Much less is known about the exchange part.
Here we will calculate both the direct and exchange parts in
order to investigate in more detail when the latter can be
important.

As in Refs. [5,6], we obtain the probability by calculat-
ing the amplitude using Volkov solutions for plane-wave

'Note that the authors of Ref. [4] used different notation for
these processes.
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backgrounds. In contrast to previous analytical studies
[1,2,5], we derive compact expressions for nonconstant
plane waves. While we recover the results of Refs. [1,2,5]
in the locally constant field limit, i.e., for aq > 1, our
results also allow us to see how this limit is approached
and to study regimes with a, ~ 1. In addition, our analytical
results offer a useful alternative starting point for numerical
investigations, compared to ones based on, e.g.,
Monte Carlo integration [7,8], as well as insights into
the analytical structure of the trident probability for
inhomogeneous fields.

Another difference compared to previous studies is that
we use the light-front formalism [12,13], which is par-
ticularly convenient when dealing with plane-wave back-
ground fields [14-16]. The light-front Hamiltonian has
both a “conventional” term, given by jA, and an “instan-
taneous” term. These two terms suggest another split of
the amplitude and the probability based on the light-front
Hamiltonian. As we will show, this light-front separation
is not the same as the standard one-step/two-step sepa-
ration as in Refs. [1,2,5] (though the total probability and
rate are obviously the same for both separations). While
we do not propose this light-front split as something to
replace the standard separation, we will show that it is
convenient from an analytical and computational point
of view.

The rest of this paper is organized as follows. In Sec. 11
we describe the basic ingredients needed to calculate the
trident probability with the light-front formalism, and
compare this approach with the standard one. In Sec. III
we present compact analytical expressions for the trident
probability in a general inhomogeneous plane wave.
In Sec. IV we compare these expressions with the prob-
abilities for nonlinear Compton scattering and Breit-
Wheeler pair production, and in Sec. V we consider the
locally constant field (LCF) approximation and show how
the standard one- and two-step terms can be obtained from
our light-front expressions. In particular, we expand in
1/ay < 1 and recover literature results for the direct part.
We also calculate the exchange terms in this limit, which
are new results. In Sec. VI we go on to consider y < 1 and
ay > 1 but for nonconstant background fields. Then, in
Secs. VII and VIII we consider y < 1 but ay ~ 1 and obtain
simple analytical approximations for a pulse and a mono-
chromatic field. In Sec. X we explain how to numerically
integrate our results from Sec. III. In Sec. IX we consider
ap>1 for up to moderately large y and study the
importance of exchange terms. In Sec. XI we consider a
pulsed field and study the convergence to the LCF
approximation. We conclude in Sec. XII. In Appendix A
we recover known results for the perturbative limit, and in
Appendix C we show the agreement between our analytical
approximations and numerical results.

We use units with ¢ =1 and A =1, and measure
energies in terms of the electron mass such that m = 1.

II. FORMALISM

We use light-front coordinates defined for an arbitrary
vector v, by v+ =20 = v + v* and vt = {0, ?}, for
coordinates X = {x~, x*} and for momenta p = {p_, p, }.
We consider an arbitrary pulsed plane-wave background
field given by f,, = k,a, — k,a,, where k, =k, 5} is a
null wave vector and a (kx) is an arbitrary function. We
absorb for convenience a factor of the electron charge into
the definition of the background field, i.e., ea, — a,.
Several of our results are conveniently expressed in terms
of the Lorentz momentum of an electron in a plane-wave
background, which is given by

2ap — a*
apay
2kp

Ty = Pp =y + (1)
The initial state contains an electron with momentum p,
and spin o, and the final state contains two electrons with
P, and 6, and a positron with p5 and 5. The trident

amplitude M is obtained from

(01b(py.01)b(pa. 02)d(p3. 03)Ub" (p. 0)|0)

1.
= k—5(p1 +pr+p3—p)IM, (2)
+

where U is the evolution operator and &(...) =
(27)35_,(...). The mode operators are normalized
according to {b(q,r),b(q’,r)} ={d(q.r).d(q.7)} =
2p_5(g—4q')5,,, and we use dp=6(p_)dp_d®p,/
(2p_(27)%) to denote the Lorentz-invariant momentum
measure. The initial electron is described by a sharply
peaked wave packet f(p),

jin) = / 45 (p)b' (po)[0) / aplfP=1. (3)

where the last equation ensures that (in|in) = 1. The total
probability averaged over the initial spin is given by

1 o e e
P=12/dp1dpzdp3

all spin

1 Lo 0(kps)
=— E — [ dpdp,——=|M
4 kp/ p1ap2 kps ‘

all spin

2

U
/dpf—k 8(p1+p2+p3—p)M
+

2, (4)

where one factor of 1/2 comes from averaging over the
spin of the initial electron and another 1/2 is due to having
identical particles in the final state, and p; = p — p; — p».

The total amplitude can be written as M = M'> — M?!,
where M?! is obtained from M'? by swapping the identical
particles, i.e., by replacing p; <> p, and o; <> o,. This
leads to a separation of P into a direct and an exchange part,
IM|* = |M"2|> + |M?'|> — 2ReM>' M "2, where the first two
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terms give the direct contribution and the third term gives
the exchange contribution, i.e.,

1 O(kp
Pair = / P1dp; (k s) M2+ (1 < 2)
all spm P3
1 Ok _
=3 > o [ anan M e, )
kp3

all 5p1n

where the second term in Py, is obtained from the first by
replacing p; <> p, and o; <> 0.

A. Light-front quantization

We have derived our results using two different
approaches. In both approaches the plane-wave back-
ground field is taken into account exactly using Volkov
solutions in the Furry picture. In the first approach we use
the combination of the Hamiltonian-based light-front
formalism [12,13] and plane-wave backgrounds [14-16].
The evolution in light-front time, x*, is determined by the
light-front Hamiltonian, and the interaction part of this
Hamiltonian has three terms,

dxejA e ! 2y Y, 6
mt ej +2J—<8)2] +e A A ()

where the photon field is given by

A, (x) = /d?a”e‘”x + aje’™

[au(l)7 a,(l')] = _21—3(1 - l/)L/w
kL + Lk
L/,n/ =G — %’ (7)

the current is j* = ¥y*W¥ and the spinor field is expressed
in terms of Volkov solutions as

Y(x) = /di)Kubgo + Kvd'op_

. k)fZap—a2
@ =€Xp4q —1! px+ W

K

K=1+g. (8)
where ¢_ = ¢(—p) and K = 1 — }¢t/(2kp). Note that all
of the momenta in these mode expansions for A, and ¥ are
on-shell. In particular, in this formalism all photons are on-
shell and so one cannot split the trident process into two
parts with one having on-shell and the other off-shell
intermediate photons. Only the first two terms in Eq. (6),

l(m) and Hl(m) , contribute to the trident process to lowest
order. The first term is familiar from ordinary quantization
and its contribution to the amplitude is given by a double

xT integral with x™ ordering,

1 -
k—5(P1 +p2+ p3—p)M;
+

—(01b(p1)b(p2)d(p3) / dxf O —x7)

x Hy) (x3)HY) (x))bT (p)]0). 9)

The second interaction term, sometimes referred to as
instantaneous [12,17], only involves one x™ integral and
is given by

1 -
N 8(p1 + P2+ p3—p)M,
+

= Olb(p)b(p2)d(ps) (i) [ axHE ' (p))
(10)
After some calculation we find
M2 ufv uku | dopp o @_
! 2kl2 szﬂz mk / ¢,(fff,i(ﬁ3f
12 e Ko R i
> =TI do,L, quoy”Kv(p_e Kt
Pz P3
ilydy
x/ de,it K py* Kugp e ™™, (11)
Pi p
where ¢ = kx, [ =p—p;, and [, = I3 /4l_. To avoid
clutter we put the arguments below the function,

e.g., @ = a(p)K(p)p(p1)-

P

B. Relation to standard approach

There are two main differences between the approach
just described and the standard approach: the former is a
Hamiltonian formalism in the light-front gauge. These two
approaches should of course give the same results, and we
will show this explicitly in this section. In the non-
Hamiltonian approach, the amplitude is given by (up to
an irrelevant overall phase)

1
PPt ps— p)M"
+

= [ @)Y ()Du s = ()
P2 P3 Pi P
(12)
where v = Kugp, y_ = Kvp_, and D,, is the photon

propagator

d4l e—il(y—x)

Dyly=2) =1 [ GsiDuD e (19
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This figure is an illustration of the light-front separation of the trident amplitude. The diagram on the left represents the

Feynman gauge [as in Eq. (B1)] and the two diagrams on the right represent the two light-front terms in Eq. (15). Note that these
diagrams represent terms in the amplitude after performing the photon-momentum integrals in the photon propagator, so the photon
momentum /, in these diagrams is on-shell. This is why the third diagram appears. The line through the photon line in the third diagram

"
stands for an “instantaneous photon” [12].

In the Feynman gauge D,, = g,,, and in the light-front
gauge D,, = L,, (see Ref. [18] for a recent discussion of
the photon propagator in light-front gauge). Performing the
trivial integrals in Eq. (12) gives delta functions imply-
ing l=p-p.

To see that the two gauges give the same result,
consider the contributions from the [, terms in L,,,
which involve w(p;)ly(p) and w(p,)hw_(p3). Consider
first the part with p and p,. By writing [,=
7,(p. @) = mu(p1 @) + c(p)k, and using Ky = #K.
we find #K(p)/Ku(p)=u(p;)fu(p)c(¢). Since the ¢
dependence of the exponential is given by the integral of
¢(¢), we hence find a total derivative that vanishes upon
integrating over ¢. The same holds for the part with p, and
ps. Thus, D,, = g,, and D,, = L, give the same result.
|

2i

1
M2 = —iﬂa/ do.do, |:lel/ﬂe(¢y — ) —

where the photon momentum is now on-shell, i.e.,

= I3 /(41_). Because of Eq. (14), Eq. (15) contains
two terms that are equivalent to one term in the Feynman
gauge [compare Eq. (15) with Eq. (B1)], as illustrated in
Fig. 1. In Eq. (15) we have the same M| and M, asin Eq. (11)
(up to an irrelevant overall phase), which we obtained using
the light-front Hamiltonian formalism. In particular, the step-
function term in Eq. (15) agrees with the term that comes

from H( >H(

it~ int °

to the instantaneous part of the light-front Hamiltonian, H.

and the delta function term (15) corresponds
(2)

nt *

7 ki

The next step is to reproduce the amplitude obtained in
the previous section. By separating L, into on-shell and
off-shell parts, one finds (cf. Ref. [18])

B\ P
Ll”/ :Lﬂy<l+ :E) _Wkﬂky' (14)

When performing the /, integral in the propagator, the first
term in Eq. (14) gives a light-front time-ordering step
function 6(¢, — ¢,), which one also finds in the Feynman
gauge (see Appendix B), while the second term in Eq. (14)
gives an “instantaneous” (¢, — ¢,), which does not
appear in the Feynman gauge. (See Ref. [19] for a similar
separation of the fermion propagator.) We hence find

¢." ¢x

il g g YNNI
(y = ) |y Sty = MR+ ML (15)
P2 Ps Pr P

|

While Egs. (B1) and (15) give the same amplitude, the light-
front separation of M'? as in Eq. (15) can be convenient
because of the vector structure of the two individual
components, M|* and M}?; we have, for example, L, k* =
L,0l"=0and kK = k.

Thus, in addition to the direct/exchange separation of the
amplitude, M = M'? — M?!, we now separate each of these
into a “three-point vertex”” and a “light-front instantaneous”
part, M'2 = M12 + MI2. This leads to six different con-
tributions to the probability,

P3) _
{Pdlr’ |]:D(]hzr’ I]:Ddlr} - Z /dpldp2 {| 2R6M}2M;2, |Mé2|2} + (1 < 2)? (16)
all %pm
{Pll P2 P2} / )R {MMM}Z,MZIM12 + (1 < 2),M%1M%2}. (17)
all spm
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The sum of these six terms gives the total probability. Given
that M; comes from a term in the light-front Hamiltonian
that is usually referred to as instantaneous, it might be
tempting to associate the corresponding terms in the
probability with what one would usually call one-step
terms. However, as we will show, all of the terms listed in
Egs. (16) and (17) contribute to the standard one-step term,
and in fact “most” of the standard one-step term comes
from P?? (which also contains the entire standard two-step
term).

III. EXACT ANALYTICAL RESULTS

Rather than keeping the dependence on all of the
particle parameters, we content ourselves with the depend-
ence on the longitudinal momenta, which we denote as
s; = kp;/kp. The integrals over the transverse momentum
components of the final electrons, p;, and p,,, are
Gaussian. We perform these integrals as well as the traces
(coming from the spin summations) analytically for arbi-
trary pulsed plane-wave backgrounds. The resulting
expressions contain integrals over the longitudinal
momenta plus integrals over light-front time. We use the
following notation for the probability density:

P /1 ds,dsy0(s3)P(s), (18)

where 53 =1 —s; — 5,. To make the symmetries in the
following expressions manifest, we introduce s, = 1 in the
appropriate places.

For the terms coming from the square of the “instanta-
neous” part of the amplitude, |M,|*, we find

o’ 1 1
()P =% | d¢lz{ 1L -}

91 49 9192
—50515283
(01 + ie)?

(19)

Xp {2_170(rl + r2)®21},

1 _ 1

where by =kp, =1~ 1= i+i, gi=1-s,

doys = dgdey, 0= — ¢;, ©;;:=0; M”’ and M is
an “effective mass” defined via the light-front time average
of the field as [20]

MY = (o) =1+ (a2), - (@),
1

)=y [ wr). (20)

where 7, is given by Eq. (1). These shorthand notations are
very convenient for the more complicated terms below.
To make the transverse momentum integrals converge, we
have introduced an infinitesimal convergence factor
e > 0viag, — ¢, + ie/2 and ¢p; - ¢, — ie/2, which after
performing the momentum integrals gives an ie prescription
for how to integrate around the singularity at 8,; = 0.
Next we consider the cross terms between the “light-
front instantaneous” and the “three-point vertex” parts of
the amplitude. To make the momentum integrals for P'2

converge, we similarly take ¢, — ¢, +ie/2 and
$13 = ¢13 —ie/2. We find

o?
47% by,

Xexp{ b [r1®21+72®23]} (1<), (21)
0

(so+51)(s2—53)Dpy
q:;’ (921 + l€) (923 + l€)

P2 (s)=Rei——

/ dp1220(05))

2 g3+ [s0s2—5153]D 12

0195(05, +i€) (03 + i)

cexp {50 0l b (5105, (22)

—ia

47n%b,,

[P’}”%(s) =Re /d¢1239(931)

where D12 = A12 . A32 and

A= a(p;) — <a>ij- (23)

It turns out that the background field only enters the
preexponential factors and the exponentials via A;; and

Mlzj, respectively; no other field combinations are needed.

For the direct part of the square of the “three-point vertex” amplitude we find

0(65,)0(0,2)
H:[)22 — / 31 42
d1r 2b2 ¢1234 92194% 2

where k;; = (s;/s;) + (s;/5:), Dy = Ay - Ayy, Dy =

i Ko1K
P (71192 + 12043) L2 Wioza + Wisos + Wigos
2b, 4

Ko1 21b0 K23 2lb0
— 1+D 1
- [2 (”1921 e 1> ] [2 <72343

+1 —I—D2> + 1} —DIDZ} + (51 < 52), (24)

A34 . A43, and
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¢ €<—— 51 ———

(252 S2 4) @3

22 22
I[Dex IFDdir

IR SAVA I RVAVAVEGX!

S0 wsz} T o sp 0 %2 —S3 S1

SR SAVAL' i RVAVAVEGE o1

N4

S2 —S3 So

P EAVAVAIEVAVE SR o2 o2

Pl? Pll

FIG. 2. These are diagrams on the probability level and show the momentum flow between the vertices. Black, solid lines represent

fermions and red, wavy lines represent photons.

Wijki 5= (Wi X W) - (W X W)
= (w; 'Wk)(Wj W) = (W Wl)(Wj W), (25)
where Wi = Ajy, Wy = Ay, W3 = Ay, and wy = Ay;.

Note that W;;; = 0 for linear polarization.

These terms have some symmetries that can be under-
stood in terms of the probability diagrams in Fig. 2. Let
P22(s) = P2 (s1550) + P2 (s2;51), where P2 (s1;s,) is
everything before the (s; <> s,) term in Eq. (24).
P32(s1;s5,) is invariant under {sy <> —s;} as well as
{s, <> 53}, which correspond to reflection of one or the
other of the two fermion loops in the P32 diagram in Fig. 2.
The integrand of P2 (s|;s,), apart from 6(63,)0(64,), is
also invariant under a total reflection and a 180-degree
rotation, i.e., under {¢; <> @3,y <> P4, 50 <> —53,51 <> 57,
g1~ =g} and {¢ < Py, Py < P3.50 < 52,51 < —s3}.
For P12 (s1;s,), which is everything before the (s; <> s7)
term in Eq. (21), we find similar symmetries, except that
P12 (s1;s,) changes sign under {sy <> —s;} as well as
{s, <> 53}, which implies that after integrating over the
longitudinal momenta we find P2 = 0. Under a reflection
of the P'? diagram in Fig. 2, i.e., under {¢, <> ¢s,
S| < 82,80 <> =53,41 = —q1, @2 = —@2}, Pii(s1387) is
invariant except for 6(05;) — —60(—03;). The correspond-
ing exchange term, P!2, (s;;s,), is invariant under the
same reflection with the same change of the step function.
P12, (s155,) is also invariant under {sy <> —s, 50 <> 53},
but not under {sy <> —s;} and {s, <> s3} separately. The
direct and exchange terms of P!! have similar symmetries.
Only P2 =0, so for the total/integrated probability we
have five nonzero terms.

These types of symmetry considerations are particularly
useful for the exchange part of the square of the
“three-point vertex” amplitude, which is the most compli-
cated term. After some lengthy calculation we eventually
find

0(04,)0(03,)
50515283dg

() = o [

X{F0+fo—2l "2 (fitz) + {2[1—])00]212}

l 9192 G 923}
X ex — 10,0 +—
p{Zbo 50815253dy ( 4 23[ S1

® ® C) )

+ 0430, [ﬁ - i} + 03104 {i - ﬁ] ) }
S3 So q> q1

(26)

where the various quantities are defined as follows.
All of the field-dependent parts of the prefactor are
expressed in terms of the four combinations d;, i = 1, ..., 4,
where

0,30 0, 0 04,0
dl ( 23 Y41 Al4 + 21 Y43 A] + 42923 [A24 A23]>,
d() $283

60,6
dy =221 2178 (27)
S2 8

Here we can really see the benefit of introducing s: before
setting so =1 and s3 =1—s; —s,, we can obtain the
other three d; by cyclic permutations of d; as follows.
We first define a permutation according to

PlF] = F¢1 = ¢r = 3 = ds = 1,

S| = =S = S3 = 53 = 1), (28)

which corresponds to a 90-degree counterclockwise rota-
tion of the P2? diagram in Fig. 2, followed by a change
of sign of all of the s;. Under this permutation we
also have P{q,¢,} = {¢».—¢,}.> After performing the

*This follows either directly from the P2 diagram in Fig. 2, or
from Eq. (28) by writing g, = (sg —s; + 2+ 53)/2 and
qy = (so =52+ 51 +53)/2).
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permutation we can again set so = 1 and s3 = 1 — 51 — 55. —q s2s3

For example, P[dy] = —d,. With this permutation we find <1 — (1+P+P?+P?) m ( s0s1>¢1
d, =P[d,] d;=Pld,] 2 = (1 + P)kos <——+——> (33)
d,=Pldy]  d, =Pldy] (29)
] ) _ o The permutation in Eq. (28) is a symmetry of the integrand
Now, the first term in the prefactor of Eq. (26) is quarticin  in the following sense. We have P{F, fo.f1.21,22} =
the field, {Fo, fo,f1,21,22} and for the exponential in Eq. (26)
we have Plexp(i...)] =exp(—i...). [Note that the
Fo=(1+P)kgz[(d; -d3)(d, - dy) + (d; xd3) - (dy x dy)], exponent in Eq. (26) reduces to that in Egs. (21) and
(30) (22) for ¢4 = ¢p,.] Let Z be the integrand in Eq. (26)
without the step functions; then, P[Z] = —Z*, but the
where the second term in the square brackets vanishes  step functions are different for each of the four permuta-
for linear polarization [cf. Eq. (25)] and can also be  tions. We also have a reflection symmetry: R[F]=

written as F(s1 < 52,1 <> .3 < ¢4). We have R[I]=I"
and R leaves the step functions unchanged, so the integral
(d;-d,)(ds-dy) = (d; - dy)(ds - dy). (31)  (26) is invariant under R.
The next two terms in Eq. (26) are quadratic in the IV. TWO-STEP AND ONE-STEP
field,

In this section we will show how the above results are

related to the two individual processes of nonlinear

(519241 —52¢1d5) - (5292d3 —5191dy), Compton scattering followed by nonlinear Breit-Wheeler

pair production. We first express the corresponding prob-

fi=—(1+P+P24+P3) Ko3@d2 -d, abilities in a similar way as the expressions for the trident

So process above. We assume here a linearly polarized field

and an emitted photon with momentum /, and polarization

vector €, = (cosd,sind), e, =€,1,/(21_), e. =0 (so

le = ke = 0). Averaging and summing over the spins of the
and the last two terms in Eq. (26) do not contain the field, = incoming and outgoing electrons, respectively, gives us

|

fo=(1+P)

50815253

0
+(1+P)(K03—K12)fd4'd2, (32)

dS]

d1dghr o {KO‘ (2”’0 +1+D1> — 1+ cos(28)D }exp{Zb 0, } (34)

Pc =
1105

47Z'b

where the ie prescription, 6, + ie, is left implicit. For pair production by the emitted photon we find after summing over the
spins of the electron-positron pair

2ib
/ " ds, / dipsdepy —— K23 20 Dy} 1= cos(29)D, bexpd L2 0,4 (35)
943 72943 2b

where, again, the singularity is avoided with 6,3 + ie. While Eqs. (34) and (35) are already suitable for comparing with our
expressions above for the trident process, by performing partial integration for the terms proportional to 1/6? we obtain
simpler expressions,

oo [Yas [ apiateg {1+ S ) - a0 —cos20p fep{ o) G6)
and
1 1 .
Ppw = 27b Oq ds, d¢3d¢4m {1 - % [a(¢y) — 3(4)3)]2 — COS(219)D2} exp {2%20 943}_ (37)

By summing Eq. (36) over two orthogonal photon polarization vectors, we recover Eq. (3) of Ref. [21]. The reason it might
not be convenient to perform similar partial integration for, e.g., Eq. (24), is that there are step functions in Eq. (24) that
would then generate nonvanishing boundary terms.
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For a constant field, these two expressions reduce to
Egs. (22) and (26) of Ref. [22] (up to some overall
constants due to the difference between probabilities and
rates, and ordinary and light-front volume factors). Without
worrying too much about the formation length for the
nonconstant fields we consider, we follow the procedure for
constant fields [5] and glue together the probabilities for
nonlinear Compton scattering and Breit-Wheeler pair
production and compare the result to the trident probability.
By adding the probabilities (34) and (35) for parallel
and perpendicular polarization, i.e., PcPgw(9=0)+
PcPpw(9 = 7/2), and symmetrizing with respect to
s; <> s, we find an expression that is identical to our
P32 except for the step functions in Eq. (24).

In the product approach one would also include a step
function associated with causality. We are therefore lead to
inserting (643 — 051), where o;; = (¢; + ¢;)/2. While
this step function only restricts the averages of the ¢
variables associated with photon emission and pair pro-
duction, in the LCF regime we recover the results of
Ref. [5], which we will show in the next section. So, to
separate the one-step and two-step parts of Eq. (24) we
rewrite the step functions there as

9(042)9(931)

— O(ous — 021){1 - 9(“9432;621'_ o4 = 621]) }
(38)

and separate Eq. (24) as P2 = P32 + P21, where
P332 and P2~! are obtained by replacing 0(6,,)0(03)
in Eq. (24) with the first and second term in Eq. (38),
respectively. Thus, we separate the total probability as
P =P, + Py, where

Py(s) = /d021d0439(043 = 021)Ry(021,643. )
=PE2(s),
Py (s) = / AR (h.5) = (P! + P2+ PZ + PE™")(s).
(39)

We will refer to R, , as rates. All six of the light-front terms
contribute to R,(s), though P}2 gives zero contribution
after integrating over the longitudinal momenta. The two-
step rate can be obtained from the probabilities of nonlinear
Compton scattering and Breit-Wheeler pair production as

Ry = ZRC(GZI)RBW(543)’ /d621RC<521) = (34),

9=02

/d643RBw(543) = (35). (40

The argument of R(¢) is ¢ = (¢ + ¢+ P3 + ¢4)/4

with ¢4 = ¢, for Py, and {¢, = ¢, 3 = ¢} for Py.
Because of the scaling of these rates, it is natural to consider
instead

Rl = bORlv Rz = b(z)Rz, (41)

which can be seen as the rates corresponding to the proper
time 7, as in a plane wave it is simply related to light-front
time via ¢ = kx = kpt = byr. While we have motivated
the definition of [P, with its relation to the product of P¢
and Pgyw, the separation P = P, + P; might still seem
ambiguous (see also the discussion in Ref. [23]). However,
we will provide further motivation for the separation (39)
by making an expansion in 1/a,. In particular, the two
leading orders agree with literature results for constant
fields.

V.ay>1 AND THE LOCALLY CONSTANT
FIELD APPROXIMATION

As mentioned, P2 should not be confused with the
standard two-step part obtained by gluing together the rates
of nonlinear Compton scattering and Breit-Wheeler pair
production as described, e.g., in Ref. [5]. Indeed, P??
contributes to both P, and PP; in Eq. (39) and we will show
in this section that it is P, and P, that to leading order
correspond to the standard two-step and one-step parts,
respectively. To do so we consider a linearly polarized field
a(¢) = aof(¢), where the maxima of f and f’ are around
unity, with @y > 1 and make an expansion in 1/a,. As is
well known, this limit takes us to the LCF approximation,
for which there are analytical results in the literature to
compare with. However, since we do not treat the back-
ground as constant from the start, our approach also allows
us to obtain corrections to the leading order and we can
avoid (very large) volume factors. We expand the proba-
bility in 1/ay as

I]j’:a(z)P2+a0P1+P0+~-~ (42)

where, as we will demonstrate below, P, and P; correspond
to a two-step and a one-step term, respectively. Each term in
this expansion is a nontrivial function of y, which is treated
as independent of a in this expansion. Since ay = E/w the
expansion in ay is a derivative expansion. The higher orders
are usually not considered in the literature, but can be
obtained with this approach. In order to provide further
motivation for the separation (39) it is important to note that
P, = a3P, + O(a)), so only P, contributes to a}P, and
only PP; contributes to ayP;. In other words, the next-to-
leading-order correction to P, does not mix with the
leading order of P;.
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A. Two-step

We begin with the two-step part, P, = agP, + O(a)).
We change variables to 643, 043, 051, and 0,;. In order to
expand in 1/a, we rescale 8, — 6,,/ay and 043 — 043/ ay.
To leading order, the entire @ integral can be performed and
expressed in terms of Airy functions. We find (note that
ao/x = 1/by)

2 9
aiPy(s) = —;‘2’—; doy3do,,6(043 — 021)
Al
X { <Ai1(§1) =+ Ko1 %)
A AV(E) AV
X (Ail(fz) — K23 1;5”) + 1;151) 15(52)}

(43)

where the arguments are given by & = [r;/x(c;)]F and

& = [r2/x(043))F, where y(o) = y|f' ()| is the local value
of y, and the Airy integral is defined as in Ref. [5],

Ai (&) = /‘f ” dvAi(v). (44)

a3P, in Eq. (43) is the natural generalization of, e.g.,
Egs. (16) and (17) of Ref. [5] to nonconstant fields. In
Ref. [5] the trident probability was calculated for a constant
field, and the term quadratic in the volume A¢ was shown
to be equal to what one obtains by gluing together the rates
for nonlinear Compton scattering and Breit-Wheeler pair
production. In Ref. [5] it was also explained how this
product approach is generalized to the LCF approximation.
Our Eq. (43) is in fact equal to the LCF expression given in
Ref. [5]. To see this, we rewrite Eq. (43) as

1 —
a%PZ(S) = /d043d6219(643 — 621)5 Z b_oa
A==%1
. AV(&)\ «a
X <A11(§1) + [+ Ko1] 3 ) bod?
Al
(M) rh-m M) e

2
a“ay
PR1(s) = o

943 B 92]

R d¢pd@,,d0,;,0(0,; — O
% e/ $d6,,d0,30(043 21)(1%921643

Ko1 2l){ K23
— 1+D;)—1||=
X{[z <r1921+ * 1) }{

where the first and second factors correspond to nonlinear
Compton scattering and Breit-Wheeler pair production,
respectively, and the sum is over the photon polarization;
these two factors are equal to Eq. (20) of Ref. [5] but
evaluated at two different ¢, as in Eq. (33) of Ref. [5]. This
agreement is of course not a surprise given that we have
already shown that P, can be expressed as Eq. (40) for
nonconstant fields and without expanding in 1/a,. Note
that b3(43) only depends on the field via y(6,;) and y(043),
which is why it is natural in the LCF regime to consider the
proper-time rates as defined in Eq. (41).

Here we are mostly interested in regions of parameter
space where one has important contributions from one-step
terms, to which we now turn.

B. One-step

Next we consider P in Eq. (39). All six light-front terms
in Egs. (16) and (17) contribute to P; (P32 via P32~!) and
all terms in Eq. (39) are O(ay). Together, these O(ay) terms
give what is usually referred to as the one-step part of the
probability.

For P32~ we change variables according to

4 4
0'21:¢—5 0'43:¢+5

n n
0 =0-1  6,=0+" 46
21 > 43 +2 (46)

which in terms of the original variables are given by

d=—(pstds+dr+¢1) ¢ =5(bs+ds—[hr+d1])

N =

0 == (s — 3+ dr— 1) n=ds—d3— [ — ).

(47)

N — ] —

As for the two-step term we rescale 0 — 6/a, and
n — n/ay. As the second term in Eq. (38) shows, this also
forces ¢ to be small, so we also rescale ¢ — ¢/ay. To
leading order, i.e., O(ay), the ¢ integrand is constant and
we find

I
exp {2)((’”1@21 + ”2943)}

)y
( Yo +D2> + 1] _DIDZ} + (51 < 52), (48)
2043

where hete Dy = —(0 f/(6)/2), Da = (O (6)/2 Moy = 1+ 62,/ ($)2/12, and My, = 1 + 0% f/(¢)/12. The
leading order of P'!, P'2, and PZ? can be obtained in a similar way.
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FIG. 3. These plots show the one-step part of the probability in the LCF approximation R-CF with R, defined in Egs. (39) and (41), as
a function of the longitudinal momenta s,. From top left to bottom right, we have y(¢) = 1/2, 1, 2, 4, 8, 16. The values on top of each
plot give the maximum/minimum value, i.e., min < R; < max, so for y = 1/2 we have —2.13 * 1071 < R, < 0, and —=9.8 * 107> <
Ry < 1.0 % 1073 for y = 16. The difference between two neighboring contours is 5% of the larger of | max | and | min |, and purple and

red correspond, respectively, to values close to min and max.

In the previous subsection we showed that [P, agrees to
leading order with literature results for the two-step term
for arbitrary values of y. However, while there are also
exact analytical expression for the one-step terms (see
Refs. [1,2,9]), these are not easy to compare with, so we
will instead consider y < 1 and show that our O(a,) terms
agree with the results of Refs. [1,2,9] in this regime.

C. Numerical spectrum

Before turning to analytical approximations, though, let
us first plot the one-step and two-step rates, R; and R,, as
defined in Eq. (39). To leading order in the LCF approxi-
mation we have, at constant y, RS o a} and RYF o a
[recall that R, = RYF 4+ O(ad) so the next-to-leading-
order correction to R, does not mix with the leading order
in R,]. Even in the LCF limit, R5“F still depends on two
different field values, a’(6,;) # @'(643). It is convenient to
plot RECF = p3RECE since this only depends on ay, b, 3},
and 643 via yc = byld'(0)| and ypw = bold’(643)|. For
this reason we also plot RIF(¢p) = byRYF(¢), which only
depends on ag, by, ¢ via y(¢) = byld’(¢)|. In Figs. 3 and 4
we plot RECE and RECY as triangular contour plots where
each of the three s; values is given by the distance to one of
the triangle’s sides, for different values of y [or rather y(¢)

and y(0,1) = x(043)]. As expected, e.g., from Ref. [22], the
spectrum is peaked at s; = 5, = 53 = 1/3 for low y, and
close to the corners, s; ~ 1 or s, = 1, for large y. Note that
these plots contain all the one-step terms, both the direct
and the exchange ones.

D. Constant fields and y <« 1

As Figs. 3 and 4 show, for y < 1 the spectrum is peaked
at s; = s, = s3 = 1/3. We can therefore perform these
integrals using the saddle-point method. The light-front
time integrals can also be performed by the saddle-point
method as described in the next section for nonconstant
fields.

For a constant field and y < 1 we find

g = L0002 SR (16
64 16V/67 3y
=PE? +Pi (49)

We have already shown that the O(a3) term in P32~2 agrees
with the literature for arbitrary y. By comparing P22~! in
Eq. (49) with Eq. (29) of Ref. [2] or Eq. (6.57) of Ref. [9]
[see also Eq. (28) of Ref. [5] for normalization similar to

ours], we see that P22~! for y <1 also agrees with
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FIG. 4. These plots show the two-step part of the probability in the LCF approximation R5F (s) with R, defined in Egs. (40) and (41),
as a function of the longitudinal momenta s; with yc = ypw. From top left to bottom right, we have y- = 1/2, 1, 2, 4, 8, 16. The value
on top of each plot gives the maximum value. Contours and colors are chosen in the same way as in Fig. 3.

previous results. So, Pﬁizr already gives the known y <1
results for both the two-step and the one-step terms, even
though P22 is only one out of a total of six terms. The reasons
for this are that P12 () vanishes upon integrating over s; and
55, PLL turns out to be smaller than P,,_,; in Eq. (49) (see
below), and the remaining terms P}, P12, and P2? give the
exchange part of the probability, while the previous results
just cited only give the direct part. Indeed, to the best of our
knowledge, there are no analytical expressions for the
exchange terms in this regime to compare with. So, our
results for the exchange part below are new.
From Egs. (19), (21), and (22) we find

3
pii _ LA <_E> =L pz-),
384+/61 3y 24

pl2 — _Mexp <_E> — _7_)(|[p>§12r—>1
1728/ 67 3y 108

. (50)

where P3~! is given by the a, term in Eq. (49).
Equation (50) includes both the direct and the exchange
part. In fact, their contribution is of the same order of
magnitude: we have Pl! = —(1/2)PL! (to leading order in
%), and P}? is identically zero so P2 = P!2. However,
both P!! and P'? are smaller than P,,_,; in Eq. (49) by a
factor of y <« 1. In deriving Eq. (49) we have already
thrown away terms of the order of Eq. (50), so the terms in

Eq. (50) are only part of the higher-order corrections; see
Appendix C.
For the last term we find

Pg}% _ 13&200A¢\/)?exp <_ 1_6> — _E sz_ﬂ )
288\/67 3 187

(51)
Importantly, P22 is of the same order of magnitude as P2>~!
in Eq. (49), so to leading order in 1/ay < 1 and y < 1 the
one-step part is given by P, = aoP; = P31 + P2, ie.,
the exchange and direct parts of [P; are of the same order of
magnitude. Of course, in the regime we consider here, both
of these contributions to [P; are small corrections to the
two-step part P,, but at least among the one-step terms, the
direct and exchange parts are of the same order of
magnitude as long as y is not too large. We have checked
that the analytical approximations in this section agree
with our numerical results for sufficiently small y; see
Appendix C. In the next section we will consider ay > 1
and y < 1 for nonconstant fields.

VI. PULSED FIELDS WITH ay, > 1 AND y <1

In this section we will generalize the results in the
previous section and obtain simple analytical approxima-
tions for ag> 1 and y < 1 for nonconstant fields. We
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consider a linearly polarized field a(¢) = aof(¢) that has a
single maximum at ¢ =0, i.e., f”(0) =0, and expand
around this point. All of the integrals are finite and there
are no volume factors. We fix the field strength and the
frequency by normalizing f'(0) = 1 and £ (0) = —¢ < 0.
We could set { = 1, but this might not always be conven-
ient. For example, for a Sauter pulse it is natural to choose
f(¢) = tanh ¢ and then { = 2.

We begin with P22 in Eq. (24) and change variables as in
Eq. (46). We rescale 0 — 0/a and n — 5/ ay; for P327" we
also rescale ¢ — @/ay, and then expand the integrand in
powers of 1/ay. For y << 1 we can perform all of the

|

integrals with the saddle-point method. We have a saddle
point at

1
S :Szzg. (52)

The second-order variation in the exponent is for the
momentum integrals given by exp {— 3)76 (853 + 85155, +
5s3)}, where 8s; = s; — 1/3, so 6s; ~ \/x < 1. The other
variations are also ~,/y <1, so we rescale all of the
integration variables with /y and expand the integrand in a

series in y. The resulting integrals are all elementary, and
we thus find

p=¢p=n=0, 0 = 2i,

33 Niat % 25 57 £ 7 16
p22-2 — 2 ) BV 4l | 0 _= 0oy Jo_ _° 53
die © =4 {128 ¢ 3wand K727 248 Tsa) | Teovs T P\ T3,) (53)
2683 S5fW? 0 3f0) 1 VC 16
p2-1 _ ,2) _ 9 _ 0 0 - Nc - 54
dir =4 { 6avZ | 7|7 10368 T 1288 T12822|| T120 T P T3y ) (54)

where f(()") =0yf (0). We have assumed here that
1/(xa3) <1 in order to expand a term in the exponent
down to the prefactor. The terms proportional to a(z) and q
correspond, respectively, to what are usually referred to as
two-step and one-step terms. The a3 term can hence be
obtained by expanding the Airy functions in Eq. (43),
which in turn can be obtained directly from the literature.
The reason that we have included higher orders in y for the
a3 term is that these can be of the same order as the leading-
order-in-y contribution to the ag term, and similarly for the
first term in Eq. (54). How many orders in y one should
keep at a given order in a, depends of course on the relative
size of y and a,; we have included the higher-order terms in
Egs. (53) and (54) mainly as examples of this double
expansion. In any case, using MATHEMATICA it is straight-
forward to calculate higher orders in both 1/a, and y. Note
that there are no volume factors here (cf. the A¢ terms in

|
the previous section) because of the damping given by
> 0.

For Egs. (19) and (22) we find

2 2
n_ _® awx _& —1
T 1536 exP( 3;() +Olay)
7a? agy? 16
pl2 - _ 1% “o4 _- ~1y
ex 6912 \/Z exp( 3}() + O<a0 ) (55)

These are both smaller by a factor of y <1 than the
leading-order term in P32~1, i.e., the first term in Eq. (54).
This agrees with what we found above for constant fields;
see Eq. (50).

Next we consider P22 given by Eq. (26). In order to
expand in 1/a, we rescale 0 — 0/ay, n— n/ay, and
@ = @/ay. We expand the integrand around the saddle
point (52) and perform the resulting integrals. We find

po 13 [ ag [/ [ 371989 5F
ex 12803

18 524160

64+/C

As in the constant-field case in the previous section, P22
gives the dominant contribution to the exchange part and it
is of the same order of magnitude as the direct one-step
term (54). Thus, the one-step terms, ag P = ag P + ay P,
are to leading order in y < 1 given by aoP{" = lin, P32
and aoP{* = lin, P%, where lin,, refers to the terms that
are linear in a,. We find, to leading order in y, the same

relation as in Eq. (51) between PJ' and P¢, ie.,

301 VE 16
+1288“ _120a0+...}exp (‘@) (36)
[

P /Pt =13/18, and both P{ and P{* are negative.
The exchange term is also negative for ay < 1, which
we can confirm by comparing with the literature; see
Appendix A.

VII. SAUTER PULSE WITH ¢y ~1 AND y <« 1

In this section we will consider a Sauter pulse,
a(¢) = agtanh . We again assume y < 1, but now we
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do not assume that a,, is large. The results in this section for
ay ~ 1 therefore go beyond the LCF approximation. Our
starting point is the exact expressions in Sec. III. Recall that
the field enters these expressions only via M? and A. For
the Sauter pulse the integrals in M? and A can be performed
analytically and this gives

tanh ¢, — tanh ¢,

M2y ) = 1 + a%{l -

by — b
_ [In[cosh ¢,/ cosh¢1]]2}
R S
Ay 1) = ao{tanh ¢ — Inlcosh ¢2_/ COSh¢1]}~ (58)
b —

For y <« 1 we can perform all of the integrals with the
saddle-point method. We first change variables as in
Eq. (46). We have a saddle point at

¢=9p=n=0, 6 =~2iarccota, (59)

S :S2:§.

2 arccot, /1 —
21 _ X%

(14aj )arccota

By expanding the integrands around this saddle point we
find

oy | TPy G0€XP {—Sxﬂ [(1 + a3)arccotay — ag}

dr1924/3 (1 + ag)arccotag[(1 + a3 )arccotay — agl?

(60)
and
2 a
P2-1 — —Zarctan , /1 — 0 Py,
dir Zoen \/ (1 + a?)arccotay =77
13
P& :Epzz—n- (61)

As in the previous section, P!! and P'? are smaller by a
factor of y <1, so to leading order in y we have [these
expressions can also be obtained without much extra work
by starting instead with Eqgs. (B2) and (B3)]

Py, = P32 + P53
and

134, arctan , /1 —

964/3 (1 + aj)arccotay[(1 + a3 )arccota, — ay)

do
(1+a? )arccotay

5 eXp {—% [(1 + a3)arccotay — ao]} (62)

— @22 _—
[FDex - [FDex -

In the limit a, > 1, Egs. (60) and (61) reduce to the
expansions in Egs. (53), (54), and (56) (with { = 2 for this
field). Equation (61) shows that the exchange term is of the
same order of magnitude as P2>~!, and their ratio,

0T Pair
-0.2¢
-0.3¢F
-04}
-05}

-061

2 4 6 5 10 %
FIG. 5. This is a plot of P, /P4, = Eq.(63)/Eq.(62) as a
function of ay. This ratio is independent of y to leading order
iny<l1.

~1728+/3 (1 + a2)arccotay[(1 + a2 )arccotay — ag)?

exp {_ % [(1+ a%)arccotao — ay) } (63)

|
P22/P32=1 = 13/18, is the same as the O(ay) terms we
found in the previous section. In the limit a, > 1 these two
terms gives the one-step term, i.e., P2~! + P2 — q, Py,
while P227? — a}P,. However, for ay~ 1 the “one-step”
terms, P22~! and P22, are of the same order of magnitude
as the “two-step” term, P32 For a,=1 we have
P /Py & —0.4, while for ay = 4 the ratio decreases to
—0.1 £ P /Py < 0; see Fig. 5.

The saddle-point calculation of the preexponential
factors above breaks down when g, becomes too
small. However, the exponential part of Eq. (60) scales

for ag < 1 as
4
P ~ alexp (——ﬂ>,
by

which is what one would expect for the perturbative trident
process: In terms of the Fourier frequency @ of a(¢), the
threshold for pair production is given by @&y, = 4/b,. For
@g > 1 the Fourier transform of the Sauter pulse is
approximately exponential,

(64)

036021-13



VICTOR DINU and GREGER TORGRIMSSON

PHYS. REV. D 97, 036021 (2018)

do . 4x
tanhgb—/ga( Y~ — |a(4/by)|* ~ exp <—b—0>,

(65)

which gives the exponential in Eq. (64) (cf. the treatment
of Sauter-like pulses in Ref. [24] for Schwinger pair
production).

Interestingly, the exponent in Eq. (60) has the same
functional form as the one in photon-stimulated Schwinger
pair production in a constant electric field [Eq. (5) of
Ref. [25]] but with different parameters.

VIIL. MONOCHROMATIC FIELD
WITH ay ~ 1 AND y < 1

We now consider a monochromatic field, a(¢) =
ag sin ¢p. Consider first Py,_,,. We find saddle points at
|

2
N=1 oy

exp{—%(p + a3lA— /1 +d})}

1
921 = 943 = 2iarcsinh—,
do

Oy =— mw,

1
Sl:s2:§’ (66)

043 = N7,

where o;; = (¢; + ¢;)/2 and n; and n, are integers. The
saddle points for ¢ correspond to maxima and minima of
the field. The step function (o3 — 05;) implies n, > ny,
so either photon emission and pair production happen at the
same max/min or the photon is emitted at one max/min and
travels to a different max/min where it decays into a pair.
All n; and n, give the same contribution, except the term
with n; = n, which is, due to 6(o43 — 65, ), a factor of 1/2
smaller than the other terms. With 2N maxima and minima,
adding the contribution from all saddle points gives
P32 = N?PYZL,, where PYS7], is the contribution from
a single maximum or minimum, which we find to be

1
A = arcsinh—. (67)

Pyl = :
272 96v3ag /T + a2A (/1 + @A — 1)(2+ @A — /T + d?) ag

The argument of the exponential in Eq. (67) has the same
functional dependence on a, as the exponent in Ref. [26]
[see the equation before Eq. (15) in Ref. [26]] for the
Breit-Wheeler probability. The only difference is an overall
factor of 2kl/kp, where [, is the photon momentum in the
Breit-Wheeler case. This factor is expected in the locally
constant field limit, i.e., for ag > 1, and now we can see the
same relation also for general a,. For a large number of
periods, N > 1, P32 gives the dominant contribution, as
the other terms only scale as N. For ay > 1 we recover
from Eq. (67) the a} and a)) terms in the general expansion
(53) (with ¢ = 1 for this field). For a; < 1 the exponent in
Eq. (67) scales as

exp {;0 <ln [%]2 - 1) } ~a™, (68)

where 4/b, can be interpreted as the number of photons
that need to be absorbed to produce a pair.

Let us compare with the SLAC experiment [4]. The most
straightforward result to compare with is their logarithmic
plots of the number of detected positrons as a function of
1/y. which they fit to exp(—c/Y),” where T = y/v/2.
According to Eq. (8.3) of Ref. [27], for an average of
(n) = 0.2, where n = ay/+/2, the SLAC experiment gave

¢ = 2.4 4 0.1(stat) " Z (syst). (69)

*We thank S. Meuren for bringing this part of Ref. [4] to our
attention.

For this ay our Eq. (67) predicts ¢ =~ 2.46, which is in
agreement with Eq. (69). However, the errors in Eq. (69)
are too large for us to really be able to confirm Eq. (67).
Indeed, in Refs. [4,27] ¢ was also shown to roughly agree
with an estimate obtained using a result for Schwinger pair
production by a purely time-dependent electric field. Also,
this value of a is quite small, so the exponent is close to the
perturbative one in Eq. (68). It would therefore be interest-
ing to compare our Eq. (67) with future trident experiments
with larger a.

If the number of oscillations are not large then we should
also consider the other terms. We find P32~! = NPY=]

and P2 = NP22V=! where

2 1
Pyl = —Zarctan , |1 — ———P)"!
221 o Tt @ 222
_ 13
22.N=1 -

These relations are similar to the ones we found in the
previous section for a Sauter pulse. For ay > 1 we recover
the aq and 1/a, terms in Eq. (54) for IP’ZZV;_II, and Eq. (56)
for P22N=! (¢ = 1 for this field). Once again P! and P'2
are smaller by a factor of y and can therefore be neglected
to leading order.

We can also obtain these expressions by starting instead
with Egs. (B2) and (B3). We again have saddle points given
by Eq. (66): for the exchange term (B3) we have saddle
points for n; = n,, which give P, = P2 with P2? as in
Eq. (70). For the direct term (B2) we have saddle points for
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FIG. 6. This figure shows the five different terms contributing
to the total one-step rate R. We have solid lines for direct terms
and dashed lines for exchange terms, red for R(Zﬁzr‘)l and Rg,%,
green for R} and RI!, blue for R!2, black for R 4 = RL +
R33! (solid) and R o, = RI} + RIZ + R2? (dashed), and black
dot-dashed for the total one-step rate R| = R gi; + R ex. All of
these rates are obtained in the LCF approximation, and R2? is the
contribution to R, in Eq. (39) coming from P22, etc.

all n; and n,, but again because of the step functions only
the saddles with n; < n, contribute. We find

1
1+ ajA

N=1

_ 2
n=ny __ =
Py, - = p arccot, /1 — 2102

Pair"* = 2P% 5, (71)
where [P”z\’f_}2 is given by Eq. (67), which agrees with what
we found with the first approach.

IX. ap > 1 AND GENERAL y

In the previous couple of sections we have analytically
studied the low-y regime. In this section we will consider
the dependence on y up to large values of y. To do so, we
assume ap > 1 and integrate the integrals in the LCF
approximation using the numerical methods described in
Sec. X. In Fig. 6 we plot the five terms that contribute to the
total one-step rate Rll‘CF as a function of y, where the rate is
obtained from the probability as in Eq. (41). (Recall that
there are only five and not six terms because P12 vanishes
upon integrating over the longitudinal momenta.) In Fig. 6
we see that the direct part of the one-step, R g, is negative
for small y (in agreement with the y < 1 approximations),
grows in magnitude until it reaches a minimum, then starts
to increase and eventually becomes positive. This depend-
ence is nothing new, it can already be found in Ref. [5]4 and

*When comparing our results with Ref. [5], note that we plot
R, which is related to R;/a, by a factor of y.

Xsw=bo |a'sw |

12

1/4 8

14 12 1 2 4 8 16 32 64
Xc=bo|a'c|

1/8 &
1/64 1/32 1/16 1/8

FIG. 7. This figure shows the two-step rate in the LCF
approximation, RYF(yc,ypw), where R, is defined in
Eq. (41), as a function of the two different y- # ygw-

the fact that R, 4, becomes positive at large y can also be
seen from the y > 1 approximations in, e.g., Ref. [2].° Our
results for the exchange part R, ¢, on the other hand, are
new. We have shown in the previous sections that the
exchange terms can be important at low y. Figure 6 shows
us that the exchange terms continue to be non-negligible
even up to quite large y. In fact, there is a whole range
{17 <y <26} of moderately large y, around the region
where R g;, changes sign, where |R .| is even larger than
|Ri. qir|- For y above this interval, R,y eventually
becomes much larger than |R .|, as expected. If we
would increase y even further, then at some point the
expansion is expected to break down [28,29].

Of course, for ay > 1 these one-step terms are correc-
tions to the two-step term R,. In Fig. 7 we have plotted
RECF as a function of the two local values of y, i.e., yc =
bold'(651)] and ypw = bgla’(643)| where R, is defined
in Eq. (41).

X. NUMERICAL METHOD

In this section we describe the numerical methods we
have used to integrate the different terms in P(s). The terms
to be computed involve up to four phase-point ¢; integrals
whose integrand has the general structure of a relatively
slowly varying preexponential factor multiplying a fast
oscillating phase factor. The phase generally grows with
¢». ¢, and decreases with ¢, ¢5. All terms but P22 (s) are
built up multiplicatively from independent factors describ-
ing each individual process. While light-front time ordering
prevents the full factorization of integrals, factorization of
the integrand can still be exploited to greatly reduce the
computational effort by the equivalent of up to two

We have checked analytically that the y > 1 limit of P2t +
Pl agrees with the y > 1 approximation in Ref. [2].
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quadrature dimensions. An important issue to tackle is the
presence of the ie prescriptions originating from the infini-
tesimal damping of the transverse momentum integrals
required for their asymptotic convergence. These ie pre-
scriptions allow for the avoidance of singularities that are
present in the remaining integrals. In all terms except P22
these singularities are found at the origin of the separations
between conjugate phase points, i.e.,atd,; = Oand 6,3 = 0.
Interestingly, in studying P22 one has to deal with a
singularity moving with s, corresponding to vanishing d,,
which appears in the preexponential factor and also makes
the phase diverge. While taking the e\0 limit may be
defined in a mathematically sound way, the elimination of
the singularity is required for numerical computation.
Regularization can be done in several ways. Two classes
of methods, both with advantages and disadvantages, that
we have successfully tested are the following.

A) Subtraction of vanishing or easy-to-compute quan-
tities sharing the same singular part of the Laurent series (or
a partial integration to the same purpose), resulting in a
preexponential factor without a singularity: This requires
more analytical effort in order to produce series expansions
near the singularity points, where precision loss obviously
prevents a direct computation of the difference. For
integrals with only one effective mass in the phase, such
as P!, Py c, or Pgy, regularization may be achieved by a
simple subtraction of the vanishing @y = 0 integral. For
factored terms like P32 this procedure can also be used, but
by now expressing the product of two factors forming
the integrand as AB = (A — Ay)(B — By) + Ao(B — By) +
(A — Ap)By + AyBy, where the subscript 0 indicates a field-
free (ag = 0) counterpart. Apart from the last, vanishing,
fully free term, and the first term, describing the interaction
with the field at both steps, there are two additional terms
which we can think of as “semivirtual,” in the sense that one
of the processes takes place outside the field with no
absorption of photons from the field. Note that they only
survive theta integration due to the cutoff in the (0, 0,3)
integrals arising from light-front time ordering, and hence
they only contribute to P;.

A similar procedure, which is numerically preferable as
it does not introduce different phase factors (corresponding
to ay # 0 and ay = 0), is achieved by replacing 6,1, 043
with @5, 43 as variables, apart from ¢, ¢b3, and noticing
that we can fortunately rewrite the initial 6;;-dependent step
functions as a combination of ©;;-dependent ones, such
that the integration domain remains triangular in shape in
the new variables. Then the same division of AB is
performed where now A, and B, have the same phase
factor as A and B, and since the ¢, ¢5 integrals in the
first, largest dimension integral do not involve the phase
factor, they cost us the resources of only one integral with
about as many oscillations as the pulse has. Once these
integrals are computed, in a second step one can generate
the whole s spectrum (using adequate integration routines

that interpolate only the preexponential factor in Fourier
integrals) and (breaking the integrand into a linear combi-
nation of terms factored into products of contributions
depending on just one pair of ¢ values, with s-dependent
coefficients) even compute s-integrated quantities such as
the total probability or energy averages in a very fast way,
through mere two-dimensional quadratures (the s integrals
are fast to compute by part-analytical/part-numerical inte-
gration). The additional analytical effort and the numerical
effort to change variables to ©;; are thus greatly rewarded
by a huge speed-up.

Unfortunately the change of variables works for all terms
but P2 (s), where the more complex structure of the phase
prevents this important additional simplification. Also,
regularization by subtraction is very laborious to apply
in this case. However, the fact that the dependence of the
phase of P22(s) on the field only arises through effective
masses and is monotonic can be quite useful, as it may
allow here, too, for the fast-oscillating exponential to be
separated into only one Fourier integral of a function that
involves slowly varying integrals.

B) Complex contour deformation generated by ¢, 4 —
$r4 +i€/2 and ¢y 3 — ¢ 3 — ie/2 with a finite e: This is
essentially the ie prescription we used to regularize the
transverse momentum integrals, except that now we let € be
finite instead of infinitesimal, which means e potentially
appears in all functions of ¢; and not just in the denom-
inators of preexponential factors [like the 1/(6,, + i€)?
factor in Eq. (19)]. Note, though, that this complex
deformation does not affect the arguments of the step
functions, which hence do not spoil the analyticity. If the
analytic properties of the field allow for this contour
deformation, then this method provides an elegant alter-
native to A).

As our formulas are valid not only for pulses and
periodic (e.g., monochromatic) fields but also for constant
fields, method B) can also be useful in the LCF regime.
A suitable choice of ¢ for the complex deformation makes
the LCF terms converge quickly, as wildly oscillating
integrands are converted into fast-converging ones with
only a few oscillations, making the drawing of high-
resolution plots like Figs. 3 and 4 a short matter, even
on the older-generation personal computer that we have
used. When considering pulses, this deformation may not
seem like a general enough method as it assumes a certain
analyticity of the field, but remember that one can always
approximate a given field by a suitable analytic one. For
instance, we could truncate the pulse’s expansion in a basis
of Hermite polynomials.

For a pulse, one finds an important advantage brought by
contour deformation, apart from the great help it brings in
offering a comfortable means of regularization for all terms,
P22(s) included. We refer to the fact that it amplifies the
integrand in the interaction region and greatly diminishes
the “tails” seen in the dependence on the separations 0;;
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from the asymptotics of the effective mass that follow us
even outside the pulse. Still, the low-amplitude oscillating
tails stay there and their decay is not as fast as for the LCF
approximation, so for a quick and precise integration they
are best separated and integrated as such, by a mix of
analytic integration and a 90-degree complex contour
deformation, turning oscillating exponentials into decaying
ones. The intermingling of all four phase points makes
applying this optimization procedure less straightforward
for P22.

If one is interested in total quantities—such as the total
probability, average energy of the pair, and so on—method
A) works efficiently for all terms except P22. For P22 one
may find it simpler to use a complex contour deformation
of the s variables. We found such a deformation—defined
piecewise with several cases depending on the relative
values of ¢,—that makes s integration fast, with few
oscillations. One still has then to regularize the remaining
singularities appearing when some of the phase points ¢;
merge, through either subtraction or complex deformation

of ¢.

XI. CONVERGENCE TO THE LCF LIMIT

In this paper we do not present numerical results for total
quantities for a pulsed plane wave, for which the methods
of type A) and the one just mentioned have great potential;
we reserve such investigations for a future, more numeri-
cally oriented paper. Here we will instead apply these
numerical methods to local quantities, namely the rates, and

study how the LCF approximation is reached for pulsed
plane waves.

In particular, we consider a short pulse and compare the
rates with their LCF approximations, for a set of increasing
ag/decreasing b, values at constant agb,. Both variations
contribute to the reduction of what is commonly known as
the formation length and hence are expected to ensure
convergence towards the ay, = oo limit provided by the
LCF approximation. We choose as a pulse model a linearly
polarized plane wave with Gaussian envelope:

a(¢) = age™ 7 sin(gp). (72)
We choose an ultrashort pulse length, given by 7 = 7 or
27. The reason for this is not only that an extremely short
pulse maximizes the ratio between the one-step and two-
step contributions, but also that it allows us to better see
tiny features in the plots detailing the convergence to the
LCEF limit. In Figs. 8 and 9 we plot two contributions to the
one-step rate R;, namely, R32~! and RZ.

In Figs. 10, 11, 12, and 13 we illustrate the effect on the
rates R, and R,(s) produced by raising a, at constant
x = 1, for short Gaussian pulses. We find the remarkable
result that coherence may work constructively on this term,
increasing the rate on average (and therefore the proba-
bilities), unlike what was seen in Ref. [21]. Apart from this
increase, at the spectrum level we notice superimposed
patterns of oscillations with s and a,, which get more
frequent but smaller in amplitude as a, increases. For
7T = 2x, the oscillations show beats, unlike for 7 = r,
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This figure illustrates the convergence to the LCF approximation for P32~! for 7 =z and y = 1.
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FIG. 9. This figure illustrates the convergence to the LCF approximation for P22 for 7 = 7 and y = 1.

where they are regular. In the s-integrated rate (shown at the
peak of the pulse in Fig. 10, as a function of a,, and over the
entire pulse in Fig. 13 for gy, =1) we notice how
oscillations have been smoothed out and how convergence
to LCF is, therefore, much faster. Coherence is not
constructive everywhere for the rate. In the ripples seen
between the peaks of Fig. 13 (left) there are points where
the nonlocal rate is even slightly negative, unlike the LCF
one. However, the global effect we see is a stark increase of
the probability relative to the LCF approximation as a

decreases towards unity and coherence increases. Another
thing we notice is the asymmetry between the two
processes, already noted in the LCF plot of Fig. 7. The
rate decreases faster with ygw than with yc.
Conventional wisdom tells us that we should expect the
LCF rates to offer good approximations for the exact ones
when the scale at which the field varies significantly is
considerably larger than a so-called coherence length. This
is expected to appear in our integrals as the size of a finite
range of values of the phase differences ¢;; that give a
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FIG. 10. This figure describes convergence to LCF for R, and R,(s; = s,) at the peak of a Gaussian pulse with 7 = x as aj is
increased at y = 1. The red line in the inset plot is the LCF limit.
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significant contribution, i.e., those 6;; that appear in the
phase factor of the integrand and involve phases, ¢; and ¢,
connected by a fermion line in Fig. 2. Of the four diagrams
in Fig. 2, P2 stands out as the one in which not all points
are interconnected by fermion lines, so the contribution of
the two pairs ¢y, ¢, and ¢y, ¢ is not suppressed as they
move away from each other, except for the suppression due
to the pulse length. However, in breaking the P3~! term
away from P32 we have added a step function that imposes
an upper limit on the range of separations |o43 — 07],
adding P32~! to the list of one-step terms, for which all of
the phase points ¢; must be close to one another within the
limits of the coherence length. This length depends on a
and b, but is unrelated to the pulse length, which
constitutes a third scale, larger than the period that gives
the scale for the pulse’s variation. As this third scale

1087?2(5;021 =043=0)

S2 S2

S1

S3 S3

108732(5;021 =043=0)

1
0.3 0.5
S$1=82

This figure describes convergence to LCF for R,(s; = s,) at the peak of a Gaussian pulse with 7 = 2 as ay is increased

becomes larger, P, will increasingly dominate [P;, which
is why we find short pulses most interesting.

Before we explain how this suppression outside the
coherence length comes into play, let us mention that
previous results tell us not to hold the blind belief that
convergence to the LCF limit must be uniform or even true
for all quantities; see, e.g., Refs. [30,31]. For instance, the
author of Ref. [21] showed that for nonlinear Compton
scattering this logic is confirmed for the average energy-
momentum (as well as its higher moments) but not for the
total probability. The more important contribution of high-
wavelength photons to the latter justifies our approximation
of the integrand to the leading-order term by its asymptotic,
high-6,, expansion [see Eq. (23) of Ref. [21]], rather
than the low-6,, one that emphasizes the dominant role
of small wavelengths. For the trident process, however, the

1087€2(S;021 =043=0)

S2

1 $1

S3

FIG. 12. This figure describes the dependence on q of the R, (s) distribution at the peak of a Gaussian pulse with 7 = x for y = 1

and ay =1, 2, 4.
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FIG. 13.
(left) compared to the LCF limit (right).

existence of a low-energy threshold makes soft photons
irrelevant, allowing for the LCF approximation to also
apply at the probability level.

Another issue is that, in general, when looking at totally
integrated quantities we turn the oscillating phase factor
present in, e.g., Egs. (34) and (35) into a decaying function
of 6;; (not oscillating for Compton scattering/oscillating for
BW pair production). This is likely to make convergence to
LCF much faster than before s integration.

As explained before, after proper regularizations of
prefactors and manipulations of step functions, all terms
but R2%(s) can be written as Fourier transforms of some
function of one or two ©;; values. This is achieved by a

This figure describes the dependence of the s-integrated R, on (65, 643) for a Gaussian pulse with 7 = 7z, y = 1,and qy = 1

change of variable, 6;; — ©,;, which for large a is highly
nonuniform, with sudden leaps at particular points. At these
points the function to be Fourier transformed has sharp

variation with ©;;. When the frequencies 2’7" are high,
0

which happens at constant y as we increase a, only these
points give a significant contribution. Of the aforemen-
tioned sharp variations the most significant is the peak one
at the origin of ©;, but there are other such points for linear
polarization; see the appendix of Ref. [16]. In Fig. 14 we
see the derivative associated with this change of variable
as a function of the new variables for two very short
Gaussian pulses, with 7 = 7z, 2z and ay; = 4. We notice a

central ridge located at at the origin of ©;;, and some sharp

FIG. 14. This figure shows the derivative associated with the change of variable 6,; — ©;; for two very short Gaussian pulses with

T = n (left) and 7 = 2z (right), and a, = 4.
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knife-blade-like peaks located around the points where
a; = a; = (a);;. Had we studied a monochromatic field,
these peaks would have formed an infinite set, extending
indefinitely in both directions [16]. For a pulse only a finite
number of peaks are visible, which line up into a finite
number of ridges, which increases with the pulse length.
The height of the ridges between the peaks increases and
eventually converges to unity as ¢;; goes outside the pulse;
hence, for the short pulses in Fig. 14, only a few peaks are
distinguishable from the corresponding ridges. As the pulse
length increases, more and more peaks appear in both the
©;; and o;; directions. The noncentral ridges line up into
two diverging bundles, oblique to the ¢;; axis, forming the
X-shaped image seen in Fig. 14. They correspond to the
case where one of the pair ¢;, ¢; stays outside the pulse and
the other, say ¢, is inside the pulse but the condition a; =
(a);; = 0 is approximately fulfilled. Thus, the number of
ridges equals the number of zeros of a; in the pulse and,
therefore, increases linearly with pulse length.

When both phase points fall outside the pulse, 90;;/90;;
forms a plateau at unity, into which the central ridge merges
as o;; leaves the pulse. The other ridges extend to infinity
(©;; = Foco when |o;;| = c0). Of course, we must not forget
that we still have to multiply by the initial integrand, which
will bring asymptotic decay in both directions through its
preexponential factor. If we increase a, we notice that, for a
given ¢;;, the comb-like dependence on ©;; spreads out (it
has to be scaled by 1/ a3 to keep the plot about the same size)
and becomes extremely sharp at the tip in the center of the
bundle, even for moderately large a,. Taking into account
just the central ridge gives us the semiclassical LCF
approximation. Including the effect of the other features
will add oscillatory terms, as seen in, e.g., Figs. 8 and 9. One
notices two types of oscillations in the rates: a) those at fixed
¢ or (65, 043) When s or a is varied, and b) those at fixed s
and ag as ¢ or (65, 043) is varied.

Say the pulse has finite length, lasting for ¢ €
(=L/2,L/2) and let ¢ = [ a?. The bundles are located
between the intervals +0;; € (2|o;;| —L.2|o;;| + L +c%),
as o;; moves away from the pulse. They are at the origin of
the regularly oscillating “tail” seen in the rates as their
arguments [¢ or (0,1, 043)] distance themselves from the
pulse center. This tail’s amplitude exhibits polynomial
decay, introduced by the preexponential factor combined
with the ridges’ obliqueness. In addition, we notice
localized type a) oscillations, coming from the peaks, such
as the one at the origin of ¢, seen in Fig. 8 or Fig. 10.

As ay increases, the amplitude of all of the above-
described oscillations decreases, while their frequency
increases, since the ©;; positions of the peaks/ridges move
away from the central ridge. This is mathematically
interesting, as the LCF limit is reached in a nonuniform
way, and thus convergence may not translate to the rate’s
derivatives.

For a pulse, superimposed (same o;;) peaks and ridges
will contribute to the rate with terms of different frequen-
cies, adding up to complicated oscillations in the spectrum
after o;; integration, cf. Ref. [30]. Compare the regular
oscillations in Fig. 10 (T = z, one peak at 6;; = 0) with the
beats exhibited in Fig. 11 (T = 2z, two peaks). When
considering a totally integrated quantity or less sharply
defined momenta, the nonlocal oscillations of the rates
wash out. In Fig. 13, after s integration we only have
smooth ripples left to remind us of the nonlocal and not
always positive character of the rate R,.

In conclusion, as soon as we increase @, above unity to
even a moderately high value, we expect LCF to work
better on average, but not at the spectrum level. The
transition from the fully coherent regime of ay = by = 1
to LCF passes through an intermediate regime where
quantum correlations generate important oscillatory terms
in the rates and spectra, stemming from resonant structures
originating in the effective mass. This is true for all terms
except P22 (s), where the oscillations with s or a, are much
reduced even at the spectrum level due to the way the
exponent mixes up s-dependent quantities and effective
masses, so the integrand cannot be just written as a linear
combination of Fourier transforms of s-independent terms
with s-dependent frequencies.

If instead of keeping y constant, we increase the frequen-

cies ;Tko at constant ag, the result decays exponentially

as the corresponding period decreases below the minimum
“coarseness” scale at which the prefactor expressed in the
variables ©;; varies significantly. This makes the distribution
concentrate near the central point s; = s, = s3 and decay
exponentially as a whole with the decrease of b, as seen in
the LCF plots and the low-y approximations.

A useful step for the o;;/¢ integration of terms in the
coherent regime would be to separate oscillatory parts that
extend outside a finite pulse. This can be done by noticing
that they arise from the integration regions where at least
one of the points is outside the pulse. As the simplest
example, for a two-dimensional term like Pc(s), it is
natural to perform a piecewise change of variable from
0;; to the one of ¢; or ¢; that is inside the pulse. Say ¢; is
inside the pulse. Then the phase factor looks like

i 1
CXP{izrgo {2(451' - o) + /_oo a*(¢)dep — 5

&i 2 W
([ o))

(73)
A similar procedure can be applied to the regularized
preexponential factor and, at large ¢ distances, the con-
dition |o| > 7 > |¢;| allows us to write the integral as an
expansion in powers of 1/c;; times oscillations of the
frequency ;—ﬁ
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XII. CONCLUSIONS

We have studied the trident process in pulsed, constant,
and oscillating plane-wave backgrounds. We have derived
compact expressions for the exact probability for general
pulse shapes. We have used these expressions to obtain
various analytical approximations that go beyond the LCF
approximation. The formulas presented in this paper also
offer a great numerical advantage due to the reduction of the
number of successive quadratures needed, achieved through
partial analytical integration. Their simple analytic structure
thus not only allows for a more insightful view of the process
and for an easy comparison between its components and
with their various approximations, but also provides a good
starting point for applying efficient methods to reduce the
numerical complexity, as we have explained.

The trident probability in a plane wave is separated into
direct and exchange terms as well as into terms charac-
terized by the number of light-front time (x*) integrals. For
a constant field, such x* integrals give volume factors,
Ax™, and then the terms proportional to (Ax™)? are referred
to as two-step terms, while the ones proportional to Ax™ are
referred to as one-step terms [1,2,5]. For general field
shapes, our light-front separation of the probability leads to
three direct and three exchange terms, which have either
two, three, or four x* integrals. These terms come from
squaring an amplitude with two x* integrals and with a
photon propagator in the light-front gauge that leads to one
term with 0(x3 — x|) and another one with 5(x; — x| ). In
the light-front quantization formalism, the term with
5(xy —x|) comes from an “instantaneous” term in the
light-front Hamiltonian. The word “instantaneous” might
suggest that the corresponding terms in the probability
should be related to the standard one-step terms, at least for
constant fields. However, this is not the case; we found
instead that all six light-front terms contribute to the
standard one-step term. We therefore grouped the six
light-front terms together into P, and P;, where P, is
simply related to the product of the probabilities of non-
linear Compton scattering and Breit-Wheeler pair produc-
tion. In the limit of a constant field, the direct parts of P,
and [P, agree with the literature results for the two-step and
one-step terms, respectively, while our results for the
exchange part are new as it has previously been neglected
(however, see Ref. [7]).

In addition to checking our results in various limits by
comparing with the literature, we have derived our results
using both the Hamiltonian-based light-front formalism as
well as the standard covariant formalism. While these two
formulations are expected to give the same results, this
equivalence might not always be trivial or obvious; see,
e.g., Ref. [18]. So, our results provide one more explicit
example of this equivalence.

In addition to recovering previous analytical results for
the direct terms for constant fields, our approach has also
allowed us to go beyond these known results: we have

obtained various simple analytical approximations for both
the direct and the exchange terms for nonconstant fields. By
considering nonconstant fields all of the integrals are finite
and well behaved, and so we have avoided large volume
factors Ax*. The terms that for constant fields would be
proportional to (Ax*)? and Ax" are instead distinguished
as the terms that scale as a3 and a, respectively, for ay > 1
and constant y. These can be seen as the first two terms in a
derivative expansion, and our approach allowed us to
calculate higher-order corrections.

For large ag, the dominant contribution comes from
the two-step term, which is simply obtained by gluing
together the individual probabilities of nonlinear Compton
scattering and Breit-Wheeler pair production, and then the
exchange and one-step parts of the probability only give
small corrections. This is of course what makes particle-in-
cell codes based on three-level processes useful in describ-
ing, e.g., cascades in high-intensity lasers. However, the
trident process itself might be most interesting in regimes
where one has to take into account corrections to the two-
step part, e.g., from the exchange terms. For sufficiently
large y one might expect the exchange terms to be small.
However, for small y and large a;, we have shown
analytically that the exchange part is in general of the
same order as the direct part of the one-step [P;. By
considering some simple field shapes we have also shown
that for y << 1 and a;, ~ 1 the exchange part can even be of
the same order of magnitude as the total probability.
Further, by numerical integration using complex deforma-
tion of x* integrals we have also shown that the exchange
terms continue to be important for °; even for quite large y.

We have also studied how the exact probability con-
verges to the LCF approximation in the limit of large a. In
the rate we found oscillations around the LCF approxima-
tion with decreasing amplitude but increasing frequency.

In a follow-up paper we plan on exploring the trident
process for more general fields and parameter regimes, in
particular by applying the numerical methods described
here to the total probability. We believe that the methods
that we have used here could also be useful for other
higher-order processes in strong laser fields, such as non-
linear double Compton scattering [19,32].
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APPENDIX A: PERTURBATIVE LIMIT

While we are mostly interested in strong fields, we
consider here the perturbative limit in order to check, e.g.,
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our exchange terms against the literature. We first change
variables according to Eq. (46) and expand to second order
in the field strength. We express the field in terms of its
Fourier transform

a(x™) = /g—;}

At second order this gives us integrals over two Fourier
frequencies, w; and w,, but the ¢ integral gives a delta
function, §(w; + @, ), which we use to perform one of the
Fourier integrals. We then perform the 6 integral with
|

a(w)e™ <", (A1)

{Pdirv Pex, Pgir + |]:Dex} =

Cauchy’s residue theorem [if we instead start with Egs. (B2)
and (B3), then the 6 integral gives a delta function]. We keep
either w; or @, such that the step function that arises from
the € integral can be expressed as 8(2pk,, — r; — r,), where
ki = wk” k.. We now go to the rest frame of the initial
electron, since the literature results we are about to compare
with are written in that frame. We also assume frequencies
close to the threshold, i.e., 0 < w — 4 < 1, since this leads
to simple analytical results. We expand the integrand to
leading order and perform the ¢ and # integrals. The step
function 0(2w — r; — r,) restricts the momentum variables
to be close to s; = s, = 1/3. We thus find

1 1

{ 7
2.34/3’

where the Fourier transform is assumed to restrict the
integral to @ — 4 <« 1. Note that the exchange term again
gives a negative contribution. The direct part is a factor
of 7 times larger than the sum, i.e., Py = 7(Pg, + Pey),
which agrees exactly with what was stated in Ref. [33]
for the cross section for the single-photon trident process.
To also recover the overall coefficient for the cross
section, o, we replace the field according to (recall that
a factor of e has been absorbed in our definition of the
field) a(w) — ee,2n5(w — @')/+/2wV5 and divide the
probability by the temporal volume and the initial
|

. 1 e
M" = —ina / dep,deby - 90 (By — o)e = P 0 Gy Ty,

where now [, = I3 /41_.

- O(kps) 1

atn? .
Pgir I%p/dpldpz kp3‘ klz/d¢1234‘9(942)9(931)eXP

&3 &4 A
—

x Tr(ps —

—P3 P2 P2 —P3

and the exchange term as

2 2
P — _TRG / adb, 0(kps)

xexpk {l 931 l 942+/
2

?3

—
< Tr(py = ) K PR (s +

271V3'2- 34\@} - Ag_jr) la(@)F(@ = 4)%

— —~ = —~ =
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1
kps kikl'

——
)IgY”Ip((ﬂ+ )KJ/,, (7 41 )Kln_p,

(A2)

I
flux density, which is given by 1/V3 in this case. We
obtain

3

V104
c=————(0-4)>
4-34\@( )

which is exactly the result in Refs. [34-36].

(A3)

APPENDIX B: FEYNMAN GAUGE

In the Feynman gauge we have D,,
Eq. (12) we find

= g, and from

by .

—~ =
(B1)
P2 P Pr P

From Eq. (B1) we find the direct contribution as

j n
T (m, -7,
+ /g3 p2 -3

—l+)+/:p2(”+—”++l+)}

P p
&

(B2)
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FIG. 15. These figures show the relative difference between our numerical results and analytical approximations with one (blue), two
(orange), three (green), four (red), and five (purple) terms in the y < 1 expansion.

where I, = (p — py + ¢1k), and I,, = (p — ps + ¢3k),,, with ¢; 5 such that /> = I = 0. Note that Eqs. (B2) and (B3) give
the total direct and exchange parts of the probability, i.e., they have not been separated into one-step and two-step parts, and
compared with the light-front terms we have Eq.(B2) = P}l + P12 4+ P%2 and Eq.(B3) = P!! + P{2 + PZ. Although our
focus is on expressions derived using the light-front separation, we have found Eqgs. (B2) and (B3) useful for checking
various analytical approximations, as explained in the main text.

APPENDIX C: COMPARING NUMERICS WITH ANALYTICAL EXPANSION

In this section we compare our numerical and analytical results in LCF for y <« 1. To illustrate the accuracy of our
numerical method as well as the convergence of our analytical approximations, we include here higher-order corrections to
the leading orders in Sec. V D,

el _ _azaoAgb\/)? (1 233y 7838317y 87595589213 3 42089593753511}(4> (_ 1_6)

it ever 10368 71663616 = 82556485632  380420285792256 3y
azaOA(ﬁ\/)? 16
=2 (14 0.027 —0.1y> + 0.1 — 0.1*) ex (——), Cl
1676 ( y — 0.1y X x*)exp 3 (C1)
e :2a2a0A¢ﬁ 1_217;(+15473;(2_177928745;(3 o 16
dir 384+/67 384 ' 32768 339738624 3y
azaOAqb)(% 16
R2— 2 (1 =0.6y +0.57> - 0.5/ ex (——), C2
384 vor ( Y ¥4 %) exp 3 (C2)
pip - - DCWAIVE <‘ E)
288+/67 3

o (1 224569y n 697830139y 3 32602208003792677y°  3793200723359191955933y*
524160 3065610240  192778521028853760  20431438772722036899840

o 13a’agAd/x

16
e (1 =04y +0.2> — 0.2 +0.2¢*) exp (— @) . (C3)

3
P2 =— T ayAdy: exp <— 16>
1728V/61x 3y

(1 46471y  177397141% 351490158181y 27085721944641151* 63206521085663491937){5>

24192 + 55738368 64210599936 * 2662942000545792 3067709184628752384

Tatag Ay 16
~ —% (1= 1.97 + 3.27% = 5573 + 10.2%* — 20.65°) exp (— §> (C4)
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i _@ady (1 313y 705477 249364553;(3> ( 16)
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ex 384w/_6,,< 384 ' 98304 339738624 T3y

aayAdy? 16
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38461 ( R o )eXp< 3;()

In Eq. (C4) we have included two more orders than for the other terms; these extra terms have not been used when
comparing with the numerics, but have been included in order to illustrate the growth of the series coefficients for this term.
In Fig. 15 we compare these approximations with our numerical results. These plots show that adding higher orders
improves the approximation, and also demonstrate the accuracy of our numerical method. For the (total) direct term, the
approximations are good all the way up to y ~ 1 and even by only including the first two orders: at y = 1 the relative error is
still only Ry gir smaty/Ri.air — 1| = 0.1, 0.03 for the leading-order and the leading-order plus the next-to-leading-order
correction, respectively. The corresponding values for the exchange term are |Ry ey smaiy/Riex — 1| = 0.3, 0.06. The
higher-order corrections for the exchange terms intersect at y ~ 0.5 where the relative error is | R ex smai,/R1.ex — 1| # 0.01.

(Cs)

We conclude that even the leading-order approximations give good order-of-magnitude estimates even for y ~ 1.
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