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We study phase transitions in SU(co0) gauge theories at nonzero temperature using matrix models. Our
basic assumption is that the effective potential is dominated by double trace terms for the Polyakov loops.
As a function of the various parameters, related to terms linear, quadratic, and quartic in the Polyakov loop,
the phase diagram exhibits a universal structure. In a large region of this parameter space, there is a
continuous phase transition whose order is larger than second. This is a generalization of the phase
transition of Gross, Witten, and Wadia. Depending upon the detailed form of the matrix model, the
eigenvalue density and the behavior of the specific heat near the transition differ drastically. We speculate
that in the pure gauge theory, although the deconfining transition is thermodynamically of first order, it can

be nevertheless conformally symmetric at infinite N.
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I. INTRODUCTION

The nature of the deconfining phase transition in SU(N)
gauge theories is a question of fundamental importance;
numerical simulations on the lattice indicate a transition of
first order for N > 3 [1]. In finite-temperature pure gauge
theory, the Polyakov loop is the relevant order parameter. It
is therefore reasonable to study the phase transition as a
function of an effective theory of thermal Wilson lines, as a
type of matrix model.

There are many matrix models which are soluble at large
N. The most familiar is when the transition is driven by the
Vandermonde determinant from the integration measure of
a single site integral [2-18]. This type of model was
originally applied to a lattice gauge theory in two space-
time dimensions [3-5], where, for the Wilson action, there
is a third-order transition as a function of the coupling
constant. The third-order transition as a function of temper-
ature was subsequently shown in lattice gauge theory at
strong coupling with heavy quarks using the mean-field
approximation [6,7].

Sundborg showed that at infinite N, this model is
relevant to deconfinement on a femtosphere, S° x R!
[10-17]. As a function of temperature, the deconfining
transition appears to be of first order, as both the energy
density and the order parameter are discontinuous at the
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transition temperature 7, Even so, the specific heat
diverges as T — T, as is typical of a second-order
transition [12,13,19,20]. For this reason the transition at
infinite N can be termed “critical first order” [12,13].
Similar transitions also arise by expanding in a large
number of dimensions [21].

On the femtosphere, Aharony et al. showed that the
critical first order is washed out when higher-order pertur-
bative corrections are included, leaving an ordinary first-
order transition [11]. The question is whether this remains
true in the limit of infinite volume. An effective model of
Wilson lines was developed as a model for deconfinement
with three colors [22-30] and extended to include dynami-
cal quarks [31]. This model is soluble at large N [19]. In
this paper we study a general class of matrix models and
solve them in some special but illustrative cases.

We now give an outline of this paper and summarize the
main results. Matrix models for the deconfining phase
transition are functions of the thermal Wilson line,
L = Pexp(ig fol/T Apdr), which we take to lie in the
fundamental representation. The general form of the
effective potential, which we discuss in Sec. II, includes
an infinity of terms. The simplest possibility is to start with
those involving arbitrary powers of L, but just two traces,

NZVeff:Zan|tan|2+”" (1)

n=1

We assume that these double-trace terms dominate near the
deconfining phase transition 7,. All a, are therefore
positive below T, to prevent the spontaneous symmetry
breaking of Z(N).
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Section III considers deviations from the double trace
terms of Eq. (1). We assume that the phase transition is
driven by traces of loops which wind only once in imaginary
time, trL, and not by those which wind more than once, such
as trL?, etc. This is a significant assumption, but is borne out
by all known models. Then the obvious terms to add next are
those linear and quartic in trL:

- b
NV = ; a,|tcL"|? + N—‘2 (JerL|*)? = Nh(trL + L),

(2)
We assume that the coupling for the quartic term, by, is small
near T4, but let the magnitude of the background field, &, be
arbitrary. We ignore all other couplings, including cubic
couplings such as tr(L~")?(trL)? + c.c., etc., and discuss
why this might be valid.

For the original model of Gross, Witten, and Wadia [3],
the coefficients a, = 1/n, and there is a phase transition
when the expectation value of the loop, %trL, equals % In
Sec. III, we consider arbitrary a,, and show that for some
critical 4., there is always a phase transition when %trL

goes through % We thus term this point a generalized Gross-
Witten-Wadia (GWW) transition. In Sec. III A we show that
there is a region in the space of a;, b; and h where a
generalized GWW transition occurs.

About the GWW transition, the value of the potential at
the minimum can be expanded in powers of 6h = h — h,:

for 6h <0

0
F(h):freg(h)+{ for 6h > 0

vS6h" + O(S5h™1)
where v is an irrelevant constant, and f., is a smooth
function of 4. For the model of Gross, Witten and Wadia,
r = 3, and thus the transition is of third order in 4. In
Sec. III B we argue that independent of the values of the
coefficients a,,, r > 2 for the generalized GWW transition,
and so the transition is of higher order than second. The
point where h = b; = 0 is special, as lines of first, second,
and higher order meet, Fig. 1.

We stress that as in the model of Gross, Witten, and
Wadia, this unusual phase structure emerges only at infinite
N. This can be seen from Eq. (3): at infinite N the piecewise
function emerges. For finite NV, however, the corresponding
function is regular at 64 = 0, and so the corresponding
transition at 4 trL =} is only a smooth crossover.

In Sec. IV we solve a specific class of models. We take
the coefficients that contain a simple form,

PR (4)

’
nS

with s = 1, 2, 3 and 4. In these instances we solve for the
eigenvalue density of the Polyakov loop exactly and
confirm the general analysis in Sec. III. The exponent r
in Eq. (3) is computed and equals

2nd
o1l GWW
< 0.
Critical 1st /" [\
o )
-0.1}
\
Ist
-0.2 : L.
-0.2 -0.1 0. 0.1
ai

FIG. 1. Phase diagrams for the matrix model in Eq. (23), this
figure and Fig. 2. This figure shows zero external field, & = 0,
varying the mass term, @, and the quartic coupling, b;, for the
first Polyakov loop, p;. The red dashed line is a first-order
transition; the blue dash-dotted line is a second-order transition;
the green solid line is for the generalized Gross-Witten-Wadia
(GWW) transition. The critical first order is located at the origin
where all three phase transition lines meet. For illustration we use
the model with a Vandermonde determinant for the red dashed
line, s = 1 in Sec. IV. The confined phase is the region to the right
of the red dashed and blue dash-dotted lines, the deconfined to the
left of the lines. The green shaded and red hatched regions are the
projections of the surfaces of the GWW and first-order phase
transitions onto the 7 = 0 plane, respectively.

5+4+s
=2 (5)

when s =1, 2, 3 and 4. This shows that the GWW
transition is of third order when s = 1, as is known, and
of higher order when s = 2, 3 and 4. We investigate how
the quartic coupling changes the behavior of the Polyakov
loop near the phase transition.

In the conclusions, Sec. V, we discuss the possible
implications of our results. In particular, we speculate that
in infinite volume the deconfining transition can be critical
first order.

II. EFFECTIVE POTENTIAL

In this section, we consider the effective potential of the
Polyakov loop in SU(N) Yang-Mills theory at large N.
After some standard definitions, we consider the possible
forms for the effective potentials of Polyakov loops, and
suggest that double trace terms may dominate near the
deconfining phase transition.

A. Notation

In a Yang-Mills theory without dynamical quarks at
nonzero temperature, the global symmetry associated with
the deconfining phase transition is Z(N). The basic variable
is the Wilson loop in the direction of imaginary time, 7,
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L&)—?%mquAUTmAdaxﬂ. (©6)

Under the center symmetry the thermal Wilson line trans-
forms as L — zL where z is an element of Z(N), z =
exp(2zij/N) for an integer j = 1...N.

While the thermal Wilson line is gauge variant, its
eigenvalues are gauge invariant. As a unitary matrix, after
diagonalization

L(x) = diag(e, ...,e). (7)

As an SU(N) matrix, these

?7:1 6; = 0, modulo 27.

The phase transition is then characterized by the traces of
powers of the thermal Wilson line. Without loss of general-
ity we can take all traces to be in the fundamental
representation, so there are N — 1 independent Polyakov
loops,

eigenvalues satisfy

1
pu = L. (8)

The nth Polyakov loop p, wraps around in imaginary time
n times. The p, form a complete set of gauge invariant
order parameters for the spontaneous breaking of Z(N)
symmetry in the deconfined phase [23,32].
At large N we introduce the variable x,
i1
X= 5 9)

where 6; — 6(x) [2]. The nth Polyakov loop is then

1, Lo
Py :NE el — / " dxe"0), (10)
1
i=1 2

At infinite N each loop is a functional of 8(x). Introducing
the eigenvalue density

dx
0)=—, 11
p(0) = (1)
the loop becomes
po= [ doplo)em. (12)

In this way, the Polyakov loops are functionals of p, rather
than of 6.
The eigenvalue density must be non-negative,

p(6) > 0. (13)

This will play an essential role for the GWW phase
transition. It is normalized as

/” dop(0) = 1. (14)

T

Provided that p(@) is continuously differentiable for
—7 <60 <7, we can write p as a Fourier series in terms
of its moments in 6,

— inf __
p(0) = > pue’ = 5 (1 +2;pn cos na), (15)

n=-—oo

using Eq. (14). We have assumed that the expectation value
of every Polyakov loop p, equals its complex conjugate,
p_n- They are related under charge conjugation, and so this
assumption is valid at nonzero temperature and zero quark
chemical potential. (At nonzero chemical potential [8] the
expectation value of the loop and its complex conjugate
differ [16,17,24,33]). In doing so we implicitly perform an
overall Z(N) rotation so that the expectation value of all
Polyakov loops are real.

At infinite N, all Polyakov loops vanish in the confined
phase, p,, = O forall n > 1. This implies that the eigenvalue
density is constant, p(6) = 1/(2z), demonstrating the
complete repulsion of eigenvalues. In the deconfined phase,
p, become nonzero. At infinitely high temperature all
Polyakov loops equal unity; this implies that all eigenval-
ues become zero, and thus p(6) = 5(9).

B. Effective potentials for the Polyakov loops

The effective potential for the Polyakov loop is con-
structed formally as [34]

eXp [_VTd_1N2 Veff(pn)]
N—-1 1

— =Sym(A, o m

_/DA”e ym( )HH(S(/)m VN/dXtI‘L ), (16)

=1

where Sy is the d-dimensional Euclidean Yang-Mills
action and V is the spatial volume. The right-hand side is a
path integral over the gauge fields in the presence of
constant background Polyakov loop p,,. We have scaled out
VT4~ so that V4 is dimensionless. By convention, there is
a factor N2, so that N>V is of order N° in the confined
phase and N? in the deconfined phase [35]. The partition
function is then given by integrating over the eigenvalues:

z= [l0)ep-Vaslps). (1)

where we define
N? = VTN (18)
At the outset, we stress that at infinite N the effective

potential is a function of all loops, for every p, from n = 1
to co. One might hope to simplify things by considering an
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effective potential for just a few loops, such as p{, p,, etc.
However, all Polyakov loops vanish in the confined phase,
p, = 0 for every n > 1; an effective potential involving a
finite number of loops cannot force all loops to vanish.

Alternately one could integrate over all p,, for n > 2, and
construct an effective potential just for p;. This is possible,
but its utility is not apparent to us.

Using only the global Z(N) symmetry, there are many
terms which can appear in the most general effective
potential for the Polyakov loops,

11)
1,-1

11
Ve (pn) = aE yP1P-1+ 022__)2%2,0—2

2.1 22
+ agl,—é)(p%/’—z +p2ip2) + “21,_)”/’%/’31 4.

_ Grdae) JJv ja .
a Z a(ilsi2~-)pi1pi2 ’

if0p....

i1j1+i2j2+"'207

(19)
@y _ @1 . .

where ai ) = aly by charge conjugation symmetry.

With such a multitude of terms, this effective potential is

not of much use. Thus we discuss some results from

perturbative computations, and from effective models,

which suggest that the effective potential relevant at infinite
N may be much simpler.

Consider first the computation of the effective potential

in perturbation theory. This is a straightforward matter at

one loop order [36,37] and has been carried out to two loop
order [34,38,39]:

(1,1) 4) 2 592N 1
Cl(n’_w ~ —dn =~ <1 - W F (20)

/3
The notation d,(f) denotes the deconfined term, computed
perturbatively in four spacetime dimensions.

The simplicity of this result is not obvious. Naive
computation to two loop order gives a result which is
much more complicated than that at one loop order [40].
After including a finite renormalization for Polyakov loops
[34,38,39,41], however, one finds that all terms collapse to
Eq. (20), just a constant times the result at one loop order.

What is remarkable about Eq. (20) is that the only terms
which enter involve two traces: just i; = —i, and
j1 = Jj» = 1. At one loop order this is automatic, but at
two loop order terms with three traces can appear, ~g>N.
After including the finite renormalization of the Polyakov
loops [34,38,39,41] these vanish.

A similar computation to one loop order in 2+ 1
dimensions [42] shows

(R I N N
a(n,—n) dn’ = 27nd’ (21)
For a field in d spacetime dimensions, the corresponding
(L.1)

(n,—n)

order in Appendix A.

term is a ~ —1/n%. We discuss results to higher loop

The sign of the double trace terms in Egs. (20) and (21) is
negative. Thus the potential is minimized by maximizing
each Polyakov loop, which is what is expected in the
perturbative regime. To model the transition to a confining
phase, it is necessary to add additional terms. In Refs. [27],
an effective model was constructed by adding terms which
mimic deconfined strings in 1 4+ 1 dimensions:

A L@ 1

(n—n) ~ Cn =€) ; : (22)

We denote this term c§,4) as that which drives confinement

in 3 + 1 dimensions. This potential can be also derived by
adding a mass deformation to gluons [23]. We comment
that this particular term is driven by detailed results from
numerical simulations on the lattice, especially the presence
of terms ~7? in the free energy relative to the usual ~T*

[23.27]. The c\” have positive signs, and if sufficiently
large, drive a transition to a confined phase.

We conclude this section by discussing other evidence for
the dominance of double trace terms in the effective potential
for the thermal Wilson line. This is true in a strong coupling
expansion on a lattice, at least to leading order [43].

In super Yang-Mills theories with mass deformations, it
is possible to compute not only the perturbative contribu-
tions to the free energy, but also the dominant nonpertur-
bative terms [44,45]. While it is not obvious [45], it can be
shown that in these models all terms for the effective
potential of thermal Wilson lines only have double traces.

The only instance of which we are aware in which terms
with three and four traces arise is for gauge theories on a
femtosphere, S° x R' [11]. Explicit computation to three
loop order shows there are a variety of terms, including those
with four traces, although they are suppressed by ~g*N?,
where the coupling constant g>N is small on a femtosphere.

As discussed in Appendix A, in perturbation theory we

expect aE}:l_)UNaE;:l_)Z)NgO, while a®" ~¢*N? and

(1.-2)
aﬁ@l) ~ ¢g*N?. As we shall see, p, is of order 1 near the

GWW phase transition, while p, ~ g*N?. Therefore the

term agjl_)z)p%p_z ~ ¢®N* can be neglected to the order

¢*N?, while agf)l)p%pil ~ g*N? is to be kept. A similar
quartic term involving p,-, will be of order g N* or higher
and thus will not be included in our analysis.

Consequently, in the following we assume that any terms
with three and more traces are small, and compute about
that limit. In the conclusions, Sec. V, we consider the
implications if there are only double trace terms in the limit
of infinite volume.

III. PHASE STRUCTURE

Motivated by the above considerations, we are led to
consider the following effective potential for a gauge theory
at infinite V:
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Vet = Z aylpal* +b1(I;[*)? = h(py +p7).  (23)
n=1

We assume that the deconfining transition at a temperature
T, defined at & = 0 is driven by the first Polyakov loop. In
the confined phase, that the first Polyakov loop vanishes
does not necessarily imply that all other Polyakov loops
vanish. For this reason, as discussed above it is essential
that we include all Polyakov loops in the effective potential
and require that all a, are positive below T, We further
assume that

a,>0 forn>2 (24)

near 7'y, so the higher corrections for p, with n > 2 are not
necessary.

We include a quartic term for the first Polyakov loop,
with a coupling b; which we assume is small and constant
near 7;. We also include a background field for the first
Polyakov loop, ~h. This is natural to include in any spin
model, and we can analyze the model for arbitrary values of
h. A background field for Polyakov loops is generated by
the coupling to quarks [15]. If the quarks are heavy, with a
mass m, then the background field is ~ exp(—m/T) for the
first Polyakov loop, ~ exp(—2m/T) for the second, and so
on. Thus very heavy quarks only generate a background
field for the first Polyakov loop. For N flavors of quarks
h~N;/Nexp(—m/T), so we need to take N, ~ N for h to
persist at infinite V.

A. Phase diagrams

In this subsection we derive general conclusions about
the phase diagram of Eq. (23) with the condition Eq. (24)
near T, In Sec. IV we then solve the series of models
where the a,, have specific values, a, ~ 1/n® fors = 1,2, 3
and 4.

Atinfinite N we look for a saddle point of V¢(p,,) under
the constraints of Egs. (13) and (14). By a Z(N) rotation we
can assume that the expectation value of all Polyakov loops
are real, so p; =p_, = p,. Naively, the saddle point
corresponds to the minimum of each free energy for p,,

d
—V =0, 25
o Vol 25)
where V,, is defined as Ve = > %, V,(p,). It is easy to
solve this equation, taking all loops beyond the first to
vanish, p, =0 for n>2. The eigenvalue density in
Eq. (15) is then a sum of a constant and p;,

1
p(0) = 5= (1+2p; cos0),
2w

This satisfies the normalization condition of Eq. (14), but it
is non-negative only if the first Polyakov loop is less than or
equal to one half, p; < % Therefore, this solution is valid
only for 0 < p; < 4.

—1<0<z (26)

This is the simplest way to see that the point where the
first Polyakov loop equals one half and all others vanish,
1 :% and p, =0 for n > 2, is special. We call this the
Gross-Witten-Wadia (GWW) point, and the locus of such
points is a GWW surface.

When the expectation value of the first Polyakov loop is
greater than 3, expectation values for all higher loops
develop. This is not due to the usual manner of Landau
mean field, through the coupling of p; to the other p,
through terms such as (p;)?p,, etc. Instead, the eigenvalue
density becomes no longer continuously differentiable due
to the non-negativity constraint, and as a result higher
Polyakov loops become nonzero. In the model of Gross,
Witten, and Wadia [3], and for the models of Sec. IV, this
happens by developing a gap in the eigenvalue density.

If the first Polyakov loop has an expectation value less
than % we can use an effective theory for just that loop, p;:

Vi =api + bipt —2hp;. (27)

Consider first zero external field, 7 = 0, as illustrated in
Fig. 1. If a; and b, are positive, the minimum is clearly for
p1 = 0. If a; is negative and b; positive, the minimum is

p1 = +/—a,/(2b;). Thus there is a second order phase
transition when a; vanishes. This is indicated by the blue

dash-dotted line in Fig. 1.

As a; decreases for a fixed positive value of b, the
Polyakov loop equals % when b; = —2a,. At this point, it is
no longer possible to include only the first Polyakov loop in
the effective theory. This is denoted by the green solid
GWW line in Fig. 1.

For negative b; we expect a first-order phase transition at
some a; > 0 [11,13,14,20]. The location of the first-order
phase transition depends on the explicit form of a,,. The red
dashed line in Fig. 1 corresponds to the model based on the
Vandermonde determinant (s = 1) in Sec. IV.

At the origin a; = b; = h =0, the first, second and
higher-order phase transition lines meet. At this point, the
Polyakov loop p; jumps from O to 1/2, as is typical of a
first-order phase transition, while the mass associated with
p1 becomes zero, as is typical of a second order phase
transition. This point was termed as critical first order in
Refs. [12,13].

The center symmetry is broken by a nonzero background
field i # 0, which thus washes out a second order phase
transition. About p; = % we introduce

1

op1 = pi —57

1 b
Vi =1 (4ar + by — 16h) + <a1 +71— 2h>5p1

3b
+ <a1 +71>5ﬂ% + 2b15p% + blﬁp?, (28)
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where —1/2 < 8p; < 0. This is equivalent to the Legendre
transform I'(p,) of the effective potential below the GWW
point. As we argue in general in Sec. III B, and show
explicitly in Eq. (101), the GWW point is a continuous
phase transition, whose order is always higher than second.
Consequently, the coefficients up to and including 5p? are
continuous about the GWW point.

We analyze Eq. (28) as follows. At the GWW point
op1 = 0, and two conditions need to be satisfied. First, the
coefficient of §p; must vanish, so that a; + b;/2 —2h = 0;
second, that the coefficient of 5pf must be positive,
a; +3b,/2 > 0. This forms a surface of GWW points
in the space of a;, by, and h. The green shaded region in
Fig. 1 indicates the projection of the GWW surface onto the
h =0 plane. The GWW surface is independent of the
coefficients a,,. The green solid lines in Fig. 2 are the cross
sections of the GWW surface for b; = 0 and —0.08.

As b is decreased for a fixed, positive value of a; along
the GWW surface, we eventually hit the boundary where
the coefficient of p? vanishes, b; = —2a,/3. Beyond this
point, p; = % is an unstable solution, and there is a first-
order transition. This is indicated by a red dashed line in
Figs. 1 and 2. The red hatched region in Fig. 1 is the
projection of the surface of first-order phase transitions
onto the # = 0 plane. The location of the first-order lines
depends on explicit values of the a,,. In Fig. 2(b) we show
the lines for s = 1 and s = 4: as can be seen, they are not
very different. The lines for s =2 and 3 lie somewhere
between the lines for s = 1 and 4.

The Polyakov loop p; becomes larger than 1/2 above the
first-order phase transition or GWW point. In this region,
the effective potential is not just a function of the first
Polyakov loop, p;, but of all p,. To describe the theory
beyond the GWW point, we need to know the explicit
values of the coefficients a,. We can show, however, that
the GWW point is a phase transition point for arbitrary a,,.

B. The order of phase transition at the GWW point

In this subsection we argue that about the GWW point,
there is a continuous phase transition whose order is always

higher than second. The partition function in Eq. (17) can
be written as

7 — / [dg]e—szewn) = o N*F(h) (29)

where F is the dimensionless free energy in the presence of
the external field /& per volume V and per the color degrees
of freedom N2. F is a generating function for the Polyakov
loop, where the expectation value of p; is given by

dF

dh = =2p,(h);

(30)

the factor of 2 accounts for the complex conjugate of the
first Polyakov loop. Consequently, the free energy is the
integral of the loop with respect to 7,

F(h) = -2 A " i (), (31

Since F is the value of the potential at a saddle point of Vg
at large N, we have

F(h) = Vet (py(h)). (32)

where the nth Polyakov loop, p,,(h), satisfies the equation
of motion,

0
50(x)

Ve = (33)

We now have two expressions for the free energy, Egs. (31)
and (32). For completeness we give another form of the free
energy in Appendix B when V. is given as in Eq. (35).

In order to explore the order of phase transition about the
GWW point, we only need to look at one point in the green
shaded region in Fig. 1. We choose the point where the
quartic coupling vanishes and the quadratic couplings are
positive,

0.1 0.1
p>1/2
0.08F ! 0.08
p>1/2 GWW
0.06 - GWW 0.06
= =
0.04 0.04 -
7
Ist (s=1) _»~
0.02 pl<1/2 0.02 //////lst (s=4) pl<1/2
0005 o1 o5 o2 20 005 01 015 02

ai

(a) Zero quartic coupling, by = 0.

ai

(b) Negative quartic coupling, b; = —0.08.

FIG. 2. Asin Fig. 1, versus the background field / and the quadratic coupling a;. We also illustrate the (small) difference between

s =1 and s = 4 in the figure on the right-hand side.
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by=0 and a,>0 (34)

for all n > 1. Without loss of generality we choose a; = 1.
The effective potential becomes

Veww(0) = Z aupn = 2hp;. (35)
n=1

We call it the GWW potential. This potential naturally
appears after the Legendre transform of the full potential as
shown in Sec. IVA. The equation of motion is
0

hsin@ =) na,p, sin(nf), (36)
n=1
by using &p,/60 = —nsin(nf) from Eq. (10). As we
discussed in the previous subsection, the equation of
motion (36) below the GWW point is satisfied if

p1 = h, pn =0, n>2. (37)

By Eq. (15),

p= ;—ﬂ(l +2hcosf) with —-z<60<rx (38)
when 0 <h < % The GWW point is when h = % We write
the Polyakov loop just below the GWW point as p; =
% + o0h where oh = h — % Note that 64 is negative below the
GWW point. Using Egs. (31) or (32), the free energy for the
GWW potential Vgww 18

1

1

Next consider just above the GWW point, & = %4— oh
with 1> 6h > 0. Writing the Polyakov loop as
p1 =%+ dp, the equation of motion is

0= (8p; — Sh)sin® + Y _ na,p,sin(n).  (40)
n=2

At small 6h > O the leading term for the first Polyakov
loop is

opy ~ udhi, (41)

where u and ¢ are some constants, with ¢ > 0. From
Egs. (31) and (32),

2
Foww ~—7—06h— .

Shlta, 42
4 1+g¢g (42)

(5]

aupn.  (43)

1
Foww ~ — i Sh + u?6h* — 2ush'+1 +
n=2

provided that 6p; ~ uoh?.If p; = % and thus dop; = 0 above
the GWW point, then the two expressions for the free

energy are equal only if > %, a,p? vanishes. This implies
that all higher Polyakov loops vanish, p, =0 for n > 2,
which violates the equation of motion in Eq. (40) when
6h > 0. Therefore p, ;é% above the GWW point. On the
other hand, if u is nonzero and 0 < ¢ < 1, then we can
compare Egs. (42) and (43) to obtain

Z a,p: ~ —u*sh. (44)
n=2

This is not consistent, because the a,, are positive and the p,,
are real. Therefore

g =1 (45)

Comparing Egs. (39) and (42) just below and above the
GWW, we see that only the second or higher derivatives of
the free energy are discontinuous. Hence the phase tran-
sition is of second or higher order.

We now exclude the possibility of a second-order
transition. If ¢ =1 and u # 1, or ¢ > 1, then the second
derivative of the free energy is discontinuous at the GWW
point. This implies that the mass for the first Polyakov loop
is discontinuous at the GWW point. The mass for the nth
Polyakov loop below and at the GWW point is

d2
dp,dp,,

Voww = 2'aném,n- (46)

This is a diagonal matrix whose elements are nonzero.
Therefore, if the phase transition is of second order, any
mass eigenvalue is nonzero at the GWW point. This is not
expected for a second-order transition, where the critical
fields are massless.

The remaining possibility is that ¢ = u = 1. Then
op1 ~ oh, and to leading order, the first term in Eq. (40)
vanishes. By comparing Eqs. (39) and (42), the free energy
is continuous up to 54% near the GWW point. If we consider
the term at next to leading order for dp; above the GWW
point and use the same argument as before,

1

0 for 6h <0
(47)
voh” + O((Sh’“) for 6h > 0,
where v is a nonzero constant. Hence
r>2. (48)

This implies that the order of the transition is higher than
second. This is valid for the explicit solutions in Sec. IV.
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IV. MODELS

We now solve certain models with special values for the
coefficients a, in Eq. (23). We confirm the general phase
structure discussed in the previous section, and compute
how the behavior of the Polyakov loops and thermody-
namic quantities change.

A. Special cases

We consider a simple class of models which are exactly
soluble at large N:

2.1
Vet = €1 ZE pul? = dilpi P + bi(Ipi P)* = h(py +c.c.),

n=1

(49)

with s = 1, 2, 3 and 4. p,, is the nth Polyakov loop, Eq. (8).
This is to take the positive and negative parts of the
coefficients, a, = ¢, — d,, in Eq. (23) as

and d, =d,3,, (50)

Cn:Cl_s
n

where ¢ and d; are dimensionless positive functions of 7.
The coefficients ¢ and d denote the “confined” and
“deconfined,” respectively, because they are repulsive
and attractive potentials for the eigenvalues as mentioned
in Sec. II.

Using the identity

icos}izﬂl)) (Lis (') + Liy(e~)), (51)

N[ =

n=1
we see that the effective potential involves the polylogar-

ithms of order s. When s is an even integer, the poly-
logarithm simplifies further to a Bernoulli polynomial By,

=<cos(np)  (—1)7'(2x)* ||
; nt 25! Bs <Z>

where =27 < ¢ < 2zx. For s = 1, it is related to the Fourier
transform of the Vandermonde determinant:

cosng 1 (P
Z » ——Eln <4Sln2<§>>.

n=1

(52)

(53)

For odd s larger than one, the polylogarithm functions do
not simplify further.

To compute thermodynamic quantities at nonzero b; we
perform a Legendre transform [13,14]. Using the effective
potential of Eq. (49), in the partition function in Eq. (17) we
introduce the constraint §(4 — p;),

2= [ide) [ P exp it = Yexp VTNV

[Se]

(54)

wdid ]
_ / D exp[=N2(=dy 22+ by 24 — 204+ 2¢102)| Zawws

o 27

(55)

where N? = VT4 IN? as before, and w = —i@/(2c,N?)
after a Wick rotation. The delta function constraints the
configurations in the path integral to be such that the first
Polyakov loop is real. This is valid because we are only
interested in the saddle point where p,, = p;,. We define

Zoww = /[de] exp[—c1N*Vgww] = exp[—c i N* Foww()],
(56)

where

© 2
pn
Veww = E P 2ap,. (57)

n=1

In Sec. I B we showed that the second derivative of the
free energy, —d’Fgww/dw?, is positive, and verify this
later in Eq. (99). Therefore we can perform a Legendre
transform of the free energy Fgww and write the partition
function as

1 _
Zoww = A dpy exp [—c;N* {Tgww(p1) — 20p, }]

= exp [_CINQFGWW(CU)L

where

(58)

1—‘GWW (pl) = (FGWW(CU) + 2wp1)|(u:w(/)])’ (59)

Using Eq. (58) into Eq. (55), the total partition function
becomes

z= / " dpyexp (-NT(p1)). (60)
0

where

[(py) = —d\p + bipt —2hpy + c\Taww(pr).  (61)

Once we obtain T'gww(p;) and thus T'(p;), all thermody-
namic quantities can be computed for given values of by,
Ci, dl’ and h.

B. The GWW potential

In this subsection we solve for the eigenvalue density
p(0) for the GWW potential Vgww in Eq. (57). The detail
derivation is given in the next subsection. The potential is
equivalent to Eq. (35) by identifying a, = 1/n°® and taking
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the background field 7 = w. We solve the model for s = 1,
2, 3, and 4.
Using Eq. (10), the potential can be written in the form

% 1 00 1
Voww = /_1 dx /_? dx’' ZIECOS (n(8(x) — 6(x")))
2 2 n=
- 2w /7 dx cos(6(x)). (62)
1
2
The corresponding equation of motion is
 sin O(x / dx’' Z 0(x) - 6(x'))) (63)
1
= dé'p( _y ”
[ aone)> sintaio) ). (64)

where it is convenient to introduce the eigenvalue density
p(0). This is equivalent to Eq. (36). It is necessary to solve
the equation of motion under the two constraints of
Egs. (13) and (14).

For the potential of Eq. (62), the GWW point corre-
sponds to w = % Consider first the case below and at the
GWW point, where o < % It is trivial to solve for the
eigenvalue density,

1
:Z(l +2wcos);

p(0) (65)

thus p; = o, andpn = 0forn > 2in Eq. (26). We plotp(&)

for w = 0,1 P and in Fig. 3(a). Notice that when @ < 1 5 the
eigenvalue always extends from —z to +z. One can also see
from Eq. (65) that this solution is not consistent for @ > 1,
as then the eigenvalue density is negative for some range of

0 about +r.

0.3F >
Jw=1/2
o2st 0 \
02} 7=/
P a “
VT e R
0.1:_,'// \*\._
0.05- \ N
0 1 1 1 1 1 ol
-3 -2 -1 1 2 3

(a) Below (w =0, 1) and at (w =
point.

FIG. 3.

Below the GWW point, p; = o, so the Legendre trans-

form of Fgww(w) = —@? is

1
Toww = pi :Z+5P1 + dpi, (66)
from Eq. (59), where dp; = p; — % < 0. We write it in this
manner because it will be useful in comparing to the
behavior above the GWW point later.

The properties below and at the GWW point are
independent of the model. This is not true above the
GWW point, and we need to solve the equation of motion
for each value of s. In the remaining part of this subsection,
we summarize and explain the solutions.

The solutions above the GWW point are given in
Egs. (71), (89), (74), and (93) for s =1, 2, 3, and 4,
respectively. For all cases, the eigenvalue density develops
a gap at the end points, so p(@) = 0 for 6§, < |0] where 6, is
a function of w with 0 < 6,. The boundaries 460, of the
eigenvalue density are given in Egs. (72), (90), (75), and
(96) for s = 1, 2, 3, and 4, respectively. At the GWW point,
6y, = =, and the eigenvalue density in all cases becomes the
one in Eq. (65) with @ = 1/2. The eigenvalue density is
therefore continuous at the GWW transition.

The eigenvalue densities above the GWW point are
illustrated in Fig. 3(b) for @ = 1. When @ > , a gap opens
up in the eigenvalue density for all s, so that it no longer
runs from —z to 7, but instead from —6, to 6,. The value of
0, differs for each value of s. When s = 1 and w = 1, the
eigenvalue density runs from —7 to +7, and vanishes at the
ends. When s = 2, the eigenvalue density jumps discon-
tinuously from a zero to a nonzero value at the ends. When
s = 3 and 4, the eigenvalue density actually diverges at the
end points.

When s =1 and 3 the density has the square root
singularities at the end points: the density p(@) for
s =3 and the derivative dp/df for s =1 diverge as

1

0.8

0.6
P

(b) One point above the GWW point, at w = 1.

The eigenvalue density as a function of w. Below and at the GWW point the density is independent of the model and driven by

the first Polyakov loop, p; = w. Above the GWW point, the density depends on the coefficients of the double trace terms.
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~1/+/6y — |0y| when 6 — +6,. This is not surprising for
the equation of motion of Eq. (68), which is only well
defined by a principal value prescription. When s = 2 and 4
the density is a simple function of cosine except at the end
points for s = 4.

Physically, as s increases, the change in behavior for the
eigenvalue density occurs, because eigenvalue repulsion
weakens as s increases. In particular, the value of 6, for a
fixed value of w becomes smaller as s increases. When
s = 4 the repulsion is so weak that the eigenvalues pile up
at the end points £6,, and the density becomes delta
function at the end points, as the arrows indicate in
Fig. 3(b). In other words, the eigenvalue 6(x) for s =4
is no longer an injective function of x. This implies that
there is a critical value of s = s* with 3 < s* < 4, above
which the eigenvalue repulsion is not strong enough to keep
all eigenvalues separate above the GWW point. This makes
the analysis of the case s > 4 difficult, and we do not know
if the solution exists above the GWW point in the case
s > 5. For s = 1, 2 and 3, all eigenvalues collapse to zero
and the density becomes p(0) = 6(0) as @ — 0. When
s = 4, all eigenvalues collapse to zero at a finite value of @
as discussed below Eq. (96), again as a consequence of the
weak eigenvalue repulsion.

C. Derivation of the solution for the GWW potential

In order to solve the equation of motion (64) with s = 1,
2, 3, 4 for the eigenvalue density, we use a trick from
Refs. [5,19]. Let us explain how to solve it when s is a
positive integer in a naive way. What makes the equation of
motion difficult to solve is the combination of the integral
over @ and the sum over 1/n*~!. However, if we differ-
entiate with respect to x, 4 = %%, the sum then becomes
1/n*~2. Doing this s — 1 times, we end up with an integral
equation for p(@'), which is soluble. Each time we differ-
entiate with respect to 6 we change sin(n(6—60')) to
cos(n(@—0")). If we take s — 1 derivatives, we then end
up with a different function depending upon whether s is
even or odd.

This approach breaks down if % = 0 for some domains
of x, i.e. if eigenvalues pile up. As mentioned in the
previous subsection, the pileup occurs at the end points in
the case of s = 4, so we need to treat this case with care. We
first solve for odd s, and then even.

1. Odd s=1 and 3

In order to solve the equation of motion (64) for s = 3,
we differentiate it with respect to € twice. Using Eq. (53),
we can write the first derivative as

L [ / / ) 0-0
a)cosé?:—z d0'p(0')1In | 4sin —) ) (67)

The second derivative is

. 4 0-6
2wsin 6 = / do'p(0) cot< 7 ) (68)
This is the equation of motion for s = 1, and is the circular
Hilbert transform of p(¢) with the kernel cot(%5%) [46,47].
The integral is singular when @ = @', and so implicitly it is
defined by using a principal value prescription. The
eigenvalue density is the inverse of the transform,

6 6 A%
p(0) =C, cos 5 (sinzjo — sin? §>2

0 0 0\
+ C, cos® 3 <Sin2 ?0 — sin? 5) o (69)
where the constants satisfy
2w

At the GWW point 6, = z, and the eigenvalue density is
that of Eq. (65) with @ = % Above the GWW point, a gap
opens up, with the density nonzero only between —6,
and 6.

For s = 1, the solution only involves C; in Eq. (69), with
C, =0 [3,5]. The eigenvalue density above the GWW

point, @ > 1, is [3,5]

2 0 0 0\z
p(0) = %cosi <sin2 ?0 —sin? §>2. (71)

The end point 6, is fixed by the normalization condition of
Eq. (14):

1
or 6y=2sin"!—. (72)

V2w
Using Eqgs. (12) and (71), the first Polyakov loop equals

1
® —

=—
251n2

1 1
pi(@)=1- 1s =3 T o0 26w* + O(6?),  (73)
where 60w = w —1 > 0.
For s = 3 we need both terms in Eq. (69) to solve the
equation of motion. Equation (70) and the normalization
condition (14) give

1 + 2w(sin?(6,/2) — 2sin?(6/2))
V/sin2(6y/2) —sin2(6/2)

p(6) = - cos (0/2)
(74)

We need to determine the position of the end point, 6y, as a
function of w. This follows from the first derivative of the
equation of motion with respect to 6 (67). Because the
equation of motion has to satisfy with all values of 8, we
can expand to leading order about 8 = 0 to find
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_In(sin(6,/2))
= o)’ (75)

All the higher-order terms turn out to be independent of 6.
By introducing the Lambert function or the product
logarithm, W(z), defined by the principal solution for

z=W(z)e", (76)
we can invert Eq. (75) to obtain 6, as a function of w,

W(=2we™2®)

Oy(w) = 2sin™! 0

(77)

Using Egs. (12) and (74), the first Polyakov loop equals

0 0
pr(@) =1 —sin? 2 + wsin* =2, (78)
2 2
Expanding about the GWW point,
1 16 . 4

where 5a):w—%>0.

2. Even s=2 and 4

As with odd s, for even s the GWW phase transition is
characterized by a gap in the eigenvalue density.

There is a qualitative difference between s = 4 and all
the other cases. This difference was first discovered on the
basis of numerical analysis for s =4 and N =55 in
Eq. (56). As can be seen in Fig. 4, the eigenvalues are
separate for s = 2, while they pile up at the end points
for s = 4.

This suggests that at infinite N, the eigenvalues 6(x) with
% < x < become a single value 6, = 6(%) for some x,,
and likewise for the other end point —0,. Therefore, the
expectation value of a function f(0) can be written as

4 T T T T T T

0 —_——————
0 0.5 1 1.5

dw
(a) s=2and N =55

_0

o) = [ assoe + [ asso)

1

+ /O : dxf(0(x)) (80)
! —2x0 (f(=00) + f(60)) + / " a0p(0)1(0),  (81)
—0,

where p(6) is a smooth function defined for the interval
—x/2 < x < xo/2. This ansatz corresponds to the follow-
ing eigenvalue density:

1—.X'0

p(0) = 5

{6(0—0y) +6(0+06y)} +p(0). (82)

The two parameters x, and 6 are related by the normali-
zation condition, which can be derived by setting f = 1 in
Eq. (81):

Xo = /_ " 105(0). (83)

0

In order to solve for p, we take s — 1 derivatives of
the equation of motion (63) with respect to x for
—xp/2 < x < xo/2:

®cosf = /ﬂ dd'p(0) y cos(nd—nb). (84)
- n=1
Using the Poisson summation formula
= 1
Z cos(ng) = — 5t 7é(¢), (85)
n=1

and the normalization condition (14), we obtain

4 T T T T T T
N=55
s=4
@2 i
0 .
0 0.5 1 1.5

dw
(b) s=4and N =55

FIG. 4. Numerical computations of the eigenvalues as a function of & = w — 1/2 in the model given in Eq. (56) with s = 2, 4 and
N = 55. This demonstrates a pileup of eigenvalues when s = 4, which motivated the ansatz of Eq. (82).
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p(0) = % (1 4+2wcosH). (86)

We now solve for the two unknowns, 6, and x, using the
equation of motion (64) with Egs. (82) and (86), and the
normalization condition (83), which can be now written as

. 90 —+ 2w sin 90
- /A

X0 (87)
by using Eq. (86).

To solve the equation of motion for s = 2 we use the
identity

sin(ng) 1 T .
Z PR _54’ + 551gn(¢)’ (88)

n=1

where —27 < ¢ < 2z. This is proportional to the derivative
of the Bernoulli polynomial B,(|¢|/(27)) given in
Eq. (52). The equation of motion is satisfied for any value
of xq in Eq. (82). It turns out that the potential is minimized
for x, = 1, i.e., when there is no pileup of eigenvalues. This
is consistent with the case of finite but large N as shown in
Fig. 4(a). Therefore, the eigenvalue density is

p(0) =p0) = %(1 + 2w cos 0), (89)

where —6, < 8 < 6. The is equivalent to the density below
the GWW point (65), except here it has a gap at the end
points. This solution is consistent with the one found in
[19]. The normalization condition of Eq. (87) with xy, = 1
gives

7[—90

) sin(zm —6y) (50)

which implicitly defines the end point of the gap, 0y(w).
From Egs. (12) and (89), the first Polyakov loop equals

1
pr(@) =—{sinfy + w(6y + cosOysinfy)}. (91)
n

For small 6w = w —§ > 0,

1 32V3
pi(@) =5+ dw — V3

2 607? + O(8w™/?). (92)
2 S5z

The eigenvalue density for s = 4 is
. 77.'—90 —20)81]’190
N 2n

1
+Z(l + 2w cos 0) (93)

p(0)

{6(0—6y) +6(0+6,)}

from Egs. (82), (86) and (87). For s =4, the effective
potential involves the fourth Bernoulli polynomial. The
equation of motion involves the third Bernoulli polynomial:

”io; Sin’(:;(,b) = % (27°¢ — 3zsign(p)p® + @), (94)

where —27 < ¢ < 2z. The equation of motion (64) with the
above two equations gives

0

0=—
67

(m—6y)* —6(n —0y)wcos by — 6wsinby}. (95)
It is satisfied for -0, < 0 < 0, if

W= (7= 6,)°
~ 6sinfy + 6(x —0,) cos by

(96)

This analytic form agrees with the largest eigenvalue for
N = 55 shown in Fig. 4(b). When s = 4, at @ = 7°/6 the
eigenvalue density collapses to a o-function at a single
point, @ =0; this also agrees with Fig. 4(b). Using
Egs. (12) and (93), we can write the first Polyakov loop
for s =4 as

0 in 6, Oy(mr — 0y — wsin O
pl(a)):w o + sin 6y + cos Oy(x — Oy — w sin 0)’ (97)

T

where 6,(w) is given by Eq. (96). About the GWW point,

==+ 6w

! _640V5 . o
2 V4

pi(w) +0(6w’?),  (98)

withéa):w—%>0.

D. Near the GWW point

Given the solution for the effective potential in Eq. (62)
at infinite N for s = 1, 2, 3 and 4, we can then use the
eigenvalue density to compute the free energy of Eq. (56).
This can be done analytically only for s = 1, butin all cases
we can compute the free energy near the GWW point order
by order in 6w = @ — % by using Egs. (73), (91), (78), (97)
fors =1, 2, 3, 4, respectively, replacing /& by w in Eq. (31).
We find

1

Fwa(CO> = —Z - (Sa) - 50)2
{ 0 for dw <0
0,605T)12 1 O(507+9)/2)  for sw > 0,
(99)
where
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_128V3

. | 2560V/5
©T 357 '

YT T 567x
(100)

U3 :g,

The order of the discontinuity with respect to @ depends
upon s: as illustrated in Fig. 5, for s = 1 the third derivative
is discontinuous; for s = 2 and 3, the fourth derivative; and
for s = 4, the fifth derivative. As discussed in the previous
section, the behavior of the free energy seen in Fig. 5 is
unchanged by the quartic coupling as long as it is
sufficiently small.

After inverting p; (@) to obtain w(p;), we can compute
the Legendre transform of the potential by using Eq. (59).
The behavior up to the leading nonanalytic term for dp,
pr—1/21s

1
Coww(p1) = 1 + 8py + 6pt

given the v, in Eq. (100). Equation (61) allows one to
calculate the Legendre transform I of the free energy as a
function of p{, by, ¢y, d;, and h.

In our model we set d; as a dimensionless constant and
let ¢, change as a function of 7/T,. Without loss of
generality we can fix d; = 1,

—ay =1-c(T/T,). (102)
where ¢, is an unknown function of 7. Model studies of the
deconfining transition in 3 + 1 [23,27] and 2 4 1 dimen-
sions [29] show that the pressure, or equivalently the
interaction measure, depends sensitively on c;.

To illustrate the physics we leave c; to be arbitrary and
assume that the mass term for the first Polyakov loop, —aj,
is a monotonically increasing function of temperature. As
we discussed in Sec. III B, when the quartic coupling b, is
zero or positive, the phase transition occurs at a; = 0 and
¢, = 1, while negative coupling gives a phase transition

0 for 6p; <0 when a; > 0 and ¢, > 1.
+ 0.5 p(5+5)/2 +065 p(7+S)/2) for p; > 0 We compute the first Polyakov loop, p;, as a function of
s ! the three parameters, a;, by, and h. Figure 6 shows the
(101) behavior of the first Polyakov loop as a function of —a,, i.e.
8 200
s=1 to=2
150 F \
ms 6 q.e \ N
o 100 -
=4l =2 2 _..s=3 NS
4 — == E st T s
% - - (% _________-_ ???? : ==
- 2F P s=3 [ & Ofb——""5=4
hS py IR S
0‘_L'1 -_f:.:l::——-—--l'-""':'-'s-;—é].-— —0r s=1
1 1 1 1
-0.01 0 0.01  0.02 0.03 -0.01 0 001  0.02 0.3
ow ow
(a) 3rd derivative of the free energy. (b) 4th derivative of the free energy.
3000 T
2000 | \ s=4
'ﬂ3 \\
- N,
< 1000 s=1 e
g o—
(G [ ———
K -1000F =m0 .
l% S:3 - -
—2000 | , 5
~3000 : : e
-0.01 0 0.01 0.02 0.03
ow

(c) 5th derivative of the free energy.

FIG. 5.

The derivatives of the free energy near the GWW point. The plot on the top left-hand side shows that the transition for s = 1 is

of third order. The plot on the top right-hand side shows that s = 2 and 3 are transitions of fourth order. The plot on the bottom shows

that s = 4 are transition of fifth order.

036014-13



NISHIMURA, PISARSKI, and SKOKOV

PHYS. REV. D 97, 036014 (2018)

- -
0.1 Tt T L e —

Q01 f
T o2t
= _o3t
—04}
05 . .
~0.01 0 0.01
—ay

(a) h =0 and by =0.

0.1} gt =
2

o /
=
| 0
&

01}

_02 1 1 1

~0.25 -0.2 ~0.15

(b) h=0.1and b; =0.

FIG. 6. The first Polyakov loop p; as a function of the coefficient of its quadratic term, —a,. From bottom to top, s = 1, 2, 3, 4.
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FIG. 7.
s=1,2,3,4.

temperature, with zero quartic coupling. The figure on the
left-hand side is for zero external field, # = O: in all cases,
the first Polyakov loop jumps from p; =0 to % when
a; = 0. This jump is typical of a first-order phase tran-
sition. As the temperature, or equivalently —a; increases, so
does the first Polyakov loop, with the increase greater for
larger s. This can be understood that the confining potential
is weaker for larger values of s.

In the presence of a nonzero external field all Polyakov
loops are nonzero, Fig. 6(b). There is a GWW phase
transition at some value of a; > 0 when the value of the
first Polyakov loop p; = % At this point there is always a
transition of higher order, where the order depends upon s,
as discussed above.

Lastly we consider introducing a quartic coupling. We
assume it is negative, as a positive coupling drives the
transition to be of second order about p; = 0. This is certainly
not supported by numerical simulations on the lattice [1].

In Fig. 7 we show the behavior for a small, negative
value of the quartic coupling b;. We assume that |b,| is
small, so that implicitly we are near the GWW point.
Taking a fixed value of b; = —0.005, 7 = 0 and varying

0.08
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p1—1/2

0.04

0.02

1 1 1 1 1
-0.1 -0.08 —0.06 —=0.04 —0.02 0
b

(b) At the first-order phase transition point.

The dependence of the first Polyakov loop p; on the quartic coupling b; in zero external field: from bottom to top,

the quadratic term in p;, Figure 7(a) shows that at the
deconfining transition the first Polyakov loop jumps to a
value above %; the value that p; jumps to depends
upon s. The variation of p, —% with b, is illustrated in
Fig. 7(b).

In Fig. 8 we show how the position of the first-order line
changes with b; in zero external field, 2z = 0. The blue solid

0
N
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< _o1tk NS
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FIG. 8. The dependence of the first-order line in zero field,

h = 0: from left to right, s = 1, 2, 3, and 4. The blue solid line for
s = 1 corresponds to the red dashed line in Fig. 1.
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line for s = 1 corresponds to the red dashed line in Fig. 1.
The model dependence of the first-order transition line
is small.

V. CONCLUSIONS

After discussing the most general effective potential for
Polyakov loops in Sec. II, in Sec. III we showed that if
double trace terms dominate the potential, then one is
naturally led to a phase diagram in which the generalized
Gross-Witten-Wadia (GWW) transition, whose order is
larger than second, is ubiquitous. From Sec. II, there is
no generic reason why double trace terms should dominate.
However, as we discussed there, there are several cases in
which, rather unexpectedly, they do.

We then solved the models of Eq. (49) for s = 1,2, 3 and
4 in Sec. IV. We considered only simple forms of the
coefficients for the double trace terms, a,, = ¢, — d,,, where
the positive (negative) contribution is responsible for the
(de)confined phase. These models are illustrative, and not
representative. For example, in 3 + 1 dimensions, a term
with d,, ~ 1/n* arises perturbatively [36]. It is also neces-
sary to add a second, “confining” term, such as ¢, ~ 1/n?
[19,23,27,28]. In order to generate a deconfining transition,
by necessity the sign of the confining term must be opposite
to that of the perturbative term. In 2 4 1 dimensions, a term
with d, ~ 1/n? is similarly generated perturbatively [42].
From numerical simulations on the lattice [48], matrix
models with ¢, ~ 1/n? are also natural [29].

Our model in Sec. IV contains both the confining terms
¢, and the perturbative terms —d,,, but the latter consists
only of the first term —d; for the first Polyakov loop. The
matrix model with the full perturbative terms d, ~ 1/n?
with d =4 and the confining potential ¢, ~ 1/n* with
s = 2, relevant to 3 + 1 dimensions, was solved at large N
[19]. By comparing to the free energy for s = 2 in Eq. (99)
with that of Ref. [19], one finds it is identical up to the
leading nonanalytic term, v,6w’/?. This is expected
because the full coefficients a, = ¢, — d,, can be approxi-
mated as a, ~ ¢, for n > 2 below T,;. Therefore we expect
that for the matrix model with both the confining and full
perturbative terms, there is a region in the confined phase in
Fig. 1 where the approximation ¢, — d, ~ ¢, for s < d and
1 <n is valid, and thus our exact solution is a good
approximation for the full potential. It would be interesting
to check if this is indeed the case for the models relevant to
2 + 1 dimensions.

Our results show that the nature of phase transition
depends sensitively upon how close the theory is to a model
with only double trace terms. We studied this by adding a
quartic term for the first Polyakov loop, Eq. (49). Lattice
simulations for pure Yang-Mills theory at large N indicates
that the deconfining phase transition is of first order [1].
This implies that the quartic coupling is either zero or
negative. As shown in Sec. IV, at the GWW point the

expectation value of the first Polyakov loop equals % atT}.
Numerical simulations on the lattice find a result close to
this value [49], which suggests that the theory at large N is
close to the GWW point. This could be tested by adding
an external field for the first Polyakov loop and measuring
the free energy and its derivative as the external field is
varied. As seen in Figs. 3 and 5, these quantities change
dramatically about the GWW point. Alternately, one could
look for phase transitions as the lattice coupling is
varied [50].

Since heavy quarks act like a background magnetic field
for the first Polyakov loop [15], adding N flavors of heavy
quarks, with Ny ~ N — oo, also changes the phase diagram
in characteristic ways. For three colors and three flavors the
Columbia phase diagram [1] implies that as the quark mass
increases, a crossover becomes a first-order transition. As
illustrated in Fig. 9, for intermediate quark masses, where
there is a crossover for Ny = N = 3, there must be a line of
GWW transitions.

If the quartic coupling for the first Polyakov loop, by, is
positive, one ends with a second-order transition for
infinitely heavy quarks. If b; is negative, there is a line
of first-order transitions for sufficiently heavy quarks.

What is especially interesting is the third possibility: by,
and all associated couplings from three or more traces,
vanish. In that case, the line of GWW transitions continues
to infinite quark masses and ends with the critical first
order. That is, that the only terms which contribute to the
effective potential are those with double trace terms, i; =
—i, and j; = j, =1 in Eq. (19).

Such a limitation on the possible terms does not follow
merely from the global symmetry of Z(N), but must be a
larger symmetry special to infinite N. If this happens, and
the deconfining transition is critical first order at infinite N,
then even though the transition is of first order, one has a
conformally symmetric theory at 7). For an ordinary
second-order transition, continuity implies that the critical

GWW 1st
""""" s TLELLLLE] b1<0
2nd
Crossover 1st GwWwW Critical 1st
........... | ———— —__ m b1=0
2nd M=oo

GWW 2nd
--------- — b1>0

M=oco

(a) N=N;y=3 (b) N= Ny =00

FIG.9. Phase diagram as a function of heavy quark mass m. For
an infinite number of colors and flavors, the phase diagram
depends on the value of quartic coupling b, for the first Polyakov

loop p;.
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exponents, etc., are the same on either side of the phase
transition. In the present case, as the energy density and
order parameter are discontinuous at 7', it is even possible
that there is a different conformally symmetric theory at 7.
This cannot be studied in our models, since the free energy
is of order ~N? above T, and only ~1 below.

While base speculation, gauge theories are objects of
singular beauty, especially in the limit of infinite N.
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APPENDIX A: LARGE N PERTURBATION
THEORY IN THE PRESENCE OF THE
BACKGROUND FIELD

It is interesting to consider whether the simple structure
of Eq. (20) persists to higher loop order. It is well known
that because of infrared divergences in 3 + 1 dimensions at
nonzero temperature, the free energy is a power series not

in ¢, but in \/972 At nonzero temperature, gluons have
Euclidean energies = 2z7n, where n is an integer,
n=0,%1,+2.... Static modes with n =0 have zero
energy at tree level. At one loop order the static modes
develop a thermal (Debye) mass ~gT. Integration over
these modes in three spatial dimensions gives a term in the
free energy ~T(gT)* ~ ¢*T*. Beyond ~g’, higher-order
corrections to the free energy are ~¢*, ¢°, etc.'

This power counting changes in the presence of a
background field for the thermal Wilson line. For a constant
background field Aj ~T60'67/g, gluon modes in the
adjoint  representation have  Euclidean energies
~T(27zn 4 6; — 6;). Consequently, assuming a general
background field with 6; # 6;, the energy of off-diagonal
gluons is always nonzero, even if n =0. In contrast,
diagonal gluons are insensitive to the background field
and have modes with zero energy.

Consider, however, the free energy in the limit of large
N. There are ~N? off-diagonal gluons, and only ~N
diagonal gluons. Thus only off-diagonal gluons contribute
to the term in the free energy ~N2, and for this term the free
energy is a power series in ¢?N. This assumes, of course,
that the 6, are not small, |0;| > ¢.

It would be useful to compute the effective potential for a
thermal Wilson line to three loop order at large N, ~g*N?

' Additionally, there is a logarithmic dependence on g.

[51]. The leading terms at large N can, but need not, include

terms with four traces. As we saw in this paper, terms with

(2.2)

four traces, a (-1 = = b # 0, greatly affect the properties of

the deconfining phase transition.

APPENDIX B: ALTERNATIVE FORM OF THE
FREE ENERGY Fyww

In this Appendix, we show another way to compute the
free energy for the GWW potential based on the paper [2].
The potential given in Eq. (35) can be written in terms of
the eigenvalue density as

Voww = [ a0p(6) [ a0p(@) > a,costnt@- )
n=1

—_2h / d0p(6) cos 6, (B1)

where a, > 0. The equation of motion can be found
by taking a functional derivative §Vgww/50(x) as in
Sec. IV B:

0= / do'p(0) f: na, sin(n(@—@')) — hsing. (B2)

n=1
We integrate it with respect to 6,
C= / d0'p(0) > a,cos(n(0 —0)) — hcos. (B3)
n=1
where C is a constant. By setting 6§ = 0, we have

C= /d@’p(@’) i a, cos(nd’) — h.

n=1

(B4)

Substituting this into Eq. (B3) and integrating it with
J dBp(6), we have

/ dop(0) / do/'p(0') f:an cos(n(6 - 0"))
n=1
= /d&p(@) io: a, cos(n@) + h(p; — 1). (B5)

Here p is the solution for the equation of motion. Therefore
using this expression into Eq. (B1), we obtain the free
energy

Foww(h) = /dep Za cos(n) — h(p, + 1)

Z APy —

h(p; +1). (B6)

This agrees with Eqgs. (31) and (32) when Vg is given as
in Eq. (35).

036014-16



FINITE-TEMPERATURE PHASE TRANSITIONS OF THIRD ...

PHYS. REV. D 97, 036014 (2018)

[1] B. Lucini and M. Panero, Phys. Rep. 526, 93 (2013); Prog.
Part. Nucl. Phys. 75, 1 (2014).

[2] E. Brezin, C. Itzykson, G. Parisi, and J. Zuber, Commun.
Math. Phys. 59, 35 (1978).

[3] D. Gross and E. Witten, Phys. Rev. D 21, 446 (1980); S. R.
Wadia, Phys. Lett. B 93, 403 (1980).

[4] C.B. Lang, P. Salomonson, and B.S. Skagerstam, Nucl.
Phys. B190, 337 (1981); P. Menotti and E. Onofri, Nucl.
Phys. B190, 288 (1981).

[5] J.Jurkiewicz and K. Zalewski, Nucl. Phys. B220, 167 (1983).

[6] F. Green and F. Karsch, Nucl. Phys. B238, 297 (1984).

[7] P.H. Damgaard and A. Patkos, Phys. Lett. B 172, 369
(1986).

[8] S.I. Azakov, P. Salomonson, and B. S. Skagerstam, Phys.
Rev. D 36, 2137 (1987).

[9] K. Demeterfi, N. Deo, S. Jain, and C.-1. Tan, Phys. Rev. D 42,
4105 (1990); J. Jurkiewicz, Phys. Lett. B 245, 178 (1990).

[10] B. Sundborg, Nucl. Phys. B573, 349 (2000).

[11] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas, and
M. Van Raamsdonk, Adv. Theor. Math. Phys. 8, 603 (2004);
Phys. Rev. D 71, 125018 (2005).

[12] A. Dumitru, Y. Hatta, J. Lenaghan, K. Orginos, and R. D.
Pisarski, Phys. Rev. D 70, 034511 (2004).

[13] A. Dumitru, J. Lenaghan, and R. D. Pisarski, Phys. Rev. D
71, 074004 (2005).

[14] L. Alvarez-Gaume, C. Gomez, H. Liu, and S.R. Wadia,
Phys. Rev. D 71, 124023 (2005).

[15] H.J. Schnitzer, Nucl. Phys. B695, 267 (2004).

[16] T.J. Hollowood and J. C. Myers, J. High Energy Phys. 11
(2009) 008; S. Hands, T.J. Hollowood, and J. C. Myers,
J. High Energy Phys. 07 (2010) 086; T.J. Hollowood, S. P.
Kumar, and J. C. Myers, J. High Energy Phys. 11 (2011)
138; T. J. Hollowood and J. C. Myers, J. High Energy Phys.
10 (2012) 067.

[17] M. C. Ogilvie, J. Phys. A 45, 483001 (2012).

[18] Y. Liu, P. Warchol, and I. Zahed, Phys. Lett. B 753, 65
(2016).

[19] R. D. Pisarski and V. V. Skokov, Phys. Rev. D 86, 081701
(2012); S. Lin, R. D. Pisarski, and V. V. Skokov, Phys. Rev.
D 87, 105002 (2013).

[20] K. Fukushima and V. Skokov, Prog. Part. Nucl. Phys. 96,
154 (2017).

[21] G. Mandal, M. Mahato, T. Morita, J. High Energy Phys. 02
(2010) 034.G. Mandal and T. Morita, Phys. Rev. D 84,
085007 (2011).T. Azuma, T. Morita, S. Takeuchi, Phys.
Rev. Lett. 113, 091603 (2014).

[22] R. D. Pisarski, Phys. Rev. D 62, 111501 (2000); A. Dumitru
and R. D. Pisarski, Phys. Lett. B 525, 95 (2002); Phys. Rev.
D 66, 096003 (2002); O. Scavenius, A. Dumitru, and J.
Lenaghan, Phys. Rev. C 66, 034903 (2002).

[23] P.N. Meisinger, T. R. Miller, and M. C. Ogilvie, Phys. Rev.
D 65, 034009 (2002).

[24] A.Dumitru, R. D. Pisarski, and D. Zschiesche, Phys. Rev. D
72, 065008 (2005); M. Oswald and R.D. Pisarski, Phys.
Rev. D 74, 045029 (2006).

[25] R. D. Pisarski, Phys. Rev. D 74, 121703 (2006).

[26] A. Dumitru and D. Smith, Phys. Rev. D 77, 094022 (2008);
D. Smith, A. Dumitru, R. Pisarski, and L. von Smekal, Phys.
Rev. D 88, 054020 (2013).

[27] A. Dumitru, Y. Guo, Y. Hidaka, C. P. Korthals Altes, and
R. D. Pisarski, Phys. Rev. D 83, 034022 (2011); 86, 105017
(2012).

[28] K. Kashiwa, R. D. Pisarski, and V. V. Skokov, Phys. Rev. D
85, 114029 (2012).

[29] P. Bicudo, R.D. Pisarski, and E. Seel, Phys. Rev. D 88,
034007 (2013); 89, 085020 (2014).

[30] C. Gale, Y. Hidaka, S. Jeon, S. Lin, J.-F. Paquet,
R.D. Pisarski, D. Satow, V. V. Skokov, and G. Vujanovic,
Phys. Rev. Lett. 114, 072301 (2015); Y. Hidaka, S. Lin,
R.D. Pisarski, and D. Satow, J. High Energy Phys. 10
(2015) 005.

[31] R.D. Pisarski and V. V. Skokov, Phys. Rev. D 94, 034015
(2016).

[32] J.C. Myers and M. C. Ogilvie, Phys. Rev. D 77, 125030
(2008); J. High Energy Phys. 07 (2009) 095; M. C. Ogilvie,
P.N. Meisinger, and J.C. Myers, Proc. Sci., LAT2007
(2007) 213 [arXiv:0710.0649].

[33] H. Nishimura, M.C. Ogilvie, and K. Pangeni, Phys.
Rev. D 90, 045039 (2014); 91, 054004 (2015); 93,
094501 (2016).

[34] C.P. Korthals Altes, Nucl. Phys. B420, 637 (1994).

[35] C.B. Thorn, Phys. Lett. B 99, 458 (1981).

[36] D.J. Gross, R. D. Pisarski, and L. G. Yaffe, Rev. Mod. Phys.
53, 43 (1981).

[37] N. Weiss, Phys. Rev. D 24, 475 (1981).

[38] T. Bhattacharya, A. Gocksch, C. P. Korthals Altes, and R. D.
Pisarski, Phys. Rev. Lett. 66, 998 (1991); Nucl. Phys. B383,
497 (1992).

[39] A. Dumitru, Y. Guo, and C. P. Korthals Altes, Phys. Rev. D
89, 016009 (2014); Y. Guo, J. High Energy Phys. 11 (2014)
111.

[40] K. Enqvist and K. Kajantie, Z. Phys. C 47, 291 (1990).

[41] V.M. Belyaev, Phys. Lett. B 254, 153 (1991).

[42] C. Korthals Altes, A. Michels, M. A. Stephanov, and M.
Teper, Phys. Rev. D 55, 1047 (1997).

[43] L. Del Debbio and A. Patella, J. High Energy Phys. 03
(2009) 071.

[44] E. Poppitz, T. Schaifer, and M. Unsal, J. High Energy Phys.
10 (2012) 115; M. M. Anber, E. Poppitz, and B. Teeple,
J. High Energy Phys. 09 (2014) 040; M. M. Anber and
V. Pellizzani, Phys. Rev. D 96, 114015 (2017).

[45] M. Anber and A. Cherman (private communication).

[46] P. Henrici, Applied and Computational Complex Analysis.
Vol. 3: Discrete Fourier Analysis; Cauchy Integrals;
Construction of Conformal Maps—Univalent Functions
(John Wiley & Sons, Inc., New York, 1986).

[47] N.I.  Muskhelishvili, Singular Integral — Equations
(P. Noordhoff Ltd., Groningen, The Netherlands, 1953).

[48] M. Caselle, L. Castagnini, A. Feo, F. Gliozzi, and M.
Panero, J. High Energy Phys. 06 (2011) 142; M. Caselle,
L. Castagnini, A. Feo, F. Gliozzi, U. Giirsoy, M. Panero,
and A. Schifer, J. High Energy Phys. 05 (2012) 135.

[49] A. Mykkanen, M. Panero, and K. Rummukainen, J. High
Energy Phys. 05 (2012) 069.

[50] F. Bursa and M. Teper, Phys. Rev. D 74, 125010
(2006).

[51] H. Nishimura and V. V. Skokov (to be published).

036014-17


https://doi.org/10.1016/j.physrep.2013.01.001
https://doi.org/10.1016/j.ppnp.2014.01.001
https://doi.org/10.1016/j.ppnp.2014.01.001
https://doi.org/10.1007/BF01614153
https://doi.org/10.1007/BF01614153
https://doi.org/10.1103/PhysRevD.21.446
https://doi.org/10.1016/0370-2693(80)90353-6
https://doi.org/10.1016/0550-3213(81)90564-2
https://doi.org/10.1016/0550-3213(81)90564-2
https://doi.org/10.1016/0550-3213(81)90560-5
https://doi.org/10.1016/0550-3213(81)90560-5
https://doi.org/10.1016/0550-3213(83)90221-3
https://doi.org/10.1016/0550-3213(84)90452-8
https://doi.org/10.1016/0370-2693(86)90272-8
https://doi.org/10.1016/0370-2693(86)90272-8
https://doi.org/10.1103/PhysRevD.36.2137
https://doi.org/10.1103/PhysRevD.36.2137
https://doi.org/10.1103/PhysRevD.42.4105
https://doi.org/10.1103/PhysRevD.42.4105
https://doi.org/10.1016/0370-2693(90)90130-X
https://doi.org/10.1016/S0550-3213(00)00044-4
https://doi.org/10.4310/ATMP.2004.v8.n4.a1
https://doi.org/10.1103/PhysRevD.71.125018
https://doi.org/10.1103/PhysRevD.70.034511
https://doi.org/10.1103/PhysRevD.71.074004
https://doi.org/10.1103/PhysRevD.71.074004
https://doi.org/10.1103/PhysRevD.71.124023
https://doi.org/10.1016/j.nuclphysb.2004.06.057
https://doi.org/10.1088/1126-6708/2009/11/008
https://doi.org/10.1088/1126-6708/2009/11/008
https://doi.org/10.1007/JHEP07(2010)086
https://doi.org/10.1007/JHEP11(2011)138
https://doi.org/10.1007/JHEP11(2011)138
https://doi.org/10.1007/JHEP10(2012)067
https://doi.org/10.1007/JHEP10(2012)067
https://doi.org/10.1088/1751-8113/45/48/483001
https://doi.org/10.1016/j.physletb.2015.11.078
https://doi.org/10.1016/j.physletb.2015.11.078
https://doi.org/10.1103/PhysRevD.86.081701
https://doi.org/10.1103/PhysRevD.86.081701
https://doi.org/10.1103/PhysRevD.87.105002
https://doi.org/10.1103/PhysRevD.87.105002
https://doi.org/10.1016/j.ppnp.2017.05.002
https://doi.org/10.1016/j.ppnp.2017.05.002
https://doi.org/10.1007/JHEP02(2010)034
https://doi.org/10.1007/JHEP02(2010)034
https://doi.org/10.1103/PhysRevD.84.085007
https://doi.org/10.1103/PhysRevD.84.085007
https://doi.org/10.1103/PhysRevLett.113.091603
https://doi.org/10.1103/PhysRevLett.113.091603
https://doi.org/10.1103/PhysRevD.62.111501
https://doi.org/10.1016/S0370-2693(01)01424-1
https://doi.org/10.1103/PhysRevD.66.096003
https://doi.org/10.1103/PhysRevD.66.096003
https://doi.org/10.1103/PhysRevC.66.034903
https://doi.org/10.1103/PhysRevD.65.034009
https://doi.org/10.1103/PhysRevD.65.034009
https://doi.org/10.1103/PhysRevD.72.065008
https://doi.org/10.1103/PhysRevD.72.065008
https://doi.org/10.1103/PhysRevD.74.045029
https://doi.org/10.1103/PhysRevD.74.045029
https://doi.org/10.1103/PhysRevD.74.121703
https://doi.org/10.1103/PhysRevD.77.094022
https://doi.org/10.1103/PhysRevD.88.054020
https://doi.org/10.1103/PhysRevD.88.054020
https://doi.org/10.1103/PhysRevD.83.034022
https://doi.org/10.1103/PhysRevD.86.105017
https://doi.org/10.1103/PhysRevD.86.105017
https://doi.org/10.1103/PhysRevD.85.114029
https://doi.org/10.1103/PhysRevD.85.114029
https://doi.org/10.1103/PhysRevD.88.034007
https://doi.org/10.1103/PhysRevD.88.034007
https://doi.org/10.1103/PhysRevD.89.085020
https://doi.org/10.1103/PhysRevLett.114.072301
https://doi.org/10.1007/JHEP10(2015)005
https://doi.org/10.1007/JHEP10(2015)005
https://doi.org/10.1103/PhysRevD.94.034015
https://doi.org/10.1103/PhysRevD.94.034015
https://doi.org/10.1103/PhysRevD.77.125030
https://doi.org/10.1103/PhysRevD.77.125030
https://doi.org/10.1088/1126-6708/2009/07/095
http://arXiv.org/abs/0710.0649
https://doi.org/10.1103/PhysRevD.90.045039
https://doi.org/10.1103/PhysRevD.90.045039
https://doi.org/10.1103/PhysRevD.91.054004
https://doi.org/10.1103/PhysRevD.93.094501
https://doi.org/10.1103/PhysRevD.93.094501
https://doi.org/10.1016/0550-3213(94)90081-7
https://doi.org/10.1016/0370-2693(81)91179-5
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/PhysRevD.24.475
https://doi.org/10.1103/PhysRevLett.66.998
https://doi.org/10.1016/0550-3213(92)90086-Q
https://doi.org/10.1016/0550-3213(92)90086-Q
https://doi.org/10.1103/PhysRevD.89.016009
https://doi.org/10.1103/PhysRevD.89.016009
https://doi.org/10.1007/JHEP11(2014)111
https://doi.org/10.1007/JHEP11(2014)111
https://doi.org/10.1007/BF01552353
https://doi.org/10.1016/0370-2693(91)90412-J
https://doi.org/10.1103/PhysRevD.55.1047
https://doi.org/10.1088/1126-6708/2009/03/071
https://doi.org/10.1088/1126-6708/2009/03/071
https://doi.org/10.1007/JHEP10(2012)115
https://doi.org/10.1007/JHEP10(2012)115
https://doi.org/10.1007/JHEP09(2014)040
https://doi.org/10.1103/PhysRevD.96.114015
https://doi.org/10.1007/JHEP06(2011)142
https://doi.org/10.1007/JHEP05(2012)135
https://doi.org/10.1007/JHEP05(2012)069
https://doi.org/10.1007/JHEP05(2012)069
https://doi.org/10.1103/PhysRevD.74.125010
https://doi.org/10.1103/PhysRevD.74.125010

