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We study the operators in the large N tensor models, focusing mostly on the fermionic quantum
mechanics with O(N)3 symmetry which may be either global or gauged. In the model with global
symmetry, we study the spectra of bilinear operators, which are in either the symmetric traceless or the
antisymmetric representation of one of the O(N) groups. In the symmetric traceless case, the spectrum of
scaling dimensions is the same as in the Sachdev-Ye-Kitaev (SYK) model with real fermions; it includes
the & = 2 zero mode. For the operators antisymmetric in the two indices, the scaling dimensions are the
same as in the additional sector found in the complex tensor and SYK models; the lowest 1 = 0 eigenvalue
corresponds to the conserved O(N) charges. A class of singlet operators may be constructed from
contracted combinations of m symmetric traceless or antisymmetric two-particle operators. Their two-point
functions receive contributions from m melonic ladders. Such multiple ladders are a new phenomenon in
the tensor model, which does not seem to be present in the SYK model. The more typical 2k-particle
operators do not receive any ladder corrections and have quantized large N scaling dimensions k/2. We
construct pictorial representations of various singlet operators with low k. For larger k, we use available
techniques to count the operators and show that their number grows as 2€k!. As a consequence, the theory
has a Hagedorn phase transition at the temperature which approaches zero in the large N limit. We also
study the large N spectrum of low-lying operators in the Gurau-Witten model, which has O(N)® symmetry.
We argue that it corresponds to one of the generalized SYK models constructed by Gross and Rosenhaus.
Our paper also includes studies of the invariants in large N tensor integrals with various symmetries.

DOI: 10.1103/PhysRevD.97.026016

I. INTRODUCTION AND SUMMARY

Models where the degrees of freedom are tensors of rank
r > 2 offer the possibility of large N limits dominated by
the so-called melon diagrams, if the interactions are chosen
appropriately [1-11]. In models where the tensor indices
are distinguishable, so that the symmetry group is O(N)"
for example, the proofs of melonic limits have been
available for several years.l During the recent months,
interest in the melonic large N tensor models has been
boosted by their connections [17,18] with the Sachdev-
Ye-Kitaev model [19-22] and its generalizations [23], as
well as by connections with the large N matrix models [24].
In particular, the Schwinger-Dyson (S-D) equations which

"There is recent evidence [12,13] that the melon dominance
extends even to theories with a single O(N) symmetry group,
which are similar to the tensor models [14—16] considered in the
early 1990s.
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determine the scaling dimensions of a class of bilinear
operators [22,23,25-27] have been shown to be identical in
the tensor and Sachdev-Ye-Kitaev (SYK) models [18].

In this paper, we continue exploration of the large N
tensor models, in particular the O(N)? symmetric model of
Ref. [18], which appears to be the minimal quantum
mechanical model possessing the melonic limit.> This
model has N° anticommuting degrees of freedom, y°,
where a,b,c =1,...,N. In the model with global sym-
metry, the operators may be classified according to the
group representations. In Sec. III, we study the spectra of
two-particle operators, which are either symmetric traceless
or antisymmetric under two indices belonging to the same
O(N) group. We find that the spectrum of symmetric
traceless operators (3.5) is the same as that in the SYK
model with real fermions; in particular, it includes the
h = 2 zero mode which plays an important role in the dual
gravitational dynamics [28-30]. While in the SYK model
there is one h = 2 zero mode, in the O(N)? tensor model, it
appears with multiplicity 143 (N —1)(N +2). For the

*Our work may be generalized to similar models with higher
rank tensors, but we will not do this explicitly here.
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operators antisymmetric in the two indices (3.6), the
spectrum is identical to the additional sector found in the
complex tensor and SYK models [18,31-36]; it includes
the 7=0 eigenvalue with multiplicity 3N(N—1) corre-
sponding to the conserved O(N)* charges.

An attractive feature of the tensor models is that the
global symmetry may be gauged [17,18]; this restricts the
operator spectrum to the invariant ones only. The “Regge
trajectory” of two-particle operators yc9?"lyabe g
clearly not the full set of O(N)? invariant operators; there
are vastly more operators which may be constructed by
multiplying an even number of tensors and contracting all
the indices [18]. In Sec. IV, we explicitly construct and
draw pictorial representations of such operators (these
pictures are analogous to the Feynman diagrams in the
theory of three scalar fields ¢; with interaction vertex
@1¢2¢3). Using the techniques developed in Refs. [37-40]
(see also Ref. [41]), we will calculate the number of (2k)-
particle operators and show that it grows asymptotically as
2kk!. As a consequence, the theory has a Hagedorn phase
transition at the temperature ~1/log N, which we discuss
in Sec. IX. Our work is similar in spirit to the classification
of invariants in the d = 0 tensor models [2,42-46], but
some of our specific results appear to be new. Working with
the quantum mechanical model of real 3-tensors introduces
some subtleties and cancellations: for example, in the
O(N)? fermionic model all the six-particle operators vanish
due to the Fermi statistics, while the number of ten-particle
operators is strongly reduced compared to the similar
bosonic model. In Sec. VIII, we also count the invariants
in d = 0 bosonic models. In addition to the real tensors
with O(N)? symmetry, we study the complex tensor
theories with U(N)? and U(N)?> x O(N) symmetries, as
well as the symmetric traceless and fully antisymmetric
rank-3 tensors under a single O(N) group.

Beyond classifying the invariant operators, it is impor-
tant to determine their infrared scaling dimensions. We
begin work on this in Sec. V and point out that there is a
large class of 2k-particle operators of which the large N
scaling dimensions are simply additive, i.e. k/2. This is
because the melonic ladders contribute only to 1/N
corrections. However, although less generic, there are
operators of which the dimensions are not simply quan-
tized. While the Regge trajectory operators studied in
Refs. [18,22,23,25-27] receive single ladder contributions,
there are operators of which the two-point functions have
multiladder contributions. Since a ladder may contain an
h = 2 zero mode, the m-ladder diagram seems to produce a
low-temperature enhancement by (3J)™. This may be an
important physical effect in the melonic tensor models, the
detailed analysis of which we leave for the future.

Besides our analysis of the spectra of O(N)* symmetric
models, we make some comments about the O(N)®
symmetric Gurau-Witten model [17]. Some features of
its spectrum are identical to those in the g =4, f =4

Gross-Rosenhaus flavored generalization [23] of the SYK
model. The connections of the Gurau-Witten model with
this Gross-Rosenhaus model have been also noted using
combinatorial analysis in Ref. [47].

After this paper was completed, we became aware of the
interesting Ref. [48], which has some overlap with our
results.

IL. COMMENTS ON THE O(N)* SYMMETRIC
FERMIONIC TENSOR QUANTUM MECHANICS

Let us consider the quantum mechanical model of a real
anticommuting 3-tensor y**¢ with the action [18]

S = / dt <%Wabcatl//abc +%gl//“‘blcl Walbzczwazb,czwazbm) .

(2.1)

The three indices, each of which runs from 1 to N, are
treated as distinguishable, and the Majorana fermions
satisfy the anticommutation relations
{V/abc l//a’b’c’} —_ 5aa’5bb’5cc" (22)
This model is a somewhat simplified version of the O(N)®
symmetric Gurau-Witten model [17]. Both are in the class
of 3-tensor models which possess a “melonic” large N limit
where J = gN3/? is held fixed [1-11]. The large N model is

nearly conformal in the IR [19,22]; for example, the two-
point function is

(T(p (1, )y (1))

— _gad gbb' scc’ (

1 V4sgn(r —t
4rng°N 1 = 1]'/?

The model (2.1) has the O(N); x O(N), x O(N),
symmetry under the replacement3

Wabc N M?a’Mgb’Mgc’Wa’b’c” (24)

M,€O(N),, M,e€O(N),, M;€O0(N);. (2.5)
As far as the group O(N), is concerned, we may think of b
and ¢ as flavor indices; therefore, y?¢ produces N? flavors
of real fermions in the fundamental of O(N),. An analo-
gous picture applies to O(N), and O(N);. The three sets of

SO(N) symmetry charges are

*More generally, we could consider a model with O(N;) x
O(N,) x O(N3) symmetry, where a runs from 1 to Ny, b runs
from 1 to N,, and ¢ runs from 1 to N5. This may be thought of as
a model of a large number N, of N| x N; matrices [24].
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1111112 — é [1//111170’ l//azbc]’
1271b2 _ % [wab]c’ Wabzc]’

glcz — i [l//abcl , wuhcz]‘

: (2.6)

The gauging of SO(N), x SO(N), x SO(N); sets these
charges to zero; this restricts the operators to the invariant
ones, where all the indices are contracted. In the ungauged
model (2.1), a more general class of operators is allowed,
and they can be classified according to representations of
the SO(N); x SO(N), x SO(N)j;.

Each O(N) group includes parity transformations (axis
reflections) P, : for a given ag, P, sends yP¢ — —ybe
for all b, ¢ and leaves all w“’¢ a, # a, invariant. In a
physical language, these are “big” gauge transformations,
and operators should be invariant under them. Therefore,
we can build operators using y**¢ and the delta symbol 5¢
only. In the case of the SO(N) gauge group, one can use the
fully antisymmetric tensor €, . as well; it is invariant
under SO(N) but changes its sign under the parity trans-
formations. Because of this, there are additional “long”
operators containing at least N fields, like

a:bic;

N
Olong = €a,...anb,...byEc...cy HV/ R (27)
J=1

The difference between gauging O(N) and SO(N)
becomes negligible in the large N limit.

Let us define three operations which permute pairs
of the O(N) symmetry groups (and thus interchange
indices in the tensor field), while also reversing the
direction of time,

Sap s Wb — ybac, = —t; (2.8)
Spet Wb — yaeh, t— —t; (2.9)
et Wb — ycha, t— —t. (2.10)

Each of these transformations preserves the equations of

motion for the y* field,

ll'/ahc — ig(l//3)“h", (WS)abc = l[/ahlcll//a'bcll//ulblc.
(2.11)

The Hamiltonian, including a quantum shift due to (2.2),

1 gN*
— _ _ qyabiciyaibycoy arbicry arbyey 97T
H yeid Y 74 Y + 16
- _ %g[l[/ulhlcl , l[/alhzcz} [wuzhlcz’ l//uzhzcl], (212)

changes sign under each of the transformations s, Spc» S4¢
(this is discussed in Sec. IV). This means that these
transformations are unitary; they preserve ef’’. In contrast,
the usual time reversal transformation is antiunitary
because it also requires complex conjugation i — —i.

The O(N)? invariant operators form representations under
the permutation group S3, which acts on the three O(N)
symmetry groups (it contains the elements s, 5., and s,..).
For example, H is in the degree 1 “sign representation” of
S3; it changes sign under any pair interchange but preserves
its sign under a cyclic permutation.

It is also interesting to study the spectrum of eigenstates
of the Hamiltonian for small values of N; first steps on this
were made in Refs. [49-51]. When gauging the O(N)?
symmetry, one needs to worry about the Z, anomaly, which
affects the gauged O(N) quantum mechanics with an odd
number of flavors of real fermions in the fundamental
representation [52,53]. Since for each of the three O(N)
groups we find N2 flavors of fundamental fermions, the
gauged model is consistent for even N but is anomalous for
odd N.* This means that, for odd N, the spectrum does not
contain states which are invariant under O(N)? (for N = 3,
this can be seen via an explicit diagonalization of the
Hamiltonian (2.12) [49]).

III. COMPOSITE OPERATORS AND
SCHWINGER-DYSON EQUATIONS

The scaling dimensions of a class of bilinear operators
may be extracted from the four-point function [18]

(e (t)y e (6)pPe )y (1)) (3.1)
and factorizing it in the channel where t; — t, and #3 — #,.
A class of melonic ladder graphs appears in this channel
in the large N limit; it may be summed by means of a
Schwinger-Dyson equation. The singlet bilinear operators

abe g2n+1 n=0,1,2,...

O, =w pere, (3.2)
form a Regge trajectory. Their scaling dimensions are the
same as in the SYK model [19,22], and they have been
extensively analyzed in the literature [23,25-27]. The

dimensions are determined by the equation

3tan(§ (h —3))

9(h) = =3 hoin - (3.3)

and the first few solutions are h = 2,3.77,5.68, .... As
pointed out in Ref. [18], the model also contains a
multitude of multiparticle singlet operators. As we will
see, some special combinations of the multiparticle

*We are grateful to E. Witten for pointing this out to us.
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1)

FIG. 1. A ladder contribution to the two-point function of a
bilinear operator with two pairs of indices contracted, O°2. It is
not suppressed in the large N limit.

operators are related by the equations of motion to the
operators (3.2), but most multiparticle operators are genu-
inely new.

Interestingly, there are also certain nonsinglet operators
which are renormalized by the melonic ladder diagrams.
This can be seen, for example, from the four-point function

ajbyc; arbc aybycy aybycy

(v (t)w (t2)w (1) (t4)) (3.4)
factorized in the channel #; - #, and #; — #4. As shown
in Fig. 1, all the melonic ladders again make nonvanishing
contributions in the large N limit. Here, we find two
classes of nonsinglet bilinear operators: those symmetric
and traceless in a; and a, and those antisymmetric. The
1

5(N=1)(N +2) symmetric traceless operators under

O(N);,

01(1‘11“2) — wa,bc'athJrll//uzhc 4 wazhcatzn+1y/albc

2
_ ﬁéalazy/abcagnﬁ—lwabc, (35)

where n = 0, 1, 2, ..., have the same spectrum as the singlet
bilinears (3.2), which is determined by (3.3). Of course,

there are analogous operators o012 and 091 that are
symmetric traceless under O(N), and O(N )5, respectively.
Thus, the symmetric traceless operators present in the
ungauged model contain the h =2 zero mode with
multiplicity 3 (N —1)(N +2); this appears to imply a
significant physical difference between the ungauged
O(N)* model and the SYK model.” While in the gauged
model such bilinear operators are projected out, we may
form singlet combinations out of their products; such
operators have an interesting feature that they are renor-
malized by multiple ladders. For example, in Sec. V. we
will encounter operators related by the equation of motion
to O(()a‘“Z)Oéa‘aZ), so they are renormalized by double
ladders. The pictorial representations of these operators
may be found in column 2 of Fig. 9.

There are also the J N(N — 1) operators in the antisym-
metric two-index representation of O(N),,

*We are grateful to Shiraz Minwalla for very useful discussions
on this; see Ref. [48].

OL“I“Z] — l//albca%nwuzhc _ l//azbca%nl//alhc7 (36)
and the analogous antisymmetric operators under O(N),
and O(N);. The Schwinger-Dyson equations for these
operators are identical to the “symmetric sector" of the
complex tensor model [18,31-36]. Their scaling dimen-
sions are determined by

- 1tan(5 (h + %))
g(h) = _EW =1. (3.7)
The first few solutions of this equation are 7 = 0,2.65,
4.58,..., and each one appears with multiplicity
3N(N — 1). The spectrum includes the special 2 = 0 mode
corresponding here to the n = 0 operators, which are the
O(N)? charges (2.6).

The four-point function (3.4) may also be factorized in
the channel #; — #; and 7, — t4. This leads to the spectrum
of operators

byc\b
Omlcl 2C2 z//“bICl@;"y/“”ZCZ.

(3.8)
We can see from Fig. 2 that the ladder contribution to this
operator is subleading in 1/N; the rightmost diagram is of
ladder type and is ~¢g?>N?, which is suppressed by a power
of N relative to the other two diagrams. Therefore, the large
N scaling dimensions of these operators are 1/2 + m.

We will adopt a pictorial representation of the operators
where the ¢ fields are shown as the vertices. The a-
indices which transform under O(N), are shown by red
lines, the b-indices which transform under O(N), are
shown by blue lines, and the c-indices which transform
under O(N); are shown by green lines. For example, the
three charges (2.6) are shown in Fig. 3.

IV. CONSTRUCTION OF O(N)3
INVARIANT OPERATORS

In this section, we study the spectrum of O(N)? invariant
operators. Since a time derivative may be removed using
the equations of motion (2.11), we may write the operators
in a form in which no derivatives are present. The bilinear
singlet operator, b, vanishes classically by the
Fermi statistics, while at the quantum level taking into
account (2.2), it is a C-number. The first nontrivial
operators appear at the quartic level and are shown in
Fig. 4 (from here on, we will not be careful about the
quantum corrections to operators).

On the left is the “tetrahedron operator” Oy,, Which is
proportional to the Hamiltonian (2.12):

— yyaibiciy aibycoy, arbicyy arbyc
Oretra = Whbhrcnyabacay by arbrcy (41)

One can check that

026016-4
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FIG.2. Different contributions to the two-point function of a bilinear operator with one pair of indices contracted, Ohi€172%2 The ladder
diagrams, such as the rightmost figure, are suppressed in the large N limit.

AL O KO

Qe Q™ Q5"
FIG. 3. The O(N),, O(N),, and O(N); charges.
C1 ay bl (6]
b1
aif p as b c a az b 2
Co
1) ) ()
Otetra Opillow Opillow Opillow

FIG. 4. All the four-particle operators, the tetrahedron and the
three pillows, with the index contractions shown explicitly.

_ b b b b
stOtelra — ll/alcl 1Wa102 zll/azcz ll//llzcl 2

— walb]clWu]bzczlllazbzclwazb]cz — _Otetra (42)
and also that 5,0 s = —Orerra AN 54 Oetra = — O'etra-
Thus, the tetrahedron operator O, is in the degree 1 sign
representation of S3; it changes sign under any pair
interchange but preserves its sign under a cyclic
permutation.

The three additional operators in Fig. 4, which we denote

1 2 3
as 0]()il)low’ Oéil)low’ and O]E)il)low’
the terminology of Refs. [6,10]; they contain double lines
)

pillow>

are the “pillow” operators in

between a pair of vertices. For example, for O we have

ol

— _ya1bicyy,a0b cpy,a1b500,,,a,0507
pillow yr Yy v v

— Q({llaz QT]aZ-
(4.3)

Under the S3, the three pillow operators decompose into
the trivial representation of degree 1 and the standard
representation of degree 2. Since the charges (2.6)
commute with the Hamiltonian (2.12), so does each of
the three pillow operators. This means that the scaling
dimensions of the pillow operators are unaffected by the
interactions; i.e., they vanish. In fact, the three pillow
operators are simply the quadratic Casimir operators of
the three O(N) groups.® The gauging of O(N)? symmetry

®We thank Dan Roberts and Douglas Stanford for discussions
on this.

sets the charges (2.6) to zero, so the pillow operators do
not appear in the gauged model.

Using the equations of motion (2.11) we see that the
operator Oy, 1s related by the equation of motion to the
operator y®¢9,y"c,

abc( abc

Oretra = W ()" o <0y, (4.4)
If we iterate the use of the equation of motion (2.11), then
all derivatives in an operator may be traded for extra y
fields. Thus, a complete basis of operators may be con-
structed by multiplying some number 2k of y fields and
contracting all indices. In this approach, there is a unique
operator with k = 2(n + 1) which is equal to the Regge
trajectory operator y?¢ 92" ly2b¢_ For n = 0, this operator
1S Oypa» Which is proportional to the Hamiltonian; for
n =1, it will be constructed explicitly in Sec. IVA.

All the six-particle operators are represented in Fig. 5,
but due to the Fermi statistics, all of them vanish. Even if
this were not the case, the operators in the first three
columns would vanish in the gauged model because they
contain insertions of the charges (2.6). Let us demonstrate
the vanishing of the two operators in the last column in

detail. The first operator
0(61) — l//alblclV/albzczl//azblczy/azb3c3wa3b3cll//a3bzc3 (45)

may be written as

7
X

LG
JJU
1414

FIG.5. All six-particle operators. They are present in the scalar
model but vanish in the fermionic model.

026016-5
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I KX

XY

FIG. 6. Some ten-particle operators which vanish in the fermionic model.

Oél) _ (W3)u2b2c| (w3)azh2c| —0. (4.6)
This may be seen by cutting the diagram for this operator in
Fig. 5 along the vertical symmetry axis. To show that

0(62) — walb]clwu,bzczwa2b203wa2b3clwu3h3czyja3b1c‘3 (47)

also vanishes, we may permute the first two y fields to
write it as

Oéz) — _walbzczv/alb]cl wa2h2c3wa2b3cl ll/u3b3czwa3hlc3 . (48)

After relabeling b, <> by, ¢; < ¢, and a, <> az, we
observe that the rhs equals —Oéz) . Therefore,
o) =-of =o.

One may wonder if the vanishing extends to the ten-
particle operators. We have checked that the operators
shown in Fig. 6 all vanish; this is due to the reflection
symmetry present for these operators. For example, the left
operator in Fig. 6 vanishes because it may be written as
(w3)¢ ()b, which may be seen by cutting the diagram
along the vertical symmetry axis. We note that

() = g 20ty (4.9)
Similarly, by cutting the third diagram in Fig. 6 along its
vertical symmetry axis, we see that the corresponding

oD

FIG. 7.  Some nonvanishing ten-particle operators.

operator may be written as (y?)102bsbac(y 5 )abibabsbse

which obviously vanishes as well. This argument
extends to all the reflection symmetric (4n + 2)-particle
diagrams.

However, not all ten-particle operators vanish. For
example, the operators shown in Fig. 7 do not have a
reflection symmetry, and we have checked that they do not
vanish.

Let us note that each gauge invariant operator, where
all the indices are contracted, corresponds to a vacuum
Feynman diagram in the theory with three scalar fields
and interaction i@, @,@;3 (the three different propagators
correspond to the lines of three different colors in our
figures). In the theory of bosonic tensors ¢**¢, the number
of operators made out of 2k fields is precisely the number
of distinct Feynman diagrams appearing at order A%,
which grows as k!2%. In the fermionic model, some of the
operators vanish by the Fermi statistics, while others
vanish due to the gauge constraint. Nevertheless, we will
find that the factorial growth holds also in the fer-
mionic model.

A. Eight-particle operators

In this section, we explicitly construct all the eight-
particle operators without bubble (double line) insertions
and exhibit their pictorial representations. Having two
vertices connected by a double line corresponds to the
insertion of an O(N) charge which vanishes in the
gauged model. For this reason, we will omit such
operators and list only those where there are no double
lines. The possible topologically inequivalent eight-
particle operators are shown in Fig. 8; from these, we
can obtain other admissible operators by interchanging
the colors. In this way, we find 17 inequivalent operators
shown in Fig. 9.

Among the eight-particle operators, there are three which
may be obtained from the tetrahedral vertex

GOOWKID

FIG. 8.

Eight-particle operator topologies.
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B
91910
SIS
KIS

&
e

A

FIG. 9. All eight-particle operators in the fermionic model.

01 — WalblclwaleCzl/]aszclWa2b4c4wa3b3cz
X Wa;bl c3 l)Ua4b403 l//a4b3 N ,

02 — Walblclwalbzczwazbzclwa2b3c3wa3b3czwa3b4c4
X wa4h403wa4hlc4’

0; = l//alhmwalbzﬁzwuzbzclwazh303w“3b1€3w”3h4¢'4

X wa4h364wa4h402‘ (410)

Their pictorial representations are shown in the first column
of Fig. 9. Using the equations of motion, we may write
them as

__ garbicyy;aibycyy,aybicoy, a5
Ol_wlllwlzle/ZlZWZZl’

_ yarbicyy,a1bycyyiasbicay, arbyc
02_1”1111//1221//2121”221,

05 = ll'/alblclll/alszzl//azblczl/'/azbﬂl . (4.11)
It follows that
O\ + 0y + O3 ~ Db 2ybe, (4.12)

which up to a total derivative equals the Regge trajectory
operator w3y be.

The transformation properties of operators O, O,, and
05 under S5 are

$pc03 = —0,, Spe0r = =03, 501 = =0y,
sa003 = _01’ saCOZ = _027 SaCOI = _03’
Sap03 = =03, Sap02 = =01, Sap01 = — 0.

It follows that

(Saps Sac+Spe): (01 4 05+ 03) = —=(0y + 0, + 03).
(4.13)

Therefore, the operator 9}y ~ O, + O, + O3 is in
the degree 1 sign representation of S5. The other two linear
combinations of operators (4.10), O; — O, and O, — O3,
form the standard degree 2 representation of Sj.
Similarly, we may write down the three operators which
correspond to the second column in Fig. 9 (the first of these

operators, O, was written down in Ref. [18]):

) — ya1bicyy,a1bycyy, arbscsy, arbacyy, azbycsy, azbsc
Ol_y/l11u/122w233y/244y/313w331

X ll/a4bzc4 Wa4b4cz ,

__ yarbicyy,arbcyy,a3b503,,,a4b5Cyy, a1D3C3,4,,a305C
Oz_wl11y/212w323w424y/133q/331
X Wa2b4c4 Wa4b4cz ,

— yarbicyy,arbycyy,azbicny, agbycyy, azbcsy,a1bse
03_W111’//2211//332W442’//3]3l//133

X W“4b2041l/azb404. (414)

Via the equations of motion, these operators are related to
the bilinear operators defined in (3.5):

)

61 ~ OéalaZ)OéalaZ)y 62 ~
63 ~ O(()C]CZ)O(()L‘]Cﬁ‘

O(()ble) O(()blbz)
(4.15)

These relations will be used in the next section.
The action of the discrete symmetries on the operators is

sbcb3 = 027 sbc62 = 03, sbcél = 51,
sacé3 = 017 sacbZ = 027 sacél = b3v
Sabb3 = 037 sabe = 61» sabél = 02, (4-16)
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Os Os  Os Os

FIG. 10. Diagrammatics for the “typical” operators of which
the IR dimensions are quantized. Each line denotes a dressed
propagator. a) The melonic diagrams that contribute to the
operator two-point functions in the large N limit. b) The ladder
diagrams which do not contribute in the large N limit.

so that

(Sab, Shes Sac): 61 + 62 + 63 - 61 + 62 + 63. (417)
Therefore, this operator is in the trivial representation of S5.
The other two linear combinations of operators (4.14),

9] 1= 52 and 52 - 53, form the standard degree 2 repre-
sentation of S5. The operators corresponding to the other
topologies in Fig. 8§ may be written down analogously.

V. SCALING DIMENSIONS OF
MULTIPARTICLE OPERATORS

We have seen that the tensor models admit a variety of
singlet operators. In this section, we discuss their scaling

dimensions. Since operators 0517 defined in (3.8) do
not receive ladder contributions in the large N limit, we
expect a large class of m-particle operators to have the
quantized dimensions’:

m

A, = +O(I/N). (5.1)

This is the dimension of an operator which is not renor-
malized by ladder diagrams because every pair of tensors
has at most one index in common. This situation is
illustrated in Fig. 10; the dominant contribution comes
from the two operators contracted using the IR two-point
function (2.3), and the ladder insertions are suppressed
by 1/N. We find that this applies to most of the 17 eight-
particle operators shown in Fig. 9. The exceptions are
operators O; and 6,-, defined in (4.10) and (4.14) and
shown in columns 1 and 2. For example, each of the
operators 0 ; in column 2 is renormalized by two ladders, as
we discuss below.

Thus, the m/4 rule does not apply to all operators; it is
violated for the operators of which the two-point functions
receive the melonic ladder contributions in the large N
limit. One class of such singlet operators is the Regge
trajectory we have discussed before:

"We are very grateful to E. Witten for pointing this out to us.

l//abcatZr1+llI/ubc“ (5 2)
After applying the equation of motion (2.11), which
schematically may be represented as

J-a k- AL

we may represent the Regge trajectory operators in terms
of multiparticle operators without derivatives. For example,
the n =0 operator is equivalent to the four-particle
tetrahedron operator O, Wwhile the n =1 operator is
equivalent to O; + O, + O3, as shown in (4.12). The
dimensions of such operators come from solving (3.3),
so the operator O; + O, 4+ O3 has h = 3.77.

Furthermore, using the equation of motion (5.3), we can
relate many additional singlet operators to operators con-
taining derivatives. Let us denote a vertex with J,r by a
white circle. By the equations of motion, we can relate the
operators of which the diagram contains triangles with
low-order operators containing derivatives. For example,
some of the operators which can be written as lower-order
operators with derivatives are shown in Fig. 11.

As discussed in Sec. III, some of these operators are
renormalized by multiple ladder diagrams. For example,
the three four-particle pillow operators, shown in Fig. 4,
have dimension & = 0 because they are squares of the

symmetry charges. Similarly, operators Of)a‘aZ)O(()alaZ)

related by the equation of motion to column 2 of Fig. 9
are renormalized by double ladders as shown in Fig. 12.
One can also see that the correlation function of this
operator with four fermionic fields receives a contribution
from two ladders as shown in Fig. 13 and 14.

(a1a,)

More generally, we may use operators O, defined in
(3.5) to write down the singlet operators
Oy, = O O ) (5.4)
renormalized by double ladders,
On1n2n3 — O’(flllaz)ol(gzaﬁolg?al) (55)

renormalized by triple ladders, and so on. It appears that in
the large N limit their scaling dimensions are additive,
so that the spectrum of O, ,, is h; + h,, the spectrum of
Ooynyny 18 hy + hy + hs, etc., but we postpone a detailed
study of the relevant Schwinger-Dyson equations. Here, 7;
are the eigenvalues which appear in the SYK spectrum;
they are the solutions of (3.3). The picture of the 12-particle
operator which is equivalent by the equation of motion to

Ol Ol Ol as well as the analogous operators
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W

FIG. 11.

K

(ij
N7

The operators which can be represented as lower-order operators with derivative insertions shown by white dots.

-

FIG. 12. An example of an operator renormalized by two ladder diagrams. The diagram with two ladders inserted (right) is of the same
order as the diagram with operators connected directly (left). The black dots represent the tetrahedral coupling.

O(()ble)O(()be3)O(()b3bl> and O(()CICZ)O(()CZCB)O(()C3CI), is shown
in Fig. 15.
We may construct additional operators renormalized by

]

multiple ladders using the operators OL', defined in

(3.6), in addition to O\“®) Eor example, there is a class of

operators (’),[1“1‘”2] L,“;“Z] of which the scaling dimensions

appear to be h; + h,, where h; are the solutions of (3.7).
Thus, the charges (2.6) and their products are not the only
exceptions to the m/4 rule (since the charges are conserved,

FIG. 13. A diagram with two ladders contributing to the
correlation function (Ogyyyy).

0000 0000

FIG. 14. Another representation for the same diagram.

we a priori expect their scaling dimension to be zero). In
fact, any operator of which the diagram contains a bubble
subdiagram (i.e., two tensors with a double index con-
traction) is renormalized by a ladder, and there are as many
ladders as there are bubbles. For example, a pillow operator
contains two bubbles and is renormalized by two ladders.

Moreover, if we take an operator diagram renormalized
by multiple ladders and change one vertex in the diagram
from yw to Jap (blue to white vertex), it will still be
renormalized by the same number of ladders. With deriv-
atives, we can convert a pillow operator into the second
operator in Fig. 8. It is easy to check that this operator is
renormalized by two ladders. Since each of the ladders
contains the 7 = 2 zero mode in its spectrum, and a zero
mode produces a low-temperature enhancement by a factor

FIG. 15. Three 12-particle operators of the same topology,
which are renormalized by three-ladder diagrams.

026016-9



KSENIA BULYCHEVA et al.

PHYS. REV. D 97, 026016 (2018)

of #J [26], we expect the double ladder to produce an effect
of order ($J)?. The multiladder enhancements by (3J)"
seem to be a new effect in the tensor model, which clearly
needs to be studied in more detail.

To summarize, we find that:

(1) The operators containing bubble subgraphs are
renormalized with as many ladder diagrams as there
are bubble insertions.

(2) The operators obtained from operators with bubble
subgraphs by inserting derivatives are renormalized
by as many ladders as there were bubble insertions in
the original diagram.

(3) The dimensions of operators which are renormalized
with a single ladder are given by the solutions of the
conformal kernel equation g(h) = 1.

(4) The dimensions of the operators which are not
renormalized by ladders are multiples of 1/4.
These results are still far from providing the full informa-
tion about the singlet spectrum of the O(N)® tensor
quantum mechanics. In particular, we would like to have
a more complete understanding of the operators renormal-
ized by multiple ladders and to study their low-temperature
contributions. We hope to address these questions

elsewhere.

VI. SOME SCALING DIMENSIONS IN THE
GURAU-WITTEN MODEL

Let us now consider the O(N)® symmetric quantum
mechanical model [17]. It contains four fermionic rank-3
tensors y,, A =0,...3, each one transforming in the
trifundamental representation under a different subset of
the six O(N) groups. The four fermionic tensors and the six
O(N) gauge groups may be visualized as the vertices and
edges of a tetrahedron [17]. Thus, only two of the fermions
transform under a given O(N) symmetry. The Gurau-
Witten Hamiltonian is

1 b d
Haw = =5 gwiwidews  wi®.

; (6.1)

The model contains bilinear operators of the form
05 = y5P 1y " Let us focus on the operators with
A =0 and 1, which transform in the antisymmetric
representation of the same O(N) group and can mix with

each other:

Oicz _ wghclwgbcz + wcllecll//cllecz’ (62)

abcy  abcy decy  dec,

02 =yy 'wy " —wi Y (6.3)

The operator O is the charge of one of the six O(N)
symmetries; therefore, its scaling dimension vanishes.
The operator O¢“> has another scaling dimension, /_.
The ladder diagrams contribute to the two-point function

(092 (1;)0%%(1,)), and we need to derive an appropriate

Schwinger-Dyson equation. If we use wgh”'y/g”"z and

we“ny 2 a5 the basis, then the kernel is a 2 x 2 symmetric
matrix with zeros on the diagonal; hence, the two eigen-
values are equal and opposite. To fix the normalization, we
note that the two functions g.. (k) are proportional to g(h),
which is given in (3.7). Therefore, g, (h) = g(h), and
g_(h) = =g(h). The spectrum of solutions to g, (h) =1
indeed includes h =0 corresponding to the conserved
charge. The lowest solution to g_(h) =1 is h_ ~2.33;
this is the scaling dimension of operator O¢'“2. Thus, there
are three quartic “pillow operators" made out of y and yy:
0?0 of dimension 0, OO0 of dimension &_,
and 092 0% of dimension 2/4_. The third operator is the
only pillow operator present in the gauged model where
0 is set to zero. Its dimension 2/_ ~ 4.66 makes it very
irrelevant; we find six pillow operators with this dimension,
corresponding to the presence of six different O(N) groups.
We may also study the bilinear singlet operators like
o" = ngca%n+lw8bc _ l//cliecath+1wcliec' (64)
For n = 0, this operator vanishes after the use of equations
of motion, but it is nontrivial for n = 1,2, .... To calculate
the scaling dimensions of these operators using the S-D
equations, we note that the kernel is the SYK kernel,

3 sen(n — ty)sen(t, — 1)
dr |ty — i3]'2 |ty — 141?15 — 14]
(6.5)

Ksyk(t, thits,14) =

times a 4 x 4 matrix with zeros on the diagonal and all
the off-diagonal elements equal to the same value B. To
determine B, we note that the kernel corresponding to the
eigenvector (1, 1, 1, 1) with eigenvalue 3B should exactly
equal to the SYK kernel. This means that B = 1/3, which
gives the spectrum of the SYK model determined by
g(h) = 1 as given in equation (3.3). The three eigenvectors
(1,-1,0,0), (0,1,—1,0), and (0,0, 1, —1) have eigenvalue
—B = —1/3; thus, the spectrum of corresponding operators
is determined by

(6.6)

The solutions to this equation are shown in Fig. 16. There
is a series of solutions that lie slightly below 2n + %, for
n=1,2,3,..., and approach it at large n. In other words,
they lie slightly below the naive dimensions of operators

*We may decompose the O(N)® invariant operators into
irreducible representations of the symmetry group of the tetra-
hedron, which is isomorphic to S,. Each solution to (6.6)
corresponds to three operators belonging to a degree 3 repre-
sentation of S,.
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e

FIG. 16. Plot of the IR dimensions of the bilinear singlet
operators in the GW model.

b)

l\)

_____ y=1
h=3.77

/ h

O" . For n = 1, the numerical value is 3.39, which is close
to 3.5. There is also an exact solution with & = 1, the
interpretation of which is not completely clear.

The dimensions of operators O” that we find are the
same as in the Gross-Rosenhaus “generalized SYK model”
[23] for g = 4. In particular, the 2 = 1 solution is present in
that case as well, and the corresponding operator decou-
ples. The Gross-Rosenhaus model that corresponds to the
colored tensor model has f = 4; i.e., it contains four flavors
of Majorana fields, y’, a = 1, ...,4. Its Hamiltonian may
be written as

H = Jax o (6.7)

where J;;; are random couplings. The operators which are
analogous to O are 197"yl — 301" 43, The n=0
operator vanishes by the equation of motion for any value
of J;ji;, which appears to explain the decoupling of the
h =1 mode.

VII. COUNTING SINGLET OPERATORS IN d=1

In this section, we proceed to do the singlet operator
counting in the O(N)? quantum mechanics more system-
atically. We employ the technique used in Refs. [39,40] to
find the partition function and free energy of gauge theory.
In our case, we will see that the free energy diverges wildly,
but nevertheless, this procedure allows us to count the
operators in the gauged or ungauged fermionic and scalar
theories.

We work in the one-dimensional spacetime with fields
living in the trifundamental representation of O(N),x
O(N), x O(N)s, in the limit of N — co. We will mainly
address the case of the free tensor model, which describes the
UV fixed point, but also make comments about the IR
theory. The partition function may be written in the form

z=y.
O;

x=e?, (7.1)

where O; are all operators in the theory which are singlets
under O(N )3. Here, h; are the conformal dimensions, so in
the UV, this partition function is

_ kh
Z = g nxttov,
k

where k is the number of fields comprising an operator
and n; is the number of admissible operators for each k. In
what follows, we call k the order of an operator. For the
fermionic model, hyy = (d —1)/2, and for bosonic, it
is (d-2)/2.

The partition function counts all operators including the
disconnected ones. To restrict ourselves exclusively to the
connected operators, we have to compute the single-sum
partition function defined as

log Z(x) = i% ss

To find Z,, explicitly, we use an elegant formula from
Ref. [40]:

(7.2)

(7.3)

1
1)vn —log Z(x™).
)i —log Z(x™)

log Z(x Z

meQ

Z5.(x) = (7.4)

Here, m belongs to the set of square-free integers
Q=1{2,3,5,6,7,10,11,13,...}:

U

(7.5)

p; prime.

Our goal in this section is to find the single-sum partition
function for the scalar and fermionic tensor models. The
partition function for the scalar theory in the UV with one
group can be found as [37-39]

=1

Z5= | dM — (M 7.6
[ amesn (3 Lasatenom). 09
and for the fermionic theory, it is

o) (_1)m+1

ZF = /dMexp (Z

m=1

zF.d<xm>x<Mm>), (1.7)

with M in the symmetry group and y(M) being the
character of the desired representation. In our case, we
substitute

M — M\M)Ms.  x(M) = x(M)y(M3)x(Ms3).
M; € O(N); (7.8)
and take y(M) = trM.
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The single-letter partition functions for scalars and
(Majorana) fermions correspondingly are as follows:

X1+ x
25.a(x) = =@ T —<x)d‘1> , (7.9)
ZF,d(x) = m. (7.10)

To find Z, we will need the integrals of characters of
O(N) [40]:

/ dM] (M)
1

ll oddajeven  (20)/2 1-T(5+3),
!

leven Zig(%’( (20)% \/L;F(k +3).

(7.11)

In the next chapter, we first find partition functions for
both the fermionic and scalar d = 1 models without the
constraint that the charges (2.6) vanish. Then, to find the
partition function for the operators in the gauged model,
we subtract the contribution from the operators containing
O(N) charge, or a “bubble” subdiagram (2.6) (see Fig. 3).
Such operators should vanish in the gauged version of
quantum mechanics.

A. Fermions

The single-letter partition function for real fermions z 4
is not well defined in one dimension. This reflects the
divergence of the partition function (and hence free energy).
To regularize it, we formally proceed in (1 + 2¢) dimension
and neglect all the terms proportional to € in the single-letter
partition function; in other words, we simply take

LF 142 = X (712)

We can justify this choice as follows. The single-letter
partition function counts all local operators containing
one field w“*¢ with any number of derivatives. In our case,
the only such operator is y“*; since 9,y**¢ vanishes by
equations of motion in the free theory, all the operators with
higher derivatives will vanish, too.

In other words, in the fermionic case, we are counting
only the operators made of fermions without derivatives.
We can think of this as operator counting in a d = 0 model
(for a review, see Ref. [2]), but with the Fermi statistics
imposed.

Computing Z and using (7.7) and (7.11), we find to the
first several orders in x

ZF = 1 4+ 4x% + 70x% + 116x'% + 3062x'2%¢

+ 24788x'4¢ + 409869x1%¢ + - - .. (7.13)
From this, we can find the single-sum partition function,
which counts connected operators:

ZF = dx* 4 60x5 + 116x1% + 2802x1%¢ 2432414
+396196x1%¢ + - .. (7.14)

The order 2k in x?*¢ gives the number of fermions in the
operator. So, we see there are four four-fermion operators:
one tetrahedron and three differently colored pillows (see
Fig. 4). Note that, although we employed a gauged theory
to count these operators, the pillows and other operators
containing O(N) charges are still present. At the sixth
order, there are no operators because of the Fermi statistics
as we noticed before, but at order 8 there are 60 operators.

The number of 2k-particle operators grows roughly as
(see Fig. 17):

— log(2* Tk + 1)) — 4 — 2k+4
)
log(ry)
100F
80
60F
wf
20F
"o .1‘“‘1““1““1‘“‘1““1““1k S S S S S S S T S ST S MU M Sy
5 10 15 20 25 30 35 5 10 15 20 25 30
FIG. 17. Logarithm of the number of allowed (2k)-particle fermionic operators as a function of k. We see that the number of operators

grows like ~k!2k,

026016-12



SPECTRA OF OPERATORS IN LARGE N TENSOR MODELS

PHYS. REV. D 97, 026016 (2018)

Noy ~2kk‘ (715)

To count operators in the gauged model where the
vanishing of O(N) charges (2.6) is imposed, we have to
disregard the operators containing their insertions, i.e., the
bubble subgraphs. In order to do that, we subtract the
operators having the same quantum numbers as a bubble
in the exponent of (7.7). Each O(N) charge (2.6) is
antisymmetric in its two indices, which means that it lives
in the representation (N ® N) with the character:

antisym

1
K4 (M) = £ivgn, o, (M) = 5 (M) = 6M2). (7.16)

The bubble is a bosonic operator, and its conformal
dimension in the UV is 2e. Bringing it all together, we
find that the partition function for operators in the gauge
theory is

ZF(gauge) — / dM,dM,dM,

X exp (i% (=)™ xmey (M, )y (Ma)x(M3)

— X2 (0 (M) + ya(M5) +xA(M3)>)>-

(7.17)

The single-sum partition function for the gauge theory then
is as follows:

Zg‘?gf‘%m’ge) — x4e 4 17x86 4 24x106 4 617x12€ + 4887x14e
+ 82466x10¢ + ... (7.18)

— log(2*I'(k + 1)) - 2.82

log(n)
30F
25F

20F

We see that at the fourth order we are left with one operator,
namely, the tetrahedron. At the eighth order, we see 17
operators, as we already found in Sec. IVA via explicit
construction (see Fig. 9). We have computed the single-sum
partition function up to order 30, and the result matches the
same factorial growth as in the model where the O(N)?
symmetry is not gauged (see Fig. 18).

Finally, let us comment on the IR theory, where we
believe there is similarly rapid growth of the number of
operators as a function of the conformal dimension. Since
for the majority of 2k-particle operators the large N IR
dimension is h = k/2, in view of the result (7.15), we
expect the number of operators of dimension % to grow as
I'(2h + 1), up to an exponential prefactor.

B. Bosons

We can also count the allowed operators in the scalar
theory. Proceeding in the same fashion, we define single-
letter partition function in (1 4 2¢) dimensions as follows,

251020 = X (1 4 x), (7.19)

where —%+€ is the dimension of the scalar field. The
partition function is

Z5=1+x*x"+1+x)
+x*(5x72 + 5x7! + 14 + 5x + 5x%)
+ x%(16x73 + 34x72 + 101x~! + 108

+101x + 34x% + 16x%) + - - - (7.20)

The single-sum partition function, which includes the
operators with bubble insertions, is

— 2k+8.12

U s s 1 s s s 1 s s s 1 s s s Lk
2 4 6 8 10

FIG. 18. Left: The logarithm of the number of (2k)-particle operators 7 in the model where O(N)? symmetry is gauged. The
asymptotic of the number of operators is roughly the same as in the ungauged theory. Right: the ratio n,; ,,/n,; plotted against k. The

linear behavior clearly indicates ~2¥k! growth.
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Z5o=x*(x"+1+x)
+ 1% (4x72 +4x7! + 12 + 4x + 4x2)
+ x%(11x™ + 25x72 + 79x7! + 86 + 79x

+25x2 + 11x%) + - - - (7.21)
In the second order, we have operators ¢@®cpabe,
$*¢0,¢¢, and 0, 0,¢p°*¢. In the fourth order, we find
the pillows and tetrahedra with various insertions of J,.
This partition function also diverges at ¢ — 0 and displays
the factorial growth of the number of operators with

their order.
To count operators in the gauged theory, we once again
have to take care of the subgraphs corresponding to the
|

[Se]

1
ZS(gauge) /dMlszdM3 X exp (Z—
m

m=1

— Yadi (M) X" =y (M) x*"¢

To the first six orders, the partition function reads as

Z8(emee) — 1 4 x2(x7! + 14 x)
+x*(5x72 + 5x71 + 11 + 5x + 5x%)
+ x%€(16x73 + 34x72 + 77x7! + 84

+77x + 34x% + 16x3) + - - - (7.25)
The single-sum partition function, which counts only the
operators with connected diagrams, is as follows

ZSleauee) _ x(x M+ 1+ x)
+x¥(dx7? +4x7! 4+ 9 + 4x + 4x?)
+ 2% (11x73 + 25x72 + 58x~! + 65

+58x +25x% + 11x3) + - - - (7.26)
The first term in this expression corresponds to the
operators ¢abc¢abc’ ¢abcat¢abc’ and at¢abca[¢abc (the
second of these operators is a total derivative; such
descendant operators are included in the counting). The
number 11 in the third term corresponds to all the six-
particle graphs discussed in Sec. IV. Now, the number of
operators containing a string of 2k scalars is approximately

Ny ~ 2% x 2Fk! (7.27)
Compared to the fermionic case (7.15), we have an addi-
tional factor of 22¥. As we will see in the next section, for
d = 0, the leading asymptotic for the number of operators
is the same for scalars and fermions. Therefore, the factor

gauge group charge. For a scalar theory, the gauge charge
operator is

Qalaz — ¢a1b05}t¢a2bc‘ (722)
This operator lives in the adjoint representation, just like the
gauge field. Its dimension is 2¢ = (—1 + ¢) + (3 + €). The
character of the adjoint representation is

(rM)? — awM?).

Xatj(M) = (7.23)

| =

Taking all this into account, we write the partition func-
tion as

((xztem 4 xatem)y (M )y (M) y (M3)

—xadng)xzmw). (7.24)

I
22k comes from distributing the time derivatives 9, among
2k fields. Since in the free theory 9?¢*¢ = 0, each of the
2k fields may be acted on by one or no derivatives. This
indeed contributes a factor of 2.

VIII. COUNTING THE INVARIANTS IN d=0

Here, we use methods similar to those in the previous
section to discuss the counting of invariants in the d =0
model, which is simply an integral over the tensor. The
construction and counting of such invariants, which are
made out of products of tensors with all indices contracted,
has been addressed in Refs. [2,42-46]. These papers
primarily discuss the complex bosonic rank-r tensor
models which possess U(N)" symmetry. We will first
consider the bosonic rank-3 tensor model with O(N)?
symmetry and perform the counting using the methods
developed in Refs. [39,40]. The model of a real fermionic
tensor ¢ does not work in d = 0; since the O(N)?
invariant y“*“y ¢ vanishes, it is impossible to write down
a Gaussian integral. One can write down models of
complex fermionic tensors in d = 0, but we will not study
them here. We will address the bosonic rank-3 symmetric
traceless and antisymmetric tensors in Sec. VIII A and the
bosonic complex tensors with U(N)? and U(N)? x O(N)
symmetries in Sec. VIII B.

The single-letter partition function counts all the invar-
iants containing one field. In our case, the only such
operator is ¢?¢, so the single-letter partition function is

(8.1)

ZS’O(X) = X.
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— log(2*T(k + 1)) - 0.46 — 2k+0.04
S
log(ny) ny
l 6() [
501 [
i sof
4or [
40F
30F E
30
20f :
[ 20
1of ok
N, ¢ : P E S S SR SR By ¢ e 1
5 10 15 20 5 10 15 20

FIG. 19. Logarithm of the number of invariants with 2k scalars as a function of k. The number grows as ~k!2.

The invariants in this case are given by the diagrams with
2k vertices and three edges of different colors meeting at
each vertex. Thus, the invariants are isomorphic to the
Feynman diagrams in the theory of three scalar fields with
interaction ¢ ¢,¢s. Every edge of the diagram is assigned
one of the three colors, and every vertex joins the edges of
three different colors. This is a nontrivial condition; for
example, one-particle reducible graphs cannot be colored in
this way. We consider different colorings of the diagrams
as different invariants, so each topology can enter multiple
times if there are several distinct ways to color it.

Using (7.7), we find the full partition function,

ZO - /dMlszdM::,

wcenp (3w M) ). (52

m=1

where we have used the character of a trifundamental
representation (7.8). Taking this integral and using (7.11),
we find in the first several orders

20 = 1 4+ x2 4+ 5x* + 16x° + 86x% + 448x'0 + 3580x!2
+34981x™4 ..., (8.3)

This partition function counts all the invariants, including
the disconnected ones. To remove the latter, we compute
the single-sum partition function using (7.4):

200 = x% 4 4x* 4+ 11x° + 60x3 + 318x'° + 2806x'2

+29359xM + ... (8.4)
The only two-scalar invariant is ¢?*°¢**¢. The four four-
scalar invariants are the three inequivalent pillows and the
tetrahedron, shown in Fig. 4. The 11 six-scalar invariants
are the ones shown in Fig. 5.

The number of invariants made out of 2k fields grows
asymptotically as (see Fig. 19):
Ny ~ 2Fk! (8.3)
We can find this asymptotic from an analytic estimate. The
key observation is that the integral (7.11) grows factorially
as (a;/2)! for large a;, while only as a power 1%/ for large
[. Besides, for large a;, there is no difference in the leading
order between odd and even [. Therefore, the leading
contribution to x** will come simply from the m = 1 term:

- ~@ / M dM M (7 (M, ) (M) (M)

- (22)' (24T(k + 1/2))° ~ 24!

(8.6)

Since the dominant term originates only from m = 1 term,
the same estimate is valid for the fermions.

A. Symmetric traceless and antisymmetric tensors

Let us also discuss the counting of invariants in models
with a single O(N) symmetry, where we will consider the
tensors which are either symmetric traceless or fully
antisymmetric. Such models with the tetrahedral inter-
actions were recently studied in Ref. [12], where evidence
was provided that they have melonic large N limits. The
full partition function is

z- /dMexp (i%xm;((M’”)),

m=1

(8.7)

where for the three-index symmetric traceless representa-
tion the character in the large N limit is’

°The more complicated expression at finite N may be extracted
from Eq. (2.4) of Ref. [12].
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1 1 1
2T (M) =—(rM)? + 5tthrM2 + gtrM3 —trM.

. (8.8)

For the fully antisymmetric representation, the character is
X (M) =

1 1
(rM)? — ztthrM2 + gtrM3. (8.9)

AN =

In the symmetric traceless case, the partition function is
found to be

Zt =14 x% +3x* +9x0 + 32x% + 135x10 4 709x12 + - - ..
(8.10)

Extracting the single-sum expression, we find

ZE = x% 4+ 2x* 4+ 6x° +20x® + 91x10 4 500x1% + - - -
(8.11)

The numbers of O(N) invariants made of 2k fields are the
same as the numbers of connected tadpole-free vacuum
diagrams in the ¢ theory (here, the edges have only one
color). They are smaller than the corresponding numbers in
(8.4) referring to the O(N)? theory. For example, at order 4,
we now have only two distinct invariants; in addition to
the tetrahedron, there is only one pillow, since there are no
distinct colorings of it. For large &, the number of invariants
can be estimated similarly to the trifundamental case (8.6).
Once again, the term with m = 1 dominates. Moreover, out
of the four terms in (8.8), (trM)3/6 gives the biggest
contribution. Therefore,

J

S xm )

ZUN)? _/dM,szdM3 exp(ZZ(

m=1

It is straightforward to compute it using the following
large N result [40]:

/ dM] [(umtya(wha'or = T[1% a5, (8.16)
121 I>1
For the scalar, we take zg((x) = x and find
ZUNY = 1 4 22 4 do* 4 1120 + 4328 + 161x10 4 - -
(8.17)

This expansion matches the results obtained in Ref. [46]
using group-theoretic methods. Extracting from Z the
single-sum partition function, we find

ZUMNY 32 4304 4 Ta0 42608 + 97x10 -+ (8.18)

G (M (M) +)?(MT)'(MZ’)‘(M§“)))-

1 3\
£ o - 6k (=
"~ e / dM (M) (2) K, (8.12)

where we used the integrals (7.11).

Since (trM)?/6 dominates, the same asymptotic formula
is valid for the three-index antisymmetric case. Here, the
partition function is found to be

Z7 =1+ x243x* +7x° +24x8 + 86x'0 + 426x'2 + - - -,
(8.13)

and the single-sum partition function is

25 =%+ 20+ 4x0 + 1408 + 54x10 4 298x12 4 -
(8.14)

B. Complex 3-tensors

Let us now consider the complex 3-tensors with U(N)?
or U(N)?>x O(N) symmetries. The latter symmetry is
particularly interesting because it is preserved by the
tetrahedral interaction 211 p@1bacapabicrgh@bact  Thig
means that there are interacting melonic theories with
the U(N)? x O(N) symmetry [6,9,18].

In the U(N)? case, we have the fields ¢**° and ¢,
which are in the trifundamental representations N x N x N
and N x N x N respectively. The partition function reads

(8.15)

|
The coefficient 3 of x* is in agreement with the fact that
the tetrahedron invariant is not allowed by the U(N)?
symmetry. Only the three pillow invariants are allowed, and
their form is

¢a1blcl qz)alblczqsazbzczq_sazbzcl ,
¢a1b]cl éﬁalszl ¢azb202$a2blcz ,

¢a1blc]$a2blcl¢azb2c2$alb2c2. (819)

The asymptotic number of operators can be estimated as
follows. As in the O(N) case, the integral (8.16) grows
factorially in a; and only as a power in /. It means that the
term with m = 1 again dominates. Besides, to get a nonzero
answer, we need to extract the term with an equal number
of y(M;) and y(M;). Therefore,
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vy (2k) 1 .
Ny ~<k>(2k) deMsz3H)( k(M) ~ k!

i=1

(8.20)

In the U(N)?> x O(N) case, we have representations
NxNxN and N x N x N, so that

ZUN)xO(N)

= [ antantsangsexp (S 2E rooap)

+z<M?>z<Ms">>x<M?>), (8.21)

where the matrices M|, M, belong to U(N), while M,
belongs to O(N). The scalar partition function has the
following expansion:

ZUNPXON) — 1 4 x2 4+ 6x* + 21x° + 14718

+1043x10 4 ... (8.22)

Extracting the single-sum partition function, we find

ZUNXOW) — 2 4 54 4 1546 4+ 1118 + 821x10 4 -
(8.23)

The coefficient 5 of x* is in agreement with the fact that, in
addition to the tetrahedron invariant, there are four pillow
invariants allowed by the U(N)? x O(N) symmetry:

4’)“11’101g_balblc2¢a2b202§_bazbzcl ,
¢a|blc] g_bazblc] ¢a2b262$a|b262.

¢a1blclg)a1blcz¢a2bzcl &jazbzcz ,
¢a|b]c]q_§a1bzcl d)dzbzt‘z{bazbwz,

(8.24)

Using the same method as in the U(N)® case, the
asymptotic growth can be found to be

nfNON) ok (8.25)

IX. HAGEDORN TRANSITION

The special features of the thermodynamics of free
theories where the fields are tensors of rank » > 3 under
some global symmetry group were recently studied in
Ref. [40]. It was found that the Hagedorn temperature
vanishes in the large N limit as ~1/log N [40]. In this
section, we show that this also applies to the models with
O(N)? symmetry studied in this paper.

An essential feature of the large N tensor models is that
the low-temperature expansion of the partition function has

the approximate structure >,2fk!x**, where —Inx is
proportional to p. This power series is divergent and
non-Borel summable; therefore, strictly speaking, the
partition function is not defined for any finite temperature.
To illustrate the basic points, we study the large N behavior
of the integral (8.2) in a standard fashion (it will be
convenient to assume that N is even). First of all, for large
N, there should be no difference between SO(N) and
O(N). An SO(N) matrix can always be put in the block-
diagonal form with 2 x 2 blocks corresponding to a rotation
by an angle o' in the two-dimensional plane. Including the
SO(N) measure [54], the partition function (8.2) can be
rewritten as

3 .N/Z i a] aJ
Z= l_Ilaloz’,.1_[sin20lr2 " sin2 ;
r= i<j

(9.1)

Index r labels different SO(N), groups, and i,j=
1,...,N/2 go over rotation angles. Also, we have intro-
duced a single-letter partition function z(x) to work in more
generality. The above equation is valid for scalars, while
for fermions, we need to include the factor (—1)™*! in front
of z(x™). However, we will see in a moment that for
the Hagedorn transition only the m =1 term is relevant.
Therefore, our main results will be applicable for
both cases.
The effective action S, reads

1 3.0 P ol ol
Seff = EZZ(Iogsmza 5 " + log sin® r—; )
r=1 i#j
) Z(xm) 3 NJ/2
—8”; - r]:[”:l cos(ma) (9.2)

There are three saddle-point equations. One of them is
NZ/Z cot 8=
2

o l+o/>
Lt cot
j=1 2

-8 iz(x’")

sin(ma’i)z cos(mal?) cos(maj) = 0.
J2:J3

(9.3)

The other two can be obtained by cyclic permutations of
ai, ab, ab. Introducing density functions,
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2 A& .
prla) =~ ; S(a—aj). (9.4)
The saddle-point equation can be rewritten as
n — /
/ dap,(a)) cot LA oot 2 o
- 2 2
— 4N Z z(x™) sin(may, ) py p4t = 0, (9.5)
m=1
where
Pl = /7r dap,(a) cos(ma). (9.6)

It is natural to assume that, because of the cyclic symmetry,
p1 = pr = p3 = p(a). Moreover, we will assume that p is
an even function: p(a) = p(—a). With these assumptions,
the saddle-point equation reads as

T —
2/ da’p(a’)cota a

i - 4Nmzm;z(xm) sin(ma)(p™)? = 0.

(9.7)

This is exactly the saddle-point equation studied in
Ref. [40], with their 6N replaced by our 2N. They have
found that there is Hagedorn transition; for low temper-
atures when Nz(x) <27/16, the partition function is
dominated by the uniform saddle

a € [-x, 7). (9.8)

And so, all p™ are zero for m > 0. For higher temperatures,
the density p is not a constant and takes nonzero values only
within a smaller interval [—ay, ap]. Moreover, the transition
point itself can be found by assuming that only p! becomes
nonzero. Therefore, the transition takes place at Nz(x) =
27/16 for both bosons and fermions as we have advertised
above. More details can be found in Refs. [39,40].

For example, we can study the fermions in d = 1 + 2e.
According to Eq. (7.12), in the UV, the transition happens
at

ZF 142 = X° = exp(—pe) = (9.9)

16N’
In the IR, the fermions have dimension 1/4 for d = 1.
Assuming that most 2k-fermion operators have dimension
k/2, we conclude that the transition takes place at

27
e =" =exp(-p/4) =7~ (9.10)
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