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We study the operators in the large N tensor models, focusing mostly on the fermionic quantum
mechanics with OðNÞ3 symmetry which may be either global or gauged. In the model with global
symmetry, we study the spectra of bilinear operators, which are in either the symmetric traceless or the
antisymmetric representation of one of the OðNÞ groups. In the symmetric traceless case, the spectrum of
scaling dimensions is the same as in the Sachdev-Ye-Kitaev (SYK) model with real fermions; it includes
the h ¼ 2 zero mode. For the operators antisymmetric in the two indices, the scaling dimensions are the
same as in the additional sector found in the complex tensor and SYK models; the lowest h ¼ 0 eigenvalue
corresponds to the conserved OðNÞ charges. A class of singlet operators may be constructed from
contracted combinations ofm symmetric traceless or antisymmetric two-particle operators. Their two-point
functions receive contributions from m melonic ladders. Such multiple ladders are a new phenomenon in
the tensor model, which does not seem to be present in the SYK model. The more typical 2k-particle
operators do not receive any ladder corrections and have quantized large N scaling dimensions k=2. We
construct pictorial representations of various singlet operators with low k. For larger k, we use available
techniques to count the operators and show that their number grows as 2kk!. As a consequence, the theory
has a Hagedorn phase transition at the temperature which approaches zero in the large N limit. We also
study the largeN spectrum of low-lying operators in the Gurau-Witten model, which hasOðNÞ6 symmetry.
We argue that it corresponds to one of the generalized SYK models constructed by Gross and Rosenhaus.
Our paper also includes studies of the invariants in large N tensor integrals with various symmetries.

DOI: 10.1103/PhysRevD.97.026016

I. INTRODUCTION AND SUMMARY

Models where the degrees of freedom are tensors of rank
r > 2 offer the possibility of large N limits dominated by
the so-called melon diagrams, if the interactions are chosen
appropriately [1–11]. In models where the tensor indices
are distinguishable, so that the symmetry group is OðNÞr
for example, the proofs of melonic limits have been
available for several years.1 During the recent months,
interest in the melonic large N tensor models has been
boosted by their connections [17,18] with the Sachdev-
Ye-Kitaev model [19–22] and its generalizations [23], as
well as by connections with the largeN matrix models [24].
In particular, the Schwinger-Dyson (S-D) equations which

determine the scaling dimensions of a class of bilinear
operators [22,23,25–27] have been shown to be identical in
the tensor and Sachdev-Ye-Kitaev (SYK) models [18].
In this paper, we continue exploration of the large N

tensor models, in particular the OðNÞ3 symmetric model of
Ref. [18], which appears to be the minimal quantum
mechanical model possessing the melonic limit.2 This
model has N3 anticommuting degrees of freedom, ψabc,
where a; b; c ¼ 1;…; N. In the model with global sym-
metry, the operators may be classified according to the
group representations. In Sec. III, we study the spectra of
two-particle operators, which are either symmetric traceless
or antisymmetric under two indices belonging to the same
OðNÞ group. We find that the spectrum of symmetric
traceless operators (3.5) is the same as that in the SYK
model with real fermions; in particular, it includes the
h ¼ 2 zero mode which plays an important role in the dual
gravitational dynamics [28–30]. While in the SYK model
there is one h ¼ 2 zero mode, in theOðNÞ3 tensor model, it
appears with multiplicity 1þ 3

2
ðN − 1ÞðN þ 2Þ. For thePublished by the American Physical Society under the terms of

the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1There is recent evidence [12,13] that the melon dominance
extends even to theories with a single OðNÞ symmetry group,
which are similar to the tensor models [14–16] considered in the
early 1990s.

2Our work may be generalized to similar models with higher
rank tensors, but we will not do this explicitly here.
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operators antisymmetric in the two indices (3.6), the
spectrum is identical to the additional sector found in the
complex tensor and SYK models [18,31–36]; it includes
the h¼0 eigenvalue with multiplicity 3

2
NðN−1Þ corre-

sponding to the conserved OðNÞ3 charges.
An attractive feature of the tensor models is that the

global symmetry may be gauged [17,18]; this restricts the
operator spectrum to the invariant ones only. The “Regge
trajectory” of two-particle operators ψabc∂2nþ1

t ψabc is
clearly not the full set of OðNÞ3 invariant operators; there
are vastly more operators which may be constructed by
multiplying an even number of tensors and contracting all
the indices [18]. In Sec. IV, we explicitly construct and
draw pictorial representations of such operators (these
pictures are analogous to the Feynman diagrams in the
theory of three scalar fields φi with interaction vertex
φ1φ2φ3). Using the techniques developed in Refs. [37–40]
(see also Ref. [41]), we will calculate the number of ð2kÞ-
particle operators and show that it grows asymptotically as
2kk!. As a consequence, the theory has a Hagedorn phase
transition at the temperature ∼1= logN, which we discuss
in Sec. IX. Our work is similar in spirit to the classification
of invariants in the d ¼ 0 tensor models [2,42–46], but
some of our specific results appear to be new. Working with
the quantum mechanical model of real 3-tensors introduces
some subtleties and cancellations: for example, in the
OðNÞ3 fermionic model all the six-particle operators vanish
due to the Fermi statistics, while the number of ten-particle
operators is strongly reduced compared to the similar
bosonic model. In Sec. VIII, we also count the invariants
in d ¼ 0 bosonic models. In addition to the real tensors
with OðNÞ3 symmetry, we study the complex tensor
theories with UðNÞ3 and UðNÞ2 ×OðNÞ symmetries, as
well as the symmetric traceless and fully antisymmetric
rank-3 tensors under a single OðNÞ group.
Beyond classifying the invariant operators, it is impor-

tant to determine their infrared scaling dimensions. We
begin work on this in Sec. V and point out that there is a
large class of 2k-particle operators of which the large N
scaling dimensions are simply additive, i.e. k=2. This is
because the melonic ladders contribute only to 1=N
corrections. However, although less generic, there are
operators of which the dimensions are not simply quan-
tized. While the Regge trajectory operators studied in
Refs. [18,22,23,25–27] receive single ladder contributions,
there are operators of which the two-point functions have
multiladder contributions. Since a ladder may contain an
h ¼ 2 zero mode, them-ladder diagram seems to produce a
low-temperature enhancement by ðβJÞm. This may be an
important physical effect in the melonic tensor models, the
detailed analysis of which we leave for the future.
Besides our analysis of the spectra of OðNÞ3 symmetric

models, we make some comments about the OðNÞ6
symmetric Gurau-Witten model [17]. Some features of
its spectrum are identical to those in the q ¼ 4, f ¼ 4

Gross-Rosenhaus flavored generalization [23] of the SYK
model. The connections of the Gurau-Witten model with
this Gross-Rosenhaus model have been also noted using
combinatorial analysis in Ref. [47].
After this paper was completed, we became aware of the

interesting Ref. [48], which has some overlap with our
results.

II. COMMENTS ON THE OðNÞ3 SYMMETRIC
FERMIONIC TENSOR QUANTUM MECHANICS

Let us consider the quantum mechanical model of a real
anticommuting 3-tensor ψabc with the action [18]

S¼
Z

dt

�
i
2
ψabc∂tψ

abcþ1

4
gψa1b1c1ψa1b2c2ψa2b1c2ψa2b2c1

�
:

ð2:1Þ

The three indices, each of which runs from 1 to N, are
treated as distinguishable, and the Majorana fermions
satisfy the anticommutation relations

fψabc;ψa0b0c0 g ¼ δaa
0
δbb

0
δcc

0
: ð2:2Þ

This model is a somewhat simplified version of the OðNÞ6
symmetric Gurau-Witten model [17]. Both are in the class
of 3-tensor models which possess a “melonic” large N limit
where J ¼ gN3=2 is held fixed [1–11]. The large N model is
nearly conformal in the IR [19,22]; for example, the two-
point function is

hTðψabcðt1Þψa0b0c0 ðt2ÞÞi

¼ −δaa0δbb0δcc0
�

1

4πg2N3

�
1=4 sgnðt1 − t2Þ

jt1 − t2j1=2
: ð2:3Þ

The model (2.1) has the OðNÞ1 ×OðNÞ2 ×OðNÞ3
symmetry under the replacement3

ψabc → Maa0
1 Mbb0

2 Mcc0
3 ψa0b0c0 ; ð2:4Þ

M1 ∈OðNÞ1; M2 ∈OðNÞ2; M3 ∈OðNÞ3: ð2:5Þ

As far as the group OðNÞ1 is concerned, we may think of b
and c as flavor indices; therefore, ψabc produces N2 flavors
of real fermions in the fundamental of OðNÞ1. An analo-
gous picture applies toOðNÞ2 andOðNÞ3. The three sets of
SOðNÞ symmetry charges are

3More generally, we could consider a model with OðN1Þ ×
OðN2Þ ×OðN3Þ symmetry, where a runs from 1 to N1, b runs
from 1 to N2, and c runs from 1 to N3. This may be thought of as
a model of a large number N2 of N1 × N3 matrices [24].
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Qa1a2
1 ¼ i

2
½ψa1bc;ψa2bc�;

Qb1b2
2 ¼ i

2
½ψab1c;ψab2c�;

Qc1c2
3 ¼ i

2
½ψabc1 ;ψabc2 �: ð2:6Þ

The gauging of SOðNÞ1 × SOðNÞ2 × SOðNÞ3 sets these
charges to zero; this restricts the operators to the invariant
ones, where all the indices are contracted. In the ungauged
model (2.1), a more general class of operators is allowed,
and they can be classified according to representations of
the SOðNÞ1 × SOðNÞ2 × SOðNÞ3.
Each OðNÞ group includes parity transformations (axis

reflections) Pa0 : for a given a0, Pa0 sends ψ
a0bc → −ψa0bc

for all b, c and leaves all ψa1bc; a1 ≠ a0 invariant. In a
physical language, these are “big” gauge transformations,
and operators should be invariant under them. Therefore,
we can build operators using ψabc and the delta symbol δaa

0

only. In the case of the SOðNÞ gauge group, one can use the
fully antisymmetric tensor ϵa1…aN as well; it is invariant
under SOðNÞ but changes its sign under the parity trans-
formations. Because of this, there are additional “long”
operators containing at least N fields, like

Olong ¼ ϵa1…aNϵb1…bNϵc1…cN

YN
j¼1

ψajbjcj : ð2:7Þ

The difference between gauging OðNÞ and SOðNÞ
becomes negligible in the large N limit.
Let us define three operations which permute pairs

of the OðNÞ symmetry groups (and thus interchange
indices in the tensor field), while also reversing the
direction of time,

sab∶ ψabc → ψbac; t → −t; ð2:8Þ

sbc∶ ψabc → ψacb; t → −t; ð2:9Þ

sac∶ ψabc → ψcba; t → −t: ð2:10Þ

Each of these transformations preserves the equations of
motion for the ψabc field,

_ψabc ¼ igðψ3Þabc; ðψ3Þabc ≡ ψab1c1ψa1bc1ψa1b1c:

ð2:11Þ

The Hamiltonian, including a quantum shift due to (2.2),

H ¼ −
1

4
gψa1b1c1ψa1b2c2ψa2b1c2ψa2b2c1 þ gN4

16

¼ −
1

4
g½ψa1b1c1 ;ψa1b2c2 �½ψa2b1c2 ;ψa2b2c1 �; ð2:12Þ

changes sign under each of the transformations sab, sbc, sac
(this is discussed in Sec. IV). This means that these
transformations are unitary; they preserve eiHt. In contrast,
the usual time reversal transformation is antiunitary
because it also requires complex conjugation i → −i.
TheOðNÞ3 invariant operators form representations under

the permutation group S3, which acts on the three OðNÞ
symmetry groups (it contains the elements sab, sbc, and sac).
For example, H is in the degree 1 “sign representation” of
S3; it changes sign under any pair interchange but preserves
its sign under a cyclic permutation.
It is also interesting to study the spectrum of eigenstates

of the Hamiltonian for small values of N; first steps on this
were made in Refs. [49–51]. When gauging the OðNÞ3
symmetry, one needs to worry about the Z2 anomaly, which
affects the gauged OðNÞ quantum mechanics with an odd
number of flavors of real fermions in the fundamental
representation [52,53]. Since for each of the three OðNÞ
groups we find N2 flavors of fundamental fermions, the
gauged model is consistent for even N but is anomalous for
odd N.4 This means that, for odd N, the spectrum does not
contain states which are invariant under OðNÞ3 (for N ¼ 3,
this can be seen via an explicit diagonalization of the
Hamiltonian (2.12) [49]).

III. COMPOSITE OPERATORS AND
SCHWINGER-DYSON EQUATIONS

The scaling dimensions of a class of bilinear operators
may be extracted from the four-point function [18]

hψa1b1c1ðt1Þψa1b1c1ðt2Þψa2b2c2ðt3Þψa2b2c2ðt4Þi ð3:1Þ

and factorizing it in the channel where t1 → t2 and t3 → t4.
A class of melonic ladder graphs appears in this channel
in the large N limit; it may be summed by means of a
Schwinger-Dyson equation. The singlet bilinear operators

On ¼ ψabc∂2nþ1
t ψabc; n ¼ 0; 1; 2;… ð3:2Þ

form a Regge trajectory. Their scaling dimensions are the
same as in the SYK model [19,22], and they have been
extensively analyzed in the literature [23,25–27]. The
dimensions are determined by the equation

gðhÞ ¼ −
3

2

tanðπ
2
ðh − 1

2
ÞÞ

h − 1=2
¼ 1; ð3:3Þ

and the first few solutions are h ¼ 2; 3.77; 5.68;…. As
pointed out in Ref. [18], the model also contains a
multitude of multiparticle singlet operators. As we will
see, some special combinations of the multiparticle

4We are grateful to E. Witten for pointing this out to us.
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operators are related by the equations of motion to the
operators (3.2), but most multiparticle operators are genu-
inely new.
Interestingly, there are also certain nonsinglet operators

which are renormalized by the melonic ladder diagrams.
This can be seen, for example, from the four-point function

hψa1b1c1ðt1Þψa2b1c1ðt2Þψa1b2c2ðt3Þψa2b2c2ðt4Þi ð3:4Þ

factorized in the channel t1 → t2 and t3 → t4. As shown
in Fig. 1, all the melonic ladders again make nonvanishing
contributions in the large N limit. Here, we find two
classes of nonsinglet bilinear operators: those symmetric
and traceless in a1 and a2 and those antisymmetric. The
1
2
ðN − 1ÞðN þ 2Þ symmetric traceless operators under

OðNÞ1,

Oða1a2Þ
n ¼ ψa1bc∂2nþ1

t ψa2bc þ ψa2bc∂2nþ1
t ψa1bc

−
2

N
δa1a2ψabc∂2nþ1

t ψabc; ð3:5Þ

where n ¼ 0; 1; 2;…, have the same spectrum as the singlet
bilinears (3.2), which is determined by (3.3). Of course,

there are analogous operators Oðb1b2Þ
n and Oðc1c2Þ

n that are
symmetric traceless under OðNÞ2 and OðNÞ3, respectively.
Thus, the symmetric traceless operators present in the
ungauged model contain the h ¼ 2 zero mode with
multiplicity 3

2
ðN − 1ÞðN þ 2Þ; this appears to imply a

significant physical difference between the ungauged
OðNÞ3 model and the SYK model.5 While in the gauged
model such bilinear operators are projected out, we may
form singlet combinations out of their products; such
operators have an interesting feature that they are renor-
malized by multiple ladders. For example, in Sec. V. we
will encounter operators related by the equation of motion

to Oða1a2Þ
0 Oða1a2Þ

0 , so they are renormalized by double
ladders. The pictorial representations of these operators
may be found in column 2 of Fig. 9.
There are also the 1

2
NðN − 1Þ operators in the antisym-

metric two-index representation of OðNÞ1,

O½a1a2�
n ¼ ψa1bc∂2n

t ψa2bc − ψa2bc∂2n
t ψa1bc; ð3:6Þ

and the analogous antisymmetric operators under OðNÞ2
and OðNÞ3. The Schwinger-Dyson equations for these
operators are identical to the “symmetric sector" of the
complex tensor model [18,31–36]. Their scaling dimen-
sions are determined by

~gðhÞ ¼ −
1

2

tanðπ
2
ðhþ 1

2
ÞÞ

h − 1=2
¼ 1: ð3:7Þ

The first few solutions of this equation are h ¼ 0; 2.65;
4.58;…, and each one appears with multiplicity
3
2
NðN − 1Þ. The spectrum includes the special h ¼ 0 mode

corresponding here to the n ¼ 0 operators, which are the
OðNÞ3 charges (2.6).
The four-point function (3.4) may also be factorized in

the channel t1 → t3 and t2 → t4. This leads to the spectrum
of operators

Ob1c1b2c2
m ¼ ψab1c1∂m

t ψ
ab2c2 : ð3:8Þ

We can see from Fig. 2 that the ladder contribution to this
operator is subleading in 1=N; the rightmost diagram is of
ladder type and is ∼g2N3, which is suppressed by a power
of N relative to the other two diagrams. Therefore, the large
N scaling dimensions of these operators are 1=2þm.
We will adopt a pictorial representation of the operators

where the ψabc fields are shown as the vertices. The a-
indices which transform under OðNÞ1 are shown by red
lines, the b-indices which transform under OðNÞ2 are
shown by blue lines, and the c-indices which transform
under OðNÞ3 are shown by green lines. For example, the
three charges (2.6) are shown in Fig. 3.

IV. CONSTRUCTION OF OðNÞ3
INVARIANT OPERATORS

In this section, we study the spectrum ofOðNÞ3 invariant
operators. Since a time derivative may be removed using
the equations of motion (2.11), we may write the operators
in a form in which no derivatives are present. The bilinear
singlet operator, ψabcψabc, vanishes classically by the
Fermi statistics, while at the quantum level taking into
account (2.2), it is a C-number. The first nontrivial
operators appear at the quartic level and are shown in
Fig. 4 (from here on, we will not be careful about the
quantum corrections to operators).
On the left is the “tetrahedron operator” Otetra, which is

proportional to the Hamiltonian (2.12):

Otetra ¼ ψa1b1c1ψa1b2c2ψa2b1c2ψa2b2c1 : ð4:1Þ

One can check that

FIG. 1. A ladder contribution to the two-point function of a
bilinear operator with two pairs of indices contracted, Oc1c2 . It is
not suppressed in the large N limit.

5We are grateful to Shiraz Minwalla for very useful discussions
on this; see Ref. [48].
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sbcOtetra ¼ ψa1c1b1ψa1c2b2ψa2c2b1ψa2c1b2

¼ ψa1b1c1ψa1b2c2ψa2b2c1ψa2b1c2 ¼ −Otetra ð4:2Þ

and also that sabOtetra ¼ −Otetra and sacOtetra ¼ −Otetra.
Thus, the tetrahedron operator Otetra is in the degree 1 sign
representation of S3; it changes sign under any pair
interchange but preserves its sign under a cyclic
permutation.
The three additional operators in Fig. 4, which we denote

as Oð1Þ
pillow, O

ð2Þ
pillow, and Oð3Þ

pillow, are the “pillow” operators in
the terminology of Refs. [6,10]; they contain double lines

between a pair of vertices. For example, forOð1Þ
pillow, we have

Oð1Þ
pillow ¼ −ψa1b1c1ψa2b1c1ψa1b2c2ψa2b2c2 ¼ Qa1a2

1 Qa1a2
1 :

ð4:3Þ

Under the S3, the three pillow operators decompose into
the trivial representation of degree 1 and the standard
representation of degree 2. Since the charges (2.6)
commute with the Hamiltonian (2.12), so does each of
the three pillow operators. This means that the scaling
dimensions of the pillow operators are unaffected by the
interactions; i.e., they vanish. In fact, the three pillow
operators are simply the quadratic Casimir operators of
the three OðNÞ groups.6 The gauging of OðNÞ3 symmetry

sets the charges (2.6) to zero, so the pillow operators do
not appear in the gauged model.
Using the equations of motion (2.11) we see that the

operator Otetra is related by the equation of motion to the
operator ψabc∂tψ

abc,

Otetra ¼ ψabcðψ3Þabc ∝ ψabc∂tψ
abc: ð4:4Þ

If we iterate the use of the equation of motion (2.11), then
all derivatives in an operator may be traded for extra ψ
fields. Thus, a complete basis of operators may be con-
structed by multiplying some number 2k of ψ fields and
contracting all indices. In this approach, there is a unique
operator with k ¼ 2ðnþ 1Þ which is equal to the Regge
trajectory operator ψabc∂2nþ1

t ψabc. For n ¼ 0, this operator
is Otetra, which is proportional to the Hamiltonian; for
n ¼ 1, it will be constructed explicitly in Sec. IVA.
All the six-particle operators are represented in Fig. 5,

but due to the Fermi statistics, all of them vanish. Even if
this were not the case, the operators in the first three
columns would vanish in the gauged model because they
contain insertions of the charges (2.6). Let us demonstrate
the vanishing of the two operators in the last column in
detail. The first operator

Oð1Þ
6 ¼ ψa1b1c1ψa1b2c2ψa2b1c2ψa2b3c3ψa3b3c1ψa3b2c3 ð4:5Þ

may be written as

FIG. 2. Different contributions to the two-point function of a bilinear operator with one pair of indices contracted,Ob1c1b2c2
m . The ladder

diagrams, such as the rightmost figure, are suppressed in the large N limit.

FIG. 3. The OðNÞ1, OðNÞ2, and OðNÞ3 charges.

FIG. 4. All the four-particle operators, the tetrahedron and the
three pillows, with the index contractions shown explicitly.

FIG. 5. All six-particle operators. They are present in the scalar
model but vanish in the fermionic model.

6We thank Dan Roberts and Douglas Stanford for discussions
on this.
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Oð1Þ
6 ¼ ðψ3Þa2b2c1ðψ3Þa2b2c1 ¼ 0: ð4:6Þ

This may be seen by cutting the diagram for this operator in
Fig. 5 along the vertical symmetry axis. To show that

Oð2Þ
6 ¼ ψa1b1c1ψa1b2c2ψa2b2c3ψa2b3c1ψa3b3c2ψa3b1c3 ð4:7Þ

also vanishes, we may permute the first two ψ fields to
write it as

Oð2Þ
6 ¼ −ψa1b2c2ψa1b1c1ψa2b2c3ψa2b3c1ψa3b3c2ψa3b1c3 : ð4:8Þ

After relabeling b1 ↔ b2, c1 ↔ c2, and a2 ↔ a3, we

observe that the rhs equals −Oð2Þ
6 . Therefore,

Oð2Þ
6 ¼ −Oð2Þ

6 ¼ 0.
One may wonder if the vanishing extends to the ten-

particle operators. We have checked that the operators
shown in Fig. 6 all vanish; this is due to the reflection
symmetry present for these operators. For example, the left
operator in Fig. 6 vanishes because it may be written as
ðψ5Þabcðψ5Þabc, which may be seen by cutting the diagram
along the vertical symmetry axis. We note that

ðψ5Þabc ¼ g−2∂2
tψ

abc: ð4:9Þ

Similarly, by cutting the third diagram in Fig. 6 along its
vertical symmetry axis, we see that the corresponding

operator may be written as ðψ5Þab1b2b3b4cðψ5Þab1b2b3b4c
which obviously vanishes as well. This argument
extends to all the reflection symmetric (4nþ 2)-particle
diagrams.
However, not all ten-particle operators vanish. For

example, the operators shown in Fig. 7 do not have a
reflection symmetry, and we have checked that they do not
vanish.
Let us note that each gauge invariant operator, where

all the indices are contracted, corresponds to a vacuum
Feynman diagram in the theory with three scalar fields
and interaction λφ1φ2φ3 (the three different propagators
correspond to the lines of three different colors in our
figures). In the theory of bosonic tensors ϕabc, the number
of operators made out of 2k fields is precisely the number
of distinct Feynman diagrams appearing at order λ2k,
which grows as k!2k. In the fermionic model, some of the
operators vanish by the Fermi statistics, while others
vanish due to the gauge constraint. Nevertheless, we will
find that the factorial growth holds also in the fer-
mionic model.

A. Eight-particle operators

In this section, we explicitly construct all the eight-
particle operators without bubble (double line) insertions
and exhibit their pictorial representations. Having two
vertices connected by a double line corresponds to the
insertion of an OðNÞ charge which vanishes in the
gauged model. For this reason, we will omit such
operators and list only those where there are no double
lines. The possible topologically inequivalent eight-
particle operators are shown in Fig. 8; from these, we
can obtain other admissible operators by interchanging
the colors. In this way, we find 17 inequivalent operators
shown in Fig. 9.
Among the eight-particle operators, there are three which

may be obtained from the tetrahedral vertex

FIG. 6. Some ten-particle operators which vanish in the fermionic model.

FIG. 7. Some nonvanishing ten-particle operators.

FIG. 8. Eight-particle operator topologies.
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O1 ¼ ψa1b1c1ψa1b2c2ψa2b2c1ψa2b4c4ψa3b3c2

× ψa3b1c3ψa4b4c3ψa4b3c4 ;

O2 ¼ ψa1b1c1ψa1b2c2ψa2b2c1ψa2b3c3ψa3b3c2ψa3b4c4

× ψa4b4c3ψa4b1c4 ;

O3 ¼ ψa1b1c1ψa1b2c2ψa2b2c1ψa2b3c3ψa3b1c3ψa3b4c4

× ψa4b3c4ψa4b4c2 : ð4:10Þ

Their pictorial representations are shown in the first column
of Fig. 9. Using the equations of motion, we may write
them as

O1 ¼ _ψa1b1c1 _ψa1b2c2ψa2b1c2ψa2b2c1 ;

O2 ¼ _ψa1b1c1ψa1b2c2 _ψa2b1c2ψa2b2c1 ;

O3 ¼ _ψa1b1c1ψa1b2c2ψa2b1c2 _ψa2b2c1 : ð4:11Þ

It follows that

O1 þO2 þO3 ∼ ∂tψ
abc∂2

tψ
abc; ð4:12Þ

which up to a total derivative equals the Regge trajectory
operator ψabc∂3

tψ
abc.

The transformation properties of operators O1, O2, and
O3 under S3 are

sbcO3 ¼ −O2; sbcO2 ¼ −O3; sbcO1 ¼ −O1;

sacO3 ¼ −O1; sacO2 ¼ −O2; sacO1 ¼ −O3;

sabO3 ¼ −O3; sabO2 ¼ −O1; sabO1 ¼ −O2:

It follows that

ðsab; sac; sbcÞ∶ ðO1 þO2 þO3Þ → −ðO1 þO2 þO3Þ:
ð4:13Þ

Therefore, the operator ψabc∂3
tψ

abc ∼O1 þO2 þO3 is in
the degree 1 sign representation of S3. The other two linear
combinations of operators (4.10), O1 −O2 and O2 −O3,
form the standard degree 2 representation of S3.
Similarly, we may write down the three operators which

correspond to the second column in Fig. 9 (the first of these
operators, ~O1, was written down in Ref. [18]):

~O1 ¼ ψa1b1c1ψa1b2c2ψa2b3c3ψa2b4c4ψa3b1c3ψa3b3c1

× ψa4b2c4ψa4b4c2 ;

~O2 ¼ ψa1b1c1ψa2b1c2ψa3b2c3ψa4b2c4ψa1b3c3ψa3b3c1

× ψa2b4c4ψa4b4c2 ;

~O3 ¼ ψa1b1c1ψa2b2c1ψa3b3c2ψa4b4c2ψa3b1c3ψa1b3c3

× ψa4b2c4ψa2b4c4 : ð4:14Þ

Via the equations of motion, these operators are related to
the bilinear operators defined in (3.5):

~O1 ∼Oða1a2Þ
0 Oða1a2Þ

0 ; ~O2 ∼Oðb1b2Þ
0 Oðb1b2Þ

0 ;

~O3 ∼Oðc1c2Þ
0 Oðc1c2Þ

0 : ð4:15Þ

These relations will be used in the next section.
The action of the discrete symmetries on the operators is

sbc ~O3 ¼ ~O2; sbc ~O2 ¼ ~O3; sbc ~O1 ¼ ~O1;

sac ~O3 ¼ ~O1; sac ~O2 ¼ ~O2; sac ~O1 ¼ ~O3;

sab ~O3 ¼ ~O3; sab ~O2 ¼ ~O1; sab ~O1 ¼ ~O2; ð4:16Þ

FIG. 9. All eight-particle operators in the fermionic model.
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so that

ðsab; sbc; sacÞ∶ ~O1 þ ~O2 þ ~O3 → ~O1 þ ~O2 þ ~O3: ð4:17Þ

Therefore, this operator is in the trivial representation of S3.
The other two linear combinations of operators (4.14),
~O1 − ~O2 and ~O2 − ~O3, form the standard degree 2 repre-
sentation of S3. The operators corresponding to the other
topologies in Fig. 8 may be written down analogously.

V. SCALING DIMENSIONS OF
MULTIPARTICLE OPERATORS

We have seen that the tensor models admit a variety of
singlet operators. In this section, we discuss their scaling
dimensions. Since operators Ob1c1b2c2

m defined in (3.8) do
not receive ladder contributions in the large N limit, we
expect a large class of m-particle operators to have the
quantized dimensions7:

Δm ¼ m
4
þOð1=NÞ: ð5:1Þ

This is the dimension of an operator which is not renor-
malized by ladder diagrams because every pair of tensors
has at most one index in common. This situation is
illustrated in Fig. 10; the dominant contribution comes
from the two operators contracted using the IR two-point
function (2.3), and the ladder insertions are suppressed
by 1=N. We find that this applies to most of the 17 eight-
particle operators shown in Fig. 9. The exceptions are
operators Oi and ~Oi, defined in (4.10) and (4.14) and
shown in columns 1 and 2. For example, each of the
operators ~Oi in column 2 is renormalized by two ladders, as
we discuss below.
Thus, the m=4 rule does not apply to all operators; it is

violated for the operators of which the two-point functions
receive the melonic ladder contributions in the large N
limit. One class of such singlet operators is the Regge
trajectory we have discussed before:

ψabc∂2nþ1
t ψabc: ð5:2Þ

After applying the equation of motion (2.11), which
schematically may be represented as

ð5:3Þ

we may represent the Regge trajectory operators in terms
of multiparticle operators without derivatives. For example,
the n ¼ 0 operator is equivalent to the four-particle
tetrahedron operator Otetra, while the n ¼ 1 operator is
equivalent to O1 þO2 þO3, as shown in (4.12). The
dimensions of such operators come from solving (3.3),
so the operator O1 þO2 þO3 has h ≈ 3.77.
Furthermore, using the equation of motion (5.3), we can

relate many additional singlet operators to operators con-
taining derivatives. Let us denote a vertex with ∂tψ by a
white circle. By the equations of motion, we can relate the
operators of which the diagram contains triangles with
low-order operators containing derivatives. For example,
some of the operators which can be written as lower-order
operators with derivatives are shown in Fig. 11.
As discussed in Sec. III, some of these operators are

renormalized by multiple ladder diagrams. For example,
the three four-particle pillow operators, shown in Fig. 4,
have dimension h ¼ 0 because they are squares of the

symmetry charges. Similarly, operators Oða1a2Þ
0 Oða1a2Þ

0

related by the equation of motion to column 2 of Fig. 9
are renormalized by double ladders as shown in Fig. 12.
One can also see that the correlation function of this
operator with four fermionic fields receives a contribution
from two ladders as shown in Fig. 13 and 14.

More generally, we may use operators Oða1a2Þ
n defined in

(3.5) to write down the singlet operators

On1n2 ¼ Oða1a2Þ
n1 Oða1a2Þ

n2 ð5:4Þ

renormalized by double ladders,

On1n2n3 ¼ Oða1a2Þ
n1 Oða2a3Þ

n2 Oða3a1Þ
n3 ð5:5Þ

renormalized by triple ladders, and so on. It appears that in
the large N limit their scaling dimensions are additive,
so that the spectrum of On1n2 is h1 þ h2, the spectrum of
On1n2n3 is h1 þ h2 þ h3, etc., but we postpone a detailed
study of the relevant Schwinger-Dyson equations. Here, hi
are the eigenvalues which appear in the SYK spectrum;
they are the solutions of (3.3). The picture of the 12-particle
operator which is equivalent by the equation of motion to

Oða1a2Þ
0 Oða2a3Þ

0 Oða3a1Þ
0 , as well as the analogous operators

FIG. 10. Diagrammatics for the “typical” operators of which
the IR dimensions are quantized. Each line denotes a dressed
propagator. a) The melonic diagrams that contribute to the
operator two-point functions in the large N limit. b) The ladder
diagrams which do not contribute in the large N limit.

7We are very grateful to E. Witten for pointing this out to us.
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Oðb1b2Þ
0 Oðb2b3Þ

0 Oðb3b1Þ
0 and Oðc1c2Þ

0 Oðc2c3Þ
0 Oðc3c1Þ

0 , is shown
in Fig. 15.
We may construct additional operators renormalized by

multiple ladders using the operators O½a1a2�
n , defined in

(3.6), in addition to Oða1a2Þ
n . For example, there is a class of

operators O½a1a2�
n1 O½a1a2�

n2 of which the scaling dimensions
appear to be h1 þ h2, where hi are the solutions of (3.7).
Thus, the charges (2.6) and their products are not the only
exceptions to them=4 rule (since the charges are conserved,

we a priori expect their scaling dimension to be zero). In
fact, any operator of which the diagram contains a bubble
subdiagram (i.e., two tensors with a double index con-
traction) is renormalized by a ladder, and there are as many
ladders as there are bubbles. For example, a pillow operator
contains two bubbles and is renormalized by two ladders.
Moreover, if we take an operator diagram renormalized

by multiple ladders and change one vertex in the diagram
from ψ to ∂tψ (blue to white vertex), it will still be
renormalized by the same number of ladders. With deriv-
atives, we can convert a pillow operator into the second
operator in Fig. 8. It is easy to check that this operator is
renormalized by two ladders. Since each of the ladders
contains the h ¼ 2 zero mode in its spectrum, and a zero
mode produces a low-temperature enhancement by a factor

FIG. 11. The operators which can be represented as lower-order operators with derivative insertions shown by white dots.

FIG. 12. An example of an operator renormalized by two ladder diagrams. The diagram with two ladders inserted (right) is of the same
order as the diagram with operators connected directly (left). The black dots represent the tetrahedral coupling.

FIG. 13. A diagram with two ladders contributing to the
correlation function hO8ψψψψi.

FIG. 14. Another representation for the same diagram.
FIG. 15. Three 12-particle operators of the same topology,
which are renormalized by three-ladder diagrams.
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of βJ [26], we expect the double ladder to produce an effect
of order ðβJÞ2. The multiladder enhancements by ðβJÞn
seem to be a new effect in the tensor model, which clearly
needs to be studied in more detail.
To summarize, we find that:
(1) The operators containing bubble subgraphs are

renormalized with as many ladder diagrams as there
are bubble insertions.

(2) The operators obtained from operators with bubble
subgraphs by inserting derivatives are renormalized
by as many ladders as there were bubble insertions in
the original diagram.

(3) The dimensions of operators which are renormalized
with a single ladder are given by the solutions of the
conformal kernel equation gðhÞ ¼ 1.

(4) The dimensions of the operators which are not
renormalized by ladders are multiples of 1=4.

These results are still far from providing the full informa-
tion about the singlet spectrum of the OðNÞ3 tensor
quantum mechanics. In particular, we would like to have
a more complete understanding of the operators renormal-
ized by multiple ladders and to study their low-temperature
contributions. We hope to address these questions
elsewhere.

VI. SOME SCALING DIMENSIONS IN THE
GURAU-WITTEN MODEL

Let us now consider the OðNÞ6 symmetric quantum
mechanical model [17]. It contains four fermionic rank-3
tensors ψA, A ¼ 0;…3, each one transforming in the
trifundamental representation under a different subset of
the sixOðNÞ groups. The four fermionic tensors and the six
OðNÞ gauge groups may be visualized as the vertices and
edges of a tetrahedron [17]. Thus, only two of the fermions
transform under a given OðNÞ symmetry. The Gurau-
Witten Hamiltonian is

HGW ¼ −
1

4
gψabc

0 ψade
1 ψfbe

2 ψfdc
3 : ð6:1Þ

The model contains bilinear operators of the form
Oc1c2

A ¼ ψabc1
A ψabc2

A . Let us focus on the operators with
A ¼ 0 and 1, which transform in the antisymmetric
representation of the same OðNÞ group and can mix with
each other:

Oc1c2þ ¼ ψabc1
0 ψabc2

0 þ ψdec1
1 ψdec2

1 ; ð6:2Þ

Oc1c2− ¼ ψabc1
0 ψabc2

0 − ψdec1
1 ψdec2

1 : ð6:3Þ

The operator Oc1c2þ is the charge of one of the six OðNÞ
symmetries; therefore, its scaling dimension vanishes.
The operator Oc1c2− has another scaling dimension, h−.
The ladder diagrams contribute to the two-point function

hOc1c2− ðt1ÞOc3c4− ðt2Þi, and we need to derive an appropriate
Schwinger-Dyson equation. If we use ψabc1

0 ψabc2
0 and

ψdec1
1 ψdec2

1 as the basis, then the kernel is a 2 × 2 symmetric
matrix with zeros on the diagonal; hence, the two eigen-
values are equal and opposite. To fix the normalization, we
note that the two functions g�ðhÞ are proportional to ~gðhÞ,
which is given in (3.7). Therefore, gþðhÞ ¼ ~gðhÞ, and
g−ðhÞ ¼ −~gðhÞ. The spectrum of solutions to gþðhÞ ¼ 1
indeed includes h ¼ 0 corresponding to the conserved
charge. The lowest solution to g−ðhÞ ¼ 1 is h− ≈ 2.33;
this is the scaling dimension of operator Oc1c2− . Thus, there
are three quartic “pillow operators" made out of ψ0 and ψ1:
Oc1c2þ Oc1c2þ of dimension 0, Oc1c2þ Oc1c2− of dimension h−,
and Oc1c2− Oc1c2− of dimension 2h−. The third operator is the
only pillow operator present in the gauged model where
Oc1c2þ is set to zero. Its dimension 2h− ≈ 4.66 makes it very
irrelevant; we find six pillow operators with this dimension,
corresponding to the presence of six differentOðNÞ groups.
We may also study the bilinear singlet operators like

On
− ¼ ψabc

0 ∂2nþ1
t ψabc

0 − ψdec
1 ∂2nþ1

t ψdec
1 : ð6:4Þ

For n ¼ 0, this operator vanishes after the use of equations
of motion, but it is nontrivial for n ¼ 1; 2;…. To calculate
the scaling dimensions of these operators using the S-D
equations, we note that the kernel is the SYK kernel,

KSYKðt1; t2; t3; t4Þ ¼ −
3

4π

sgnðt1 − t3Þsgnðt2 − t4Þ
jt1 − t3j1=2jt2 − t4j1=2jt3 − t4j

;

ð6:5Þ

times a 4 × 4 matrix with zeros on the diagonal and all
the off-diagonal elements equal to the same value B. To
determine B, we note that the kernel corresponding to the
eigenvector (1, 1, 1, 1) with eigenvalue 3B should exactly
equal to the SYK kernel. This means that B ¼ 1=3, which
gives the spectrum of the SYK model determined by
gðhÞ ¼ 1 as given in equation (3.3). The three eigenvectors
ð1;−1; 0; 0Þ, ð0;1;−1;0Þ, and ð0; 0; 1;−1Þ have eigenvalue
−B ¼ −1=3; thus, the spectrum of corresponding operators
is determined by

−
1

3
gðhÞ ¼ 1: ð6:6Þ

The solutions to this equation are shown in Fig. 16.8 There
is a series of solutions that lie slightly below 2nþ 3

2
, for

n ¼ 1; 2; 3;…, and approach it at large n. In other words,
they lie slightly below the naive dimensions of operators

8We may decompose the OðNÞ6 invariant operators into
irreducible representations of the symmetry group of the tetra-
hedron, which is isomorphic to S4. Each solution to (6.6)
corresponds to three operators belonging to a degree 3 repre-
sentation of S4.
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On
−. For n ¼ 1, the numerical value is 3.39, which is close

to 3.5. There is also an exact solution with h ¼ 1, the
interpretation of which is not completely clear.
The dimensions of operators On

− that we find are the
same as in the Gross-Rosenhaus “generalized SYK model”
[23] for q ¼ 4. In particular, the h ¼ 1 solution is present in
that case as well, and the corresponding operator decou-
ples. The Gross-Rosenhaus model that corresponds to the
colored tensor model has f ¼ 4; i.e., it contains four flavors
of Majorana fields, χia, a ¼ 1;…; 4. Its Hamiltonian may
be written as

H ¼ Jijklχ1i χ
2
jχ

3
kχ

4
l ; ð6:7Þ

where Jijkl are random couplings. The operators which are
analogous to On

− are χ1i ∂nþ1
t χ1i − χ2j∂nþ1

t χ2j . The n ¼ 0

operator vanishes by the equation of motion for any value
of Jijkl, which appears to explain the decoupling of the
h ¼ 1 mode.

VII. COUNTING SINGLET OPERATORS IN d = 1

In this section, we proceed to do the singlet operator
counting in the OðNÞ3 quantum mechanics more system-
atically. We employ the technique used in Refs. [39,40] to
find the partition function and free energy of gauge theory.
In our case, we will see that the free energy diverges wildly,
but nevertheless, this procedure allows us to count the
operators in the gauged or ungauged fermionic and scalar
theories.
We work in the one-dimensional spacetime with fields

living in the trifundamental representation of OðNÞ1×
OðNÞ2 ×OðNÞ3, in the limit of N → ∞. We will mainly
address the case of the free tensor model, which describes the
UV fixed point, but also make comments about the IR
theory. The partition function may be written in the form

Z ¼
X
Oi

xhi ; x≡ e−β; ð7:1Þ

where Oi are all operators in the theory which are singlets
under OðNÞ3. Here, hi are the conformal dimensions, so in
the UV, this partition function is

Z ¼
X
k

nkxkhUV ; ð7:2Þ

where k is the number of fields comprising an operator
and nk is the number of admissible operators for each k. In
what follows, we call k the order of an operator. For the
fermionic model, hUV ¼ ðd − 1Þ=2, and for bosonic, it
is ðd − 2Þ=2.
The partition function counts all operators including the

disconnected ones. To restrict ourselves exclusively to the
connected operators, we have to compute the single-sum
partition function defined as

logZðxÞ ¼
X∞
m¼1

1

m
Zs:s:ðxmÞ: ð7:3Þ

To find Zs:s: explicitly, we use an elegant formula from
Ref. [40]:

Zs:s:ðxÞ ¼ logZðxÞ þ
X
m∈Ω

ð−1Þνm 1

m
logZðxmÞ: ð7:4Þ

Here, m belongs to the set of square-free integers
Ω ¼ f2; 3; 5; 6; 7; 10; 11; 13;…g:

m ¼
Yνm
i¼1

pi; pi prime: ð7:5Þ

Our goal in this section is to find the single-sum partition
function for the scalar and fermionic tensor models. The
partition function for the scalar theory in the UV with one
group can be found as [37–39]

ZS ¼
Z

dM exp

�X∞
m¼1

1

m
zS;dðxmÞχðMmÞ

�
; ð7:6Þ

and for the fermionic theory, it is

ZF ¼
Z

dM exp

�X∞
m¼1

ð−1Þmþ1

m
zF;dðxmÞχðMmÞ

�
; ð7:7Þ

with M in the symmetry group and χðMÞ being the
character of the desired representation. In our case, we
substitute

M → M1M2M3; χðMÞ → χðM1ÞχðM2ÞχðM3Þ;
Mi ∈ OðNÞi ð7:8Þ

and take χðMÞ ¼ trM.

y=g(h)

y=– 1
3
g(h)

y=1

h=1 h=2 h=3.39 h=3.77

1 2 3 4 5
h

–3

–2

–1

1

2

3

y

FIG. 16. Plot of the IR dimensions of the bilinear singlet
operators in the GW model.
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The single-letter partition functions for scalars and
(Majorana) fermions correspondingly are as follows:

zS;dðxÞ ¼
x
d
2
−1ð1þ xÞ

ð1 − xÞd−1 ; ð7:9Þ

zF;dðxÞ ¼
2⌊

d
2
⌋x

d−1
2

ð1 − xÞd−1 : ð7:10Þ

To find Z, we will need the integrals of characters of
OðNÞ [40]:Z

dM
Y
l

ðtrMlÞal

¼
Y
l

"
l oddaleven ð2lÞal=2 1ffiffi

π
p Γðal

2
þ 1

2
Þ;

leven
Pal=2

k¼0ðal2kÞð2lÞk 1ffiffi
π

p Γðkþ 1
2
Þ:
ð7:11Þ

In the next chapter, we first find partition functions for
both the fermionic and scalar d ¼ 1 models without the
constraint that the charges (2.6) vanish. Then, to find the
partition function for the operators in the gauged model,
we subtract the contribution from the operators containing
OðNÞ charge, or a “bubble” subdiagram (2.6) (see Fig. 3).
Such operators should vanish in the gauged version of
quantum mechanics.

A. Fermions

The single-letter partition function for real fermions zF;d
is not well defined in one dimension. This reflects the
divergence of the partition function (and hence free energy).
To regularize it, we formally proceed in ð1þ 2ϵÞ dimension
and neglect all the terms proportional to ϵ in the single-letter
partition function; in other words, we simply take

zF;1þ2ϵ ¼ xϵ: ð7:12Þ

We can justify this choice as follows. The single-letter
partition function counts all local operators containing
one field ψabc with any number of derivatives. In our case,
the only such operator is ψabc; since ∂tψ

abc vanishes by
equations of motion in the free theory, all the operators with
higher derivatives will vanish, too.
In other words, in the fermionic case, we are counting

only the operators made of fermions without derivatives.
We can think of this as operator counting in a d ¼ 0 model
(for a review, see Ref. [2]), but with the Fermi statistics
imposed.
Computing Z and using (7.7) and (7.11), we find to the

first several orders in x

ZF ¼ 1þ 4x4ϵ þ 70x8ϵ þ 116x10ϵ þ 3062x12ϵ

þ 24788x14ϵ þ 409869x16ϵ þ � � � : ð7:13Þ

From this, we can find the single-sum partition function,
which counts connected operators:

ZF
s:s: ¼ 4x4ϵ þ 60x8ϵ þ 116x10ϵ þ 2802x12ϵ þ 24324x14ϵ

þ 396196x16ϵ þ � � � : ð7:14Þ

The order 2k in x2kϵ gives the number of fermions in the
operator. So, we see there are four four-fermion operators:
one tetrahedron and three differently colored pillows (see
Fig. 4). Note that, although we employed a gauged theory
to count these operators, the pillows and other operators
containing OðNÞ charges are still present. At the sixth
order, there are no operators because of the Fermi statistics
as we noticed before, but at order 8 there are 60 operators.
The number of 2k-particle operators grows roughly as

(see Fig. 17):

log 2k k 1 4

5 10 15 20 25 30 35
k

20

40

60

80

100

log nk

2 k 4

5 10 15 20 25 30
k

10

20

30

40

50

60

70

nk 1

nk

FIG. 17. Logarithm of the number of allowed ð2kÞ-particle fermionic operators as a function of k. We see that the number of operators
grows like ∼k!2k.
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n2k ∼ 2kk! ð7:15Þ

To count operators in the gauged model where the
vanishing of OðNÞ charges (2.6) is imposed, we have to
disregard the operators containing their insertions, i.e., the
bubble subgraphs. In order to do that, we subtract the
operators having the same quantum numbers as a bubble
in the exponent of (7.7). Each OðNÞ charge (2.6) is
antisymmetric in its two indices, which means that it lives
in the representation ðN ⊗ NÞantisym with the character:

χAðMÞ≡ χðN⊗NÞantisymðMÞ ¼ 1

2
ððtrMÞ2 − trM2Þ: ð7:16Þ

The bubble is a bosonic operator, and its conformal
dimension in the UV is 2ϵ. Bringing it all together, we
find that the partition function for operators in the gauge
theory is

ZFðgaugeÞ ¼
Z

dM1dM2dM3

× exp

�X∞
m¼1

1

m
ðð−1Þmþ1xmϵχðM1ÞχðM2ÞχðM3Þ

− x2mϵðχAðM1Þ þ χAðM2Þ þ χAðM3ÞÞÞ
�
:

ð7:17Þ

The single-sum partition function for the gauge theory then
is as follows:

ZFðgaugeÞ
s:s: ¼ x4ϵ þ 17x8ϵ þ 24x10ϵ þ 617x12ϵ þ 4887x14ϵ

þ 82466x16ϵ þ � � � : ð7:18Þ

We see that at the fourth order we are left with one operator,
namely, the tetrahedron. At the eighth order, we see 17
operators, as we already found in Sec. IVA via explicit
construction (see Fig. 9). We have computed the single-sum
partition function up to order 30, and the result matches the
same factorial growth as in the model where the OðNÞ3
symmetry is not gauged (see Fig. 18).
Finally, let us comment on the IR theory, where we

believe there is similarly rapid growth of the number of
operators as a function of the conformal dimension. Since
for the majority of 2k-particle operators the large N IR
dimension is h ¼ k=2, in view of the result (7.15), we
expect the number of operators of dimension h to grow as
Γð2hþ 1Þ, up to an exponential prefactor.

B. Bosons

We can also count the allowed operators in the scalar
theory. Proceeding in the same fashion, we define single-
letter partition function in ð1þ 2ϵÞ dimensions as follows,

zS;1þ2ϵ ¼ x−
1
2
þϵð1þ xÞ; ð7:19Þ

where − 1
2
þ ϵ is the dimension of the scalar field. The

partition function is

ZS ¼ 1þ x2ϵðx−1 þ 1þ xÞ
þ x4ϵð5x−2 þ 5x−1 þ 14þ 5xþ 5x2Þ
þ x6ϵð16x−3 þ 34x−2 þ 101x−1 þ 108

þ 101xþ 34x2 þ 16x3Þ þ � � � : ð7:20Þ

The single-sum partition function, which includes the
operators with bubble insertions, is

log 2k k 1 2.82

5

10

15

20

25

30

2 k 8.12

nk

2 4 6 8 10 12 14 2 4 6 8 10

10

15

20

25

k k

log nk

nk 1

FIG. 18. Left: The logarithm of the number of ð2kÞ-particle operators n2k in the model where OðNÞ3 symmetry is gauged. The
asymptotic of the number of operators is roughly the same as in the ungauged theory. Right: the ratio n2kþ2=n2k plotted against k. The
linear behavior clearly indicates ∼2kk! growth.
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ZS
s:s: ¼ x2ϵðx−1 þ 1þ xÞ

þ x4ϵð4x−2 þ 4x−1 þ 12þ 4xþ 4x2Þ
þ x6ϵð11x−3 þ 25x−2 þ 79x−1 þ 86þ 79x

þ 25x2 þ 11x3Þ þ � � � : ð7:21Þ

In the second order, we have operators ϕabcϕabc,
ϕabc∂tϕ

abc, and ∂tϕ
abc∂tϕ

abc. In the fourth order, we find
the pillows and tetrahedra with various insertions of ∂t.
This partition function also diverges at ϵ → 0 and displays
the factorial growth of the number of operators with
their order.
To count operators in the gauged theory, we once again

have to take care of the subgraphs corresponding to the

gauge group charge. For a scalar theory, the gauge charge
operator is

Qa1a2 ¼ ϕa1bc∂t

↔
ϕa2bc: ð7:22Þ

This operator lives in the adjoint representation, just like the
gauge field. Its dimension is 2ϵ ¼ ð− 1

2
þ ϵÞ þ ð1

2
þ ϵÞ. The

character of the adjoint representation is

χadjðMÞ ¼ 1

2
ððtrMÞ2 − trM2Þ: ð7:23Þ

Taking all this into account, we write the partition func-
tion as

ZSðgaugeÞ ¼
Z

dM1dM2dM3 × exp

�X∞
m¼1

1

m
ððx−m

2
þϵm þ x

m
2
þϵmÞχðM1ÞχðM2ÞχðM3Þ

− χadjðM1Þx2mϵ − χadjðM2Þx2mϵ − χadjðM3Þx2mϵÞ
�
: ð7:24Þ

To the first six orders, the partition function reads as

ZSðgaugeÞ ¼ 1þ x2ϵðx−1 þ 1þ xÞ
þ x4ϵð5x−2 þ 5x−1 þ 11þ 5xþ 5x2Þ
þ x6ϵð16x−3 þ 34x−2 þ 77x−1 þ 84

þ 77xþ 34x2 þ 16x3Þ þ � � � : ð7:25Þ

The single-sum partition function, which counts only the
operators with connected diagrams, is as follows

ZSðgaugeÞ
s:s: ¼ x2ϵðx−1 þ 1þ xÞ

þ x4ϵð4x−2 þ 4x−1 þ 9þ 4xþ 4x2Þ
þ x6ϵð11x−3 þ 25x−2 þ 58x−1 þ 65

þ 58xþ 25x2 þ 11x3Þ þ � � � : ð7:26Þ

The first term in this expression corresponds to the
operators ϕabcϕabc, ϕabc∂tϕ

abc, and ∂tϕ
abc∂tϕ

abc (the
second of these operators is a total derivative; such
descendant operators are included in the counting). The
number 11 in the third term corresponds to all the six-
particle graphs discussed in Sec. IV. Now, the number of
operators containing a string of 2k scalars is approximately

n2k ∼ 22k × 2kk! ð7:27Þ

Compared to the fermionic case (7.15), we have an addi-
tional factor of 22k. As we will see in the next section, for
d ¼ 0, the leading asymptotic for the number of operators
is the same for scalars and fermions. Therefore, the factor

22k comes from distributing the time derivatives ∂t among
2k fields. Since in the free theory ∂2

tϕ
abc ¼ 0, each of the

2k fields may be acted on by one or no derivatives. This
indeed contributes a factor of 22k.

VIII. COUNTING THE INVARIANTS IN d = 0

Here, we use methods similar to those in the previous
section to discuss the counting of invariants in the d ¼ 0
model, which is simply an integral over the tensor. The
construction and counting of such invariants, which are
made out of products of tensors with all indices contracted,
has been addressed in Refs. [2,42–46]. These papers
primarily discuss the complex bosonic rank-r tensor
models which possess UðNÞr symmetry. We will first
consider the bosonic rank-3 tensor model with OðNÞ3
symmetry and perform the counting using the methods
developed in Refs. [39,40]. The model of a real fermionic
tensor ψabc does not work in d ¼ 0; since the OðNÞ3
invariant ψabcψabc vanishes, it is impossible to write down
a Gaussian integral. One can write down models of
complex fermionic tensors in d ¼ 0, but we will not study
them here. We will address the bosonic rank-3 symmetric
traceless and antisymmetric tensors in Sec. VIII A and the
bosonic complex tensors with UðNÞ3 and UðNÞ2 ×OðNÞ
symmetries in Sec. VIII B.
The single-letter partition function counts all the invar-

iants containing one field. In our case, the only such
operator is ϕabc, so the single-letter partition function is

zS;0ðxÞ ¼ x: ð8:1Þ
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The invariants in this case are given by the diagrams with
2k vertices and three edges of different colors meeting at
each vertex. Thus, the invariants are isomorphic to the
Feynman diagrams in the theory of three scalar fields with
interaction φ1φ2φ3. Every edge of the diagram is assigned
one of the three colors, and every vertex joins the edges of
three different colors. This is a nontrivial condition; for
example, one-particle reducible graphs cannot be colored in
this way. We consider different colorings of the diagrams
as different invariants, so each topology can enter multiple
times if there are several distinct ways to color it.
Using (7.7), we find the full partition function,

Z0 ¼
Z

dM1dM2dM3

× exp

�X∞
m¼1

1

m
xmχðMm

1 ÞχðMm
2 ÞχðMm

3 Þ
�
; ð8:2Þ

where we have used the character of a trifundamental
representation (7.8). Taking this integral and using (7.11),
we find in the first several orders

Z0 ¼ 1þ x2 þ 5x4 þ 16x6 þ 86x8 þ 448x10 þ 3580x12

þ 34981x14 þ � � � : ð8:3Þ

This partition function counts all the invariants, including
the disconnected ones. To remove the latter, we compute
the single-sum partition function using (7.4):

Z0
s:s: ¼ x2 þ 4x4 þ 11x6 þ 60x8 þ 318x10 þ 2806x12

þ 29359x14 þ � � � : ð8:4Þ

The only two-scalar invariant is ϕabcϕabc. The four four-
scalar invariants are the three inequivalent pillows and the
tetrahedron, shown in Fig. 4. The 11 six-scalar invariants
are the ones shown in Fig. 5.

The number of invariants made out of 2k fields grows
asymptotically as (see Fig. 19):

n2k ∼ 2kk! ð8:5Þ

We can find this asymptotic from an analytic estimate. The
key observation is that the integral (7.11) grows factorially
as ðal=2Þ! for large al, while only as a power lal=2 for large
l. Besides, for large al, there is no difference in the leading
order between odd and even l. Therefore, the leading
contribution to x2k will come simply from the m ¼ 1 term:

n2k ∼
1

ð2kÞ!
Z

dM1dM2dM3ðχðM1ÞχðM2ÞχðM3ÞÞ2k

¼ 1

ð2kÞ! ð2
kΓðkþ 1=2ÞÞ3 ∼ 2kk! ð8:6Þ

Since the dominant term originates only from m ¼ 1 term,
the same estimate is valid for the fermions.

A. Symmetric traceless and antisymmetric tensors

Let us also discuss the counting of invariants in models
with a single OðNÞ symmetry, where we will consider the
tensors which are either symmetric traceless or fully
antisymmetric. Such models with the tetrahedral inter-
actions were recently studied in Ref. [12], where evidence
was provided that they have melonic large N limits. The
full partition function is

Z ¼
Z

dM exp
�X∞

m¼1

1

m
xmχðMmÞ

�
; ð8:7Þ

where for the three-index symmetric traceless representa-
tion the character in the large N limit is9

log 2k k 1 0.46 2 k 0.04
nk 1

nk
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FIG. 19. Logarithm of the number of invariants with 2k scalars as a function of k. The number grows as ∼k!2k.

9The more complicated expression at finite N may be extracted
from Eq. (2.4) of Ref. [12].
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χþðMÞ ¼ 1

6
ðtrMÞ3 þ 1

2
trMtrM2 þ 1

3
trM3 − trM: ð8:8Þ

For the fully antisymmetric representation, the character is

χ−ðMÞ ¼ 1

6
ðtrMÞ3 − 1

2
trMtrM2 þ 1

3
trM3: ð8:9Þ

In the symmetric traceless case, the partition function is
found to be

Zþ ¼ 1þ x2 þ 3x4 þ 9x6 þ 32x8 þ 135x10 þ 709x12 þ � � � :
ð8:10Þ

Extracting the single-sum expression, we find

Zþ
s:s: ¼ x2 þ 2x4 þ 6x6 þ 20x8 þ 91x10 þ 509x12 þ � � � :

ð8:11Þ

The numbers of OðNÞ invariants made of 2k fields are the
same as the numbers of connected tadpole-free vacuum
diagrams in the ϕ3 theory (here, the edges have only one
color). They are smaller than the corresponding numbers in
(8.4) referring to theOðNÞ3 theory. For example, at order 4,
we now have only two distinct invariants; in addition to
the tetrahedron, there is only one pillow, since there are no
distinct colorings of it. For large k, the number of invariants
can be estimated similarly to the trifundamental case (8.6).
Once again, the term withm ¼ 1 dominates. Moreover, out
of the four terms in (8.8), ðtrMÞ3=6 gives the biggest
contribution. Therefore,

n�2k ∼
1

ð2kÞ!62k
Z

dMðtrMÞ6k ∼
�
3

2

�
k
k!; ð8:12Þ

where we used the integrals (7.11).
Since ðtrMÞ3=6 dominates, the same asymptotic formula

is valid for the three-index antisymmetric case. Here, the
partition function is found to be

Z− ¼ 1þ x2 þ 3x4 þ 7x6 þ 24x8 þ 86x10 þ 426x12 þ � � � ;
ð8:13Þ

and the single-sum partition function is

Z−
s:s: ¼ x2 þ 2x4 þ 4x6 þ 14x8 þ 54x10 þ 298x12 þ � � � :

ð8:14Þ

B. Complex 3-tensors

Let us now consider the complex 3-tensors with UðNÞ3
or UðNÞ2 ×OðNÞ symmetries. The latter symmetry is
particularly interesting because it is preserved by the
tetrahedral interaction ϕa1b1c1 ϕ̄a1b2c2ϕa2b1c2ϕ̄a2b2c1 . This
means that there are interacting melonic theories with
the UðNÞ2 ×OðNÞ symmetry [6,9,18].
In the UðNÞ3 case, we have the fields ϕabc and ϕ̄abc,

which are in the trifundamental representations N × N × N
and N̄ × N̄ × N̄ respectively. The partition function reads

ZUðNÞ3 ¼
Z

dM1dM2dM3 exp

�X∞
m¼1

zðxmÞ
m

ðχðMm
1 ÞχðMm

2 ÞχðMm
3 Þ þ χ̄ðMm

1 Þχ̄ðMm
2 Þχ̄ðMm

3 ÞÞ
�
: ð8:15Þ

It is straightforward to compute it using the following
large N result [40]:

Z
dM

Y
l≥1

ðtrMlÞalðtrM̄lÞbl ¼
Y
l≥1

lalal!δal;bl : ð8:16Þ

For the scalar, we take zS;0ðxÞ ¼ x and find

ZUðNÞ3 ¼ 1þ x2 þ 4x4 þ 11x6 þ 43x8 þ 161x10 þ � � � :
ð8:17Þ

This expansion matches the results obtained in Ref. [46]
using group-theoretic methods. Extracting from Z the
single-sum partition function, we find

ZUðNÞ3
s:s: ¼ x2 þ 3x4 þ 7x6 þ 26x8 þ 97x10 þ � � � : ð8:18Þ

The coefficient 3 of x4 is in agreement with the fact that
the tetrahedron invariant is not allowed by the UðNÞ3
symmetry. Only the three pillow invariants are allowed, and
their form is

ϕa1b1c1 ϕ̄a1b1c2ϕa2b2c2ϕ̄a2b2c1 ;

ϕa1b1c1 ϕ̄a1b2c1ϕa2b2c2ϕ̄a2b1c2 ;

ϕa1b1c1 ϕ̄a2b1c1ϕa2b2c2ϕ̄a1b2c2 : ð8:19Þ

The asymptotic number of operators can be estimated as
follows. As in the OðNÞ case, the integral (8.16) grows
factorially in al and only as a power in l. It means that the
term withm ¼ 1 again dominates. Besides, to get a nonzero
answer, we need to extract the term with an equal number
of χðMiÞ and χ̄ðMiÞ. Therefore,
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nUðNÞ3
2k ∼

�
2k
k

�
1

ð2kÞ!
Z

dM1dM2dM3

Y3
i¼1

χðMiÞkχ̄ðMiÞk∼k!

ð8:20Þ

In the UðNÞ2 ×OðNÞ case, we have representations
N × N × N and N̄ × N̄ × N, so that

ZUðNÞ2×OðNÞ

¼
Z

dM1dM2dM3 exp

�X∞
m¼1

zðxmÞ
m

ðχðMm
1 ÞχðMm

2 Þ

þ χ̄ðMm
1 Þχ̄ðMm

2 ÞÞχðMm
3 Þ
�
; ð8:21Þ

where the matrices M1, M2 belong to UðNÞ, while M3

belongs to OðNÞ. The scalar partition function has the
following expansion:

ZUðNÞ2×OðNÞ ¼ 1þ x2 þ 6x4 þ 21x6 þ 147x8

þ 1043x10 þ � � � : ð8:22Þ

Extracting the single-sum partition function, we find

ZUðNÞ2×OðNÞ
s:s: ¼ x2 þ 5x4 þ 15x6 þ 111x8 þ 821x10 þ � � � :

ð8:23Þ

The coefficient 5 of x4 is in agreement with the fact that, in
addition to the tetrahedron invariant, there are four pillow
invariants allowed by the UðNÞ2 ×OðNÞ symmetry:

ϕa1b1c1 ϕ̄a1b1c2ϕa2b2c1 ϕ̄a2b2c2 ; ϕa1b1c1ϕ̄a1b1c2ϕa2b2c2 ϕ̄a2b2c1 ;

ϕa1b1c1 ϕ̄a1b2c1ϕa2b2c2 ϕ̄a2b1c2 ; ϕa1b1c1ϕ̄a2b1c1ϕa2b2c2 ϕ̄a1b2c2 :

ð8:24Þ

Using the same method as in the UðNÞ3 case, the
asymptotic growth can be found to be

nUðNÞ2×OðNÞ
2k ∼ 2kk!: ð8:25Þ

IX. HAGEDORN TRANSITION

The special features of the thermodynamics of free
theories where the fields are tensors of rank r ≥ 3 under
some global symmetry group were recently studied in
Ref. [40]. It was found that the Hagedorn temperature
vanishes in the large N limit as ∼1= logN [40]. In this
section, we show that this also applies to the models with
OðNÞ3 symmetry studied in this paper.
An essential feature of the large N tensor models is that

the low-temperature expansion of the partition function has

the approximate structure
P

k2
kk!x2k, where − ln x is

proportional to β. This power series is divergent and
non-Borel summable; therefore, strictly speaking, the
partition function is not defined for any finite temperature.
To illustrate the basic points, we study the large N behavior
of the integral (8.2) in a standard fashion (it will be
convenient to assume that N is even). First of all, for large
N, there should be no difference between SOðNÞ and
OðNÞ. An SOðNÞ matrix can always be put in the block-
diagonal form with 2 × 2 blocks corresponding to a rotation
by an angle αi in the two-dimensional plane. Including the
SOðNÞ measure [54], the partition function (8.2) can be
rewritten as

Z ¼
Z Y3

r¼1

dαir
YN=2

i<j

sin2
αir − αjr

2
sin2

αir þ αjr
2

× exp

�
8
X∞
m¼1

zðxmÞ
m

Y3
r¼1

XN=2

i¼1

cosðmαirÞ
�

¼
Z

½dα�e−Seff : ð9:1Þ

Index r labels different SOðNÞr groups, and i; j ¼
1;…; N=2 go over rotation angles. Also, we have intro-
duced a single-letter partition function zðxÞ to work in more
generality. The above equation is valid for scalars, while
for fermions, we need to include the factor ð−1Þmþ1 in front
of zðxmÞ. However, we will see in a moment that for
the Hagedorn transition only the m ¼ 1 term is relevant.
Therefore, our main results will be applicable for
both cases.
The effective action Seff reads

Seff ¼ −
1

2

X3
r¼1

XN=2

i≠j

�
log sin2

αir − αjr
2

þ log sin2
αir þ αjr

2

�

− 8
X∞
m¼1

zðxmÞ
m

Y3
r¼1

XN=2

i¼1

cosðmαirÞ: ð9:2Þ

There are three saddle-point equations. One of them is

XN=2

j¼1

�
cot

αi1 − αj1
2

þ cot
αi1 þ αj1

2

�

− 8
X∞
m¼1

zðxmÞ sinðmαi1Þ
X
j2;j3

cosðmαj22 Þ cosðmαj33 Þ ¼ 0:

ð9:3Þ

The other two can be obtained by cyclic permutations of
αi1; α

i
2; α

i
3. Introducing density functions,
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ρrðαÞ ¼
2

N

XN=2

i¼1

δðα − αirÞ: ð9:4Þ

The saddle-point equation can be rewritten as

Z
π

−π
dα01ρ1ðα01Þ

�
cot

α1 − α01
2

þ cot
α1 þ α01

2

�

− 4N
X∞
m¼1

zðxmÞ sinðmα1Þρm2 ρm3 ¼ 0; ð9:5Þ

where

ρmr ¼
Z

π

−π
dαρrðαÞ cosðmαÞ: ð9:6Þ

It is natural to assume that, because of the cyclic symmetry,
ρ1 ¼ ρ2 ¼ ρ3 ¼ ρðαÞ. Moreover, we will assume that ρ is
an even function: ρðαÞ ¼ ρð−αÞ. With these assumptions,
the saddle-point equation reads as

2

Z
π

−π
dα0ρðα0Þ cotα− α0

2
− 4N

X∞
m¼1

zðxmÞ sinðmαÞðρmÞ2 ¼ 0:

ð9:7Þ

This is exactly the saddle-point equation studied in
Ref. [40], with their 6N replaced by our 2N. They have
found that there is Hagedorn transition; for low temper-
atures when NzðxÞ < 27=16, the partition function is
dominated by the uniform saddle

ρðαÞ ¼ 1

2π
; α ∈ ½−π; π�: ð9:8Þ

And so, all ρm are zero for m > 0. For higher temperatures,
the density ρ is not a constant and takes nonzero values only
within a smaller interval ½−α0; α0�. Moreover, the transition
point itself can be found by assuming that only ρ1 becomes
nonzero. Therefore, the transition takes place at NzðxÞ ¼
27=16 for both bosons and fermions as we have advertised
above. More details can be found in Refs. [39,40].
For example, we can study the fermions in d ¼ 1þ 2ϵ.

According to Eq. (7.12), in the UV, the transition happens
at

zF;1þ2ϵ ¼ xϵ ¼ expð−βϵÞ ¼ 27

16N
: ð9:9Þ

In the IR, the fermions have dimension 1=4 for d ¼ 1.
Assuming that most 2k-fermion operators have dimension
k=2, we conclude that the transition takes place at

zF;IR ¼ x1=4 ¼ expð−β=4Þ ¼ 27

16N
: ð9:10Þ
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