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We study the properties of entanglement entropy among scattering particles as observed from different
inertial moving frames, based on an exemplary QED process eþe− → μþμ−. By the explicit calculation
of the Wigner rotation, the entanglement entropy of scattering particles is found to be Lorentz invariant.
We also study the behavior of the entanglement between spin degrees of freedom for scattering particles in
moving frames. This quantity, being found to change with different inertial reference frames, does not
exhibit as a Lorentz invariant.
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I. INTRODUCTION

Quantum information, which was originally formulated
in terms of nonrelativistic quantummechanics, has received
much interest within the more fundamental framework of
quantum field theory [1–3], since studying quantum
information theoretic issues provides some insight into
the structure of interacting quantum field theories, in
particular, enriching the understanding of conformal field
theories via calculating the entanglement among different
regions. To analyze the structure of interacting quantum
field theory, Refs. [4,5] studied the entanglement entropy of
two divided momentum spaces with the perturbative
calculations method, and this method was then followed
by Ref. [6] for the study of the entanglement between
two scalar particles in the scattering process in a weakly
coupled field theory.
The physics of scattering process plays a crucial role in a

wide variety of physical experiments, which probe the
behavior of elementary particles. In a scattering process, the
final state is determined by an initial state and S matrix.
Thus, the final states are entangled states of in-fields, and
we are interested in quantifying the entanglement entropy
generated by the elastic collision of two initial particles.
The relation between the scattering and the entanglement
entropy in scalar field theory is also studied in Refs. [7–10]
in terms of different S-matrix formalisms which play a
significant role in these computations.

Lately, Ref. [11] extended the study to the relativistic
regime involving fermions. The entanglement of a two-
fermion state is generally not Lorentz invariant although
certain states and partitions are. This occurs due to the spin
degree of freedom of a particle mixing with momentum
under Lorentz transformation [12]. Peres et al. [13] argued
that the spin entropy determined by the reduced density
matrix tracing out the momentum is not invariant under
Wigner rotation. Czachor et al. [14,15] demonstrated that
the difficulty in defining spin-reduced density matrices in a
Lorentz invariant manner arises from the dependence of the
Wigner rotation on the momentum of the state. Some
research [12,16,17] concentrating on the entanglement of
the biparticle system obtained the following results: that the
entanglement between the total degrees of freedom for two
particles, i.e., including momentum and spin, is Lorentz
invariant, and their spin or momentum entanglement
depending on the frame of reference.
In this paper, using the perturbative method in Refs. [4,6],

we also study the entanglement for spin degrees of freedom
of particles in the fermion-fermion scattering process with a
weak coupling. It is convenient to study an elastic scattering
in two-particle Fock space, where incoming and outgoing
particles can be regarded as asymptotically free particles.
In order to measure the spin entanglement between two
particles, we study mutual information in momentum space,
IðsA; sBÞ ¼ SðsAÞ þ SðsBÞ − SðsA∪BÞ, where SðsAÞ is the
von Neumann entropy of the reduced density matrix of spin
degrees of freedom for particle A, and SðsA∪BÞ is the von
Neumann entropy of the reduced density matrix of total spin
degrees of freedom for two particles.
The structure of this work is organized as follows.

In Sec. II, the Wigner rotation is briefly reviewed, and
the properties of entanglement of scattering particles in the
moving frame are studied. In Sec. III, the variation in spin
entanglement in the relativistic frame is carefully analyzed.
Finally, we conclude in Sec. IV.
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II. ENTANGLEMENT ENTROPY OF
SCATTERING PARTICLES

References [6,11] studied the entanglement entropy
between two particles in an elastic scattering process with
a particular perturbative technique. It was found that the
change in entanglement entropy from incoming particles
to outgoing particles is proportional to a cross section in a
weak coupling theory. In order to ascertain the relation
between Lorentz symmetry and the entanglement of
scattering particles in a weak coupling, we calculate this
quantity in different inertial reference frames. In our
context, we adopt Weinberg’s notation [18]: metric sig-
nature, index ordering, and gamma matrix.

A. Reduced density matrix

Before starting to study the entanglement of scattering
particles in a moving frame, let us recall what Ref. [11]
studied. At weak coupling, we can assume the unitarity of
local interaction terms to be guaranteed at lower orders of
perturbation [6]. The initial and final states can be viewed
as the superposition of the basis of the free Hamiltonian
Hfree so that we can divide the total Hilbert space as
Htot ¼ HA ⊗ HB. For an elastic scattering process of two
fermions in 2-particle Fock space, incoming and outgoing
particle states can be described as

jp; s; q; ri ¼ ffiffiffiffiffiffiffiffi
2Ep

p
asp†j0iA ⊗

ffiffiffiffiffiffiffiffi
2Eq

p
brq†j0iB; ð1Þ

where p and q are the three-momenta of particles, and
s, r denote the spin of particles. The fermionic creation/
annihilation operators obey the commutation relations,

fasp; ark†g ¼ ð2πÞ3δð3Þðp − kÞδsr;
fbnq; bml †g ¼ ð2πÞ3δð3Þðq − lÞδnm: ð2Þ

Then the inner product between two-particle states is
defined as

hk; s0; l; r0jp; s; q; ri ¼ 2Ek2Elð2πÞ3δð3Þðk − pÞð2πÞ3
× δð3Þðl − qÞδss0δrr0 : ð3Þ

One chooses a general initial state,

jinii ¼
X
σ1;σ2

aσ1σ2 jp; σ1; q; σ2i; ð4Þ

where the coefficients satisfy
P

σ1;σ2aσ1σ2a
†
σ1σ2 ¼ 1.

The final state is determined by the initial state and the
S matrix [6],

jfini ¼
Z

d3k
ð2πÞ3

1

2Ek

d3l
ð2πÞ3

1

2El

X
σ3;σ4

X
σ1;σ2

aσ1σ2 jk; σ3; l; σ4i

× hk; σ3; l; σ4jSjp; σ1; q; σ2i: ð5Þ

The T matrix is defined as

iT ¼ S − 1;

hk; σ3; l; σ4jiTjp; σ1; q; σ2i ¼ ð2πÞ4δð4Þðpþ q − k − lÞ
× iMσ1σ2σ3σ4ðp; q → k; lÞ;

ð6Þ

where Mσ1σ2σ3σ4 is the invariant matrix element in a
scattering process.
We introduce a shorthand notation,

Mσ3σ4ðaÞ≡
X
σ1σ2

aσ1σ2Mσ1σ2σ3σ4ðp; q → k; lÞ; ð7Þ

thus, the final state is simply written as

jfini ¼
X
σ1;σ2

aσ1σ2 jp; σ1; q; σ2i

þ i
X
σ3;σ4

Z
d3k

ð2πÞ32Ek

d3l
ð2πÞ32El

× ð2πÞ4δð4Þðpþ q − k − lÞMσ3σ4ðaÞjk; σ3; l; σ4i:
ð8Þ

The setting of the entire scattering process is designated to
occur in a large spacetime volume of duration T and spatial
volume V; these factors are artifacts caused by regulating
delta functions (Ref. [18]),

δ3Vðp − p0Þ ¼ V
ð2πÞ3 δp;p0 ;

δTðEifÞ≡ δTðEfin − EiniÞ ¼
1

2π

Z
T=2

−T=2
dteiðEfin−EiniÞt;

ð9Þ

which implies V ¼ ð2πÞ3δð3ÞV ð0Þ and T ¼ ð2πÞδTð0Þ,
respectively.
From Eq. (5), we can evaluate the total density matrix of

final state by ρAB ¼ jfinihfinj. The reduced density matrix

ρðfinÞA is obtained by tracing out the degrees of freedom for

particle B, ρðfinÞA ¼ N −1trBρAB, producing the following
result,
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ρðfinÞA ¼ 1

N

�X
σ1;σ01

Iσ1σ
0
1
2EqVjp; σ1ihp; σ01j

þ λ2
X
σ3;σ03

Z
k≠p

f2πδðEifÞg2
2Ek2Epþq−k2Ek

×Aσ3σ
0
3
jk; σ3ihk; σ03j

�
; ð10Þ

where N is the normalization factor fixed by trAρ
ðfinÞ
A ¼ 1,

N ¼ 2Eq2EpV2 þ λ2
Z
k≠p

f2πδðEifÞg2V
2Ek2Epþq−k

Aσ3σ3 ; ð11Þ

and using two shorthand notations for the long expressions:

Iσ1σ
0
1
¼

X
σ2

aσ1σ2a
⋆
σ0
1
σ2
;

Aσ3σ
0
3
¼ 1

λ2
X
σ4

Mσ3σ4ðaÞM⋆
σ0
3
σ4
ðaÞ: ð12Þ

In the weak coupling, the reduced density matrix for
particle A at order λ2 can be written as

ρðfinÞA ¼ diagðð1 − λ2AÞI ;…; λ2Ak;…Þ; ð13Þ

where the elements of this matrix correspond to
jp;σ1ihp;σ01j

2EpV
;…; jk;σ1ihk;σ

0
1
j

2EkV
; � � �, and

I ¼
�
I11 I12

I21 I22

�
;

Ak ¼
f2πδðEifÞg2

2Ek2Eq2Ep2Epþq−kV2

�
A11 A12

A21 A22

�
;

A ¼
Z
k≠p

f2πδðEifÞg2
2Ek2Eq2Ep2Epþq−kV

Aσ3σ3 : ð14Þ

Then the entanglement entropy between particle A and B in

the final is SðfinÞE ¼ −trρðfinÞA log ρðfinÞA .

B. Wigner rotations

Before considering the properties of the entanglement
entropy between two fermions in the moving frame, it is
necessary to briefly review the effect of a single fermion
state under Lorentz transformation. As shown in Ref. [19],
for a massive particle, p2 < 0, we can choose a standard
four-momentum kμ [usually taken in the particle’s rest
frame, kμ ¼ ð0; 0; 0; 1Þ], and express any pμ of this class as

pμ ¼ Lμ
νðpÞkν; ð15Þ

where Lμ
νðpÞ are some standard Lorentz transformation

that depend on pμ, taking the four-momentum k → p.

In terms of standard momentum states jk; σi, the corre-
sponding state-vector can be defined as

jp; σi≡UðLðpÞÞjk; σi; ð16Þ

where

Pμjk; σi ¼ kμjk; σi;
J2jk; σi ¼ sðsþ 1Þjk; σi;
Jzjk; σi ¼ σjk; σi; ð17Þ

where s and σ are the spin and the z component of the spin
for the particle, respectively.
The effect on the state-vector jp; σi under an arbitrary

Lorentz transformation Λ (rotation and boost) is

UðΛÞjp; σi ¼ UðLðΛpÞÞUðWðΛ; pÞÞjk; σi; ð18Þ

where WðΛ; pÞ≡ L−1ðΛpÞΛLðpÞ. The transformation
takes k to LðpÞk ¼ p, and then to Λp, and then back to
k, so it must be a rotation. These rotations are called the
Wigner rotations, which act only on the spin component σ
in rest frame. Hence, the state becomes

UðΛÞjp; σi ¼
X
σ0
DðsÞ

σ0σðWðΛ; pÞÞjk; σ0i; ð19Þ

where DðsÞ
σ0σðWðΛ; pÞÞ is the spin s representation of the

rotation WðΛ; pÞ. The Wigner rotation matrices are given
by Refs. [19,20],

DðjnÞ
σ0σ ðWðΛ; pÞÞ ¼

�
cosðΩp=2Þ − sinðΩp=2Þ
sinðΩp=2Þ cosðΩp=2Þ

�
;

where the Wigner rotation angle Ωp depends on the
direction and the rapidity of the boost.
Thus, under Lorentz transformation Λ, the transformed

spinor uΛðp; σÞ can be rewritten as a Wigner rotation of the
spinors uðpΛ; σÞ,

uΛðp; 1=2Þ≡ cosðΩp=2ÞuðpΛ; 1=2Þ
þ sinðΩp=2ÞuðpΛ;−1=2Þ;

uΛðp;−1=2Þ≡ − sinðΩp=2ÞuðpΛ; 1=2Þ
þ cosðΩp=2ÞuðpΛ;−1=2Þ: ð20Þ

C. Entanglement entropy of scattering particles
in moving frame

For an observer in a moving frame, the final state under
Lorentz transformation Λ is
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jfiniΛ ¼
X
σ1;σ2

aσ1σ2 jp; σ1; q; σ2iΛ

þ i
X
σ3σ4

Z
dΠ2MΛ

σ3σ4ðaÞjk; σ3; l; σ4iΛ; ð21Þ

which has the Lorentz invariance structure,Z
dΠ2 ¼

Z
d3k
ð2πÞ3

1

2Ek

d3l
ð2πÞ3

1

2El

× ð2πÞ4δð4Þðpþ q − k − lÞ: ð22Þ

The general state jk; σ3; l; σ4iΛ appears to be transformed
by a Wigner rotation,

jk; σ3; l; σ4iΛ ¼
X
σ0
3
;σ0

4

Dσ0
3
σ3ðWðΛ; kÞÞDσ0

4
σ4

× ðWðΛ; lÞÞjkΛ; σ03; lΛ; σ04i: ð23Þ
In the following, we denote Dσ0σðpÞ≡Dσ0σðWðΛ; pÞÞ.
Then the final state is reinterpreted as

jfiniΛ ¼
X
σ0
1
;σ0

2

X
σ1;σ2

aσ1σ2Dσ0
1
σ1ðpÞDσ0

2
σ2ðqÞjpΛ; σ01;qΛ; σ

0
2i

þ i
X
σ0
3
;σ0

4

X
σ3;σ4

Z
dΠ2Dσ0

3
σ3ðkÞDσ0

4
σ4ðlÞMΛ

σ3σ4

× ðaÞjkΛ; σ03; lΛ; σ04i: ð24Þ
It is worth noting that

MΛ
σ1σ2σ3σ4ðk; l → p; qÞ

¼
X
σ0
3
;σ0

4

X
σ0
1
;σ0

2

D−1
σ3σ

0
3
ðkÞD−1

σ4σ
0
4
ðlÞDσ0

1
σ1ðpÞDσ0

2
σ2ðqÞ

×Mσ0
1
σ0
2
σ0
3
σ0
4
ðkΛ; lΛ → pΛ; qΛÞ:

For simplicity, we define

bσ0
1
σ0
2
¼

X
σ1;σ2

aσ1σ2Dσ0
1
σ1ðpÞDσ0

2
σ2ðqÞ;

MΛ
σ0
3
σ0
4
ðbÞ ¼

X
σ00
3
;σ00

4

Dσ0
3
σ3ðkÞDσ0

4
σ4ðlÞMΛ

σ3σ4ðaÞ: ð25Þ

Thus, the final state can be expressed as

jfiniΛ ¼
X
σ1;σ2

bσ1σ2 jpΛ; σ1; qΛ; σ2i

þ i
X
σ3;σ4

Z
d3k
ð2πÞ3

2πδðEifÞ
2Ek2Epþq−k

×MΛ
σ3σ4ðbÞjkΛ; σ3;pΛ þ qΛ − kΛ; σ4i: ð26Þ

In the analogous calculation, the reduced density matrix
for one particle under the action of Lorentz transformation
Λ has the following results:

ρðΛ;finÞA ¼
X
σ1;σ01

X
σ2

bσ1σ2b
†
σ0
1
σ2
2EqΛVqΛ jpΛ; σ1ihpΛ; σ01j

þ
X
σ3;σ03

Z
k≠p

d3k
ð2πÞ3

ð2πÞδðEifÞ
2Ek2Epþq−k

ð2πÞδðEΛ
if Þ

2EkΛ

×

�X
σ4

MΛ
σ3σ4ðbÞðMΛ

σ0
3
σ4
ðbÞÞ†

�
jkΛ; σ3ihkΛ; σ03j:

ð27Þ
Note that regularization factors Tp and Vp are not Lorentz
invariant. Since these quantities Epδ

ð3Þðp − qÞ and ð2πÞð4Þ
ðpþ q − k − lÞ are Lorentz invariant, it is easy to obtain

EpVp ¼ EpΛ
VpΛ ; TpVp ¼ TpΛ

VpΛ
: ð28Þ

Thus, the Lorentz-transformed reduced density matrix
ρðΛ;finÞ can be derived as

ρðΛ;finÞA ¼ 1

N Λ

�X
σ1;σ01

IΛ
σ1σ

0
1
2EqVqjpΛ; σ1ihpΛ; σ01j

þ λ2
X
σ3;σ03

Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Ek2Epþq−k2Ek

×AΛ
σ3σ

0
3
jkΛ; σ3ihkΛ; σ03j

�
; ð29Þ

where

IΛ
σ1σ

0
1
¼

X
σ2

bσ1σ2b
†
σ0
1
σ2
;

AΛ
σ3σ

0
3
¼ 1

λ2
X
σ4

MΛ
σ3σ4ðbÞðMΛ

σ0
3
σ4
ðbÞÞ†; ð30Þ

and N Λ is the normalization factor fixed by trAρ
ðΛ;finÞ
A ¼ 1.

In the weak coupling, the Lorentz-transformed reduced
density matrix at order λ2 can be written as

ρðΛ;finÞA ¼ diagðð1 − λ2AΛÞIΛ;…; λ2AΛ
k ;…Þ; ð31Þ

where the elements of this matrix correspond to
jpΛ;σ1ihpΛ;σ01j

2EpV
;…; jkΛ;σ1ihkΛ;σ

0
1
j

2EkV
; � � �, and

IΛ ¼
�
IΛ
11 IΛ

12

IΛ
21 IΛ

22

�
;

AΛ
k ¼ f2πδðEifÞg2

2Eq2Ep2Ek2Epþq−kV2

�
AΛ

11 AΛ
12

AΛ
21 AΛ

22

�
;

AΛ ¼
Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Eq2Ep2Ek2Epþq−kV

AΛ
σ3σ3 : ð32Þ
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Following the spirit of Ref. [11], the scattering eþe− →
μþμ− will be taken into consideration for simplicity. Since
only the s channel contributes to this process, we choose
the following initial state with parametrization of the
entanglement between the spin degrees of freedom,

jinii ¼ cos ηjp; 1=2; q; 1=2i þ sin ηeiβjp;−1=2; q;−1=2i;
ð33Þ

with σ ¼ �1=2 representing the spin quantized along the z
axis, η ∈ ½0; π=2� parametrizing the spin entanglement of the
state, and β ∈ ½−π=2; 3π=2� labeling the relative phase of the
superposed states jp; 1=2;q; 1=2i and jp;−1=2;q;−1=2i.
To obtain a more explicit formula, we could make the

simplest choice of evaluating entanglement entropy in the
center of mass frame S. The mass of electronic is ignorable,
since the ratio me=mμ ≃ 1=200 is much smaller than the
fractional error introduced by neglecting higher-order terms
in the perturbation series. The initial and final four-
momenta for eþe− → μþμ− are

pμ ¼ ð0; 0; E; EÞ; qμ ¼ ð0; 0;−E; EÞ;
kμ ¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
sin θ; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
cos θ; E

�
;

lμ ¼
�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
sin θ; 0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
cos θ; E

�
: ð34Þ

It is interesting to study the properties of the entangle-
ment entropy of scattering particles in moving frames,
because spin and momentum become mixed when viewed
by a moving observer [12,21]. Since any transformation
matrix Dσ0σðpÞ does not depend on p for a pure rotation
[12], it is sufficient to focus on pure boosts. Without loss of
generality, we make a boost to a frame S0 traveling in the z
direction with rapidity w,

Λ ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 coshw sinhw

0 0 sinhw coshw

1
CCCA;

where w → 0 means that the reference frame S0 → S.
For the chosen initial state, the matrices in Eqs. (13)

and (31),

I ¼
�
sin2η 0

0 cos2η

�
;

IΛ ¼
� 1

2
ð1þ cos 2η cos 2ΩpÞ 1

2
cos 2η sinΩp

1
2
cos 2η sinΩp

1
2
ð1 − cos 2η cos 2ΩpÞ

�
;

have the same eigenvalues, sin2η and cos2η. The corre-
sponding entanglement entropy of incoming particles in
different inertial reference frame are

SðiniÞE ¼ SðΛ;iniÞE ¼ −sin2η log sin2η − cos2η log cos2η: ð35Þ

At the lowest order, the scattering amplitude in the
reaction eþe− → μþμ− can be written as

Mσ1σ2σ3σ4ðpq → klÞ

¼ −
λ

4E
v̄ðq; σ2Þγμuðp; σ1Þūðk; σ3Þγμvðl; σ4Þ; ð36Þ

where mode functions uðp; σÞ and vðp; σÞ are chosen as
momentum eigenstates in Ref. [19]. Using the given four-
momentum of scattering particles and Lorentz transforma-
tion Λ, it is easy to compute Wigner angle Ωp and Wigner
rotation matrices Dσ0σðpÞ by Ref. [19]. Even though
scattering amplitude Mσ1σ2σ3σ4 is different from MΛ

viewed by the Lorentz-boosted observer, we find

A ¼ AΛ

¼ T
V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
ð2E2 þm2 þ ðE2 −m2Þ cos β sin 2ηÞ

24πE5
;

ð37Þ

where the factors T and V are constants which denote the
value of Tp and Vp in center of mass frame. Furthermore,
the matricesAk andAΛ

k in Eqs. (13) and (31) have the same
roots, and the corresponding entangelment entropy of
outgoing particles viewed by different observers have the

same result, SðfinÞE ¼ SðΛ;finÞE .
Thus, we find that the entanglement entropy of scatter-

ing particles for the initial and final state are Lorentz
invariant. This is consistent with the fact that a local
unitary transformation will not affect any measure of
entanglement [22,23].
The change in the entanglement entropy of scattering

particles in an arbitrary inertial reference frame is

△SE ¼ −λ2 log λ2A − ð1 − λ2AÞðcos2η log cos2η
þ sin2η log sin2ηÞ þ λ2A

−
λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
T

128π2E3V

Z
dΩðak1 logðak1Þ

þ ak2 logðak2ÞÞ þ λ2A log
�
16E4V2

T2

�
: ð38Þ

At the lowest, λ2, the cross section for the scattering
eþe− → μþμ− is Lorentz invariant,

σjinii ¼
λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
ð2E2 þm2 þ ðE2 −m2Þ cos β sin 2ηÞ

48πE5
:

ð39Þ
From the values of A and σjinii, we can further confirm the
conclusion in Refs. [6,11] that the change in entanglement
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entropy of scattering particles in a weak coupling theory is
proportional to the cross section.
Finally, the leading perturbative contribution of the

change in entanglement entropy of the scattering
particles is

△SE ¼ −λ2 log λ2AþOðλ2Þ; ð40Þ

where the leading contribution to the spin entanglement
entropy is λ2 log λ2 and vanishes as λ → 0. This is con-
sistent with the fact that interactions cause change in the
degree of entanglement between the subsystems [4,24].
From (40), △SE > 0, the interaction between the two
particles could increase the degree of entanglement of
scattering particles, which is analogous to increasing the
entropy principle in thermodynamics.
The change in entanglement entropy of the scattering

fermions in the process eþe− → μþμ− is plotted in Fig. 1.
The figure describes a function about the dependence of the
change in entanglement entropy on phase factor β for initial
states of different degrees of entanglement, η ¼ 0 (not
entangled), η ¼ π=4 (symmetric Bell state), and η ¼ −π=4
(antisymmetric Bell state). The figure tells that, for a initial
state of certain degree of entanglement, in addition to the
effect of interaction, the interference of different histories
corresponding to the superposition state also changes the
entanglement entropy of scattering particles [25].

III. SPIN ENTANGLEMENT OF SCATTERING
PARTICLES IN A MOVING FRAME

In the previous calculation, the initial state and the final
state of two fermions can be regarded as generated by the
basis of an asymptotically free Hamiltonian, and their total
Hilbert space can be divided into Htot ¼ HA ⊗ HB. For a
subsystem, say A, choosing spin state as the complete
basis, its Hilbert space HA could be further divided into
HpA

⊗ HsA , i.e., the spin and momentum degrees of
freedom of subsystem A. After performing the same

decomposition for subsystem B, the total Hilbert space
for the initial state and final state can be decomposed into
HpA

⊗ HsA ⊗ HpB
⊗ HsB . It is interesting to investigate a

particular quantity, the mutual information between spin
degrees of freedom for two fermionic field,

IðsA; sBÞ ¼ SðsAÞ þ SðsBÞ − SðsA ∪ sBÞ; ð41Þ
which measures the spin entanglement between two par-
ticles. Here SðXÞ is the Von Neumann entropy of the
reduced density matrix of subsystem X. Furthermore, the
properties of the mutual information in moving frame will
be studied.
In the following, we calculate the spin entanglement

entropy of outgoing particles in the scattering process
eþe− → μþμ−, with the same initial spin state parametri-
zation as (33),

jinii ¼ cos ηjp; 1=2; q; 1=2i þ sin ηeiβjp;−1=2; q;−1=2i:
ð42Þ

As explained in the previous section, the final state is
determined by the initial state and S matrix. From Eq. (29),

the reduced density matrix ρðΛ;finÞsA is obtained by tracing out
the momentum degrees of freedom for particle A,

ρðΛ;finÞsA ¼ trpA
ρðΛ;finÞA , producing the following results at

order λ2

ρðΛ;finÞsA ¼ ð1 − λ2AΛÞIΛ þ λ2BΛ; ð43Þ

where

IΛ ¼
�
IΛ11 IΛ12
IΛ21 IΛ22

�
;

BΛ ¼
Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Eq2Ep2Ek2Epþq−kV

�
AΛ

11 AΛ
12

AΛ
21 AΛ

22

�
;

AΛ ¼
Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Eq2Ep2Ek2Epþq−kV

AΛ
0 : ð44Þ

Both entanglement parameter η and phase factor β can
control the degree of entanglement for initial state, while
we choose β as zero for simplicity. In the analogous
calculation, the eigenvalues of the spin reduced density

matrix ρðΛ;finÞsA can readily be obtain,

rΛk1 ¼ sin2ηþ Tλ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p

192πVE5
ðð8 cos 2η − 8þ 3bΛ22

− 16 cos ηsin3ηÞE2 − 2ð−1þ cos 2ηþ sin 2ηÞ2m2Þ;

rΛk2 ¼ cos2η −
Tλ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p

192πVE5
ðð8 − 3bΛ11 þ 8 cos 2η

þ 16 cos η3 sin ηÞE2 þ 2ð1þ cos η − sin 2ηÞ2m2Þ;

FIG. 1. The λ2 log λ2 order contribution to the change in
entanglement entropy of scattering fermions as a function of
entangle parameter η and phase factor β:Ecm is the total initial
energy.
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where bΛij ¼
R
dθAΛ

ij. The corresponding entanglement entropy is

SðΛ;finÞðsAÞ ¼
�−cos2η logðcos2ηÞ − sin2η logðcos2ηÞ þ λ2T

V f1ðη;ωÞ þOðλ4Þ; if η ≠ 0;

− λ2 log λ2T
V f2ðη;ωÞ þOðλ2Þ; if η ¼ 0:

ð45Þ

where f1 and f2 are functions of parameter η and ω for the given particle energy E and mass m. Obviously, SðΛ;finÞðsBÞ has
the same value as SðΛ;finÞðsAÞ.
The total spin reduced density matrix for two particles at λ2 order can be written as

ρðΛ;finÞs ¼ ð1 − λ2AÞCΛ þ λ2DΛ; ð46Þ

where

CΛ ¼

0
BBBBB@

IΛ
1111 IΛ

1112 IΛ
1121 IΛ

1122

IΛ
1211 IΛ

1212 IΛ
1221 IΛ

1222

IΛ
2111 IΛ

2112 IΛ
2121 IΛ

2122

IΛ
2211 IΛ

2212 IΛ
2221 IΛ

2222

1
CCCCCA;

AΛ ¼
Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Ek2Ep2Eq2Epþq−kV

AΛ
0 ;

DΛ ¼
Z
k≠p

d3k
ð2πÞ3

f2πδðEifÞg2
2Ek2Eq2Ep2Epþq−kV

0
BBBBB@

AΛ
1111 AΛ

1112 AΛ
1121 AΛ

1122

AΛ
1211 AΛ

1212 AΛ
1221 AΛ

1222

AΛ
2111 AΛ

2112 AΛ
2121 AΛ

2122

AΛ
2211 AΛ

2212 AΛ
2221 AΛ

2222

1
CCCCCA; ð47Þ

and

IΛ
σ1σ2σ

0
1
σ0
2
¼ bσ1σ2b

†
σ0
1
σ0
2
; AΛ

σ3σ
0
3
σ4σ

0
4
¼ 1

λ2
MΛ

σ3σ4ðMΛ
σ0
3
σ0
4
Þ†: ð48Þ

Similarly, the entanglement entropy between spin and momentum for outgoing particles is derived as

SðΛ;finÞðsÞ ¼ −
λ2 log λ2T

V
f4ðη;ωÞ þOðλ2Þ: ð49Þ

Finally, according to Eq. (41), the spin entanglement entropy of outgoing particles is

IðΛ;finÞ ¼
(
− λ2 log λ2T

V f3ðη;ωÞ þOðλ2Þ; if η ¼ 0;

−2cos2η logðcos2ηÞ − 2sin2η logðcos2ηÞ þ λ2 log λ2T
V f4ðη;ωÞ þOðλ2Þ; if η ≠ 0:

ð50Þ

where

f3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p

128πE3
ð2bΛ22 − ðdΛ1212 þ dΛ2121 þ dΛ2222ÞÞ;

f4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p

128πE3
ðdΛ1111 þ 2ðdΛ1212 þ dΛ2121Þ þ dΛ2222 þ ð−dΛ1111 þ dΛ2222Þ cos 2η − ðdΛ1122 þ dΛ2211Þ sin 2ηÞ;
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with dΛijkl ¼
R
dθAΛ

ijkl. The functions f3 and f4 appearing
in the entanglement entropy for eþe− → μþμ− is plotted in
Fig. 2.
According to Eq. (50) and Fig. 2, the spin entanglement

of outgoing particles in the moving frame monotonously
decreases with the increasing of rapidity ω, which indicates
that the spin entanglement entropy is not Lorentz invariant.
This variation shows that the Lorentz boost may induce the
decoherence of the spin entanglement. While this does not
mean that a Lorentz transformation always decreases the
spin entanglement entropy of outgoing particles. One
approach to obtain the reverse effect is to apply the
appropriate boost along other axis. As mentioned in
Ref. [12,13], as the spin and momentum degrees of freedom
being entangled by Lorentz boosts, an increasing in spin
entanglement would occur at the expense of momentum
entanglement, since the entanglement of scattering particles
is Lorentz invariant. In the limit ω → ∞ (boost to the speed
of light), the spin entanglement entropy of outgoing
particles reaches a constant that only depends on the degree
of entanglement for incoming particles. In particular, if the
initial state is not entangled, the spin entanglement entropy
of the final state will vanish when viewed from a Lorentz-
transformed frame along the z direction.

IV. CONCLUSION

We study the properties of entanglement entropy among
scattering particles as observed from different inertial
moving frames, based on an exemplary QED process
eþe− → μþμ−. By explicit calculation of the Wigner
rotation, two inertial frames moving with constant relative
velocity report the same result for the entanglement entropy
of scattering particles. This result further confirms the
conclusion in Ref. [6,11] that the change in entanglement
entropy in a weak coupling theory is proportional to cross

section which is a Lorentz invariant. Combining the
supports from studies in Refs. [8–10] on the relation
between entanglement entropy of scattering particles and
cross section in other contexts, our work indicates that the
entanglement between total degrees of freedom for two
particles, including momentum and spin, is Lorentz invari-
ant. We also study the mutual information between spin
degrees of freedom for two fermionic field substitutes for
spin entanglement entropy of scattering particles. This
quantity, being calculated in moving frame and found to
change with different inertial reference frames, does not
exhibit as a Lorentz invariant.
Although the investigations are based on the scattering

process eþe− → μþμ−, similar results can be expected for
general fermion-fermion scattering with a weak coupling.
It would be interesting to generalize our computations to
higher orders in perturbation theory which considers the
running of coupling constants. Corresponding investiga-
tions in a strong coupling field theory is also expected to
advance the further study on the relation between the
scattering and the entanglement entropy. In the AdS=CFT
correspondence, both the scattering amplitude and entan-
glement entropy in a strongly coupled field theory are
associated with minimal surfaces in a bulk gravity theory
[26,27]. It is also interesting to attempt the holographic
understanding of the relation between the scattering and
entanglement entropy by means of AdS=CFT.
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FIG. 2. The λ2 log λ2 order contribution to spin entanglement entropy of outgoing fermions as a function of rapidity ω. The left figure is
for the initial state with parameter η ¼ 0 (not entangled). The right figure is for the initial state with η ¼ π=32; π=8; π=4.
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