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We investigate the continuum spectrum of the SU(2) gauge theory withNf ¼ 2 flavors of fermions in the
fundamental representation. This model provides a minimal template which is ideal for a wide class of
Standard Model extensions featuring novel strong dynamics that range from composite (Goldstone) Higgs
theories to several intriguing types of dark matter candidates, such as the strongly interacting massive
particles (SIMPs). We improve our previous lattice analysis [1] by adding more data at light quark masses,
at two additional lattice spacings, by determining the lattice cutoff via a Wilson flow measure of the w0

parameter, and by measuring the relevant renormalization constants nonperturbatively in the regularization-
invariant momentum (RI’-MOM) scheme. Our result for the lightest isovector state in the vector channel, in
units of the pseudoscalar decay constant, is mV=FPS ∼ 13.1ð2.2Þ (combining statistical and systematic
errors). For the axial channel our result is mA=FPS ∼ 14.5ð3.6Þ, which however does include a similarly
sized additional systematic error due to residual excited-states contamination. In the context of the
composite (Goldstone) Higgs models, our result for the spin-one resonances are mV > 3.2ð5Þ TeV and
mA > 3.6ð9Þ TeV, which are above the current LHC constraints. In the context of dark matter models, for
the SIMP case our results indicate the occurrence of a compressed spectrum at the required large dark pion
mass, which implies the need to include the effects of spin-one resonances in phenomenological estimates.
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I. INTRODUCTION

New composite dynamics is often invoked to construct
extensions of the Standard Model (SM) physics that can
address one or several of the SM’s shortcomings.
For example, composite extensions have been suggested

to replace the SM Higgs sector, to suggest natural dark
matter (DM) candidates and, more recently, to explain
[2–4] the observed tantalizing excess in the diphoton decay
channel or earlier diboson excesses [5,6] recorded by the
CMS and ATLAS experiments [7–9]. Time-honored
classes of fundamental electroweak composite dynamics
are technicolor (TC) [10,11] and composite Goldstone
Higgs models [12,13].
In TC models the Higgs boson is the lightest scalar

excitation of the fermion condensate responsible for
electroweak (EW) symmetry breaking [14–18]. The

physical technicolor Higgs mass can be light due to
near-conformal dynamics [14,19] and the interplay
between the TC sector and the SM fermions and electro-
weak gauge bosons [20].
In composite Goldstone Higgs models [12,13], the new

sector has an underlying fundamental dynamics with a
larger global symmetry group than the one strictly needed
to break the EW symmetry. In this case the Higgs state can
be identified with one of the additional Goldstone bosons
(GBs), and it is therefore naturally light. However, to break
the EW symmetry, typically radiative corrections are not
enough and yet another sector is required to induce the
correct vacuum alignment for the EW gauge bosons and for
the Higgs to acquire the observed mass.
The underlying fundamental theory studied here con-

stitutes the ultra-minimal composite template for any
natural UV completion that simultaneously embodies both
the TC and composite Goldstone Higgs models [21–24]. It
is also well known that fermion mass generation constitutes
a challenge for any composite dynamic extension. For the
present theory an extension that makes use of chiral gauge
theories [25–27] has been put forward recently in Ref. [28].
The constructions yield distinctive experimental signatures
and can be used universally for both types of model
building.
Novel composite dynamics has also been advocated to

construct natural candidates for DM stemming from a
composite EW sector. In fact, several asymmetric DM
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candidates were put forward which are stable baryons in
TC models [29,30] or Goldstone bosons of a new strong
sector [22,31–33].
Another interesting class of DM models, unrelated to the

composite EW scenario, was recently revived in Ref. [34].
Here an alternative mechanism [35,36] is employed for
achieving the observed DM relic density. It uses 3 → 2
number-changing processes that should occur in the dark
sector involving strongly interacting massive particles
(SIMPs). Compared to the weakly interacting massive
particle paradigm, where the dark matter particles typically
are expected to be around the TeV scale, this model can
yield dark matter particles with masses of a few 100 MeV.
In Refs. [37,38] a realization of the SIMP paradigm was
introduced in terms of composite theories for which the
model investigated here again provides the minimal tem-
plate. In this realization, the pions constitute the dark matter
particles and the topological Wess-Zumino-Witten (WZW)
term [39–41] introduces a five-point pion interaction,
making it an ideal candidate for the 3 → 2 annihilation
process. The most minimal realization of this breaking
pattern comes indeed from the underlying Spð2Þ ¼ SUð2Þ
gauge group [but it can be generalized to any SpðNcÞ gauge
group]. The first consistent investigation of the phenom-
enological viability of this construction, that properly took
into account important next-to-next-to-leading-order
(NNLO) corrections via chiral perturbation theory,
appeared in Ref. [38]. There it was shown that higher-
order corrections substantially increase the tension with
phenomenological constraints. Because the energy scale of
the SIMP is very light, it is especially relevant to know at
which energy scale dark spin-one resonances will appear,
or more generally to understand its spectroscopy [42].
Furthermore the new states will modify the scattering at
higher energies introducing possible interesting resonant
behaviors [43] and, as it is the case for ordinary QCD, will
have an impact on a number of dark-sector-induced
physical observables.
In this work we investigate the SU(2) gauge theory with

Nf ¼ 2 flavors of Dirac fermions in the fundamental
representation. One important feature of this minimal
SU(2) template model is that, due to the pseudoreality
of the fundamental representation, the flavor symmetry is
upgraded to an SU(4) [locally isomorphic to SO(6)]
symmetry which is expected to break spontaneously to
Sp(4) [locally isomorphic to SO(5)], thus leading to five
Goldstone bosons.
The theory has previously been studied on the lattice,

and in particular, it has been shown that the expected
pattern of spontaneous chiral symmetry breaking is realized
[44]. A first estimate, affected by large systematic errors, of
the masses of the vector and axial-vector mesons, in units of
the pseudoscalar meson decay constant, have been obtained
in Ref. [1]. The scattering properties of the Goldstone
bosons of the theory have also been considered [45], and

the model has furthermore been investigated in the context
of possible DM candidates related to the EW scale [46,47].
Other groups have also investigated the spectrum of this
model on the lattice [48,49] concluding that chiral sym-
metry is broken, although no continuum extrapolation was
attempted as the focus of both works was on the compari-
son with the six-flavor theory to understand the approach to
the conformal window in SUð2Þ gauge theories.
Here we extend our previous analyses by improving our

control on the systematics. Our simulations achieve smaller
fermion masses, include two additional lattice spacings,
and we also perform a precise determination of the lattice
spacings used. Finally we determine the relevant renorm-
alization constants nonperturbatively.
The paper is organized as follows. We first describe the

lattice setup in Sec. II and the procedure to set the lattice
spacing through the Wilson flow observable w0 in Sec. III.
In Sec. IV we discuss the calculation of the renormalization
constants using the RI’-MOM scheme. Finally we provide
in Sec. V an improved estimation of the spectrum of the
theory.

II. LATTICE SETUP

We simulate the SU(2) gauge theory with two Dirac
fermions in the fundamental representation discretized
using the (unimproved) Wilson action for two mass-
degenerate fermions u, d and the Wilson plaquette action
for the gauge field. The numerical simulations have been
performed using an improved version of the HIREP code
first described in Ref. [50]. The fermionic part of the action
reads

SF ¼
X
x

ψ̄ðxÞð4þ am0ÞψðxÞ

−
1

2

X
x;μ

ðψ̄ðxÞð1 − γμÞUμðxÞψðxþ μ̂Þ

þ ψ̄ðx − μ̂Þð1þ γμÞU†
μðxÞψðxÞÞ; ð1Þ

where Uμ is the gauge field, ψ is the doublet of u and d
fermions, and am0 is the 2 × 2 diagonal mass matrix
proportional to the identity.
Our simulations are performed at four values of the

inverse lattice gauge coupling β, for various fermion
masses and on several volumes. This is needed in order
to perform the required extrapolations to the chiral limit and
infinite volume and to give an estimate of the systematic
errors stemming from such extrapolations. We detail the
procedure used in the following sections.
The bare parameters of our simulations are summarized

in Table I. We have extended our previously published data
set considerably, in particular towards the chiral regime and
by adding two additional lattice spacings at β ¼ 1.8, 2.3.
As we will discuss in more detail below, note that the
lightest quark masses now reach, in some cases, the decay
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threshold for the vector-meson resonance. The simulations
in Table I denoted with an asterisk, are only used to study
the systematic errors due to finite-size effects. The remain-
ing runs will be referred to as “large-volume runs” in this
paper. For all these lattices with mPSL ≥ 5, we expect that
systematic errors due to finite volume are of the order of
5–10% for the measured meson masses relevant in this
work, based on the analysis presented in Ref. [1]. There it
was found that, in particular the mass of the axial-vector
state, as extracted in the current work, suffers from larger
systematic effects of the order of 10%.
For convenience, we define the following operators:

OðΓÞ
ūd ðxÞ ¼ ūðxÞΓdðxÞ; ð2Þ

where Γ denotes any product of Dirac matrices.
We extract the meson masses from zero-momentum two-

point correlation functions

fΓðtÞ ¼
X
~x

hOðΓÞ
ūd ðt; ~xÞ†OðΓÞ

ūd ð0Þi: ð3Þ

The quantities of interest in this study are the pseudo-
scalar Γ ¼ γ5, vector Γ ¼ γk (k ¼ 1, 2, 3), and axial-vector
Γ ¼ γ0γ5γk mesons. We use Z2 × Z2 single time slice
stochastic sources [51] to estimate the meson two-point
correlators. From those, we define an effective massmeff

ðΓÞðtÞ
as in Refs. [52,53] by the solution of the implicit equation:

fΓðt − 1Þ
fΓðtÞ

¼ e−m
eff
ðΓÞðtÞðT−ðt−1ÞÞ þ e−m

eff
ðΓÞðtÞðt−1Þ

e−m
eff
ðΓÞðtÞðT−tÞ þ e−m

eff
ðΓÞðtÞt

; ð4Þ

where T is the lattice time extent. At large Euclidean time,
meff

ðΓÞðtÞ approaches the value of the mass of the lightest

state with the same quantum numbers as the operator OðΓÞ
ūd .

In the following, we will denote the pseudoscalar meson
mass by mPS, and the isovector vector and axial-vector
meson masses by mV and mA respectively.

In addition to the meson masses above, we will use in the
present analysis two other quantities: the current quark
mass mPCAC and the Goldstone boson decay constant FPS.
We define the quark mass through the partially conserved
axial current (PCAC) relation

mPCAC ¼ lim
t→∞

1

2

∂tfAPðtÞ
fγ5ðtÞ

; ð5Þ

where

fAPðtÞ ¼
X
~x

hOðγ0γ5Þ
ūd ðt; ~xÞ†Oðγ5Þ

ūd ð0Þi: ð6Þ

The Goldstone boson decay constant can be calculated as

FPS ¼
2mPCAC

m2
PS

GPS; ð7Þ

whereGPS is obtained from the asymptotic form of fγ5ðtÞ at
large t:

fγ5ðtÞ ∼ −
G2

PS

mPS
exp ½−mPSt�: ð8Þ

On a lattice of finite temporal extent, we use the same
definitions as in Refs. [52,53].
The (bare) values in lattice units for mPCAC, mPS, FPS,

mV and mA corresponding to the large-volume lattices
considered in this paper are reported in Table VII in
Appendix A.
To convert the lattice quantities to physical units, we

determine the lattice spacing for our simulations and the
appropriate nonperturbative renormalization constants.
It is well known that for Wilson fermions, the pseudo-

scalar decay constant renormalizes multiplicatively with
the scale-independent renormalization constant ZA and
that the bare PCAC mass renormalizes with the ratio
ZA=ZPðμ2Þ.
The lattice spacing, in a generic composite model, is

fixed by the requirement that the renormalized Goldstone
boson decay constant has a given value specified for the
physical model considered. For example in the case of
composite dynamics at the electroweak scale, a value of
246 GeV yields the correct mass for the electroweak gauge
bosons. For the more general fundamental composite
Goldstone Higgs scenario described in Ref. [24] the scale
is still set by the same requirement, but the constraint on the
renormalized Goldstone boson decay constant now reads
FPS sinðθÞ ¼ 246 GeV. The actual value of the parameter θ
in this model depends on the electroweak gauge boson
corrections, the top corrections as well as the effects of
other possible sources of explicit breaking of the initial
SU(4) symmetry. The technicolor limit is recovered for
θ ¼ π=2 while the composite pseudo-GB Higgs case

TABLE I. Parameters used in the simulations. Runs with � are
used only to study finite-size effects. All the others runs are
referred to in the text as “large-volume runs.”

β Volume am0

1.8 163 × 32 −1.00, −1.089, −1.12, −1.14, −1.15, −1.155�
1.8 323 × 32 −1.155 −1.557
2.0 163 × 32 −0.85, −0.9, −0.94, −0.945, −0.947�
2.0 324 −0.947, −0.949, −0. − 952, −0.957, −0.958
2.2 163 × 32 −0.60, −0.65, −0.68 −0.70, −0.72�, −0.75�
2.2 243 × 32 −0.75�
2.2 324 −0.72, −0.735, −0.75
2.2 484 −0.76
2.3 324 −0.575, −0.60, −0.625, −0.65, −0.675, −0.685
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corresponds to small, but nonvanishing θ. Any other value
of θ is also allowed and the resulting model thus inter-
polates between these two limits. For the details we refer
to Ref. [24].
Another case of immediate interest is the SIMPlest

composite model [37] for DM where, as shown in
Ref. [38], it is important to control the underlying dynam-
ics. By stretching chiral perturbation theory to its limit of
validity, the interesting phenomenological values for the
pion decay constant would be as low as 10 MeV with pion
masses of the order of 100 MeV. Besides the rescaling of
the pion decay constant, another major difference, when
compared to composite dynamics at the electroweak
scale, resides in the fact that the SIMP requires quite
massive pions.
For definiteness, below we present our results in units of

the EW scale with sinðθÞ ¼ 1 but the dependence on θ can
be reinstated when needed. At the end we will also
comment on the results for the SIMPlest case.

III. SCALE SETTING

Following Ref. [54], we consider the following “Wilson
flow” equation for the gauge fields:

d
dt

Vtðx; μÞ ¼ −g20f∂x;μSGðVtÞgVtðx; μÞ with

Vt¼0ðx; μÞ ¼ Uðx; μÞ; ð9Þ

where t denotes the fictitious flow “time,” Uðx; μÞ are the
gauge links, and SG is the plaquette gauge action. One
important property is that correlation functions at flow time
t > 0 are finite, when the four-dimensional theory is
renormalized as usual, and the flow thus maps gauge fields
into smooth, renormalized gauge fields [55]. Observables at
nonzero flow time can, in particular, be used to define a
scale, as shown in Ref. [54].

Two different scale-setting observables have been intro-
duced in the literature, known as t0 [54] and w0 [56]. In
terms of EðtÞ, the action density at flow time t, they are
defined through the following equations:

EðtÞ ¼ t2EðtÞ; Eðt0Þ ¼ Eref ; ð10Þ

WðtÞ ¼ t
d
dt

EðtÞ; Wðw2
0Þ ¼ Wref ; ð11Þ

where Eref andWref are two dimensionless reference values.
In this work we will use w0 to set the scale. The value of w0

obtained for each quark mass needs to be extrapolated to
the chiral limit to obtain a scale wχ

0 for each lattice spacing.
We investigated finite-volume errors in w0 at the chosen

reference value Wref by comparing two simulations per-
formed on spacial sizes L ¼ 16 (mPSL ∼ 5.1) and L ¼ 32
(mPSL ∼ 8.4) at bare parameters m0 ¼ −0.75 and β ¼ 2.2.
These values of the bare parameters were chosen to
correspond to one of the lightest points in our data set,
at a fine lattice spacing. The values of w0 obtained are
w0ðL ¼ 16Þ ¼ 3.39ð6Þa and w0ðL ¼ 32Þ ¼ 3.36ð10Þa
which agree well within statistical errors, indicating that
finite-volume effects for w0 can be safely neglected for
mPSL > 5 within our numerical precision.

A. Determination of wχ
0

In Fig. 1 (left panel) we show our results for w0=a for the
four lattice spacings considered in this study as a function
of y2, where y ¼ w0ðmPCACÞmPS. Here the reference value
chosen is Wref ¼ 1. For all the points in Fig. 1 we have
mPSL > 5.5 and are thus safe from finite-volume effects.
In order to extrapolate to the chiral limit, we use the

NNLO expansion in terms of m2
PS which reads [57]

FIG. 1. Chiral behavior of w0 as a function of y2 in units of the lattice spacing (left panel) and in units of w
χ
0 (right panel) forWref ¼ 1.

The data at four lattice spacings are displayed.
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w0ðm2
PSÞ ¼ wχ

0

�
1þ k1

m2
PS

ð4πFÞ2 þ k2
m4

PS

ð4πFÞ4 log
m2

PS

μ2

�
;

ð12Þ

where F is the pseudoscalar decay constant and k1, k2 are
dimensionless low-energy constants. Note that the chiral
logarithm enters only at NNLO. In practice we fitted our
data at each β with the following ansatz:

w0ðm2
PSÞ ¼ wχ

0ð1þ Ay2 þ By4 log y2Þ; ð13Þ

where A, B and wχ
0 are free parameters with the

choice wχ
0μ ¼ 1.

The fit is performed for each of the four β values
independently and the gray bands indicate the 1σ error
regions. The best-fit parameters and their statistical errors
are reported in Table II. In the left panel of Fig. 1, the red
dotted vertical line indicates the upper limit of the y2 region
used in the NNLO fit.
For three of our data sets we have also performed a fit to

the NLO expression. The black vertical dotted line indi-
cates the upper limit of the y2 region included in the NLO
fit. Due to lack of data, we cannot perform this fit for
β ¼ 2.3. For the three remaining lattice spacings available,
the results of the NLO and NNLO fits agree well within
uncertainties.
In the right panel of Fig. 1 we show w0=w

χ
0 for all four

lattice spacings. The deviation from a universal curve of
such a quantity is a measure of lattice discretization errors.
As can be seen, these are small in the w0 observable for our
three finest lattice spacings. The same conclusion can also
be reached by looking at the dimensionless coefficients A
and B as determined from the fits, given in Table II.

IV. NONPERTURBATIVE RENORMALIZATION
CONSTANTS

A. RI′-MOM scheme

In this section we describe the method used to determine
the nonperturbative renormalization constants of the iso-
vector vector (V), axial (A), and pseudoscalar (P) bilinear
operators. They are needed for the renormalization of the
pseudoscalar decay constant FPS and of the quark mass
mPCAC.

We use the RI’-MOM scheme as in Ref. [58]. We define
the bilinear operators

OΓðxÞ ¼ ψ̄ðxÞτ3ΓψðxÞ; with

Γ ∈ fP;V; A; Sg≡ fγ5; γμ; γ5γμ; 1g; ð14Þ
and the fermion propagator

Sðx; yÞ ¼ hψðxÞψ̄ðyÞi; and

SðpÞ ¼
X
p

eipðx−yÞSðx; yÞ: ð15Þ

Note that we have not explicitly written spin and color
indices. We also define the Green’s function

GΓðpÞ ¼ hψðpÞOΓðpÞψ̄ðpÞi ð16Þ

and we will denote the corresponding vertex function by

ΠΓðpÞ ¼ SðpÞ−1GΓðpÞSðpÞ−1; ð17Þ
where S−1ðpÞ is the inverse propagator in spin and color
space. The RI’-MOM scheme [58] is then defined by
imposing the conditions that in the chiral limit and at a
given scale p2 ¼ μ2, the inverse propagator and amputated
Green’s function ΠΓðpÞ satisfy the following equations:

Z−1
q

−i
4Nc

tr

�
γμ sinðapμÞ
sin2ðapμÞ

S−1ðpÞ
�����

p2¼μ2
¼ 1; and

Z−1
q ZΓ

1

4Nc
tr½PΓΠΓðpÞ�jp2¼μ2 ¼ 1; ð18Þ

where the trace is over spin and color indices and the
projectors PΓ are defined as

PΓ ∈ fPP; PV; PA; PSg≡
�
γ5;

γμ
4
;
γμγ5
4

; 1
�
: ð19Þ

For convenience we define:

Λqðp2Þ ¼ −i
4Nc

tr

�
γμ sinðapμÞ
sin2ðapμÞ

S−1ðpÞ
�
; ð20Þ

ΛΓðp2Þ ¼ −i
tr
h
γμ sinðapμÞ
sin2ðapμÞ S

−1ðpÞ
i

tr½PΓΠΓðpÞ�
; ð21Þ

ΛP=Sðμ2Þ ¼ ΛPðp2Þ=ΛSðp2Þ; ð22Þ

such that in the chiral limit

Λqðμ2Þ ¼ Zqða; μ2Þ;
ΛΓðμ2Þ ¼ ZΓða; μ2Þ and

ΛP=Sðμ2Þ ¼ ZPða; μ2Þ=ZSða; μ2Þ: ð23Þ

TABLE II. Summary of the NNLO fits for w0=a for each value
of the lattice spacing. We chose Wref ¼ 1 as a reference value.

β wχ
0=a A B χ2=ndof

1.8 2.066(16) −0.169ð12Þ 0.022(6) 5.5=4
2.0 2.675(20) −0.223ð10Þ 0.036(4) 14.8=6
2.2 4.311(49) −0.224ð12Þ 0.036(8) 1.0=1
2.3 6.202(477) −0.205ð39Þ 0.018(9) 2=1
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B. Evaluation of the correlators

Following the approach introduced in Ref. [59], we
use momentum sources. This approach has the advantage
of being computationally inexpensive and it has a high
statistical accuracy. We will shortly summarize the
procedure.
The vertex functions defined in Eq. (17) are not gauge

invariant, and must be computed in a fixed gauge. We chose
the Landau gauge by minimizing a functional proposed
in Ref. [60].
We introduce Sðy; pÞ which is defined to be the solution

of the following linear equation:

X
y

Dðx; yÞSðy; pÞ ¼ 1eipx; ð24Þ

where 1 stands for the identity matrix in spinor and color
indices. It is straightforward to obtain that

GΓðpÞ ¼
1

V

X
z

γ5S0ðz; pÞ†γ5S0ðz; pÞ;

where S0ðz; pÞ ¼ e−ipzSðz; pÞ ð25Þ

and

SðpÞ ¼ 1

V

X
x

e−ipxSðx; pÞ: ð26Þ

C. Twisted boundary conditions

In order to interpolate easily between the lattice
momenta we use twisted boundary conditions [61,62] by
imposing

qðxþ LÞ ¼ eiBxqðxÞ with Bμ ¼
πθμ
Lμ

; ð27Þ

where Lμ¼1;2;3 ¼ L and L4 ¼ T and θ is the twist angle.
The boundary conditions are imposed by only modifying
the Dirac operator in the valence. The accessible momenta
are then pμ ¼ 2π

Lμ
nμ þ π

Lμ
θμ. Equations (25) and (26) of

Sec. IV B can be generalized in the case of twisted
boundary conditions.
In practice the propagator SðpÞ and the Green’s function

GΓðpÞ are evaluated for

nμ ¼ lð1; 1; 0; 0Þ and θμ ¼ l0
1

2
ð1; 1; 0; 0Þ; ð28Þ

for every pair ðl; l0Þ with l ∈ ½½1;…; lmax�� and
l0 ∈ ½½−l0max;…; l0max��. Note that we also use negative
values for l0 in order to obtain the same values of p2 from
twisting with different initial momenta. This is useful in
order to estimate cutoff effects. From Fig. 2 it is clear that
they are small. Finally, note that we choose “nondemo-
cratic” momenta in Eq. (28).

D. Results and analysis

The vertex functions ΛX for X ∈ fP;V; A; P=Sg at a
fixed quark mass, as a function of momentum ðapÞ2, are
shown for β ¼ 2.0 and β ¼ 2.2 in Fig. 2. The filled symbols
are obtained with twist angle θ ¼ 0, while the empty
symbol denotes the results obtained for θ ≠ 0.
In order to determine the value of the renormalization

constants, the first step is to extrapolate the result in the
chiral limit. At fixed p2 the behavior of the vertex
functions, which do not involve the pseudoscalar density,

FIG. 2. ΛX¼P;V;A;P=S as a function of ðapÞ2 for the most chiral point at β ¼ 2.0 (left panel) and β ¼ 2.2 (right panel). The filled data
points are obtained without twisted boundary conditions while the empty symbols denote the use of a nonvanishing θ. The vertical lines
indicate where ðapÞ2 ¼ 1.
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is expected to be polynomial in ðambare
PCACÞ2. Concerning the

pseudoscalar vertex functions, it is well known that special
care must be taken due to the presence of the Goldstone-
boson pole [58,63,64]. In that case, we use the following
ansatz to perform pion-pole subtraction:

ΛPðp2Þ ¼ Aðp2Þ þ Bðp2ÞmPCAC þ Cðp2Þ
mPCAC

; ð29Þ

where A, B and C are functions of p2. The subtraction is
performed for each p2 by fitting the data at a given β, and

we will denote by Λsub
P ðp2Þ ¼ ΛPðp2Þ − Cðp2Þ

mPCAC
the sub-

tracted vertex function at a given fermion mass.
We illustrate the chiral extrapolation at fixed p2 in Fig. 3,

where we show ΛXðp2 ¼ 1=a2Þ as a function of
ðambare

PCACÞ2. In the plot we also include the Goldstone
boson subtracted vertex function for X ¼ P and P=S. The
chiral extrapolation is obtained by fitting a second-order
polynomial in ðambare

PCACÞ2 to the data. The vertical dashed-
dotted line indicates the extent of the region included in the
fit. The best-fit curve and its statistical error are included in
the figure. The typical χ2=ndof for these fits are much
larger than one, due to the small statistical error bars on ΛX.
Therefore, because our data are not well described by our
fitting function, we estimate the systematic error by
comparing with a first-order extrapolation. This estimate
of the systematic error due to the choice of fitting function
is reported in Table III. As it can be seen, usually the
systematic error is dominant over the statistical one. In the
following, we use the combination of systematic and
statistical errors for the renormalization constants.
We show in Fig. 4 the dependence of the chirally

extrapolated vertex function ΛX as a function of ðw0pÞ2.
In the continuum, ZV , ZA and ZP=ZS are renormalization

scale independent: the observed scale dependence is a
manifestation of discretization effects.1

In order to have meaningful estimates of ZXðp2Þ, one
relies on the existence of a renormalization window:
Λ < p < Oða−1Þ. The lower bound guarantees that the
Goldstone pole contamination is small and that the Wilson
coefficient entering in the operator product expansion,
which relates the physical process and the matrix element,
can be computed in perturbation theory. The upper bound
guarantees small lattice artifacts. In our case, reformulating
the inequality in units of w0, and setting wχ

0Λ ∼ wχ
0mV ∼ 1

we have

ðwχ
0mVÞ2 ∼ 1 < ðwχ

0pÞ2 < Oððwχ
0=aÞ2Þ: ð30Þ

Since the smallest value wχ
0=a obtained at β ¼ 1.8 is

wχ
0=a ∼ 2, we would have 1 < ðwχ

0pÞ2 < Oð4Þ. This is
the famous window problem occurring at coarser lattice
spacing. We thus have to relax the upper bound of the
inequality and introduce larger cutoff effects for our coarser
lattices. In practice we chose ðwχ

0pÞ2 ¼ 7, which corre-
sponds to the lattice cutoff at β ¼ 2.0.
In the following we will check that this particular choice

of the reference scale does not affect scale-independent
quantities, by using a second reference momentum, at the
higher end of the sensible momenta range, namely
ðwχ

0pÞ2 ¼ 17. As shown below, our final results are very
stable and do not depend, within errors, on the particular
choice of reference momentum.
We summarize the values of the renormalization con-

stants, defined at our reference scale ðwχ
0pÞ2 ¼ 7, for the

four β values, in Table III.

FIG. 3. ΛX¼P;V;A;P=S at fixed ðapÞ2 ¼ 1 as a function of ðambare
PCACÞ2 for β ¼ 2.0 (left panel) and β ¼ 2.2 (right panel).

1Note that we do not subtract perturbativeOðaÞ effects, and we
do not convert ZPðμ2Þ to the MS scheme.
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V. SPECTROSCOPY

A. Effective masses

We compute the mass of the lightest (isovector) pseu-
doscalar, vector and axial-vector meson resonances using
two-point correlators. As explained in Sec. II, the mass can
be extracted using the large-time behavior of the effective
mass as described by Eq. (4). This approach is justified if
the state is stable. We illustrate effective masses for various
ensembles in Figs. 5,6,7 and 8.
The effective masses are fitted on a given plateau range,

which is determined for each state by individual inspection.
Systematic errors introduced by the choice of the plateaux
are small for the pseudoscalar and vector resonances, and
for this reason we will neglect them in the following. The
best-fit value for the effective mass is plotted for each state
in the figures together with its statistical error. The masses
of the vector and pseudoscalar mesons are clearly deter-
mined for all ensembles. For the axial-vector correlator we
do not observe long plateaux, due to the much worse
signal-to-noise ratio as a function of Euclidean time
separation. This results in significantly larger systematic
errors, which are not yet fully under control.
In each plot, we also show the two- and three-pion

thresholds. This shows that the vector-meson resonance,
whose main decay channel is expected to be the decay in
two pions, is stable for almost all of our simulations. In a

few cases, our most chiral points at β ¼ 1.8 and β ¼ 2.0 are
at kinematical threshold. A similar conclusion can be
drawn for the isovector axial-vector meson, whose main
decay channel is expected to be three pions.

B. mPS and FPS

The continuum expressions for mPS and FPS have been
worked out in Ref. [65] at next-to-leading order in chiral
perturbation theory:

m2
PS

mf
¼ 2B

�
1þ 3

4
x log

2Bmf

μ2
þ bMxþOðx2Þ

�
; ð31Þ

FPS ¼ F

�
1 − x log

2Bmf

μ2
þ bFxþOðx2Þ

�
; ð32Þ

where x ¼ 2Bmf
ð4πFÞ2 and mf is the renormalized fermion mass

at a given scale. In the conventions of Ref. [65], the
condensate is given by Σ≡ −2BF2. Note that F and B
appear in both expressions. Note that we are using the
chiral perturbation theory formulas for infinite volume,
which, given the values of FPSL reported in Appendix A,
appear to be valid for our data. The mass range of
applicability of the effective theory is not known a priori.
In order to make the fits more stable, we will rewrite the

TABLE III. Renormalization constant obtained using ðw0pÞ2 ¼ 7 as a reference scale.

β ZA χ2=dof ZV χ2=dof ZP=ZS χ2=dof ZRI0
P χ2=dof

1.8 0.7791(4)(9) 40=1 0.5599(4)(40) 5.6=1 0.2809(48)(45) 10.3=1 0.2051(36)(66) 5.8=1
2.0 0.8072(3)(5) 44=3 0.6356(2)(26) 280=3 0.4080(25)(27) 15=3 0.2907(16)(72) 15=3
2.2 0.8267(2)(23) 2.9=2 0.6973(2)(30) 107=2 0.5655(16)(121) 31=2 0.3803(8)(49) 19=2
2.3 0.8449(23)(72) 0=0 0.7280(19)(80) 0=0 0.6799(260)(440) 0=0 0.4201(136)(13) 0=0
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FIG. 4. ZX¼P;V;A;P=S as function of the renormalization scale ðw0μÞ2 ¼ ðw0pÞ2 for β ¼ 2.0 (left panel) and β ¼ 2.2 (right panel).
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expansion in a new parameter, ~x ¼ m2
PS

ð4πFÞ2. At this order

Eq. (31) and Eq. (32) remain unchanged (this is, however,
not true at NNLO) and read

m2
PS

mf
¼ 2B

�
1þ 3

4
~x log

m2
PS

μ2
þ bM ~xþOð~x2Þ

�
; ð33Þ

FPS ¼ F

�
1 − ~x log

m2
PS

μ2
þ bF ~xþOð~x2Þ

�
: ð34Þ

From this result we observe that the expansion of FPS now
is independent of B, which will allow us to perform the fit
in two steps: first a fit to FPS to obtain F and then using it as
an input for a second fit to m2

PS=mf to obtain B.

The renormalized values for FPS and m2
PS=mf at four

values of the lattice spacing are shown as a function of m2
PS

in Figs. 9 and 10. All the lattices included in the fit satisfy
mPSL ≥ 5.6. The fermion mass is given by mfðp2Þ ¼
mPCACZA=ZPðp2Þ and the renormalized pseudoscalar

decay constant is FPS ¼ FðbareÞ
PS ZA. As a reference scale

for the renormalization constants we use p ¼ ffiffiffi
7

p
=wχ

0. As
can be seen, significant cutoff effects are observed. In order
to estimate the low-energy constants F and B in the
continuum, discretization effects must then be taken into
account. In order to obtain a reliable estimate, we will use
two different strategies.
The first strategy (strategy I) is based on fitting the

pseudoscalar mass and decay constant using several lattice
spacings simultaneously together with a given model for
the lattice discretization effects:
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3 mPS threshold

0 5 10 15

0.
0

0.
5

1.
0

1.
5

t a

m
ef

f(t
)

PS
V
A

FIG. 5. Effective masses of the pseudoscalar, vector and axial
meson masses (β ¼ 1.8, m0 ¼ −1.157, L ¼ 24).
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FIG. 6. Effective masses of the pseudoscalar, vector and axial
meson masses (β ¼ 2.0, m0 ¼ −0.958, L ¼ 32).
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meson masses (β ¼ 2.2, m0 ¼ −0.76, L ¼ 48).
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m2
PS

mf
¼ 2B

�
1 − aM ~x log

m2
PS

μ2
þ bM ~xþ δM

a
wχ
0

þ γMm2
PS

a
wχ
0

�
;

ð35Þ

FPS ¼ F

�
1 − aF ~x log

m2
PS

μ2
þ bF ~xþ δF

a
wχ
0

þ γFm2
PS

a
wχ
0

�
:

ð36Þ

Here the new fitting parameters δM;F and γM;F control the
discretization effects. Note that the two coefficients aF;M
are fixed in the continuum, but here we consider them as
free parameters.
To control the stability of the fit, we consider four subsets

of our data S1 ¼ fβ ¼ 2.0; 2.2g, S2 ¼ fβ ¼ 2.0; 2.2; 2.3g,
S3 ¼ fβ ¼ 1.8; 2.0; 2.2g and S4 ¼ fβ ¼ 1.8; 2.0; 2.2; 2.3g
and perform the fit on each of these subsets. The result of
the fit for the S2 subset is shown in Figs. 9 and 10.
The second strategy (strategy II) consists of fitting each

of the lattice spacings independently, to obtain the coef-
ficients B;F; aF;M and bF;M, while setting to zero the
coefficients δM;F; γM;F in Eqs. (35) and (36). In a second
step, lattice discretization effects can be assessed by
studying the dependence of the coefficients as a function
of the lattice spacing.
In all fits we use wχ

0μ ¼ 1 as a scale. The results of the
fits, including their χ2 per degrees of freedom, are sum-
marized in Table IV for strategy I and Table V for strategy
II. The fits are performed on a given range of values for
ðwχ

0mPSÞ2 below the “cut” given in the tables.
Strategy II allows us to extract an estimate of wχ

0F and
wχ
0B for each lattice spacing. This is shown in Fig. 11,

where the value of B has been rescaled by a factor of 20 for
convenience. The scaling towards the continuum limit is
compatible with a linear behavior and no Oða2Þ effects are
visible. On the plot we also show the results obtained
directly in the continuum using the first strategy for the
subset of gauge ensembles S1 and S2. The results obtained
with strategy I for the subsets S3 and S4 have a χ2=ndof ∼ 10

and thus do not describe the data well.
Our final estimates for the chiral parameters are wχ

0B ¼
2.88ð15Þð17Þ and wχ

0F ¼ 0.078ð4Þð12Þ. The central value
and statistical error comes from the linear extrapolation to
the continuum of the fits at fixed beta (strategy I). The
systematic error is obtained by computing the maximal
difference between the results obtained by strategy I and II.
By setting the scale to F ¼ 246 GeV one arrives at the
result wχ

0 ¼ 6.3ð3Þð9Þ × 10−5 fm. The value of the con-
densate then reads Σ1=3=F ¼ 4.19ð26Þ (statistical and
systematical errors have been combined).
We repeated a similar analysis using p ¼ ffiffiffiffiffi

17
p

=wχ
0 as a

reference scale, which is shown in Appendix B. As claimed
in the previous section, we do not observe any statistically
significant change in the continuum values of F and B.

C. Heavier states

In this section we report our results for the mass of two
heavier isotriplet meson resonances, namely the vector in
Fig. 12 and the axial-vector in Fig. 13. All the masses are
presented in units of wχ

0 as functions of ðwχ
0mPSÞ2. In each

figure we present a global fit, including all the available
data at four lattice spacings, to the following fit ansatz:
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FIG. 9. FPS versus m2
PS for the four lattice spacings. The curves

correspond to the best-fit parameters obtained fitting only
β ¼ 2.0, β ¼ 2.2 and β ¼ 2.3 (subset S2) and are drawn for
the corresponding lattice spacing. The black curve indicates the
continuum results.
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FIG. 10. m2
PS=mf versus m2
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continuum results.

RUDY ARTHUR et al. PHYSICAL REVIEW D 94, 094507 (2016)

094507-10



wχ
0mX ¼ wχ

0m
χ
X þ Aðwχ

0mPSÞ2 þ Bðwχ
0mPSÞ4 þ C

a
w0

:

ð37Þ
The fit range for each channel is shown by the vertical
dotted line in the plot. The gray band indicates the 1σ error
band for the continuum prediction, obtained by setting
a ¼ 0 with our best-fit parameters. The results of the fit for
the axial and vector meson are summarized in Table VI.

TABLE IV. Results of the global fits of m2
PS=mf and FPS on subset S1;2;3;4 using ðw0pÞ2 ¼ 7 as a reference renormalization scale.

Type Coefficient S1 S2 S3 S4

NLO global F 0.066(6) 0.066(6) 0.049(5) 0.049(5)
NLO global bF 0.0038(2) 0.0038(2) 0.0028(1) 0.0028(1)
NLO global δF 0.05(1) 0.05(1) 0.09(1) 0.09(1)
NLO global γF 0.05(1) 0.051(9) 0.072(6) 0.069(6)
NLO global aF 0.22(3) 0.21(2) 0.19(1) 0.18(1)
NLO global χ2=ndof 9.7=8 13.=10 83.=14 91.=16
NLO global cut 5 5 5 5
NLO global B 2.9(1) 2.9(1) 3.0(1) 3.0(1)
NLO global bM 0.0005(1) 0.0005(1) 0.00028(8) 0.00029(8)
NLO global δM −0.7ð1Þ −0.74ð9Þ −0.84ð7Þ −0.85ð6Þ
NLO global γM −0.25ð7Þ −0.25ð7Þ −0.24ð5Þ −0.24ð5Þ
NLO global aM 0.00(1) 0.00(1) 0.003(5) 0.003(5)
NLO global χ2=ndof 10.=8 14.=10 27.=14 30.=16
NLO global cut 5 5 5 5

TABLE V. Results of the fixed lattice spacing fits for each β value using ðw0pÞ2 ¼ 7 as a reference renormalization scale.

Type Coefficient β ¼ 1.8 β ¼ 2.0 β ¼ 2.2 β ¼ 2.3

NLO fixed β F 0.096(4) 0.088(3) 0.086(3) 0.09(4)
NLO fixed β aF 0.41(2) 0.27(1) 0.211(9) 0.1(1)
NLO fixed β bF 0.0093(1) 0.0066(1) 0.0052(1) 0.004(1)
NLO fixed β χ2=ndof 4.1=4 9.3=7 6.8=4 1.1=1
NLO fixed β cut 12 12 12 12
NLO fixed β B 1.7(1) 2.18(8) 2.38(4) 3.1(7)
NLO fixed β aM −0.02ð6Þ −0.00ð2Þ 0.025(7) 0.01(9)
NLO fixed β bM −0.0004ð7Þ 0.0000(3) 0.0007(1) 0.000(1)
NLO fixed β χ2=ndof 4.0=4 8.2=7 5.0=4 1.0=1
NLO fixed β cut 12 12 12 12

TABLE VI. Results of the polynomial fits of the vector and
axial resonances.

Coefficient Vector Axial

wχ
0mX 1.01(3) 1.1(1)

A 0.47(3) 0.8(1)
B −0.039ð6Þ −0.09ð3Þ
C −0.05ð7Þ 2.1(3)
χ2=ndof 23=16 20=16
Cut 4 4
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FIG. 11. Values of the chiral parameters B and F in units of the
reference lattice scale wχ

0 as extracted using strategy II described
in the text. In this plot B has been rescaled by a factor of 20 for
graphical convenience.
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For the vector meson the fit describes our data well and the
observed cutoff effects are small. We find wχ

0m
χ
V ¼ 1.01ð3Þ

with a χ2=ndof ¼ 23=16. Note that for our data mV is
always less than 2mPS, except maybe for the most chiral
point used in the fit, so that the vector meson is expected to
be stable and its mass can be reliably extracted from the large
(Euclidean) time behavior of the appropriate two-point
function.
For the mass of the axial-vector meson, our data is more

noisy already at the level of the effective masses and we

therefore have larger systematic uncertainties. The ansatz
(37) fits the data well, within large errors, and the resulting
value for the mass is wχ

0m
χ
A ¼ 1.1ð1Þ with χ2=ndof ¼

20=16. In units of FPS we have mV=FPS ∼ 13.1ð2.2Þ
and mA=FPS ∼ 14.5ð3.6Þ.

VI. CONCLUSION

We analyzed the SU(2) gauge theory with Nf ¼ 2

flavors of fermions in the fundamental representation using
lattice techniques. Dynamical simulations have been per-
formed at four lattice spacings and a number of volumes
and masses to asses systematic effects and to carry out the
necessary extrapolations. We determined nonperturba-
tively, in the RI’-MOM scheme, the relevant renormaliza-
tion constants and performed a detailed analysis of the mass
and decay constant of the pseudoscalar Goldstone bosons,
including an extrapolation to the chiral and continuum
limits to take into account the lattice cutoff effects present
in our computation. We used a conservative estimate of all
systematic uncertainties to obtain a reliable estimate of FPS.
Finally we analyzed the mass of the spin-1 bound states and
determined the ratios mV=FPS ¼ 13.1ð2.2Þ and mA=FPS ¼
14.5ð3.6Þ for the continuum theory in the chiral limit, using
similar extrapolation methods. Our final results are con-
sistent with, and improve upon, previous results for this
model, which were performed with only two lattice spac-
ings, at much larger quark masses and using a perturbative
estimate of the renormalization constants. In the case of the
axial resonance, our result is affected by a systematic error,
not included in the above estimate, stemming from higher-
states contamination in the extraction of the effective mass
resulting in short plateaux for the two coarser lattices used
in this work. We estimated the size of this error due to the
choice of the plateaux on the final value of mA to be of the
same order as the quoted error.
In the context of the fundamental composite (Goldstone)

Higgs dynamics [24] our results predict new resonances of
mass

mV ¼ 3.2ð5Þ
sin θ

TeV; and mA ¼ 3.6ð9Þ
sin θ

TeV; ð38Þ

which are beyond the present LHC constraints, even in the
technicolor limit [6] where θ ¼ π=2.
In the context of dark matter models, in particular for the

SIMPlest case, because the dark pion is estimated to be
around 10 times its decay constant [38], we cannot use the
estimate above. Nonetheless, a preliminary result can be
obtained from our simulations reported in the first line of
Table VII, at β ¼ 2, which yieldmPS=FPS ≈ 7.5,mV=FPS ≈
8.3 and mA=FPS ≈ 13.7. Although these results need
crucial refinement they immediately show that for such
large values of the dark pion mass one cannot neglect the
effects of higher mass states since the overall spectrum is
much more compressed than in the case of the chiral limit.
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FIG. 12. Combined chiral and continuum extrapolation of the
vector-meson mass mV . Our data for four lattice spacings is
presented together with the best fit at each lattice spacing. The
grey band is our result for the continuum extrapolation and its 1σ
confidence region.

0 2 4 6 8

0
1

2
3

4
5

( w0
χ

mPS )2

w
0χ

m
A

β = 1.8
β = 2.0
β = 2.2
β = 2.3

FIG. 13. Combined chiral and continuum extrapolation of the
axial-vector meson mass mA. Our data for four lattice spacings is
presented together with the best fit at each lattice spacing. The
grey band is our result for the continuum extrapolation and its 1σ
confidence region.

RUDY ARTHUR et al. PHYSICAL REVIEW D 94, 094507 (2016)

094507-12



ACKNOWLEDGMENTS

This work was supported by the Danish National
Research Foundation DNRF:90 grant and by a Lundbeck
Foundation Fellowship grant. We acknowledge Partenership
for Advanced Computing in Europe (PRACE) for awarding
us access to computational resources on MareNostrum at the
Barcelona Supercomputing Centre, Spain. Additional local
computational facilities used in this work were provided by
the local HS9 cluster, funded by a Danish e-infrastructure
Cooperation (DeIC) grant, and by the DeIC national High
Performance Computing (HPC) centre at University of
Southern Denmark (SDU), funded by SDU.

APPENDIX A: NUMERICAL RESULTS

We report in this section our numerical results for the
main spectroscopy quantities studied in this article. The
column “stat” reports the number of thermalized configu-
rations used in the analysis, while the column “Nrep” is the

number of “replicas” runs used, i.e., the number of
independent runs with the same bare parameters.
Some of the masses reported in Table VII show sta-

tistically significant differences with respect to the values
reported in Ref. [1]. These deviations are, in all cases,
below 10% and in many cases much lower. Such deviations
are due to the more limited statistics used in the previous
publication which resulted in some residual thermalization
effects, and, in some cases, an underestimation of auto-
correlation times.
For the reader’s convenience, we also report in

Table VIII the values of FPSL for the most chiral point
at each lattice spacing.

APPENDIX B: SYSTEMATIC ERROR DUE TO
THE CHOICE OF RENORMALIZATION SCALE

In this appendix we report the dependence of our
continuum extrapolation results for the low-energy

TABLE VII. Numerical results for large-volume runs used in the analysis presented in this paper.

β L T m0 Nrep Statistics mPSL mðbareÞ
PCAC mPS FðbareÞ

PS mV mA

1.8 16 32 1 1 1562 17.851 36 0.2133(2) 1.115(1) 0.231(1) 1.221(1) 2.20(3)
1.8 16 32 1.089 2 19 986 13.279 94 0.11638(7) 0.8299(3) 0.1842(3) 0.9831(9) 1.7(1)
1.8 16 32 1.12 1 3168 10.784 98 0.0758(2) 0.674(1) 0.155(1) 0.857(4) 1.6(2)
1.8 16 32 1.14 1 1225 8.386 688 0.0454(5) 0.524(3) 0.127(2) 0.73(1) 1.5(1)
1.8 16 32 1.15 1 1517 6.511 76 0.0267(5) 0.406(4) 0.106(2) 0.65(2) 1.3(1)
1.8 24 32 1.155 1 3316 7.696 368 0.0163(3) 0.320(3) 0.092(1) 0.58(2) 1.2(2)
1.8 24 32 1.157 1 1447 5.701 56 0.0088(7) 0.23(1) 0.081(4) 0.55(3) 1.34(9)
2 16 32 0.85 2 46 057 14.645 22 0.1669(1) 0.9153(5) 0.1524(3) 1.0050(8) 1.64(3)
2 16 32 0.9 2 20 316 11.378 03 0.1046(2) 0.711(1) 0.1244(5) 0.824(1) 1.39(5)
2 16 32 0.94 2 9377 7.160 768 0.0434(3) 0.447(2) 0.086(1) 0.598(6) 1.07(7)
2 16 32 0.945 1 3760 6.399 184 0.0343(6) 0.399(4) 0.078(1) 0.56(1) 1.07(7)
2 32 32 0.947 2 1826 11.962 82 0.0309(3) 0.373(2) 0.0765(9) 0.535(7) 1.01(7)
2 32 32 0.949 4 1633 11.108 32 0.0266(3) 0.347(2) 0.072(1) 0.51(1) 0.96(7)
2 32 32 0.952 1 2005 9.804 32 0.0208(3) 0.306(3) 0.067(1) 0.48(1) 0.94(8)
2 32 32 0.957 1 711 6.762 944 0.0096(5) 0.211(6) 0.054(2) 0.40(4) 0.95(5)
2 32 32 0.958 1 957 5.772 608 0.0070(6) 0.18(1) 0.049(3) 0.38(5) 0.84(9)
2.2 16 32 0.6 1 256 14.108 46 0.2008(3) 0.881(1) 0.107(1) 0.925(2) 1.31(2)
2.2 16 32 0.65 1 512 11.71451 0.1489(3) 0.732(1) 0.0949(7) 0.787(2) 1.17(4)
2.2 16 32 0.68 1 2894 8.716 016 0.0914(2) 0.544(1) 0.0764(6) 0.613(2) 0.92(3)
2.2 16 32 0.7 1 2148 8.660 944 0.0909(3) 0.541(2) 0.0760(7) 0.610(3) 0.91(4)
2.2 32 32 0.72 2 4437 14.319 42 0.0660(4) 0.4474(7) 0.0663(4) 0.521(1) 0.81(1)
2.2 32 32 0.735 4 1257 11.557 28 0.0456(2) 0.361(1) 0.0567(4) 0.446(3) 0.72(3)
2.2 32 32 0.75 5 196 8.477 056 0.0257(4) 0.264(1) 0.0456(6) 0.362(4) 0.62(3)
2.2 48 48 0.76 1 1409 7.707 36 0.0101(1) 0.160(1) 0.0337(4) 0.271(8) 0.45(7)
2.3 32 32 0.575 2 717 19.548 32 0.1327(2) 0.610(1) 0.0715(5) 0.648(2) 0.89(2)
2.3 32 32 0.6 2 4750 16.987 68 0.1066(1) 0.5308(6) 0.0651(1) 0.5731(9) 0.82(1)
2.3 32 32 0.625 2 1233 14.108 64 0.0793(2) 0.440(1) 0.0575(4) 0.489(2) 0.72(1)
2.3 32 32 0.65 2 2296 10.752 13 0.0506(2) 0.336(1) 0.0475(2) 0.394(2) 0.62(1)
2.3 32 32 0.675 2 1436 6.560 576 0.0199(3) 0.205(3) 0.0323(5) 0.291(4) 0.38(5)

TABLE VIII. Values of FPSL for the most chiral point at each lattice spacing.

β 1.8 2.0 2.2 2.3
FPSL 1.49 1.25 1.29 0.86
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constants F and B on the choice of renormalization scale
ðwχ

0pÞ2. The main result in the text are obtained using
ðwχ

0pÞ2 ¼ 7 as the reference momentum scale. Here we
present the same analysis for another value of the reference
momentum scale: ðwχ

0pÞ2 ¼ 17. This corresponds to a
much higher scale where lattice cutoff effects are expected

to become more relevant. We show below in Figs. 14,15
and 16 the analysis of mPS, fps and the scaling plot F
and B using ðwχ

0pÞ2 ¼ 17. The corresponding results
for the chiral parameters read wχ

0B ¼ 3.32ð24Þð8Þ
and wχ

0F ¼ 0.075ð5Þð12Þ. Setting the scale to be F ¼
246 GeV, one thus deduces wχ

0 ¼ 6.0ð4Þð9Þ × 10−5 fm.
The value of the condensate then reads Σ1=3=F ¼
4.48ð28Þ (statistical and systematical errors have been
combined). Although the dependence on the reference
scale is clear at finite lattice spacing, the continuum
extrapolated results are almost insensitive to this choice
within our errors and they are therefore in agreement with
the ones obtained in the main text.

APPENDIX C: TOPOLOGY

Besides being an efficient way of setting the scale, fields
smoothed at nonzero flow time allow for a convenient
definition of the topological charge, in terms of the
straightforward discretization of the topological charge
density.
We plot in Fig. 17 the topological charge as a function

of the Monte Carlo time for two β values at the lightest
quark mass for a fixed value of c ¼ ffiffiffiffi

8t
p

=L ≈ 0.5. In
general, we observe that the average topological charge
is compatible with zero for all our runs and that the
fluctuations decrease with the fermion mass, as expected.
Even if we observe larger correlation times for the
topological charge at smaller quark masses, our simula-
tions still explore all topological sectors with a good
efficiency. The corresponding distribution of the topologi-
cal charge is approximately Gaussian as shown in
Fig. 18.
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FIG. 14. FPS versus m2
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0pÞ2 ¼ 17 for the renormalization scale. The curves corre-
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sponding lattice spacing. The black curve indicates the con-
tinuum results.
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