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QED corrections to hadronic processes in lattice QCD
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In this paper, for the first time to our knowledge, a method is proposed to compute electromagnetic
effects in hadronic processes, such as decays, using lattice simulations. The method can be applied, for
example, to the leptonic and semileptonic decays of light or heavy pseudoscalar mesons. For these
quantities the presence of infrared divergences in intermediate stages of the calculation makes the
procedure much more complicated than is the case for the hadronic spectrum, for which calculations
already exist. In order to compute the physical widths, diagrams with virtual photons must be combined
with those corresponding to the emission of real photons. Only in this way do the infrared divergences
cancel as first understood by Bloch and Nordsieck in 1937. We present a detailed analysis of the method for
the leptonic decays of a pseudoscalar meson. The implementation of our method, although challenging, is

within reach of the present lattice technology.
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I. INTRODUCTION

Precision flavor physics is a particularly powerful tool
for exploring the limits of the Standard Model of particle
physics and in searching for inconsistencies which would
signal the existence of new physics. An important compo-
nent of this endeavor is the overdetermination of the
elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix from a wide range of weak processes. The precision
in extracting CKM matrix elements is generally limited by
our ability to quantify hadronic effects, and the main goal
of large-scale simulations using the lattice formulation of
QCD is the ab initio evaluation of the nonperturbative QCD
effects in physical processes. The recent, very impressive,
improvement in lattice computations has led to a precision
of O(1%) or even better for a number of quantities (see e.g.
Ref. [1] and references therein) and therefore in order to
make further progress electromagnetic effects (and other
isospin-breaking contributions) have to be considered. The
question of how to include electromagnetic effects in the
hadron spectrum and in the determination of quark masses
in ab initio lattice calculations was addressed for the first
time in [2]. Much theoretical and algorithmic progress has
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been made following this pioneering work, particularly in
recent years, leading to remarkably accurate determinations
of the charged-neutral mass splittings of light pseudoscalar
mesons and light baryons (see Refs. [3—8] for recent papers
on the subject and Refs. [9,10] for reviews of these results
and a discussion of the different approaches used to
perform QED + QCD lattice calculations of the spectrum).

In the computation of the hadron spectrum there is a very
significant simplification in that there are no infrared
divergences. In this paper we propose a strategy to include
electromagnetic effects in processes for which infrared
divergences are present but which cancel in the standard
way between diagrams containing different numbers of real
and virtual photons [11]. The presence of infrared diver-
gences in intermediate steps of the calculation requires the
development of new methods. Indeed, in order to cancel the
infrared divergences and obtain results for physical quan-
tities, radiative corrections from virtual and real photons
must be combined. We stress that it is not sufficient simply
to add the electromagnetic interaction to the quark action
because amplitudes with different numbers of real photons
must be evaluated separately, before being combined in
the inclusive rate for a given process. In this paper, for the
first time to our knowledge, we introduce and discuss a
strategy to compute electromagnetic radiative corrections
to leptonic decays of pseudoscalar mesons which can then
be used to determine the corresponding CKM matrix
elements. Although we present the explicit discussion
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for this specific set of processes, the method is more general
and can readily be extended to generic processes including,

for example, to semileptonic decays.

We now focus on the leptonic decay of the charged
pseudoscalar meson PT. Let 'y be the partial width for
the decay P — ¢Tv, where the charged lepton 7 is an
electron or a muon (or possibly a 7) and v, is the
corresponding neutrino. The subscript 0 indicates that there
are no photons in the final state. In the absence of
electromagnetism, the nonperturbative QCD effects are
contained in a single number, the decay constant fp,
defined by

Olg\7*rqo| P (p)) = ip*fp, (1)

where P is composed of the valence quarks g, and ¢,, and
the axial current in (1) is composed of the corresponding
quark fields. There have been very many lattice calculations
of the decay constants f,, fx, f Dy, and f By, [1]; some

recent ones quote a precision of better than 1% (see e.g.
[12-14]). As noted above, in order to determine the
corresponding CKM matrix elements at this level of
precision isospin breaking effects, including electromag-
netic corrections, must be considered. It will become clear
in the following, and has been stressed in [15,16], that it is
not possible to give a physical definition of the decay
constant fp in the presence of electromagnetism, because
of the contributions from diagrams in which the photon is
emitted by the hadron and absorbed by the charged lepton.
Thus the physical width is not just given in terms of the
matrix element of the axial current and can only be obtained
by a full calculation of the electromagnetic corrections at a
given order.

The calculation of electromagnetic effects leads to an
immediate difficulty: I'y contains infrared divergences and
by itself is therefore unphysical. The well-known solution
to this problem is to include the contributions from real
photons. We therefore define I'; (AE) to be the partial width
for the decay P — ¢"v,y where the energy of the photon
in the rest frame of PV is integrated from O to AE. The sum
Iy + I (AE) is free from infrared divergences (although,
of course, it does depend on the energy cutoff AE). We
restrict the discussion to O(a) corrections, where « is the
electromagnetic fine-structure constant, and hence only
consider a single photon.

The previous paragraph reminds us that the determina-
tion of the CKM matrix elements V, . at O(a) [ie. at
O(1%) or better] from leptonic decays requires the evalu-
ation of amplitudes with a real photon. The main goal of
this paper is to suggest how such a calculation might be
performed with nonperturbative accuracy. There are a
number of technicalities which will be explained in the
following sections, but here we present a general outline of
the proposed method. We start with the experimental
observable T'(AE), the partial width for PT — v, (y).
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The final state consists either of #7v, or of #Tv,y where
the energy of the photon in the center-of-mass frame is
smaller than AE,

[(AE) =T, + T (AE). (2)

In principle at least, I'; (AE) can be evaluated in lattice
simulations by computing the amplitudes for a range of
photon momenta and using the results to perform the
integral over phase space. Such calculations would be very
challenging indeed. Since the computations are necessarily
performed in finite volumes, the available momenta are
discrete so that it would be necessary to choose the volumes
appropriately and compute several correlation functions.
We choose instead to make use of the fact that a very soft
photon couples to a charged hadron as if to an elementary
particle; it does not resolve the structure of the hadron. We
therefore propose to choose AE to be sufficiently small that
the pointlike approximation can be used to calculate
I',(AE) in perturbation theory, treating P™ as an elemen-
tary particle. On the other hand, AE must be sufficiently
large that I'(AE) can be measured experimentally. We
imagine setting AE = O(10-20 MeV) which satisfies both
requirements. From Refs. [17,18] we learn that resolutions
on the energy of the photon in the rest frame of the
decaying particle of this order are experimentally acces-
sible. In Appendix B we present a discussion, based on
phenomenological analyses, of the uncertainties induced by
treating the meson as elementary as a function of AE.

It is necessary to ensure that the cancellation of infrared
divergences occurs with good numerical precision leading
to an accurate result for '(AE). Since I is to be calculated
in a Monte Carlo simulation and I'; (AE) in perturbation
theory using the pointlike (pt) approximation, this requires
an intermediate step. We propose to rewrite Eq. (2) in the
form

[(AE) = lim (Ty -5 + Jlim (TY + T, (AE)), (3)

V—-oo

where V is the volume of the lattice. th is an unphysical
quantity; it is the perturbatively calculated amplitude at
O(a) for the decay Pt — ¢*v, with the P" treated as an
elementary pointlike particle. In th the finite-volume sum
over the momenta of the photon, k, is performed over the
full range. The contributions from small momenta to I'; and
th are the same, and thus the infrared divergences cancel
in the first term on the right-hand side of Eq. (3). Moreover,
the infrared divergences in I’y and T are both equal and
opposite to that in I'j(AE). The infrared divergences
therefore cancel separately in each of the two terms on
the right-hand side of Eq. (3), and so we can calculate
each of these terms separately. This is the motivation for
rewriting Eq. (2) as Eq. (3). T} +T'|(AE) is calculated
in perturbation theory directly in infinite volume; the
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calculation is performed in Sec. V. Since the sum is infrared
finite, we can use any infrared regulator for each of th
and T'|(AE). In the calculation presented in Sec. V we
introduce a mass for the photon as the regulator. The QCD
effects in 'y are calculated stochastically in a lattice
simulation and the virtual photon is included explicitly
in the Feynman gauge. For each photon momentum this is
combined with th, the difference is summed over the
momenta, and then the infinite-volume limit is taken. Since
the contribution of the zero momentum mode (k = 0) is
absent in the difference I'y — th, it is possible and
convenient here to use the volume as the infrared regulator.
This completes the sketch of the proposed method, and in
the remainder of this paper we explain the many technical
issues which must be addressed.

Although for sufficiently small AE it is not necessary to
add the label pt on I'j(AE), since in that case
I'\(AE) = T?'(AE), it will nevertheless be useful to do
so and to rewrite Eq. (3) as

[(AE) = lim ([y = T5) + Jim (T +TY(AE)).  (4)

Voo

We have to remember of course that in contrast to Eq. (3)
which is valid for all AE, Eq. (4) is only true for AE small
enough for the structure dependence of the P meson to be
negligible, as assumed for most of this paper. The reasons
for introducing T''(AE) are threefold. First it makes
explicit that the second term on the right-hand side of
Eq. (4) is to be calculated in perturbation theory with a
pointlike P meson. Second, when we evaluate I'' (AE) in
Sec. V below, we do so for general values of AE and check
our results with previous perturbative calculations which
were performed by integrating over all of phase space,
i.e. with AE set to its maximum value, AE™* =
m,/2(1 — m2/m?), where the pointlike approximation is
not valid. It will therefore be necessary to distinguish
['|(AE) from I'}'(AE). Finally, this distinction will also be
necessary when we discuss in Sec. VII the future extension
of our ideas to include the lattice evaluation of I'; (AE) for
larger values of AE where structure-dependent terms are
important.

It will be helpful in the following to define Al'4(L) in
terms of the first term on the right-hand side of Eq. (4):

ATy(L) =To(L) - TH (L), (5)

where we have made the dependence on the volume
explicit, V = L3 and L is the length of the lattice in any
spatial direction (for simplicity we assume that this length
is the same in all three directions). In analogy to Eq. (2) we
also define the perturbative quantity

IP(AE) =T} +T(AE). (6)
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We do not include a dependence on L in Eq. (6), since we
calculate it directly in infinite volume.

We note that, since the sum of all the terms in Eq. (4) is
gauge invariant as is the perturbative rate I'*'(AE), the
combination AI'g(L) is also gauge invariant, although each
of the two terms is not.

The plan of this paper is as follows. In the next section
we discuss the effective weak Hamiltonian and its renorm-
alization in the presence of electromagnetism. The structure
of the calculation and the correlation functions which need
to be calculated are presented in Sec. III. The evaluation of
the second term on the right-hand side of Eq. (4), T?'(AE),
directly in infinite volume, is theoretically straightforward,
and we perform this calculation in Sec. V. Section VI
contains a detailed discussion of the regularization and
cancellation of infrared divergences in a finite volume. We
put all the elements of the calculation together in Sec. VII,
where we present a summary and the prospects for the
implementation of the method in numerical simulations.
There are two appendixes. In Appendix A we discuss the
matching of the bare lattice operators used in the calcu-
lation of correlation functions and those defined in the W
regularization which is a natural scheme used in the
definition of the Fermi constant Gy in the presence of
electromagnetism. Finally in Appendix B we present some
phenomenological estimates of the uncertainties due to
the use of the pointlike approximation for P* in the decay
Pt = oy,

In the remainder of the paper, to be specific we choose
Pt =z, but the discussion generalizes trivially to other
pseudoscalar mesons with the obvious changes of flavor
labels. The method does not require P* to be a light
pseudo-Goldstone boson or the use of chiral perturbation
theory.

II. MATCHING THE EFFECTIVE LOCAL
FOUR-QUARK OPERATOR(S) ONTO THE
STANDARD MODEL

At lowest order in electromagnetic (and strong) pertur-
bation theory the process ud — ¢£*v, proceeds by an
s-channel W exchange; see the left-hand diagram in
Fig. 1. Since the energy-momentum exchanges in this
process are much smaller than My, it is standard practice to
rewrite the amplitude in terms of a four-fermion local
interaction,

FIG. 1. Tree-level diagram for the process ud — £*v, (left-
hand diagram). In the effective theory the interaction is replaced
by a local four-fermion operator (right-hand diagram).
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FIG. 2. Diagrams contributing to the O(a) corrections to muon decay; see Eq. (8). The curly line represents the photon.

_4Gr

Ly=—"1 Ve (dyyun) (Ber'e L), (7)

where the subscript L represents left, y; = (1_2—75) v, and Gp

is the Fermi constant. In performing lattice computations
this replacement is necessary, since the lattice spacing a is
much greater than 1/ My, where My, is the mass of the W
boson. When including the O(a) corrections, the ultraviolet
contributions to the matrix element of the local operator are
different from those in the Standard Model, and in this
section we discuss the matching factors which must be
computed to determine the O(a) corrections to the 7t —
¢Yv, decay from lattice computations of correlation
functions containing the local operator in (7). Since the
pion decay width is written in terms of Gp, it is necessary to
start by revisiting the determination of the Fermi constant
at O(a).

A. Determination of the Fermi constant, Gy

Gr is conventionally taken from the measured value of
the muon lifetime using the expression [19,20]

1 G%mf 8m2 a (25
— = - =L [T+ == =22, 8
7 1927;3{ mﬁ}{ +27r(4 ﬂ)] (8)

leading to the value G = 1.16634 x 10~ GeV~2. [For an
extension of Eq. (8) to O(a?) and the inclusion of higher
powers of p = (m,/m,)?, see Sec. 10.2 of [21]. The Particle
Data Group [21] quote the corresponding value of the Fermi
constant to be G = 1.1663787(6) x 107> GeV~2.]
Equation (8) can be viewed as the definition of Gp.
When calculating the Standard Model corrections to the
muon lifetime, many of the contributions are absorbed into
G and the remaining terms on the right-hand side of (8)
come from the diagrams in Fig. 2. Specifically in these
diagrams the factor 1/k* in the Feynman-gauge photon
propagator is replaced by 1/k* x M3,/(M3, — k*), where k
is the momentum in the propagator; this is called the W
regularization of ultraviolet divergences. These diagrams
are evaluated in the effective theory with the local four-
fermion operator (,7*(1 —y°)u)(ey*(1 — y°)v,); the two
currents are represented by the filled black circles in Fig. 2.

An explanation of the reasoning behind the introduction
of the W regularization is given in [22]. The Feynman-
gauge photon propagator is rewritten as two terms,

1 1 M3

P_k2—M%V+M%V—k2ﬁ’

©)

and the ultraviolet divergent contributions come from the
first term and are absorbed in the definition of G . In
addition, the Standard Model y-W box diagram in Fig. 3 is
ultraviolet convergent and is equal to the corresponding
diagram in the effective theory (i.e. the third diagram in
Fig. 2) with the W regularization, up to negligible correc-
tions of O(q*/M3,), where g is the four-momentum of the
electron and its neutrino. Other electroweak corrections not
explicitly mentioned above are all absorbed into Gy.

B. W regularization and weak decays of hadrons

It is a particularly helpful feature that most of the terms
which are absorbed into the definition of G are common
to other processes, including the leptonic decays of
pseudoscalar mesons [23,24]. There are, however, some
short-distance contributions which do depend on the
electric charges of the individual fields in the four-fermion
operators, and these lead to a correction factor of
(1 —i—%“log%—vzv) to Ty [23]. This is a tiny correction
(=0.06%), but one which nevertheless can readily be
included explicitly.

The conclusion of the above discussion is that the
evaluation of the amplitude for the process 7™ — ¢fv

FIG. 3. Photon-W box diagrams contributing to the O(a)
corrections to muon decay in the Standard Model. The curly
line represents the photon.
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up to O(«) can be performed in the effective theory with the
effective Hamiltonian [20]

GF « a MZ -
Hp = EVWO +;10gM—W> (dy*(1 =y )u)
X (l_/f}/;t(l _ys)l’ﬁ)’ (10)

and with the Feynman-gauge photon propagator in the W
regularization. The value of G is obtained from the muon
lifetime as discussed around Eq. (8).

Of course, we are not able to implement the W
regularization directly in present day lattice simulations
in which the inverse lattice spacing is much smaller than
M. The relation between the operator in Eq. (10) in the
lattice and W regularizations can be computed in pertur-
bation theory. Thus for example, with the Wilson action
for both the gluons and fermions,

oV (1 + 4& (2log M3, — 15.539)) Obare
T

+ % (0.53608% + 1.60708 — 3.21405

—0.8040%%), (11)
where
Oy = (dy"(1 = 7 )u)(Der,(1 = P°)7).
0, = (dy*(1 + 7°)u) Dy, (1 = 1°)7),
03 = (d(1 = 7)u)(@,(1 +7°)0),
04 = (d(1 47 )u)(@,(1 +7°)?).
Os = (do" (1 +7°)u)(046,,(1 +7°)7). (12)

The superscript “bare” indicates that these are bare oper-
ators in the lattice theory and the presence of 5 operators on
the right-hand side of Eq. (11) is a consequence of the
breaking of chiral symmetry in the Wilson theory. Using
lattice actions with good chiral symmetry, such as domain
wall fermions with a sufficiently large fifth dimension, only
0% would appear on the right-hand side of Eq. (11). The
coefficients multiplying the operators depend of course on
the lattice action being used. More details of the derivation
of Eq. (11) are presented in Appendix A. Equation (11) is
valid up to corrections of O(a,(a)a).

Having formulated the problem of calculating I'y in
terms of the evaluation of correlation functions involving
the effective Hamiltonian in Eq. (10) we are now in a
position to discuss the calculation of AT'y(L), the first term
on the right-hand side of the master formula Eq. (4).

III. STRUCTURE OF THE CALCULATION

In this section we begin our explanation of how the
calculations of the amplitudes for the processes 7+ — v
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and 77 — ¢y are to be performed. Before entering into
the details, however, we discuss more extensively the
structure of the different terms appearing in Eq. (4).

Since we add and subtract the same perturbative quantity
th, we find it convenient to choose this to be the virtual
decay rate for a pointlike pion computed in the W
regularization. In this way we obtain the important
advantage that the difference of the first two terms
[AT4(L)] and the sum of the last two terms [[P'(AE)]
on the right-hand side of Eq. (4) are separately ultraviolet
and infrared finite.

Let \/Z, be the contribution to the decay amplitude from
the electromagnetic wave-function renormalization of the
final state lepton [see the diagram in Fig. 5(d)]. An
important simplifying feature of this calculation is that
Z, cancels in the difference T'y — I'}). This is because in any
scheme and using the same value of the decay constant f,,
the contribution from the diagram in Fig. 5(d) computed
nonperturbatively or perturbatively with the pointlike
approximation are the same. Thus we only need to calculate
Z, directly in infinite volume and include it in the second
term on the right-hand side of Eq. (4). As a result of this
cancellation it is convenient to rewrite T’y and I} in the
form

Tp =T+ T2+ T and Y =T 4+ 5" + TP,
(13)

where the superscript tree indicates the width in the absence
of electromagnetic effects, (d) denotes the contribution
from the leptonic wave-function renormalization and the
index a represents the remaining contributions of O(«)
other than those proportional to Z,. In this notation the

above discussion can be summarized by saying that F(()d> =

" and that the calculation of AT'y(L) at O(a) reduces to
that of computing I'¢ — ™",

Having eliminated the need to include the effects of
the lepton’s wave-function renormalization from the evalu-
ation of AI'j(L), we need to make the corresponding
modification in the factor(s) relating the lattice and W
regularizations. This simply amounts to subtracting the
term corresponding to the matching between the lattice to
W regularizations of the lepton wave-function renormali-
zation diagram. With the Wilson action (for both gluons
and fermions) for example, the O(a) contribution to this
matching factor is

W-re a 3

Thus, with the Wilson action, we can avoid calculating the
effects of the lepton’s wave-function renormalization in
AT (L) by neglecting the diagram in Fig. 5(d) and the
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corresponding diagram with the pointlike pion, and simply
replacing O} ™ in Eq. (11) by

AHW-—re a (5 are
oY — (1 + o <§log M3, - 8.863))0*;
+ - (053605 + 1.60705™ — 32140}
— 0.8040be), (15)

Such matching factors depend, of course, on the lattice
discretization of QCD, and we simply present the results for
the Wilson action for illustration.

Of course Ff)d) ™ needs to be computed for the second
term on the right-hand side of Eq. (4). This is a straightfor-
ward perturbative calculation in infinite volume and gives

2 2
(d).pt tree & my ny 9
r =TIp*—<1 —= ) =21 — | —= 16
’ ’ 4ﬂ{0g(M%v> °g<m§> 2}’ 1e)

where we use the W regularization for the ultraviolet
divergences and have introduced a mass m,, for the photon
in order to regulate the infrared divergences. The explicit
expression for I'{® is given in Eq. (21) below. Using the W
regularization we naturally work in the Feynman gauge, but
note that with m, as the infrared regulator the result for Z,
is generally gauge dependent. For example, using dimen-
sional regularization for the ultraviolet divergences and m,
as the infrared regulator leads to a gauge dependent result
for this single diagram [gauge invariance is restored of
course for IP'(AE)].

In summary therefore, we need to compute the two
quantities

ATo(L) =T§ -3 and
TP(AE) = [ + TP + Ty + Ty (AE),  (17)
where I' corresponds to I'¢ using O\’ ™ instead of O} "%
Note that AT'j(L) and TP(AE) are separately infrared
finite, and the result of the calculation of these two
quantities does not depend on the infrared cutoff. In
particular, this means that the infrared cutoff can be chosen
in two different ways for the two quantities. We have
decided to give a mass to the photon in the perturbative
calculation of TP'(AE), whereas for AI'j(L) a possible
convenient choice is to use the finite volume as the infrared
regulator. This will be explained in more detail in Sec. VL.
In the following two sections we discuss the calculation
of ATy(L) and TP'(AE), respectively.

IV. CALCULATION OF AI'((L)

In this section we describe the calculation of the first
term on the right-hand side of Eq. (4), AI'y(L), at O(a).

PHYSICAL REVIEW D 91, 074506 (2015)
u g-l—

Vy

d

FIG. 4. Correlation function used to calculate the amplitude for
the leptonic decay of the pion in pure QCD. The two black filled
circles represent the local current-current operator (dy}u)
(Dpy,f); the circles are displaced for convenience.

We start, however, by briefly recalling the calculation of
[y at O(a®), i.e. without electromagnetism.

A. Calculation of Ty at O(a’)

Without electromagnetic corrections we need to compute
the correlation function sketched in Fig. 4, which is a
completely standard calculation. Since the leptonic terms
are factorized from the hadronic ones, the amplitude is
simply given by

ﬁv,»a(puf)(Mo)aﬂUfﬂ<pf)
- 7‘%V’;d<0|3yvy5u|ﬂ+ (Pl i, ()7, (1= 7900 ()]
_l(z;g‘ﬂ V;dp?r[uuf(puf)yv(l —YS)Ug(pf)]. (18)

Here u, d in the matrix element represent the quark fields
with the corresponding flavor quantum numbers and u,,
and v, the spinors of the leptons defined by the subscript.
The hadronic matrix element, and hence the decay constant
[, are obtained in the standard way by computing the
correlation function

Co(r) =D _(0/(d(0.0)*°u(0.0))¢' (x. —1)[0)

X

7z
=~ 0 et Ay, (19)

2m;

where ¢' is an interpolating operator which can create
the pion out of the vacuum, Z{ = (z* (6)|¢’ (0, 6)|0> and
Ay = (0|dy*y’ulz*(0)),. We have chosen to place the
weak current at the origin and to create the pion at negative
time —¢, where f and T — ¢ are sufficiently large to suppress
the contributions from heavier states and from the back-
ward propagating pions (this latter condition may be
convenient but is not necessary). The subscript or super-
script O here denotes the fact that the calculation is
performed at O(a®), i.e. in the absence of electromagnet-
ism. Zg’ is obtained from the two-point correlation function
of two ¢ operators,
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PP — A T3 _ :& —mOt
C (1) = _0IT{(0,0)¢" (%, —)}|0) = 3257

X

(20)

For convenience we take ¢ to be a local operator [e.g. at
(X,—1) in Eq. (19)], but this is not necessary for our
discussion. Any interpolating operator for the pion on the
chosen time slice would do equally well.

Having determined .4, and hence the amplitude
ity,a(Pu,)(Mo) gpvep(pe), the O(a®) contribution to the
decay width is readily obtained

G2 \% 202 2\ 2
riee(zt - £ty,) = 7F‘ SI;rd| fa m,,m?,(l ——Z;) .
(21)

In this equation we use the label tree to denote the absence
of electromagnetic effects since the subscript 0 here
indicates that there are no photons in the final state.

B. Calculation at O(a)

We now consider the one-photon exchange contributions
to the decay n" — £"v, and show the corresponding six
connected diagrams in Fig. 5 and the disconnected dia-
grams in Fig. 6. By “disconnected” here we mean that there
is a sea-quark loop connected, as usual, to the remainder of
the diagram by a photon and/or gluons (the presence of the
gluons is implicit in the diagrams). The photon propagator
in these diagrams in the Feynman gauge and in infinite
(Euclidean) volume is given by

d4k eik-(x]—xz)
S A(x,xy) = 5;w/WT- (22)

€+ u
Tt < T
d Ve
(a)
u £+
~COE -
d Ve

(d)

+

FIG. 5.
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In a finite volume the momentum integration is replaced
by a summation over the momenta which are allowed by the
boundary conditions. For periodic boundary conditions, we
can neglect the contributions from the zero-mode k = 0 since
a very soft photon does not resolve the structure of the pion
and its effects cancel in 'y — th in Eq. (4). Although we
evaluate Iy + I'; (AE) [see Eq. (2)] in perturbation theory
directly in infinite volume, we note that the same cancellation
would happen if one were to compute I'; (AE) also in a finite
volume. Moreover from a spectral analysis we conclude that
such a cancellation also occurs in the Euclidean correlators
from which the different contributions to the decay rates are
extracted. For this reason in the following I'y and I“IO’t are
evaluated separately but using the following expression for
the photon propagator in finite volume:

eik'(xl_xz)

SuwA(x1,x) = 5WL4 > A (23)
L kb0 4D_pSIN"

where all quantities are in lattice units and the expression

corresponds to the simplest lattice discretization. &, n, x; and

X, are four component vectors, and for illustration we have

taken the temporal and spatial extents of the lattice to be the

same (L).

For other quantities, the presence of zero momentum
excitations of the photon field is a subtle issue that has to be
handled with some care. In the case of the hadron spectrum
the problem has been studied in [25] and, more recently in
[3,4], where it has been shown, at O(a), that the quenching
of zero momentum modes corresponds in the infinite-
volume limit to the removal of sets of measure zero from
the functional integral and that finite volume effects are
different for the different prescriptions.

We now divide the discussion of the diagrams in Figs. 5
and 6 into three classes: those in which the photon is

u g—%—
Sab
d Ve

(b) ()

£+

Uy d Uy

(e) (f)

Connected diagrams contributing at O(a) to the amplitude for the decay z™ — #"v,. The labels (a)—(f) are introduced to

identify the individual diagrams when describing their evaluation in the text.
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q
u g-&- u
d Ve d

q

&)
R
(d)

Vas
Vy
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q q
0t u A
=
Vy d Vy

q1 q2

OO

R

€+
()

FIG. 6. Disconnected diagrams contributing at O(a) to the amplitude for the decay z+ — ¢*v,. The curly line represents the photon,
and a sum over quark flavors ¢, g, and g, is to be performed. The labels (a)—(e) are introduced to identify the individual diagrams when

describing their evaluation in the text.

attached at both ends to the quarks [diagrams 5(a)-5(c) and
6(a), (b), (d) and (e)], those in which the photon propagates
between one of the quarks and the outgoing lepton
[diagrams 5(e), 5(f) and 6(c)] and finally diagram 5(d)
which corresponds to the mass and wave-function nor-
malization of the charged lepton. We have already dis-
cussed the treatment of the wave-function renormalization
of the lepton in detail in Sec. III so we now turn to the
remaining diagrams.

1. The evaluation of diagrams Figs. 5(a)-5(c) and
Figs. 6(a), 6(b), 6(d) and 6(e)

We start by considering the connected diagrams
5(a)-5(c). For these diagrams, the leptonic contribution
to the amplitude 1is contained in the factor
[@,,(py,)r*(1 =7 )vs(ps)], and we need to compute the
Euclidean hadronic correlation function

C\(1) = —%/d3fcd4x1d4x2
X (OIT{J35/(0) i, (x1) Ju(x2) " (X, =1) }|0) A (x1, x3),
(24)

where T represents time ordering, J%, is the V-A current
dy'(1 -y )u and we take —r <0. j, is the hadronic
component of the electromagnetic current, and we find it
convenient to include the charges of the quarks Q in the
definition of j,

Jux) =0 F @)y (), (25)
7

where the sum is over all quark flavors f. The factor of 1/2
is the standard combinatorial one.

The computations are performed in Euclidean space
and in a finite volume with the photon propagator A given
in Eq. (23) (or the corresponding expression for other
lattice discretizations). The absence of the zero mode in the
photon propagator implies a gap between m, and the
energies of the other eigenstates. Provided one can separate
the contributions of these heavier states from that of the
pion, one can perform the continuation of the correlation
function in Eq. (24) from Minkowski to Euclidean space
without encountering any singularities. From the correla-
tion function C,(¢) we obtain the electromagnetic shift in
the mass of the pion and also a contribution to the physical
decay amplitude, as we now explain. For sufficiently large ¢
the correlation function is dominated by the ground state,
i.e. the pion, and we have

—mt

Colr) + Ci(1) = 5= ZHOURO)l).  (26)

4

where the electromagnetic terms are included in all factors
[up to O()]. Writing m, = m2 + Sm,, where dm,, is the
O(a) mass shift,

el = o7l (1 — Sm,t) (27)
so that C;(r) is of the schematic form
Ci(1) = Co(1)(ert + ¢2). (28)

By determining ¢; we obtain the electromagnetic mass shift,
om, = —cy, and from ¢, we obtain the electromagnetic
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correction to Z#(0|J(0)|z") /2m,,. Note that 5m,, is gauge
invariant and infrared finite, whereas the coefficient c,
obtained from these diagrams is neither.

In order to obtain the contribution to the # — v, decay
amplitude A we need to remove the factor (e /2m,)Z?
on the right-hand side of Eq. (26), including the O(«)
corrections to this factor. Having determined c;, we are in a
position to subtract the corrections present in m,,. The O(a)
corrections to Z% are determined in the standard way, by
performing the corresponding calculation to C;(#) but with
the axial current A replaced by ¢,

1 -
C(fd)(l‘) = —§/d3Xd4X1d4X2

X (O]T{$(0,0),(x1)ju(x2)$" (%, 1) }O) A(xy, %)
(29)

=P (1)(cyt+ 57, (30)

We finally obtain

1
z¢:zg'<1+§<c§””—%)), (31)

and the O(«a) contribution to the amplitude from these three
diagrams is

b
5A_A0<CZ—%—C—1()). (32)

For these three diagrams the O(a) term can simply be
considered as a correction to f,. Note, however, that such
an “f.” would not be a physical quantity as it contains
infrared divergences.

The treatment of the disconnected diagrams in Figs. 6(a),
6(b), 6(d) and 6(e) follows in exactly the same way. These
diagrams contribute to the electromagnetic corrections to
both the pion mass and the decay amplitude in an
analogous way to the discussion of the connected diagrams
above. It is standard and straightforward to write down the
corresponding correlation functions in terms of quark
propagators. We do not discuss here the different possibil-
ities for generating the necessary quark propagators to
evaluate the diagrams; for example we can imagine using
sequential propagators or some techniques to generate
all-to-all quark propagators.

We end this subsection by briefly considering the
possibility of an alternative approach to computing those
Feynman diagrams which contribute to Iy in which the
photon couples only to quarks. The evaluation of these
diagrams could proceed through a full dynamical QCD +
QED simulation. In this approach, the contributions would
be obtained from the calculation of a single 2-point
correlation function of the pion interpolating operator

PHYSICAL REVIEW D 91, 074506 (2015)

and the weak hadronic current. The corresponding ampli-
tude would then account automatically for the O(a)
contribution of the diagrams in Figs. 5(a), 5(b), 5(c) and
Figs. 6(a), 6(b), 6(d), 6(e) together with all analogous
contributions of arbitrary higher orders in a.

It should be noted, however, that cancellation of infrared
divergences at O(a") requires the evaluation of diagrams
with up to n real photons in the final state. Since only the
calculation of I',, with n = 1 (or perhaps 2) seems to be
affordable in practice, the cancellation of infrared diver-
gences in this approach would require us to isolate from I,
the pure O(a) contribution. This can be achieved, in
practice, by evaluating Iy for a number of (unphysically
large) values of a and extracting the linear contribution
through a numerical fit to the lattice data. The advantage of
the approach advocated in this paper, instead, is that the
O(a) contribution to Iy is accessed directly and is not
suppressed by the smallness of «, since the electromagnetic
coupling is always factored out.

2. The evaluation of diagrams Figs. 5(e) and 5(f)

For these diagrams the leptonic and hadronic contribu-
tions do not factorize, and indeed the contribution cannot
be written simply in terms of the parameter f,. We start by
considering the Minkowski space quantity

avfa(puf)(Ml)(lﬁvfﬁ’(pt’)
== [ TG, (50 5, 0) )iy 1. x2)

x {ity, (P, )7 (1 = 1) (iSy (X)) ve(pe) YeiPr,
(33)

where iS,, and iD,, are the lepton and (Feynman gauge)
photon propagators, respectively, in Minkowski space
[more precisely the photon propagator with Lorentz indices
(p.o) is iDyg,,, but the Lorentz indices have been
contracted with the electromagnetic currents in (33)]. In
order to demonstrate that we can obtain the O(a) correc-
tions to the decay amplitude from a Euclidean space
correlation function, we use the reduction formula to
rewrite the expression in Eq. (33) as

Ijtl/f(l(pl/t))(Ml )aﬁvfﬁ(pf)

— iklim (ko> — m2) / d*x; dxyd* xe~ K
0=y
X 0|7 (J,u(x1) 3 (0)7(x))[0)iDypy (x1, x2)
X [ﬁu/ (pv/)}'u(] - ys)(lSM (XZ))yﬂUf(pf)]eipKIXZ s
(34)
where 7(x) is the field which creates a pion with amplitude

1. On the other hand, the Euclidean space correlation
function which we propose to compute is
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Cl(t>a/3:_/d3;€d4x1d4x2<0|T{J‘§V(O)jﬂ(x1)¢'l‘(jc’_t)}|0>
xA(xl’x2)<7u(1_7/5)S(O,X2)}/ﬂ)aﬁeE/he_iI}f'}z.
(35)

Here S and A are Euclidean propagators, and a, # are spinor
indices. Similar to the discussion in Sec. IV B 1, provided
that the pion is the lightest hadronic state, then for large ¢,
C, (1) is dominated by the matrix element with a single pion
in the initial state.

In view of the factor ef2 on the right-hand side of
Eq. (35), the new feature in the evaluation of the diagrams
in Figs. 5(e) and 5(f) is that we need to ensure that the 7,
integration converges as |f,| = oo. For #, <0 the con-
vergence of the integral is improved by the presence of
the exponential factor, and so we limit the discussion to

the case 1, — c0. E, = (/m2 + p3 is the energy of the

outgoing charged lepton with three-momentum p,. To
determine the #, — oo behavior, consider the lepton-photon
vertex at x, from the diagrams in Figs. 5(e) and 5(f),
redrawn in Fig. 7. k, and k, are the four-momentum
variables in the Fourier transform of the propagators S(x,)
and A(x;,x,), respectively, in Egs. (33)-(35). The t,
integration is indeed convergent as we now show explicitly.
(1) The integration over X, implies three-momentum
conservation at this vertex so that in the sum over the

momenta %g + %}, = p;, where p, is the momentum
of the outgoing charged lepton.

(2) The integrations over the energies k4, and kg4, lead to
the exponential factor e~(“~t®)2 where w, =

) =2 .
\/ ks +m2, o, =\/k, + m2, and m, is the mass

of the photon introduced as an infrared cutoff. The
large t, behavior is therefore given by the fac-
tor e~ (@ct@—Ee)n

(3) A simple kinematical exercise shows that in the sum
over k, (with k, = p, — k,), the minimum value of
w, + w, is given by

(@ + ©)in =/ (m +m, 2+ 52 (36)

(4) Thus for nonzero m,, the exponent in e~ (@eto,—Eg)ty
for large f, is negative for every term in the

k'Y
Pbe
T2
K

FIG. 7. Zoom of the lepton-photon vertex at x, from the
diagrams in Figs. 5(e) and 5(f).
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summation over k, and the integral over 7, is
convergent so that the continuation from Minkowski
to Euclidean space can be performed.

(5) We note that the integration over f, is also con-
vergent if we set m, =0 but remove the k=0
mode in finite volume. In this case w,+ w, >
E;+ (1= (pe/Ee)]|Kuminl-

In summary the 7, integration is convergent because for

every term in the sum over momenta w, + @, > Ej, and so
for sufficiently large  we can write

Or

m]!

_ e _
Cl(t)aﬂ :Zgz—rng(Ml)aﬂ’ (37)
and the contribution from the diagrams of Figs. 5(e) and
5(f) is ite(py,)(M1),505(ps). This completes the demon-
stration that the Minkowski-space amplitude (34) is equal
to the pion contribution to the Euclidean correlation
function (35), up to a factor Zg’ which accounts for the
normalization of the pion field.

Again the evaluation of the correction to the amplitude
from the disconnected diagram in Fig. 6(c) follows in an
analogous way.

V. CALCULATION OF IP(AE)

The evaluation in perturbation theory of the total width
[P =TF + T in infinite volume was performed by
Berman and Kinoshita in 1958/1959 [19,26], using the
Pauli-Villars regulator for the ultraviolet divergences and a
photon mass to regulate the infrared divergences in both th
and T™'. %" is the rate for process 7" — £*v,y for a
pointlike pion with the energy of the photon integrated
over the full kinematic range; I = I'Y'(AE™), where
AE™ = m, /2(1 — m2/m2).

In our calculation, I'}) is evaluated in the W regulariza-
tion, so that the ultraviolet divergences are replaced by
logarithms of My,. For convenience we rewrite here the
expression for I'"'(AE) from Eq. (17)

TP(AE) =TF + T (AE) =Tt + TP 4 TP 4 T (AE).
(38)

Ige and F(()d)’pt have already been presented in Egs. (21) and
(16), respectively. In the following we give separately the
results of the remaining contributions to I'™(AE) also using
a photon mass m, as the infrared regulator. We neglect
powers of m, in all the results.

In the perturbative calculation we use the following
Lagrangian for the interaction of a pointlike pion with the
leptons,
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___&___ and

FIG. 8. One loop diagrams contributing to the wave-function
renormalization of a pointlike pion.

, i . _ 14y
£7[_f_l/f = lGFfﬂVud{(au - ZEAﬂ)ﬂ}{l//v; ) 2 yﬂlllf}
-+ Hermitian conjugate. (39)

The corresponding Feynman rules are

Van
. 1
7T+ ——-b——< — _ZGFfﬂ_ u*dpﬂ- +'Y ’Y,u
v

*

gl
o+
Tt o = ieGpfaVig 9" HW —5 T
Ve
(40)

In addition we have used the standard Feynman rules of
scalar electromagnetism for the interactions of charged
pions in an electromagnetic field.
We start by giving the O(a) contributions to I'y
(1) Wave-function renormalization of the pion: The
contribution of the pion wave function renormaliza-
tion to Fg’pt is obtained from the diagrams in Fig. 8
and is given by

apt

a
T = Ftree X 7 ,
0 0 4z "

2 2 3
where Z, = 2log<m”> 2log <—;) -=.
W mz 2

(41)

These diagrams correspond to those in Figs. 5(a),
5(b) and 5(c) in the composite case.

(ii) #-¢ vertex: The remaining graphs contributing to
;™ are the 7-£ vertex corrections from the dia-
grams shown in Fig. 9 and their complex conjugates.
The contribution from these diagrams is

PHYSICAL REVIEW D 91, 074506 (2015)

a7 = T x 412,[_5, where  (42)
T

1
Ly =2 +rf10g 10g< ) 410g(
—3r

1 -
1+§
l—rfo

2
log*(r7) + gl og(ry) — 1,
(43)

and r, = my/m,. These diagrams correspond to
diagrams Figs. 5(e) and 5(f) in the composite pion
case.

Next we give the contributions to I' (AE) where
the real photon is emitted and absorbed by the pion
(nr), the charged lepton (£7) or emitted by the pion
and absorbed by the lepton or vice versa (zf).
The results are presented in the Feynman gauge,

S ek ey (ko) = g (44)

r

where ¢, (k, r) are the polarization vectors of the real

photon carrying a momentum k, with k> =0 in
Minkowski space.

(ili) Real photon emission, zz: The contribution to

I';(AE) from the emission and absorption of a real
photon from the pion, represented by diagram (a) in
Fig. 10, is given by

77 = Tiee x 41 (RT" + R5™), where  (45)
/3

2
R — 21og 4 4
v\ ap) T

2 re(6 —rg —4r2)
RE7T — 4 1 1= E E 4 ,
N T

(46)

re =2AE/m, and 0 < ry < 1 — r2. Here we have
separated R{”, the contribution in the eikonal
approximation, from R3* which vanishes as
AE — 0. In the eikonal approximation only the
leading terms in the photon’s momenta are kept in
the numerator and denominator of the integrand as
rg = 0. RT™ contains the infrared divergence.

-—-r--- - - -—r---

FIG.9. Radiative corrections to the pion-lepton vertex. The diagrams represent O(«) contributions to I’ 8t. The left part of each diagram
represents a contribution to the amplitude and the right part the tree-level contribution to the Hermitian conjugate of the amplitude.
The corresponding diagrams containing the radiative correction on the right-hand side of each diagram are also included.
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FIG. 10. Diagrams contributing to I'; (AE). For diagrams (c), (d) and (e) the “conjugate” contributions in which the photon vertices on
the left and right of each diagram are interchanged are also to be included. The labels (a)—(f) are introduced to identify the individual
diagrams when describing their evaluation in the text.

(iv) Real photon emission, ¢¢: The contribution to where
') (AE) from the emission and absorption of a real
photon from the charged lepton, represented by

. - o 2 2
diagram (b) in Fig. 10, is given b il 1472 m L+,
£ ga ey Ri' =2 log(r)log | g1 75 |~ lloe(r2)F
I =18 x —(R{” + R5’), where (47) 2
> 1
4r —4—1+F§Li2(1—r§) and
-
m?2 1472 4
R =2lo < ! >—2 Zlog(r%), and ar A 2rEtry=2 4rg
=20\ gap )~ 2o g oel) Ry =27 loal =)+ loe()
2 — 1+ (4rg—6)r2 2
R ="E £ Llog(l—r re(2+rg) 1+
2 (1_’,‘?)2 g( E) (1_r§)2 _41_r§L12(rE)' (50)

re(re+4r2) 5 TE(6=3rg— 207%)
D g2 +
(1=rz)? ‘ 2(1-rz)?

Note that for diagrams (c), (d) and (e) we include the

(48) conjugate contribution in which the photon vertices
are interchanged between the left and right parts of
(V) Real photon emission, z¢: Finally, the contribution the diagrams. T}}US f01”. example, ip addition to
to I',(AE) from the emission of a real photon diagram (c) there is the diagram in which the photon
lepton, represented by diagrams (c)—(f) in Fig. 10, is on the pion on the right.
given by We are now in a position to combine the results in
Egs. (41)—(50) in order to obtain the final expression for
a I'P'(AE). As expected the infrared cutoff cancels and
Fﬂf — [tree 5 Rmf Rmf , 49 P
: 0 X 3 (RTHRT) ) e find
|
pt tree a mizf 2 2 2- lorzz” 2 1+ r? 2 2
[P(AE) =Tg% x (1 el )t log(rz) —4log(rg) +ﬁlog(rz€) 272 log(rg) log(rz)
W ¢ ¢
1+ . 3412 —6r2 +4rg(—=1+12) re(4 —rg —4r2)
-4 Li,(1-72) -3+ { log(1 —rg) + ————"55—log(r2)
(e (-2 T
re(=22 + 3rg +28r2) 1+ .
- -4 L . 51

2(1 —r§)2 1_@ i (rg) (51)

Note that the terms in square brackets in Eq. (51) vanish when ry goes to zero; in this limit [*'(AE) is given by its eikonal
approximation.
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The total rate is readily computed by setting rg to its
maximum value, namely rz = 1 — r%, giving

pt tree a mizf 2
Pt =TT x 1+E 3log 7 —8log(1 —r3)
W

3r‘} 1+ 72 13 — 19/2
-1 2)—8— L1y (l —r2)+ ——— 2
(1—}’%)2 Og<rf) 1_’% 12( rf)+2<1_r§)
6—14r2 —4(1 2)log(1 — #2
| 6= 1472~ 4(1+ 1) log( mlog(,;))}.
1—-r;
(52)

The result in Eq. (52) agrees with the well known results in
literature [19], which provides an important check of our
calculation. We believe that the result in Eq. (51) is new.
In the description of our method above, we limit the
photon’s energy to be smaller than AE to ensure that the
photon is sufficiently soft for the pointlike approximation
to be valid in the evaluation of T';(AE). It is of course
possible instead to impose a cutoff on the energy of the
final-state lepton, requiring it to be close to its maximum
value EP® ="z (1 + r2). For completeness we also give,
up to O(AE,), the distribution for I'™(AE,) defined as

ElTnax drpt
IPY(AE :/” dE, —, 53
wE)= | (53)
where 0 < AE, < (m, —m,)*/(2m,);
I™(AE,)
a m2
= [iee x {1 + o {SIOg(M‘ZV> +8log(1—1r2) =7
+ log(2) 3-Trl+8AE, + 4(12+ r2)log (1 —r2)
1—=7r;
1+ r?; 5
+log (2AE,)| -8 -4 - log(r7) . (54)
-2

VI. REGULARIZATION AND CANCELLATION
OF INFRARED DIVERGENCES
IN FINITE VOLUMES

In the previous section we have explicitly demonstrated
the cancellation of infrared divergences in the perturbative
quantity TP (AE). This of course is simply the standard
Bloch-Nordsieck cancellation [11]. In this section we
discuss in more detail the cancellation of infrared diver-
gences in

ATy (L) =T§ —Tg™, (55)
We have already explained in Sec. III that the contribution
of the lepton’s wave-function renormalization in Al'j(L) is

PHYSICAL REVIEW D 91, 074506 (2015)

simply to introduce the tilde in l~“8, denoting that the
corresponding contribution to the matching factor between
the lattice and W regularizations is to be removed. We also
do not discuss further the evaluation of the remaining
infrared-finite terms in the matching factor because these
are straightforward to evaluate [see e.g. Eq. (15) for the
Wilson action]. Here we concentrate on the remaining
diagrams in Figs. 5 and 6 and the corresponding diagrams
for the pointlike meson.

Although the right-hand side of Eq. (55) is a difference
of decay widths, since at this order the widths are linear in
the O(a) virtual amplitude, we can equivalently consider
the difference of the O(a) contributions to the amplitudes.
In order to reduce statistical fluctuations when performing
the sum over the gauge field configurations, we define the
ratios

Re=2
Ay
Aa,pt

0

Rovt =72 (56)

where A% and A*P' are the O(a) amplitudes corresponding
to the widths in Eq. (55). The nonperturbative amplitude

A“ is precisely the quantity that we propose to compute
numerically in a lattice simulation. It is then combined with
A*Pt for which we have given the explicit expression in
infinite volume in Sec. V.

In the calculation of A*P' we set the mass of the photon
to zero and consider the theory on a finite volume of length
L, which will be used as an infrared regulator. The form of
the vertices and propagators is the same as in the infinite
volume (the ultraviolet cutoff is provided by the W
regularization), but the momenta are quantized k, =
27/L x n, =2n/(Na) x n, where —co < n, < +oo with

the zero mode n = (0, 6) removed and N is the number of
lattice sites in one direction, which for simplicity we take to
be the same in all directions.

The calculation of Aj is performed nonperturbatively on
the same finite volume as in the perturbative case, but in a
numerical simulation and with the photon propagator
defined as in Eq. (23), which does not contain the zero
mode. Indeed, as already discussed in Sec. IV B, the zero
mode does not contribute to the difference

AR(L) = R* — R*?', (57)
This is a gauge invariant, ultraviolet and infrared finite
quantity and for these reasons we expect that its finite
volume effects are comparable to those affecting the O(«)
corrections to the hadron masses (that are also gauge
invariant, ultraviolet and infrared finite). The formalism
introduced in this paper was necessary because [y and I’y
are separately infrared divergent.
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We should add that in principle any consistent regulari-
zation of the infrared divergences is acceptable. The main
criterion for the choice of the infrared regulator will be
determined by the precision of the terms remaining after the
cancellation of the infrared divergences in a numerical
simulation.

VII. SUMMARY AND PROSPECTS

Lattice calculations of some hadronic quantities are
already approaching (or even reaching) O(1%) precision,
and we can confidently expect that the uncertainties will
continue to be reduced in future simulations. At this level of
precision, isospin-breaking effects, including electromag-
netic corrections, must be included in the determination of
the relevant physical quantities. In this paper we present,
for the first time to our knowledge, a method to compute
electromagnetic effects in hadronic processes. For these
quantities the presence of infrared divergences in the
intermediate stages of the calculation makes the procedure
much more complicated than is the case for the hadronic
spectrum, for which calculations in several different
approaches [3—8] already exist. In order to obtain physical
decay widths (or cross sections) diagrams containing
virtual photons must be combined with those correspond-
ing to the emission of real photons. Only in this way are the
infrared divergences cancelled. We stress that it is not
sufficient simply to add the electromagnetic interaction to
the quark action because, for any given process, the
contributions corresponding to different numbers of real
photons must be evaluated separately.

We have discussed in detail a specific case, namely the
O(a) radiative corrections to the leptonic decay of charged
pseudoscalar mesons. The method can, however, be
extended to many other processes, for example to semi-
leptonic decays. The condition for the applicability of our
strategy is that there is a mass gap between the decaying
particle and the intermediate states generated by the
emission of the photon, so that all of these states have
higher energies than the mass of the initial hadron (in the
rest frame of the initial hadron).

A key ingredient which is necessary to make the
calculation of the decay widths at O(a) possible is the
separation in Egs. (3) and (4) of the calculation into two
terms which are infrared finite, each of which can be
calculated, the first by using lattice simulations and the
second in perturbation theory. This makes the control of the
cancellation of infrared divergences feasible. In the present
paper, we have limited the discussion to real photons with
energies which are much smaller than the QCD scale Agcp.
In the future one can envisage relaxing the condition AE <«
Agep and including the emission of real photons with
energies which do resolve the structure of the initial hadron.
In order to achieve practical control of the cancellation of
infrared divergences in I'y + ' (AE), the natural generali-
zation of the present strategy would be to rewrite Eq. (3) as
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Lo+ T (AE) = lim (I - )

+ lim (T, (AE) —T™(AE))

V—-o0o

+ Jim (T3 + T (AE)). (58)

Whereas in (4) we had envisaged AE being sufficiently
small so that I';(AE) can be calculated in the pointlike
approximation, this is no longer the case here. Note that
each of the three terms in (58) is separately infrared finite,
but now I'; (AE) — I*'(AE) is calculated in a finite volume
with the subtraction performed for each momentum mode
contributing to the phase-space sum. In principle such
calculations can be performed in Euclidean space under the
same conditions as above, i.e. providing that there is a mass
gap, although in practice evaluating the phase-space sum
sufficiently accurately and controlling the finite-volume
effects are likely to be very difficult. Note that the results
from our perturbative calculation of T +T9'(AE) in
Sec. V, which was performed for a general value of AE,
will still be a necessary ingredient for this case.

In the calculation of electromagnetic corrections a
general issue concerns finite-size effects. In this respect,
our method reduces to the calculation of infrared-finite,
gauge-invariant quantities for which we expect the finite-
size corrections to be comparable to those encountered in
the computation of the spectrum. This expectation will be
checked in forthcoming numerical studies and studied
theoretically in chiral perturbation theory. Indeed an ana-
lytical calculation of the finite-volume effects requires a
detailed analysis of the form factors parametrizing the
structure dependent contributions [see. Eq. (B4)].

Although the implementation of our method is challeng-
ing, it is within reach of present lattice technology
particularly as the relative precision necessary to make
the results phenomenologically interesting is not exceed-
ingly high. Since the effects we are calculating are, in
general, of O(1%), calculating the electromagnetic correc-
tions to a precision of 20% or so would already be more
than sufficient. As the techniques improve and computa-
tional resources increase, the determination of both the
QCD and QED effects will become even more precise.
We now look forward to implementing the method
described in this paper in an actual numerical simulation.
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APPENDIX A: MATCHING BETWEEN LATTICE
AND W REGULARIZATION

In this appendix we briefly describe the matching
between the lattice and W regularizations, in perturbative
QED for the complete basis of four-fermion operators

Oxy = (dTxu)([0,Iy¢) =Tx @ I'y, (A1)

where 'y y are Dirac matrices. We consider the following
basis of 5 four-fermion operators given in Eq. (12):

O, =r'(1-7)®r,(1-7),
O, =r"(1+7) ®r,(1-7),
O0;=(1-7)® (1+7),
Oy =(1+7)®(1+7),

05 :U’w(l +7/5) ®6;w(1 +75)' (AZ)

The complete basis is made up of ten operators. The five
additional operators are obtained from O;—Os by the
exchange (1 — y°)<>(1 + y°). Since the neutrino is electri-
cally neutral, its chirality is conserved, the operators O;—0Os
do not mix under renormalization with the remaining five
operators, and invariance under parity transformations
ensures that the two 5 x5 renormalization matrices are
equal. For this reason, in the following we focus the
discussion on the five operators of Eq. (A2). Moreover,
the basis of operators in Eq. (A2) is the complete basis of
operators for a left-handed neutrino.

With regularizations which respect chiral symmetry the
four-fermion operator relevant for the leptonic weak decay,
O, renormalizes multiplicatively. In this appendix we are
using the lattice theory with Wilson fermions to illustrate
the matching between the lattice and W regularizations, and
the explicit breaking of chiral symmetry with this discre-
tization of QCD leads to the mixing of O; with the other
four operators O,—0Os. If instead of using Wilson fermions,
we used a lattice formulation with good chiral properties,
such as domain wall fermions, the corresponding discussion
to the one presented below would be restricted to the single

oY

FIG. 11. One-loop Feynman diagrams

computed for
(dUxu)(0,Ty¢) =Tx @ I'y. The labels (a)~(c) are introduced to identify the individual diagrams when describing their evaluation
in the text.

the
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operator O; which transforms as the (8,1) representation
under SU(3); x SU(3)y chiral symmetry for the quarks.
We define Z;;(aMy) to be the matrix which relates the
operators O; (i = 1-5) in the lattice and W regularizations,
OF (My) = Z;j(aMy) 0" (a). (A3)
In order to perform the matching we adapt the regulariza-
tion-independent momentum (RI-MOM) renormalization
procedure developed for QCD [27], although, as described
below, all the calculations here are performed in perturba-
tion theory. Let A and AY (i = 1-5) be the amputated
4-quark Green function of the operator O; with the lattice
and W regularizations, respectively, both with external
momenta p as illustrated in Fig. 11. We determine Z by
imposing that

<Z;%Z;%Zj) ZyTr(AfP)) = Tr(AP)). (Ad)

The projectors P; are defined by their action on the tree-

level Green function AEO),

Te(A"P)) = 5

i (AS)

where the trace here and in Eq. (A4) is defined by

Tr(A;P;) = Tr(I PAT,P}) for O; =T @ I', and P; =

P{( ® P;, Z,.4 are the matching factors for the wave-

function renormalization constants of the corresponding
1

fermion fields, e.g. u" = Zzu'.

Consider the perturbative expansion of the amputated
bare Green function in powers of the electromagnetic
coupling in either the lattice or W regularizations,

A=A+ ZAD 4o (A6)
4z
In order to implement the matching conditions between
the two regularization schemes we require the quantities
Tr(A;P;) in both schemes. At one-loop order we write

U Vy

d i

()

renormalization of the four-fermion operators Oyy =

074506-15
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Tr(AM VP =D

! and Tr(AYVP)=cC,. (A7)

ij ij
We represent the matching of the wave functions in the
lattice and W regularizations up to one-loop order by Z, =

1+ (a/47)Z\) + ... Using Eq. (A4), we see that the
matching matrix of the operators in Eq. (A2) at O(a) is
given by

+2z))

n _ L_w o
z) =C-Di+5 (2 + 7,

ij 5

We have presented the O(a) contribution to the matching

factor for the wave function of the charged lepton in
Eq. (14) of Sec. III,

) (A8)

ije

zW = -3/2 —log(a®M3,) = 11852, (A9)

where Z,(ll)

and Z\!" differ from Z!") only by factors of Q2
and Q%, where Qy is the charge of the fermion f. We have
verified with an explicit calculation that the contribution to
the matching given in Eq. (A9) is the same whether

evaluated for an on-shell or an off-shell external lepton.
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In order to evaluate the matrices C;; and Dj; it is
necessary to compute the Feynman diagrams shown in
Fig. 11 in the two regularization schemes. All the external
momenta are chosen to be equal to p and all external
particles are taken to be massless. We deduce D;; from the
results of the corresponding QCD calculation performed in
[28]. (Reference [28] includes a package containing an
ascn file, in order to make the results most easily
accessible to the reader.) Diagrams (a), (b) and (c) of
Fig. 11 correspond to the diagrams ds, dg and d; of [28].
The expression for the lattice wave-function renormaliza-
tion can be obtained from [29].

We now present results for the standard Wilson fermions
and the “naive” QED gauge action, for which the tree-level
lattice photon propagator in the Feynman gauge is given in
Eq. (23). In infinite volume the sum over momenta in
Eq. (23) is replaced by the corresponding integral. By
combining the ingredients discussed above, we obtain the
following result for the O(a) contribution to the renorm-
alization matrix Z;; of Eq. (A3):

2Ly — 15539 0.536 1.607 —3.214 —0.804
0.536 Ly — 14.850 —3.214 1.607 —0.402
z() — 0.402 —0.804 2Ly —13.702 ~1.071 0 . (A10)
—0.804 0.402 ~1.071 —2Ly = 13702 Ly —0057
-9.643 —4.822 0 ALy —2756  OLy —15.692

where Ly = log(a*M%,).

The four-fermion operator relevant for the leptonic decay
rate is O;. From Eq. (A10) we obtain the expression in
Eq. (11) for O, in the W regularization in terms of the bare
lattice operators.

The result presented for Z in Eq. (A10) above is also
valid if the twisted-mass (or Osterwalder-Seiler [30])
lattice regularization is used for the fermions instead of
the Wilson action. This statement follows from the
observation that the twisted mass action, in the so-called
twisted basis [31], only differs from the Wilson action by
the presence of > in the mass term. The two actions are

therefore identical in the chiral limit, and all renormaliza-
tion constants are equal for Wilson and twisted-mass
fermions in the twisted basis in all mass-independent
renormalization schemes. The renormalization constants
for twisted-mass fermions in the physical basis are
obtained from those in the twisted basis through a simple
twisted rotation [31].

The lattice results in [28,29] are also given for a number
of pure gauge actions including the tree-level Symanzik
and Iwasaki actions. For completeness we give below the
results for the renormalization matrix for these two choices
of the gauge action:

2Ly —12399 0451 1.354 ~2.709 -0.677
0.451 Ly — 11.866 ~2.709 1.354 -0.339

z = 0.339 —0.677  —3Ly —10.978 —0.903 0 . (Al
-0.677 0.339 ~0.903 —3Ly — 10978 5Ly —0.044
-8.127 —4.063 0 ALy —2.132 Ly —12518

074506-
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2Ly —11.732 0.323 0.969 —1.938 —0.485
0.323 Ly —11.525 —1.938 0.969 —0.242

nglg — 0.242 —0.485 —2Ly —11.181 —0.646 0 (A12)
—0.485 0.242 —0.646 2Ly - 11.181 5Ly -0.017
—-5.815 —2.908 0 4Ly —0.826 XLy —11.777

APPENDIX B: STRUCTURE DEPENDENT
CONTRIBUTIONS TO THE REAL DECAY

In this appendix we estimate the size of the neglected
structure-dependent contributions to the decay P —
£Yvyy for light mesons, PT =z, KT. We base our
estimates on the results of the phenomenological analyses
performed in Refs. [32-34] based on the use of chiral
perturbation theory at O(p*). Although the relevant expres-
sions have also been derived at O(p®) [35,36] (see also
page 10 of [37]), in that case there are too many unknown
low-energy constants to be useful in making an estimate.
As was done in the main body of the paper, for the general
framework we give the explicit formulas for pion decays;
the generalization of the framework to kaons, and indeed
also to D mesons and B mesons decays, is straightforward.
We then make the numerical estimates of the structure
dependent effects for pions and kaons based on chiral
perturbation theory. Finally we make some comments
about structure dependent terms when Pt is a heavy-light
meson, DT or BT.

The starting point of the analysis is the decomposition in
terms of Lorenz invariant form factors of the hadronic
matrix element [see also Eq. (33)]

MWmez/waTMﬂ@wmmw@a» (B1)

We follow the standard convention of separating the
contribution corresponding to the approximation of a
pointlike pion (also frequently called inner bremsstrah-

lung) Hy/, from the structure dependent part Hy,
H" = Hy, + Hyy. (B2)
Hyy is simply given by
v 2 L k)¥ T k)¥
g = g, | g - Cpe e ) (B3)

(pn: - k)2 - m721

The structure dependent component can be parametrized
by four independent invariant form factors which we
define as

|
HE = H g — ok
+ HZ{[(k ‘Pr— kZ)kM - kz(pﬂ - k)”}(p” - k)y}

F
—i miv €yba[ikap”ﬁ
g4

+ TRk py = K2 = (g — KPR,

3

(B4)

Note that the vector Ward identity k,H" = f, p7, derived
in Ref. [32], is saturated by Hp/

k,Hy =

fzPas k”nglf) =0. (B5)
As discussed in the main body of the paper, H}; also
contains the infrared divergences which appear in the virtual-
and real-photon contributions to the decay rate. These
observations motivate the decomposition in Eq. (B2).

In the calculation of the decay rate for z7 — £Tv,y
the tensor H** is contracted with the polarization vector of
the real photon. In physical gauges with * -k =0 we

define

HY = e} H™, (B6)
so that
Y EV e Fa y
HSD = _8”{lm—ﬂ€ﬂ ﬂkapﬂ:/} - m_” [(k *Pr— k2)gﬂ
4m—wm} (87)

showing that the structure dependent part of the decay rate
can be parametrized in terms of the two form factors Fy,
and F,.

Before performing the integrations over the three-body
phase space, the differential decay rate can be expressed as
a function of the two independent Dalitz variables (p,

pe+ py+k)

(pzr - k)Z

ms

(Pr— pr)?

mz

)Cg: —|—1, —|—1

(B8)

The decay rate as a function of the photon’s energy in the
pion’s rest frame can be obtained by performing the

integration over x, with the limits x, € [x7", x7%] where
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min _ 2 1-x,—1; 2 242 2

xpt=1-r;— 2 -1) {x},—ry—f— (x,4+1y) —4r},},
%

max _ 2 1-x,—r; 2 2\2 _ 4,2

Xf —l—ry—m[xy—r},— (x},—Fr},) — r},:|,
%

(B9)

re =mg/m, and r, =m,/m,. The total decay rate is
obtained by performing the integral over x, in the range
x, € [xin, xMax] with

14

ymax — | — 1”2

= (2-r,), ’ “.

n (B10)

The photon’s mass m, was introduced in the definition of
r, to regulate the infrared divergences in the pointlike

4z ATV _ 2f (X, x)
al'§ee dx,dx, (1- r%)2 ’

4r  dPTSP

PHYSICAL REVIEW D 91, 074506 (2015)

contribution. For the structure dependent contribution,
which is infrared finite we can set m, — 0 and simplify
the above expressions by making the replacements

2
Xyl

(1-x,)°

max _ 2
Xy =1 =7

x;‘i“ = (1-x,) +

X% =1

x;‘“" — 0,

(B11)
The different contributions to the differential decay rate
have been obtained in Ref. [32]. Writing T} :Fﬁ’t—l—
P + 'NT) where I'INT is the contribution to the decay
rate coming from the interference between the pointlike
and the structure-dependent amplitudes, we confirm the
following results:

o m%{[FV(xy) + FA(xy)]zng(xy’xf) + [FV(X}/) - FA(xy)]zng(xyﬂxf)}

tree -
al'5*® dx,dx,

27220~ 72 ’
dr TN am{[Fy () + FaGiy)l (e x0) + [Fyl,) = FaGy)l i (.30}

dx,dx, given in Refs. [38,39].

= B12
al 5 dx,dx, fo(1=7r2)? (B12)
The functions appearing in Eq. (B12) are
1-x, ) 2x,r5(1=17)
= 2(1 - 1—r2)——1 22
For(xy. x7) 20, +x,—1) x5 +2(1-x)(1-r7) X a1
Fip(xyxe) =(x, +x, = D(x, +x, = 1+ 72)(1 = x,) = 1],
Fop(xyxe) = = (1 =x0)[(xp = 1+ 12)(1 = x,) = 7],
1- Xy
Fine(x,.x) = _WKX}/ +x, = 1+r7)(1—x,) — 7],
- 1 —x,
Sine (%, xp) = m[x% +(x, +x, = 14+ 12)(1=x,) = r7]. (B13)
r\ Ay
|
While we confirm the results of Ref. [32], we note that we I“f (AE)
disagree with the sign of the interference term d°T'NT/ R{(AE) = apt @) pt ot ’
o7 +Tg " + T (AE)
The sum of Egs. (45), (47) and (49) of the main body of A = {SD,INT}, (B15)

the paper can also be obtained by integrating the pointlike
contributions over x, with the limits given in Eq. (B9) and
over x, in the range [r,(2 — r,), rg|. It will be useful below
to define the following quantities:

4z dT7(x,)
Q‘?(X},) - artoree dx}, :

A = {pt,SD,INT},

(B14)

where AE = rgm,/2 and T%" and TV have been
defined in the main body of the paper [see Eq. (38)].
Notice that the quantity in the denominator of R} (AE) is
infrared finite (although it does depend on My, the ultra-
violet cutoff in the W regularization).

In the following we use phenomenological parametri-
zations of the form factors in order to estimate the size
of the structure-dependent contributions to the decay rate
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I';. For the case of light mesons, we can use the results of
the calculations of Refs. [32-34] (see also Ref. [37]) based
on chiral perturbation theory and approximate the form
factors as constants. At O(p*) in chiral perturbation
theory,

mp

FV = 477;2fﬂ and
8m
F,= f—” (Ly + L}y, (B16)

where P =n or K and Lg, L}, are Gasser-Leutwyler
coefficients. The numerical values of these constants have
been taken from the review by Bychkov and D’ Ambrosio
in Ref. [38]; the values of Fy and F, are 0.0254 and
0.0119 for the pion and 0.096 and 0.042 for the kaon (for
the pion these values of the form factors, obtained from
direct measurements, can be found in the supplement to
[38] found in [40]). In Figs. 12 and 13 we compare the
pointlike, structure-dependent and interference contribu-
tions to the decays = — vy and K — £vy, respectively.
As can be seen, interference contributions are negligible in
all the decays. The structure-dependent contributions can
be sizable because they are chirally enhanced with respect
to the pointlike contribution [notice the factor 1/r2 in the
second equation in (B12)]. From the phenomenological
estimates of the form factors, this happens for the real
decay K — ev,y. On the other hand, for E, <20 MeV
both structure dependent and interference contributions
can be safely neglected with respect to the pointlike
contributions for all the decays of pions and the decay
K — uvy. We learn from Refs. [17,18] that a cutoff on the
energy of the photon in the rest frame of the decaying
particle of O(20 MeV) is experimentally accessible.

The application of chiral perturbation theory described
above does not apply to the decays of D and B mesons, and
we believe that for these decays a lattice calculation of
Fy A(x,) for a range of values of x, will prove to be very
useful as a check of the range of validity of the pointlike
approximation. As stressed in the main body of the paper,
such a lattice calculation, starting from Euclidean correla-
tors is indeed possible. A new feature in the case of B
decays in particular, one which is a consequence of the
heavy-quark symmetry, is that the B* and B are almost
degenerate (mpg: —mp =45 MeV). The radiation of a
relatively soft photon can therefore cause the transition
from a B meson to an internal B* close to its mass shell.
Lattice calculations of the form factors would allow us to
investigate the effect this small hyperfine splitting has on
the size of the structure dependent terms as a function
of AE.

In the absence of lattice calculations of the form factors,
we note the phenomenological analysis of Ref. [39], based
on the extreme assumption of the single pole dominance,
B* for Fy and B,(5721) for F, (in reality many other
virtual states contribute to the form factors):

Cy
Fv(x ) = )
ox, =1+ md/m}
C
F(x,) = A (B17)

X, =1+ mél(sm)/mB ’

with Cy = 0.24 and C, = 0.20. The corresponding ratios
R, are shown in Fig. 14, from which it can be seen that
under this assumption the structure-dependent contribu-
tions to B — ev,y for E, =20 MeV can be very large, but
are small for B — pv,y and B — tv,y.
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