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Correlation functions on conical defects
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We explore a technique recently proposed in [1] and suggest a correspondence between the N-point
correlation functions on a conifold and the (N + 1)-point correlation functions on a regular manifold.
This correspondence suggests a new systematic way to evaluate the correlation functions on a manifold
with conical defect. We apply the correspondence to study the vacuum expectation value of a scalar
operator and of the energy-momentum tensor in a conformal field theory living on a spacetime with conical
singularity. Our findings agree with the existing calculations for a cosmic string spacetime. We use the
correspondence to carry out calculations for the generic scalar operator and conserved vector current. For a
unitary field theory we also compute the expectation value of the energy-momentum tensor using the
spectral representation of a two-point function of the energy-momentum tensor in Minkowski spacetime.
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I. INTRODUCTION

In many physical applications we deal with a spacetime
which is regular everywhere except on a codimension two
surface around which the angular coordinate changes from
0 to 2za with « different from one. The latter periodicity
results in a conical deficit; however in physics this
singularity arises in many circumstances. The spacetime
created by a cosmic string is probably the most familiar one
[2]. In this case wrong periodicity is directly related to the
energy density of a string. Moreover, conical singularity is
a widely used mathematical tool to evaluate the entangle-
ment entropy associated with a codimension two surface X.
There, in a replica trick, one allows the angular coordinate
in the transverse space to entangling surface X to have
periodicity 2za. For an integer @ = n this corresponds to
gluing together n copies of identical spacetimes. The
entropy then is defined by differentiating the partition
function on such a replicated spacetime with respect to
the angle deficit and by imposing at the end n = 1.

Considering various operators and their correlation
functions in all these examples one needs to impose a
2za periodicity without violating other important proper-
ties inherent to the system. For free fields Green’s functions
this is done by making use of the Sommerfeld formula [3].
It allows us to achieve a required periodicity such that the
resulting Green’s function satisfies the free field equations
of motion. For more complicated operators the calculation
of correlation functions is less simple and often it should be
done case by case.
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In this paper we suggest a more regular way of
computing the correlation functions on conical defects
by relating them to the higher order correlation functions
defined on a nonsingular Riemannian manifold M. If there
is a rotational symmetry around X, then an infinitesimal
angular deficit can be treated in a well-defined way
following the approach of [4], where a description of
Riemannian geometry in the presence of a conical singu-
larity was studied. For general £ and M one needs to
generalize this method by implementing a squashed cone
technique proposed in [5]. As of today the latter technique
is not entirely understood, e.g., its generalization to the case
of gravitational actions which include derivatives of the
Riemann tensor is not known (see [6] for recent progress in
this direction). Our general proposal in this paper should
hold within the domain of applicability of this generalized
method; however we restrict our conclusions to the case of
a flat entangling plane embedded in Minkowski space.

We assume that the theory resides in a vacuum state and
define the following operator:

(1.1)

which being applied to a function of « extracts a linear term
in (1 —a). With this definition we suggest the following
correspondence:

P(O1(x1)...On(xn))q = (O1(x1)...0n(xn)Ko) e (1.2)
where subscript “c” means connected correlator, O, are

arbitrary operators, scalar or tensor, (...}, is the correlation
function computed in a spacetime with conical defect,

© 2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.91.044008
http://dx.doi.org/10.1103/PhysRevD.91.044008
http://dx.doi.org/10.1103/PhysRevD.91.044008
http://dx.doi.org/10.1103/PhysRevD.91.044008

MICHAEL SMOLKIN AND SERGEY N. SOLODUKHIN

27(1 — @), localized at X, (- - -) means vacuum expectation
value (vev) on M, and K, is the modular Hamiltonian
associated with the vacuum state and a region bounded by
2. By definition, the correlator on the left-hand side of this
correspondence is expanded in powers of (1 — a) and only
the linear term contributes.

Unfortunately, it is impossible to test our correspondence
in full generality since the modular Hamiltonian for generic
%~ and M is not known. This operator is not even local in
general. However, for certain symmetric geometries, such
as spherical and planar regions in Minkowski space, the
modular Hamiltonian is expressible in terms of energy-
momentum tensor. As of today, these geometries are
probably the only special cases when both sides of the
correspondence can be evaluated independently to verify
(1.2). Hence, we first provide a general derivation of the
correspondence, and then focus on a very special setup: a
plane in a d-dimensional Minkowski space. In this setup the
entangling surface is symmetric under O(2) rotations
around X. We also test (1.2) in the case of a finite interval
in a two-dimensional CFT, where X consists of two disjoint
points and therefore lacks rotational symmetry in the
transverse space.

The key ingredient for planar X is the special role
(suggested earlier by many authors [7]) played by operator
K, which generates angular evolution in the transverse
space to X. This operator is related to the Rindler (or
modular) Hamiltonian Hy as K, = 2xHp, and it has the
following integral representation:

Ky = —2ﬂ/dd_2y Am dx;x, Ty (x1,x, =0,y),  (1.3)

where (x,x,) are Cartesian coordinates in the transverse
space, X is located at the origin x; = x, = 0, and y’ with
i=1,...,d—2 are Cartesian coordinates on X. In this
notation x, plays the role of Euclidean time and T, is the
respective component of the energy-momentum tensor. It is
useful to note that the modular Hamiltonian Hy generates
angular evolution in plane (xi, x,).

According to our proposal (1.2) the calculation of
correlation functions on conical defects now reduces to a
calculation in Minkowski spacetime by inserting a special
operator K,. Thus, N-point correlation function (...),
corresponds to an (N + 1)-point function in Minkowski
spacetime. This is an improvement over the standard
approach since the correlation functions in Minkowski
spacetime can be evaluated by using various symmetries
(Poincaré and conformal) and in general are better
understood.

That a certain relation between the N-point correlation
functions on conical defects and higher-point correlation
functions in regular flat spacetime should exist was
anticipated in [8] where it was suggested that the conformal
a-charge normally appearing (in four dimensions) starting
with the 3-point functions of energy-momentum tensor
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would be visible already in the two-point function consid-
ered on spacetime with a defect. Our correspondence (1.2)
gives an exact realization of this idea.

It should be noted that after appropriate analytic con-
tinuation, a conical spacetime in the case of planar X in
Minkowski space transforms into the Rindler spacetime
characterized by some temperature different from the
Unruh temperature. Thus, the correspondence (1.2) should
be also valid for the correlation functions in a thermal field
theory in the Rindler spacetime.

II. DERIVATION OF THE CORRESPONDENCE

Let us consider a field theory living on a d-dimensional
Euclidean manifold M equipped with a Riemannian metric
g~ We assume that the system resides in a slightly excited
state given by

W) = exp(-90/2)0) (2.1)
where |0) is the vacuum state of the theory, ¢ is some small
dimensionless parameter,l and the scalar operator O in
general may take the following composite form:

0= H/ddxk\/gak(xk>0k(xk)’ (2.2)
Pl

where o,(x;) are arbitrary scalar sources with compact
support that couple to operators O (xy).

Let us evaluate the entropy in this state for an arbitrary
entangling surface X that divides M into two subregions A
and B. The entropy is defined with respect to a reduced
density matrix p which is obtained from | V) by tracing over
the degrees of freedom associated with A,

Ty |9) (W
=—"—— (2.3)
(W|w)
so that the entropy is
S = —Trgplnp. (2.4)

The standard way to compute this entropy is to use the
replica trick (for a review see [9])

S =—(ad, — 1)Trgp%| (2.5)

a=1>
where Trgp® is given by a path integral for the theory living
on an a-folded cover of M with insertion of e=9° on every
sheet of the replicated geometry.2 In this formulation the
entropy to leading order in g is given by

'Factor 1/2 is for later convenience.

In fact, we have the insertion of ¢=9°/2 on upper (x, > 0) and
lower (x, < 0) parts of each sheet. However, we implicitly
assume that Oy (x;) are symmetric under parity transformation,
and therefore we can combine these insertions into e=9°.
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§ = S0+ 9(a0; = 1)]4=1(O)q- (2.6)

where the expectation value (...), is defined in the
replicated vacuum state |0) and S, is the entanglement
entropy associated with this state. Note that realization of
conifolds in the absence of rotational symmetry around the
entangling surface requires engagement of squashed cone
techniques initiated in [5], and we implicitly assume that
this approach is applicable in general.

Alternatively, the corresponding change in the entangle-
ment entropy can be obtained considering a perturbation
in the density matrix, p = p, + 6p, where py = Tr,]0)(0].
To linear order in dp variation in the entropy is given by the
“first law” of entanglement [10],

58 = Trg(6pKy), po = e Ko, (2.7)
here we assumed that the full density matrix is properly
normalized, Trgzp = Trzpy = 1, so that Trydp = 0.

If the entangling surface exhibits rotational symmetry in
the transverse space, then K, can be identified with the
generator of angular evolution around X, i.e., in the case of
a plane in flat space it is given by (1.3). However, there is
no closed form expression for the modular Hamiltonian in
general.

In the state (2.1) the variation of the density matrix for
small g takes the following form:

5p = —gTrs(10){0[0) + g(0|OI0YTry 0} (0], (2.8)

where the last term originates from expansion of (¥|W¥) in
(2.3) and ensures proper normalization of §p. As a result we
get a particular realization of (2.7),

68 = —gTrTry(|0)(0]OKo) + g{0|0|0) TryTr4(|0)(0[Kp)
= —g(OK,),. (2.9)

Recall that the connected vev on the right-hand side
is defined on a general Riemannian manifold M. By
comparing (2.9) with (2.6) we arrive at the relation

lim(ad, — 1)(0), = ~(OKo).- (2.10)
In this relation the operator O has the integral form (2.2). We
note that the integration involves only one power of a despite
the fact that the integral is N multiple. This is due to the fact
that operator O is inserted only once on each sheet of the
replicated geometry. Taking this remark and the composite
structure of operator (2.2) with arbitrary functions® o (x;),
we obtain (1.2), announced in the introduction.

*We assume that the compact supports of o (x;) are disjoint
and do not include the singularities of replicated geometry, i.e., by
assumption none of them overlap with X. To include these cases
one needs to account for the standard contact terms as well as
possible anomalies that reside on the entangling surface. The
latter can be addressed by resorting to Ward identities.
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In Minkowski spacetime the expectation value (0|K;|0)
vanishes. Therefore we shall systematically ignore in this
paper the difference between the connected and noncon-
nected correlation functions.

Notice that in the above derivation the scalar operator
Oy (xy) is arbitrary, e.g., it can be some tensorial operator of
the theory contracted with an arbitrary polarization tensor.
Furthermore, in the case of flat £ in Minkowski space,
operator K|, is defined by (1.3) and therefore the correlation
function on the right-hand side of (1.2) reduces to an
(N + I)-correlation function with insertion of T,,. This
type of correlator will be in the focus of explicit compu-
tations presented in this paper.

III. VACUUM EXPECTATION OF A SCALAR
OPERATOR

A. General consideration

We start with the analysis of the simplest case of a one-
point function for a scalar operator O with scaling dimension
A in a generic nonconformal field theory. In order to use our
general prescription (1.2) we need to know a two-point
correlation function (O(x)T,, (x')) of this operator and the
energy-momentum tensor. It should be possible to decom-
pose this correlation function in powers of 1/(x — x')?
provided this decomposition respects the tensor structure
of this correlation function and the conservation of the
energy-momentum tensor. These two conditions single out
uniquely the following decomposition:

(O T () = Yl (x.).
k

1

)z(d—k)

k
Py (x.x) = v

(s =R 2x=x), (=),

o (d=2k+1) (x—x')? '
#PY) (x,x') =0, (3.1)
where k > (d— A)/2 is not necessarily an integer. We
notice that the conservation law fixes completely the relative
coefficient in PE,IZ) (x,x"). Relation (3.1) is a small (x — x)
expansion which contains both negative and positive powers
of (x — x’). The information about concrete scalar operator is
now contained in the coefficients {a;}. For k = <L the

relevant definition of tensor P, is

d+1

x—x") (x—x
P}(”JZ )(X7 _Xl) — ( )[l( )l/

(x_x/)(d—l)

(3.2)

The correlation function (3.1) is O(d) invariant. Now, if
our correspondence (1.2) is correct then after two integra-
tions (over y and x;) present in definition (1.3) we should
end up with a O(2)-invariant expression. Let us see how
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this works for the scalar operator. We consider the (22)
component of (3.1), multiply it by —2z, decompose the
coordinates as x = (y,x;,x,), then integrate over
y'-variables, and after that take the integration over x,’.
The integration over y' is easily performed using the
following relation:

_ k
/dd 2)’/sz>()’73€1’x2§yl’xll,x2/ = 0)

_lg FEArE-k+1) 0?
T 27 0(d = k)(d - 2k)(d — 2k + 1) 8%,

1
X
{(x% + () = xp)?) 5

where

is the area of (d — 3)-sphere. We stress that namely due to
the precise balance between two terms in the expression for
P,(ZZ) we have this second derivative form for the integral
(3.3) which otherwise would not have happened.

There are two special cases when we have to reevaluate
this integral more carefully. The first case is when k = %.
Then we have

_ )
/dd 2y/P222 (y,xl,xz;y’,xl’,xz’ = 0)

vz, Tg-1) & )
:ng_g,@az—x/l X%‘F(X]/—X]) . (34)
The second special case is when k = %. In this case the
integration in (3.3) gives

_ )
/dd 2y/P222 (yvxl’XZ;y/’xll’XZI = 0)

Qd—3 82 >

— s (6 - x)?)
1

) (3.5)

Now the integration remaining over x,’ is performed as
follows:

/ood, , 07 [ 1 1

X1 X =) = %

o P @+ —n)F] (B +D)F
(3.6)

For values of k such that (2k — d) > 0 we use a regulari-
zation which consists in evaluating the integral only at the
lower limit of integration x,” = 0 and ignoring the terms
coming from the infinity. Technically this is done by
evaluating the integral in (3.6) first for d — 2k > 0 and
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then taking the continuous limit to values of k such
that d — 2k < 0.

Collecting everything together and using our correspon-
dence we arrive at our result,

P<O(y’x1vx2>>a
N(EAHrE—k+1) a
= 10 2 2 k
g "‘3Zk:r(d— k) (d —2k)(d — 2k + 1) r42
2 T(42) 2r

T@Qd-w%“Lde-sag Inr, (3.7)

where r = /x} + x3 and in the second line we explicitly
included two special terms with k = d/2 and k= (d+1)/2
respectively. We see that the resulting correlation function
does not depend on coordinate y on the singular surface X.
This is as expected since we have a translational symmetry
along the surface. On the other hand, the correlation
function is O(2) invariant in the direction orthogonal
to the surface and thus it depends only on the distance r
to the singularity. Formally, this can be seen as follows.
The modular Hamiltonian is a generator of rotations in
plane (x;,x,) and hence one has that 270,0=[0,K).
Therefore, the expectation value 9,,(0|OK,|0) = 0 as we
observe in a direct calculation in (3.7).

By our proposal (1.2), Eq. (3.7) represents a linear in
(I —a) term in the expansion of expectation value of O
evaluated on a conifold. In order to test our proposal we
now consider a particular example of a minimally coupled
scalar field.

B. Free massive scalar field

In this subsection we shall evaluate the expectation value
of ¢ on a conical defect using our correspondence and
then compare this with the known results. Let us first
consider a minimally coupled scalar field of mass m. The
corresponding energy-momentum tensor is the canonical
one,

. 1 2o m o,
T/w = aﬂ¢al/¢ - 5;41/ (E (a¢) + 7¢ > . (38)

We are interested in evaluating the following connected
correlator:

(@ ()T}, () = 2{p(x

P(x)p(x')?). (3.9)

The Euclidean two-point function in free field has the
standard form
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<¢(X)¢(x’)>_/ dip er=x) 1 (m

Qn)ip>+m? 2z \270

(3.10)
where ¢ = \/(x — x’)%. Substituting this into (3.9) yields

md
PO == s (8 (K3l + K2 (m0) )
(=), (3=,

o2

-2 K

[SENNY

(ma)>. (3.11)

In order to make contact with our general representation
(3.1) we expand this expression in m or, equivalently, in
powers of ¢ using the expansion formula for the Bessel
function
K2%(x) = x79T'(d/2)(2¢97°T(d/2)
2

—2430(d/2 - ) +..)).  (3.12)

We then find

(@ ()5, (1))
I(d/2)?
4rd

X <P,(4L) (x,x')—m

27;;__ 23))2 PP (x,x) + )

(3.13)

in terms of P/(f,’,) introduced in (3.1). Now we can use our
general result (3.7) and, after some simplifications, arrive at
the following expression:

T(d/2)? 1
P = S o

2-1)
X (l—m(mr) +...>, (3.14)

where r = /x} +x3 is the distance to the conical
singularity.

In d =4 the second term in (3.13) is the one which
corresponds to k = d/2. It should be treated separately
using (3.4) and it produces the logarithmic term outlined in
(3.7). With this term taken into account the result in four
dimensions is as follows:

P(p*(x))o = ﬁ(l + 3(mr)*log(mr) + ...).

(3.15)
This result can now be compared with those available in the
literature, see for instance [11], for the direct calculation in
conical spacetime and we find exact agreement. This is an

%
—) K#(ma),
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important check for our general proposal. We however
stress that our results in this section are much more general.
They are valid for any scalar operator in arbitrary
dimensions.

It is straightforward to generalize our discussion to
include a nonminimally coupled scalar field. In this case
(3.8) undergoes the following improvement:

T, =T + (5,0 —0,0,)¢ (3.16)
For a conformally coupled scalar,
d-2

= 3.17

&= g (3.17)

The new term in the energy-momentum tensor induces the
following correction to (3.9):

()T, () = (P (T3 ()
+8(8,0% = 9,0,)(p(x)(x"))*. (3.18)

where derivatives act on x’.

Now using (3.10) and expansion (3.12) one can carry out
all necessary integrals as we did it in Sec. III A. The final
result reads

PP, = et (6eme+ 2
(3.19)

In the conformal case & =¢., m =0 this expression
vanishes. It should be mentioned that this result is expected.
Indeed, by conformal invariance the correlation function
(O(x)TSET(x')) vanishes identically and so does the
correlation function of O with operator K. This happens
because the correlation function of O with the improvement
in (3.16) cancels the correlation function with the canonical
energy-momentum tensor.

IV. VACUUM EXPECTATION OF A CONSERVED
VECTOR CURRENT

We can generalize our consideration of the previous
section for the case when the operator which appears in the
perturbation (2.1) is a conserved vector current J,(x),
0"J,(x) = 0. The correlation function of this vector current
and the energy-momentum tensor in Minkowski spacetime

<J,M (X)Ta/i(xl» = Pﬂ,a/i(x’ x/) (41)

in general is a combination of terms
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Pﬂ,aﬂ(x, x')
1
— m <A5aﬁ(x - x’)ﬂ + B(8gy(x — x’)ﬁ

oDl gy

+ 8p,(x —x'),) + C =)

provided the conservation laws

P, ap(x,x") = 0P o5(x,x") =0 (4.3)

wap wap

are satisfied. These conditions happen to be very restrictive.
They fix not only the possible values of constants A, B, C
but also the power k. In fact, we have found only two
possible solutions to these conditions,

_ (=), (= X)(x = X)

@

P/,t.aﬂ(x’ X/) - (x/ _ x)d+2 ?

P oy - L (D 0, =,
wap\’ (x’ _ x>d+2 (x/ _ x)2

“d+2) (8ap (X' = x),

+ O (X = x)ﬁ + 6, (X = x)a)> . (4.4)

An interesting property of the solution of type II is that
it is traceless with respect to any pair of indices,

1l i

5pPM, = supl =0

Respectively, we have two types of conserved currents
which we shall call J, ,(,I) (x) and J, ﬂl) (x). In order to compute
the expectation value of these currents on a conical defect
we shall use our correspondence along the same lines as we
have done for a scalar operator in the previous section. The
results of the calculation can be summarized as follows.

For the vector current of type I we find the expectation
values

P<Jl('1)(y7xlvx2)>a = Ov i€ Z,

27, b4 X
P(J(IU(y,xl,xz)>a = _CZ(T—LIS)XZ <§ + arctané) s
278,
P<Jg1)(y7xlvx2)>a = _d(T_d;)XZ

For the vector current of type II we find the expectation
values

PHYSICAL REVIEW D 91, 044008 (2015)

P (v, x1,x0)), =0, i€X,
ZﬂQd_3 X,

dld-2)(d+2) 2’

a=1,2,

PUM (3,31, %5)) g = —
(4.6)

where r = /x? + x3. We see that in both cases the only
nonvanishing components of (J/,) are those lying in the
plane perpendicular to the surface X so that the vector

current in this plane is divergence free,
oe( Iy = o. (4.7)

The result (4.5) for the current I is somewhat puzzling. It is
not obviously rotational invariant and, moreover, it is a
multiple valued function of the angular coordinate in the
plane (x;,x,). It would be nice to have a better under-
standing of this behavior and compare these results with the
direct calculations for vector currents in a spacetime of
cosmic string. We, however, at the moment are not aware of
any such calculations.

V. VACUUM EXPECTATION OF T,, IN CFT,

In order to further check our proposed correspondence
(1.2) we shall consider a conformal field theory in four
dimensions and compute the expectation value of the stress
energy tensor in this theory and compare it with the known
results in the literature obtained directly on a conical
spacetime.

Conformal symmetry as is well known [12] fixes
completely the structure of the two-point function for
the energy-momentum tensor,

C;T

<nmmew7Gf§$ (5.1)
with
1 1
Im/,aﬁ = 5 (I/mlbﬁ + Iﬂﬁlll(l) - 15/41/50: ’
x—=x"), (x—x'
Ly, =68, — 2( ul . (5.2)

(x —x')?

Cr is a charge related to the B-type conformal anomaly. As
is seen from the structure of the operator K (1.3) we shall
need only component a =f =2 of (5.1) in order to
compute correlator (7, (x)Ky). The integration over
y-variables and over x; is rather straightforward and we
find that

w b;j ..
<Tij(xl’x2’y)K0>:mCTF, i,j=23,4
n’ 4x,x;, — 36, 72
(T (x1, X2, y)Ko) = @CT%7
a,b=12 (5.3)
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where r? = x} + x3. These correlation functions do not

depend on the coordinate y as a consequence of the
translation invariance along the planar surface X. For a
free field multiplet containing n, conformal scalars, n,
Dirac fermions, and n, gauge vector fields we have

1

Cr= 34

(ng +6ny 4 12n,). (5.4)
The result (5.3) should be compared to the well-known result
[13] for the expectation value of the energy-momentum
tensor computed directly on a conical spacetime. Written in

polar coordinates it takes the form

f(a)

(TD)y = 124027 7diag(1,-3,1,1), (5.5)
where
1 5 o’
f(a)*W(l a)[Z(l—l-?) (1—a)(2b—c)}
(5.6)
with
a = 12(ny + 6n; + 12n,),
b= —4<n5 —l—%nf —|—62nv>,
¢ = =240n,,. (5.7)

Applying now operator P (1.1) to correlation function (5.5)
we find a complete agreement with our result (5.3). This is a
rather nontrivial check on our proposed correspondence.

VI. VACUUM EXPECTATION OF 7, IN A
GENERIC d-DIMENSIONAL
FIELD THEORY

The result of the previous section can be generalized to
any unitary (not necessarily free) field theory by making
use of the spectral representation of the two-point corre-
lation function of energy-momentum tensor. This repre-
sentation was suggested in [14] and it takes the form

<Taﬂ <x> Tpa (xl)>

A, [«
-7 _41)2 A duc® ()Y (9)Gy(x - ¥, )

A o
+ (d _dl)z /0 d/’tc(2) (H)H((jj)ypo-(a)Gd(x - x’,’u),
(6.1)

_ 2x4?
Qd—l - T

€Ie) and we defined

where A,
operators

N Y
(d+1)27T
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© _ 1
H(Iﬁ,/)o'(a) - F(d) Sa/}Spm
@) d—1 2
I1 = —
aﬁ,pa(a> ZF(d _ 1) <SapSﬁo- + Sao'Sﬂp d—1 S Spa s
(6.2)

whereas S5 = 0,05 — 8,50* and

ddp eip x—x')
Gy(x—x,
d(x X ﬂ) / (271_) +//l

(6.3)
is Green’s function of a massive scalar field in d dimen-
sions. The representation (6.1) is general and it is valid for
any unitary theory. The information about the concrete
quantum field theory is encoded in the spectral function
O (u) and ¢ (u).

This spectral representation of the correlation function
is helpful and we can now compute the correlation function
of the product of the energy-momentum tensor and
operator K,

(Top(x1, %2, ¥)Ky)
2ﬂAd

T d- 1)/ (o)L (0) + ) (1)L ()

/d“'/ dXi 0/ G (1 = x1' 230y = Yo ).
(6.4)

First we notice that the integration over y’ in (6.4) produces
a two-dimensional Green’s function,

/ di72Y'Gy(x) = x)' x0.y = Y )

1
= Gy(x; —x)', x2.u) = — K, (,U (x) —x")? +X%>-

2
(6.5)

In fact, it is not surprising that we get a two-dimensional
Green’s function. This is a well-known method, called the
descent method, to get a lower dimensional Green’s
function from a higher dimensional one by integrating
over a subset of variables.

The function (6.5) does not depend on coordinates y.
Therefore the derivatives with respect to y in (6.4) give the
vanishing results when they act on (6.5). This indicates that
the operators S,; reduce to purely two-dimensional oper-
ators acting in the transverse subspace,

S 8aab - 5abA(2)
a7 5,42

fora,fp=a,b=1,2,

(6.6)
for a,p=1,]j,
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where A = 97 + 03 is the two-dimensional Laplacian in
the transverse space to surface . Due to this the operators
(6.2) are simplified,

5 b

0 _ Y% A@a 2 _ _ ij (2) 92

= A 1, = A

ij,22 F(d) 8], ij,22 F(d— 1) al’

0 1 2 d—-2

E;b).zz = _F(d) Sabﬁ%, Hib),22 = _F(d 1) b82
(6.7)

On the other hand, since G, is a solution to equation
AP G, = 4G, one can replace A by p2 What is left is
the integration over x} in (6.4). This can be easily done by
integrating twice by parts and we arrive at a simple
expression,

|

<Tij(x1’X2,J’)K0> =

(Tap(x1,X2,9)Ko) = m

This represents the general result valid for arbitrary (free or
interacting) field theory. By our proposed correspondence
(1.2) this expression is our prediction for the leading order
contribution to the expectation value of energy-momentum
tensor on a planar conical defect in such a generic
d-dimensional theory.

We now consider some particular case.

Conformal field theory limit.

Conformal field theory is a particular example for the
theory considered above. As argued in [14], in this case we
have

O (1) & pt-25(u),

where Cy is the charge which appears in the two-point
correlation function of energy-momentum tensor in d-
dimensional CFT, similarly to the four-dimensional case
(5.1). Performing the integration over u we obtain

(6.10)

P(Ti(x1,%2,¥)) o = (Tij(x1, %2, ) Ko)

crr Cra'’T(§) 6 3 d
a C(d+2) r¢’ b = e
PAT ap(x1,%2,¥)) o = (Tap (X1, %2, ) Ko)
CFT Crﬂd/zr(g) dxaxb d—1)s
- F(d+2) 2 _( - )ah ’

ab=1,2. (6.11)

@/ dule

/ dp(c® () + (d = 1)(d = 2)c® ()

X <M2K0(,W) <5ab -
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oo 82
dx'x' — G, (x; — X\, x,,
A 1%1 6x% 2( 1 12X2 H)

= %KO (Mm) (6.8)

We pause here to appreciate this little magic. Indeed, we
have started with expression (6.4) in which O(2) symmetry
in (x;,x,) subspace was not evident at all but then after
performing all integrations we arrive at an expression
which is clearly O(2) invariant. From the conical space
point of view this is of course expected due to the rotational
symmetry around the tip of the cone.

The final result for the correlation function (6.4) can be
now represented in a form of the integral over the spectral
parameter p,

= Gz(xl,xz,ﬂ)

w) = (d = 1)e® (u)u? Ko (ur),

XaXp UK, (ur) 2x4%p

jZ > + . Oup — :2 . (6.9)
[

In four dimensions we again reproduce (5.3). We are not
aware of any previous results in higher dimensions.

Therefore, (6.11) is our prediction for the expectation value
of a CFT energy-momentum tensor on a conical defect.

VII. FINITE INTERVAL IN A
TWO-DIMENSIONAL CFT

In this section we want to test our correspondence
for more general geometries. Let us consider a two-
dimensional conformal field theory living in R?. By
assumption, the theory resides in a vacuum state and we
choose some interval of finite length £ to represent subsystem
B. This setup is probably the simplest example where X is not
rotationally symmetric in the transverse space and both sides
of the correspondence can still be explicitly evaluated.

We parametrize an a-folded cover of R? by w and denote
the end points of the interval by u and v». Now the
conformal transformation z = ((w — u)/(w — v))"/* maps
the a-sheeted Riemann surface to the ordinary complex
plane C [15], and the holomorphic components of the
energy-momemntum tensor are related by [16]

T(W) _ (dZ/dW)ZT(Z> n 102 (Z///Z/ ;Zm) /ZIZ’ (7'1)

where T(w) = —2zT,,,(w) has support on one of the «
sheets and the second term on the right-hand side is
the Schwartzian derivative. In particular, the vacuum
expectation value reads [15]
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c(1—=(1/a)?) 2
(Tw))o = 24 (w— u)2(w _ 0)2 ’

(7.2)

where (T(z))c = 0 has been used. Given the above general
formula one can readily evaluate

c £?
12(w—u)*(w—0)>"

(7.3)

On the other hand, the modular Hamiltonian associated
with a finite interval in two-dimensional conformal field
theory is given by [17]

2 4
K():—”

7 dxyx,(x; = €)Ty(xy),
0

(7.4)

where for simplicity we chose u = # and v = 0. Using now

(TW)T(0))c = ﬁ (T(w)T(0)) =0. (75
and substituting
Ty = % (T+T)+2T,y;, (7.6)
yields4
(T)Ko)e =~ 1o (7)

12z (w—u)2(w—v)?

As expected by the correspondence (1.2), this expression is
in accord with (7.3).

VIII. CONCLUSION: FURTHER DIRECTIONS

In this paper we have suggested a certain correspondence
between the correlation functions in a spacetime with
conical defect and the correlation functions defined on a
regular manifold. This correspondence is rather general.
It is supposed to hold for any singular codimension two
surface. However, since it involves the insertion of a
modular Hamiltonian which is not known in general, the
efficiency of our proposal reduces to those cases when the
modular Hamiltonian can be constructed either explicitly or
perturbatively. This still includes a wide class of physical
setups and models. To conclude we list some interesting
directions for further research.

(1) Higher point functions. In this paper we mostly
considered the expectation values, or the one-point
functions, of certain operators on a spacetime with
conical defect. Their calculation reduces to analysis
of the two-point functions in a regular Minkowski

*Recall that tracelessness of the energy-momentum tensor is
equivalent to T,,; = 0.
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spacetime. However, this restriction is not essential;
it is dictated by our motivation to illustrate the
correspondence using relatively simple examples
which allow comparison with existing results in
the literature. In fact, extension of our method to
higher point functions is rather straightforward.
It would be interesting to compute, for instance,
the two-point function of scalar operators on a
conical defect in a conformal field theory using
the exact expressions for the correlation functions in
Minkowski spacetime found in [12]. It is one of the
problems which we plan to study in the future.
One of the interesting related problems is to
uncover a precise way, conjectured in [8], in which
the conformal a-anomaly appears in the two-point
function of the energy-momentum tensor evaluated
on a conifold. This is considered in the accompany-
ing paper [18].
Twist operators. In [15] it was shown that compu-
tation of the field theory partition function on an
a-folded cover of R? is the same as the correlation
function arising from insertion of twist operators,
®,,, into each of the @ decoupled sheets. In particular,
it was shown that in the two-dimensional spacetime,
®,, is a local primary operator with a certain scaling
dimension. It allows us to reduce a given compu-
tation on the replicated geometry to a correlator on a
regular manifold with insertion of the twist oper-
ators. However, the higher dimensional counterpart
of a two-dimensional twist operator is not local. In
d > 2 it is supported on a codimension two entan-
gling surface which is not pointlike anymore. As of
today, understanding of the higher dimensional twist
operators is very much limited. Our proposal (1.2)
suggests a possible tool for studies of ®, in general
dimension. In particular, it suggests the following
operatorial identity:

Pd, = K, (8.1)

This identity emphasizes that the problems of find-
ing a twist operator and modular Hamiltonian are
equivalent to a certain extent. This allows us to
conjecture a particular relation

P, = ell=2Ko (8.2)
which expresses the twist operator in terms of the
modular Hamiltonian.

Yet, a word of caution about Egs. (8.1)-(8.2)
should be said. While by definition the twist operators
on the left-hand side of these expressions are sup-
ported on a codimension two entangling surface,
operators on the right-hand side are associated with a
codimension one submanifold. Hence, these conjec-
tures should be taken with a big grain of salt, and we
find it interesting to check our proposal in the cases
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when both the twist operator and the modular
Hamiltonian are explicitly known. More arguments
in favor of this conjecture have been given in [19].
(3) More general surfaces and quantum field theory
(QFTs). The computations presented in this work are
mainly focused on a planar entangling surface in
Minkowski space. Hence, we find it instructive to
generalize our findings by including into consider-
ation curved geometries. Of course, the absence of a
known modular Hamiltonian is one of the main
obstacles that must be confronted in an attempt to
pursue such an endeavor. Perhaps the best point of
departure would be to start these studies from
spherical regions in Minkowski space, for which
the modular Hamiltonian is known [17], and then
proceed perturbatively to study more complicated

PHYSICAL REVIEW D 91, 044008 (2015)

geometries [1]. It would also be interesting to test
our correspondence in the case of nonconformal
interacting field theories such as ¢* [20].

We plan to explore these and other possible
directions in the future.
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