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Anomalies are a powerful way to gain insight into possible lattice regularizations of a quantum field
theory. In this work, we argue that the continuum anomaly for a given symmetry can be matched by a
manifestly symmetric, local, lattice regularization in the same spacetime dimensionality only if (i) the
symmetry action is offsite, or (ii) if the continuum anomaly is reproduced exactly on the lattice. We
consider lattice regularizations of a class of prototype models of QCD: the (1 + 1)-dimensional
asymptotically free Grassmannian nonlinear sigma model (NLeMs) with a € term. Using the Grassmannian
NLoMs as a case study, we provide examples of lattice regularizations in which both possibilities are
realized. For possibility (i), we argue that Grassmannian NLoMs can be obtained from SU(N)
antiferromagnets with a well-defined continuum limit, reproducing both the infrared physics of 6 vacua
and the ultraviolet physics of asymptotic freedom. These results enable the application of new classical
algorithms to lattice Monte Carlo studies of these quantum field theories, and provide a viable realization
suited for their quantum simulation. On the other hand, we show that, perhaps surprisingly, the
conventional lattice regularization of € vacua due to Berg and Liischer reproduces the anomaly exactly
on the lattice, providing a realization of the second possibility.
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I. INTRODUCTION

The Standard Model of particle physics, and in particular
the strong sector described by quantum chromodynamics
(QCD), has many physically relevant yet so-far inacces-
sible regimes beyond perturbation theory. While nonper-
turbative methods such as lattice field theory using classical
Monte Carlo (MC) methods have been used with remark-
able success, many problems of interest such as real-
time dynamics, finite-density or nontrivial € vacua remain
inaccessible. Recently, the growth of quantum technologies
has opened up the possibility of exploring these questions.
However, the infinite-dimensional local Hilbert space of
standard bosonic lattice field theories limits their appli-
cability to near-term quantum platforms with low qubit
counts. This has motivated a search for unconventional
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lattice regularizations of quantum field theories (QFTs)
with finite-dimensional local Hilbert spaces. New lattice
regularizations of a given QFT can also provide solutions to
sign problems and enable application of cluster algorithms.
Success in low-dimensional asymptotically free prototypes
of QCD establishes a route toward developing new tools
for lattice studies of QCD, both on classical and quantum
hardware [1-35].

If one goes beyond naive discretizations of the con-
tinuum Hamiltonian (and perturbative improvements
thereof), then the space of possible lattice regularizations
of a given QFT is immense. In general, a lattice regulari-
zation for a given QFT is any lattice Hamiltonian (or action)
which has the correct quantum critical point and relevant
parameter (in the renormalization group (RG) sense).
We might ask: how do we find new lattice regularizations,
perhaps with unique advantages for quantum and classical
simulations? While it is clear that symmetries are an
important part of this story, the point of view of this work
is that this search can be refined by considerations of
anomalies.

To make this concrete, in this work, we consider lattice
regularizations of a certain class of (1 + 1)-dimensional
nonlinear sigma model (NLoMs) with a  term, called the
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Grassmannian Gr;(N) NLoMs, which are well-known
prototypes of QCD. These are NLoMs with the target space

Gr,(N) = UWN)/[UK) x UN = &), (1)

formally defined by the continuum action

1 0
S = / &xTr(0,P)> + o / d*xe"TrP9,PI, P (2)

where P(t,x) € Gry(N) is an N x N Hermitian projector
matrix such that P> = P = P and TrP = k. Important
examples of this class are the kK = 1 models, which are
also known as CP(N — 1) models. All these models are
asymptotically-free, have a dynamically generated mass
scale, and admit a @ term. The Gr;(2) = CP(1) case, also
called the O(3) NLoM, has been particularly important as a
testbed for developments in lattice QCD.

A majority of the lattice work in understanding these
models has used the lattice formulation which is a
direct discretization of Eq. (2), which we refer to as the
“conventional” lattice regularization. In this regularization,
a satisfactory topological definition of the € term was
proposed by Berg-Liischer for the CP(N — 1) model.
While it has nice topological properties, a lattice MC study
of general € vacua has been limited by a severe sign
problem at 6 # 0, except in special cases. (It can be
somewhat alleviated for the O(3) model using a meron
cluster formulation [36-38].)

Recently, another type of lattice regularization was
proposed: as an antiferromagnetic model of qubits [31],
such that a controlled continuum limit at arbitrary € can be
taken by adding a small extra dimension. We call this a
“qubit” regularization. Not only is this a very natural
regularization of the € vacua on quantum computers, it
also does not suffer from a sign problem at nontrivial 6 for
classical MC computations. However, it does not have
manifest topological properties, which only become ap-
parent as one takes the continuum limit. Therefore, both
these types of regularizations have their own advantages.

In this work, we take a step back and attempt to
understand these two types of regularizations from the
point of view of anomalies. In particular, these models
have an 't Hooft anomaly at 8 = z [39], which presents
obstructions for certain kinds of symmetric lattice regula-
rizations. The obstruction from the anomaly can manifest
on the lattice in two ways, and we argue that the two above-
mentioned regulators correspond to precisely these
two ways.

The presence of an anomaly for a given symmetry G
implies that for a G-symmetric lattice regularization, the
symmetry cannot be both manifest and onsite. (We give
a more detailed argument and explain our definitions in
Sec. II.) A G-anomaly in the continuum theory implies that
it should be impossible to gauge G—this should also be

true on the lattice. If the symmetry is offsite, then it cannot
be gauged in the usual manner, and therefore the constraint
is satisfied. On the other hand, if the symmetry is onsite,
then the only way for the lattice regularization to match the
anomaly is to explicitly reproduce the anomaly.

We can now place the two regularizations of the CP(1) or
the O(3) model in this framework. Here the anomaly is
for G = SO(3) x C, where C is charge conjugation. This
particular anomaly is especially interesting since an analo-
gous anomaly exists for 3 + 1-dimensional SU(N) Yang-
Mills at 0 = z [39].

The qubit regularization of the 0 term is of the first kind.
Starting from the theory at 6 = z, C is realized offsite as a
translation-by-one symmetry. Therefore, we can tune 6
away from 7 by simply breaking the translation symmetry,
which can be done by introducing staggered couplings.
This generates a 6 term for the low-energy effective theory.

On the other hand, the conventional regularization with
the Berg—Liischer 6 term in fact does have an exact G
symmetry with onsite action. As argued above, this should
imply that this regularization exhibits the anomaly exactly
on the lattice. As we show in this work (see Sec. IV), this
is indeed the case. This is perhaps surprising since it is
often assumed that there are no anomalies on the lattice.
A gauging procedure, much like the one used to derive the
anomalies in the continuum, works for the lattice theory
and reproduces the anomaly. In fact, our derivation can also
be thought of as an independent computation of the
anomaly, using a well-defined lattice model. Therefore,
this well-known regularization is an example of the second
possibility.

More recently, another illuminating perspective has come
in the language of symmetry-protected topological (SPT)
phases. ’t Hooft anomalies in a D-dimensional (Euclidean)
theory correspond to SPT phases of a (D + 1)-dimensional
theory, which is the so-called bulk/boundary correspondence
[40]. From this point of view, a D-dimensional theory with
an 't Hooft anomaly can naturally arise on the boundary of a
(D + 1)-dimensional nontrivial SPT phase. However, there
are obstructions when trying to formulate theory in a
manifestly D-dimensional setup. References [41-43] have
attempted to formulate the Nielsen—-Ninomiya theorem in the
language of SPT phases. Their claim is that it is impossible
to obtain a local, symmetric, manifestly D-dimensional
lattice regularization of the boundary theory. However, as
we argue, their conclusions are somewhat incomplete. It is in
fact not impossible to obtain a manifestly D dimensional
local realization of the boundary of an SPT phase. The
“no-go” theorem can be avoided in a rather direct way: the
lattice theory can manifestly exhibit the anomaly.

In the condensed matter literature, some of this has been
long appreciated in the context of Lieb—Schultz—Mattis—
Oshikawa—Hastings (LSMOH) theorems. In particular,
the connection between LSMOH and anomalies has been
delineated in Refs. [44.,45]. It is pointed out in Ref. [45],
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that if a D-dimensional (Euclidean) continuum theory with
a G-anomaly is known to arise as the low-energy effective
theory of a D dimensional lattice model, then either (i) G
must be offsite, or (ii) G must not be an exact symmetry of
the lattice model. This is sometimes phrased as a “no-go”
theorem. Here we show that there is another possibility
which is often missed: the symmetry is both onsite and
exact, but the lattice theory explicitly has the anomaly.

There have been several other recent examples of
anomalies on the lattice. For example, this has been
shown for Kéhler—Dirac fermions on triangulated lattices
[46-50]. In the case of chiral fermions, formulations
satisfying the Ginsparg—Wilson relation have been shown
to reproduce the anomaly on the lattice for a modified
chiral symmetry [51-54].

This manuscript is organized as follows. In Sec. II, we
present our general arguments regarding lattice regulariza-
tions for theories with anomalous symmetries, and present
an overview of the two examples of lattice regularizations
which we consider in this work, explaining how they
realize the anomalies in different ways. Then in Sec. III, we
discuss a “qubit” regularization, with finite-dimensional
local Hilbert spaces, of the Grassmannian nonlinear sigma
models. Then in Sec. IV, we discuss lattice regularizations
exhibiting the anomalies explicitly, including a generali-
zation of the well-known regularization of the 6-term in
CP(N — 1) models due to Berg—Liischer to the Gry(N)
models. Finally, in Sec. V, we summarize our results and
comment on some future directions.

II. OBSTRUCTIONS TO LATTICE
REGULARIZATIONS FROM ANOMALIES

One of the aims of this work is to emphasize how
obstructions to regulating a theory on the lattice arising
from anomalies guide us in constructing new lattice
regularizations.

In this work, we always refer to “anomaly” in the sense
of an 't Hooft anomaly: a symmetry G is said to be ’t Hooft
anomalous if it cannot be consistently gauged. We empha-
size that G is a genuine symmetry of the theory, and that
the presence of an 't Hooft anomaly does not indicate an
inconsistency of the theory. We shall also confine our
attention to infernal symmetries.

In many cases of interest, the G anomaly has a bit more
structure. If G is generated by two subgroups G, G, such
that there is no obstruction to gauging G; or G, indi-
vidually, but gauging G, breaks G,, or vice versa, then
we say there is a mixed anomaly between G| and G,. In
other words, G| and G, cannot be gauged simultaneously.
In all the cases we consider in this work, we always have
a mixed anomaly, although the arguments apply more
generally.

From the point of view of lattice regularizations, the
presence of an 't Hooft anomaly shows up as an obstruction
to constructing certain type of lattice regularizations: an

anomaly in G for a D-dimensional continuum theory
implies that we cannot have a D-dimensional G-symmetric
lattice regularization with G both manifest and onsite.

By a “manifest” symmetry, we mean an exact symmetry
of the theory which is also an invariance of the action. In
contrast, a nonmanifest symmetry is one where the action is
noninvariant, but all correlation functions are invariant. We
emphasize that in both cases, we are referring to an exact
symmetry of the theory.

By an “onsite” symmetry, we mean that the symmetry
group acts on the full Hilbert space as a tensor product of
representations on the local Hilbert spaces. (In bosonic
field theories, the full Hilbert space of a lattice model
naturally admits a factorization as a tensor product of
Hilbert spaces at each lattice site, which we call the local
Hilbert space.) We shall also say that a non-onsite
symmetry is “offsite.”

If the symmetry G were manifest and onsite, then we
could trivially gauge them both on the lattice by introduc-
ing appropriate link variables, and this would violate the
anomaly. Therefore, a local G-symmetric D-dimensional
lattice regulator for a theory with a G anomaly must

(1) realize G offsite, or

(ii) realize G onsite but nonmanifestly.

Another widely-appreciated possibility is that the
D-dimensional theory arises as the boundary theory of
a (D + 1)-dimensional lattice model in a SPT phase
[40,43,55]. In such cases, it is possible to obtain a lattice
regulator with an exact onsite symmetry, albeit at the cost of
introducing an extra dimension. Yet another possibility is to
consider lattice regulators in which G is not a symmetry
microscopically but arises at large distances. In this work,
we only consider symmetric lattice regulators in D space-
time dimensions, in which case we have only the two
possibilities listed above.

As mentioned in the introduction, while possibility (i) is
well known, especially in the context of the LSMOH
theorem in condensed-matter literature [44,45], possibility
(ii) is often missed. Indeed, the anomaly implies that there
must somehow be an obstruction to gauging G, while if G
acts onsite, there seems to be no obstruction to turning on a
background gauge field for it. The only possibility, there-
fore, seems to be that the dependence on the background
gauge field cannot be gauge invariant, which is to say that
the lattice regulator must

(ii*) explicitly exhibit the anomaly.

Indeed, this will be the case in the examples discussed
in Sec. IV. (It is also the case in the modified Villain
models [56-59].) We should also note that it may be
possible for a lattice regulator with offsite symmetry to also
explicitly exhibit an anomaly, such as Ginsparg—Wilson
fermions [43,52].

In this work, we provide examples for both scenarios (i)
and (ii), using the (1 + 1)-dimensional Gry(N) NLoM as a
case study.
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A. O(3) nonlinear sigma model

To simplify the discussion a bit, let us first consider the
case of Gr;(2) = CP(1), or the O(3) model with a @ term.
This model can be formulated in terms of a unit 3-vector
field 7(x) with Euclidean action

1 - 17 R - -
$=ap | ExO 4 [ B @Fxam. O

At any 6, the theory has a global SO(3) symmetry. At
60 = 0,z it also has a charge conjugation symmetry,

C:ii(x) > —ii(x). (4)

At 6 = &, this theory has a mixed anomaly between
SO(3) and C symmetries [39]. The above argument then
implies that a lattice regularization of the 6 = z0O(3)
NLoM must either realize SO(3) x C offsite, or it must
explicitly exhibit the anomaly.

One lattice regularization of the O(3) NLoM is provided
by the spin-} Heisenberg antiferromagnet

H=17)"S;-§, (5)
(i)

where § ; are spin—% operators and the sum runs over nearest
neighbor sites i, j. In one spatial dimension, this is
famously known to be described by the O(3) NLoM at
0 = & at low energies [60-62]. Interestingly, this can be
thought of as not just a low-energy effective field theory
(EFT) but also a genuine lattice regularization by adding a
small extra dimension of size L’ (odd) in the D-theory
formulation [5,6,14,15]. As shown in Refs. [31,63], the
continuum limit of the O(3) model at & = x can be obtained
by taking L’ — oo (odd). This not only reproduces the
physics of @ = 7 in the infrared (IR), but also the asymptotic
freedom in the ultraviolet (UV).

In this regularization, the SO(3) symmetry is clearly
manifest and onsite, and therefore can be gauged easily.
However, the continuum charge conjugation symmetry acts
on the lattice as translation by one unit [64]

-

C:8; > Si (6)

and therefore realizes possibility (i) of the above theorem.

It is especially interesting to consider the case of a
widely-used lattice regularization of the O(3) NLoM on a
two-dimensional Euclidean spacetime lattice, given by the
following action at 6 = x:

o 1 o o
Soln] = __zzni N (7)
T

where the 7; are real unit 3-vectors and the sum runs over
nearest neighbor sites 7, j on a square lattice. In the g — 0
limit, this defines a lattice regularization for the § = 0
theory. This has a manifest onsite G = SO(3) x C sym-
metry, with C:7; > —n;.

Let us now assume that there is a local G symmetric
deformation of the action in Eq. (7) which allows us to
switch on @ = «,

So=zln] = Soln] + S, [7]. (8)

But if this were the case, we would be able to gauge G,
violating the constraint from the anomaly. Therefore, we
conclude that it is impossible to obtain the 8 = 7 from
Eq. (7) in this manner.

The above argument might at first glance lead one to
think that there simply cannot be a lattice regularization of
the @ = 7 theory with onsite SO(3) x C symmetry, but this
would be too hasty. Indeed, there is a well-known con-
struction of the € term on the lattice for the CP(N — 1)
models, due to Berg and Liischer [65,66], which is
SO(3) x C symmetric at § = 0,z. In their formulation,
the action of SO(3) x C symmetry is onsite. The reason
their formulation avoids the “no-go theorem” is that while
the Boltzmann weight exp(—S) is invariant under C, the
action itself is not. In this sense, the C invariance is not
manifest in their formulation. (A similar point has been
made by Ref. [57] in the context of modified Villain
models.) Indeed, the same is true in the continuum
formulation (7). A “no-go theorem” for this case can be
therefore be phrased as

There cannot be a lattice regulator for the 6 = zO(3)
NLoM with manifest onsite SO(3) x C symmetry.

On the other hand, there is no obstruction to gauging
SO(@3). And if SO(3) x C is an exact onsite symmetry of
lattice theory such that SO(3) can be gauged, then the only
way out is if the lattice theory explicitly produces the
anomaly. As we will show in Sec. IV, this is indeed the case,
giving us an example of possibility (ii) above.

B. Generalization to Gr;(N) models

The previous discussion about the O(3) model can be
generalized neatly to the general class of asymptotically
free Gr;(N) models with a 0 term, given by the continuum
action in Eq. (2). The P field transforms under the action of
PSU(N) symmetry, as well as charge conjugation

C: P(x) — P(x)*. 9)

PSU(N) symmetry is present at any 6, while C symmetry is
present only at € = 0,z. As discussed in Appendix C, a
continuum analysis of mixed anomalies between PSU(N)
and C symmetries reveals [67]:
(1) N =-even, k =o0dd: At 6 = x, there is a mixed
anomaly between PSU(N) and C symmetries.
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(2) Otherwise: There is a “global inconsistency” be-
tween the § = 0 and 0 = # theories.
For the first case, we have an immediate generalization
of the above argument for the O(3) model. However, the
second case results in a more subtle type of obstruction to
lattice regularization.

A “global inconsistency” [39,68,69] between the
0 = 0,7 continuum theories says that the action cannot
be modified by a local symmetric counterterm such that
both points are anomaly free. In other words, unlike the
case (N, k) = (even, odd), we can remove the anomaly at
6 = x, but at the cost of introducing an anomaly at § = 0.
From the point of view of a lattice regularization, this
suggests an interesting type of constraint. While, in
principle, it is possible to have lattice regulators with
manifest onsite PSU(N)xC symmetry at both 6 =0, x
points, we have the following obstruction:

There cannot be a lattice regulator which allows one to
continuously tune 0 from O to z, such that at @ = 0, r there
is manifest onsite PSU(N)xC symmetry.

To see this, let us assume that we have a lattice action S|,
which furnishes a lattice regularization of the @ = 0 theory
with a manifest onsite PSU(N)xC symmetry. Now, let us
further assume that there is a local PSU(N) symmetric
perturbation K, parametrized by a continuously tunable
parameter y € [0, 1],

S, =Sy +K, (10)

The perturbation K, is such that K, = 0, and S, furnishes a
regularization for the 6 = x theory. If K is invariant under
the onsite C action, then we can gauge PSU(N) symmetry
such that C symmetry survives at both 6 = 0,z. This
contradicts global inconsistency, which requires that C be
explicitly broken at either § = 0 or @ = z. Therefore, such a
regulator cannot exist.

We present two kinds of regularizations in this work,
generalizing the previous discussion of the CP(1) model
to Gr;(N) models. The first kind is based on SU(N)
antiferromagnets, and realizes possibility (i), with an
offsite implementation of the C symmetry. As in the CP(1)
case [31], a @ term can be introduced by staggering the
couplings, and continuum limit can be taken with the
D-theory prescription. We discuss the details in Sec. III.

In the second kind, we consider models on Euclidean
spacetime lattices, such as the conventional lattice regu-
larization of the Gry(N) models, with the & = 0 theory
given by the lattice action

1
So[P] :—?ZTrP,-Pj (11)
(i)

where P; € Gry(N) are N x N Hermitian projector matri-
ces with P2 = P and TrP = k. We generalize the con-
struction of Berg—Liischer and construct a lattice 8 term for

this model. This model has an exact onsite PSU(N)xC
symmetry. Therefore, this model must exhibit the anomaly
explicitly on the lattice. Using a method very analogous to
the continuum, we indeed find that this model reproduces
the continuum anomaly exactly, and therefore provides
an example of possibility (ii) of the no-go theorem. We
provide details on the construction and the computation of
the anomaly in Sec. IV.

III. A QUBIT REGULARIZATION OF
GRASSMANNIAN MODELS

In this section, we propose a lattice regularization for the
Grassmannian nonlinear sigma models with a 8 term using
SU(N) antiferromagnets with staggered couplings, gener-
alizing recent results for the CP(1) model [31].

The model is defined on a two-dimensional Ly x Ly
square bipartite lattice. We denote the two sublattices as A
and A. On sublattice A, we place SU(N) spins in the
representation R = (k, p) given by the rectangular Young
tableau with k rows and p columns. On sublattice A,
we place SU(N) spins in the conjugate representation
R = (N —k, p), as shown in Fig. 1. Different choices of
the bipartitions can be considered. We show two such
choices in Fig. 2. Given a choice of the bipartition
and representations, we write the nearest-neighbor
SU(N) symmetric Heisenberg Hamiltonian with staggered
couplings

H=> J,TeTe, +J> Te1e.,  (12)
(xy) ()

where T, are the SU(N) generators (@ = 1,...,N> — 1) in
representation R or R depending on the site (x,y), J, , are
the couplings along the x direction, J’ is the coupling along
the y direction. As shown in Fig. 2, we consider the two
configurations for staggering the couplings:
Alternating:  J' >0, J,, =J[1+ (=1)*7y], (13)
Sublattice A Sublattice B
p p

- )

FIG. 1. Young tableau for the representations each sublattice
of the SU(N) Heisenberg antiferromagnet on a bipartite lattice.
On the sublattice A, we choose the representation R = (k, p)
given by a Young tableau of p columns and k rows, while on
the sublattice B, we choose the conjugate representation

R=(N—-k,p).
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Alternating

J_ Jy
=) Q) —— Q) ——Q

J >0

N N N N N N
Lx

Columnar

Lx

FIG. 2. Viable lattice regularizations of the Gr,(N) NLoM with a 0 term using SU(N) antiferromagnets. The red and blue dots indicate
sites at different sublattices, with representations given by the rectangular Young tableaux shown in Fig. 1. The interactions within the
same sublattice are always ferromagnetic, while interactions between different sublattices are always antiferromagnet. The thickness of
the bonds indicates alternating strength of the interactions. The continuum limit of the Gr,(N) NLoM at nontrivial 6 is obtained in the

Ly — oo limit with fixed yLy.

Columnar: J' <0, Joy =J[1 4 (=1)%],

Y (14)

where J > 0 is always antiferromagnetic, and y is the
staggering parameter. Given a choice of bipartition A, A,
the couplings J,J’,y are chosen such that interactions
within the sublattice are ferromagnetic, while the inter-
actions between different sublattices are antiferromagnetic.

The representations R, R and the couplings are chosen
such that the two-dimensional model is in the massless
broken phase in the Ly, Ly — oo limit. (We discuss this in
more detail below.) With this choice of representations, a
continuum limit can be defined on a Ly x Ly spatial lattice,
in the regime Ly > Ly > 1. More precisely, the con-
tinuum limit can be taken by considering Ly even or odd,
and taking Ly — oo with fixed yLy, resulting in the Gr(N)
NLoM with

¢ =apLy(1+7vf) (15)

where f is a nonuniversal parameter.

A. Low-energy physics and 6 vacua

It was shown by Read and Sachdev [70] using coherent-
state formalism that in the large-p limit, the two-
dimensional SU(N) antiferromagnet with the above choice
of representations results in a Gry(N) NLoM at low
energies. For a one-dimensional SU(N) antiferromagnetic
chain, it can also be easily shown that a @ term is induced at
low energies by staggering the couplings (see Appendix D).
This can be understood by the fact that the C symmetry is
realized offsite as a translation by one site, and therefore a
staggered coupling breaks the C symmetry, which should
generically induce a € term in the NLoM. For SU(N)
ladders with Ly fixed, we can argue that the model is
effectively a one-dimensional NLeM [71,72] and similar
considerations apply. Indeed, in Refs. [71-73] a semi-
classical analysis in the large-(SLy) limit was performed
for the spin-S SU(2) ladders with staggered couplings, and
it was shown that the long-distance physics is that of a

(1 + 1)-dimensional O(3) NLoM with @ = zSLy(1 + cy),
where y determines the strength of staggering and c is a
nonuniversal parameter.

As we have argued above, the low-energy physics of the
SU(N) model of Eq. (12) is given by the Gr;(N) NLeM
with a @ term. However, to claim that we have a lattice
regularization of a QFT, this is not enough—we must have
a prescription for taking the continuum limit.

B. Continuum limit and asymptotic freedom

An elegant prescription for taking the continuum-limit
is provided by the D-theory approach [5,14,15]. In this
approach, a (d+ 1)-dimensional asymptotically-free
theory can be obtained from a system in D + 1 spacetime
dimensions with D =d + 1, where the extra spatial
dimension is taken to be small in physical units. There
are two ingredients for this to work. The first one is that the
(D + 1)-dimensional model should be in a massless phase,
and the second is dimensional reduction.

Let us assume that the two-dimensional model is in
broken phase with massless Goldstone modes. (We will
discuss the conditions for this in more detail below.) We
take the extent in the extra spatial dimension to be Ly. The
low-energy continuum action (without the @ term) is

1 [ 2 2 2
So=37 A dY/dxdtTr[(axP) +(0,P)* + (0,P)?]
(16)

where y is the extra dimension. When Ly is infinite, the
system is ordered and the correlation length £ is infinite
(Goldstone modes are massless). Now, if Ly is reduced
and made finite, a new length scale &sg (Ly) appears in the
system, which we may call the symmetry restoration
scale. For scales smaller than &gg(Ly), the system is
ordered (symmetry broken), while for scales larger that
Esr(Ly), the system is disordered by the fluctuations
of the massive Goldstone modes and the symmetry is
restored.
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For Ly finite, &g (Ly) must be finite. This is because, if it
were infinite, then for any finite Ly, the system would be
ordered along the y direction, and would therefore effec-
tively become (1 + 1)-dimensional. But this would imply
that the (1 + 1)-dimensional system is ordered and has a
broken continuous symmetry, which is impossible due to
the Coleman—Mermin—Wagner theorem. In other words, as
Ly is reduced from being infinite to finite, the Goldstone
modes pick up a mass ~£g}, which determines the scale at
which the system disorders.

Let us assume that we can make Ly small enough such
that &g (Ly) > Ly. Again, the physics is effectively frozen
in the y direction and it can be explicitly integrated over in
the low-energy effective action to obtain

Ly
S() = 2—92/ dxdtTr(aﬂP)z

We see that the (1 + 1)-dimensional theory has an effective
coupling g2 = ¢*/Ly. Now, we can use knowledge of
the (1 + 1)-dimensional theory. Asymptotic freedom in
the (1 4 1)-dimensional Grassmannian models implies
that the system develops an exponentially large length

scale &qg o elv/ (hog") | where Py is the leading f function
coefficient. Therefore, for small enough Ly, we get
Esr(Ly) > Ly, validating the dimensional reduction
scenario.

In the above argument, we assumed that &gg (Ly) > Ly
by starting from Ly large. In principle, it possible that this is
not valid for some regime of Ly and dimensional reduction
does not occur. However, an independent argument can be
given by considering Ly = O(1) very small. A nonlinear
sigma model analysis of the spin ladders with finite Ly
shows that &gr is finite (in lattice units) and grows
exponentially in Ly, and therefore we can always ensure
that £SR(Ly> > LY [72]

We note that the above discussion is valid for any 6, since
the UV physics of asymptotic freedom is the same in all
cases. For 8 = 0, there is only one length scale in the
system, and therefore the symmetry restoration length scale
Eqr and the correlation length & coincide. However, for
0 # 0, ésg and € are different, due to nonperturbative effects
from the 6 term. &gz sets the UV scale of asymptotic
freedom, while & sets the scale for IR physics. In general, we
have the following hierarchy of length scales

§(0) 2 ér>Ly>a (17)

where a is the lattice spacing. Indeed, for the & = zCP(1)
theory, the nonperturbative effects are strong enough that
the system becomes gapless with & = oo.

Choice of representations. We emphasize this approach
strongly depends the representations at each site. While in
principle, for a given Gry(N), we can choose any p to get a
lattice model, not every such model will have a continuum

limit in the above prescription. For the alternating con-
figuration, the representations R, R needs to be sufficiently
large. This is because for the D-theory prescription to work,
we need the two-dimensional (Ly, Ly — o) theory to be
in massless symmetry-broken phase. Read and Sachdev
[70,74,75] studied the two-dimensional model at large-N
and large-p limits, and obtained the result that the system is
in the Néel phase for p > kN, where « is a constant of
order 1. These semiclassical arguments suggest that as long
as we choose n > kN, we are guaranteed the right con-
tinuum limit as Ly — oo. For example, for k = 1, it has
been numerically shown that it suffices to choose the
fundamental representation for N = 2, 3, 4, while larger
p representations are needed to obtain a Néel ordered
ground state in two spatial dimensions for N > 5 [76].

IV. LATTICE FORMULATIONS OF THE
GRASSMANNIAN MODELS WITH ANOMALIES

In this section, we discuss lattice regularizations of the
Gr;(N) models in which both C and PSU(N) act onsite.
As mentioned above, this can only be compatible with the
anomaly of the continuum theory if the anomaly is present
on the lattice.

In the continuum, the charge conjugation symmetry at
0 = & is not manifest in the sense that the action is not
invariant but is shifted by 2ziQ. It is thanks to the integer
quantization of Q that the integrand exp(—S) of the path
integral is preserved by C.

The statement of the mixed anomaly between the
PSU(N) symmetry and C is that when background gauge
fields for the former are present, the partition function is
no longer invariant under the latter [39,67,77-79]. At a
technical level, this is due to the fact that the presence of
such background fields replaces the topological charge
quantization in units of 1, which as we just said was
necessary for C invariance at 6 = z, by quantization in
units of 1/N. This anomaly can therefore be regarded as a
consequence of the more basic fact that in the presence of
background fields for the PSU(N) symmetry, the period of
the @ dependence should become 27N so that the partition
function fails to be 2z periodic in 6 once the PSU(N)
symmetry is gauged. We may describe this more basic
situation as a mixed anomaly between PSU(N) symmetry
and 2z periodicity in 6.

All this is equally true in the lattice models we shall
describe below. As a consequence, the continuum limits of
these models will automatically exhibit the same anomaly,
and moreover the IR physics on the lattice is therefore
subject to the same constraints as in the continuum.

A. Berg—Liischer 6 term

We begin with a discretization on a two-dimensional
triangular Euclidean spacetime lattice based on the con-
tinuum action (2) [80]:
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1
S[P] = —?ZTrPxPy—iHZqP, (18)
(xy) P

where the first sum runs over all nearest-neighbor bonds
(xy) on the triangular lattice, the second sum runs over
all positively oriented triangular plaquettes p. The fields
P, are Hermitian N x N projection matrices such that
TrP, =k, and g, is the topological charge density to be
defined below. The choice of a triangular lattice is moti-
vated by the definition of the topological charge density. At
g — 0 with a fixed 0, the lattice action in Eq. (18) defines a
continuum limit of the Gr(N) NLoM. For 6 =0, this
model has been extensively studied for various N. There is
a symmetry of the action under P, — vP,v', for v an
element of SU(N). Note that since the P, do not transform
under the center of SU(N), the correct (faithful) symmetry
group of the action is SU(N)/Zy = PSU(N). Charge
conjugation acts by sending P, — P,*, and so clearly
preserves the action at @ = 0.

For Gr;(N) = CP(N — 1), Berg and Liischer [65] have
defined 47q), to be the minimal signed area spanned by the
geodesic triangle in the CP(N — 1) manifold with vertices
P,, Py, P_, where x, y, z are the vertices of the plaquette p
in counterclockwise order. Explicitly,

TrP, PP,

exp(2n’lqp) :W (19)
xyl 7

The branch ambiguity implied by this equation is fixed by
11

requiring that ¢, lie in the interval (—3,3). (The same
should be understood in similar formulas below.) The total
topological charge Q = Zp q, is obtained by summing
over all positively oriented plaquettes. By construction
it is an integer for periodic boundary conditions (see
Appendix B). Notice that C: g, > —q,,. Therefore, the
C symmetry at & = z here is not manifest, just as in the
continuum.

We shall generalize this definition of the topological
charge for Gr;(N) fields below. But let us first demonstrate
the existence of the anomaly in CP(N — 1) model.

Our strategy is to background-gauge the PSU(N) sym-
metry (see Fig. 3), and then examine the 6 dependence of

Gauging PSU(N) ©
augin,
B
(z (y
Voy

FIG. 3. The Berg-Liischer 6 term is defined on a triangulated
lattice such that the Gry(N) field lives on the nodes x, y, z. The €
term is defined on the triangular plaquette p = (xyz). To gauge
the PSU(N) symmetry, we activate a SU(N) link field V, as well
as a Zy plaquette field b,,.

the partition function. We start by introducing an external
link field V, € SU(N). The action should incorporate it in
such a way that it be invariant under the local SU(N)
transformations

P, v.P.v,, Vi o, Vot (20)
This can be achieved by modifying the kinetic part of the
action in Eq. (18) to

SolP.V]==BY TrPV, PV, (21)
(x)

and the topological charge density in Eq. (19) to

exp(2nig,) = ot Dy Vo Ve (22)
b |TtP, VPV, PV .|

¥z

We note that Q = > 4, is still an integer (see Appendix B).

However, we are gauging not SU(N) but PSU(N). Two
elements of the former that differ from each other only by
an Nth root of unity are identified as elements of the latter.
In view of this fact, we postulate a gauge invariance under
local Z transformations of the link fields,

V, = Voexp(2ring/N) (23)

with n, € Zy. The new kinetic term is already invariant
under this gauge transformation. The topological term,
however, is not; it transforms as

exp(2zig,) v exp(2xig,) H exp(2zing/N).  (24)
‘ep

To fix this, we further introduce an external plaquette
field b, € Zy with a gauge transformation rule chosen to
precisely compensate for the noninvariance of g,,. Thus, if
instead of (23) we postulate a gauge invariance under the
combined transformations

V, > V,exp(2ring/N),
by > b,+> ng (25)

Zep

then the topological charge density can be made invariant
by modifying it to

exp(27ig,) = exp(2xig,) exp(—2xib,/N)  (26)

Thus, with the action S = S, — 0> q, we have suc-
ceeded in coupling the theory to background fields for the
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PSU(N) symmetry in a totally gauge invariant manner.
The question now is whether the partition function

Z|V.b,0] = / DPexp(=Sy[P, V] +i0Q[P,V,b])  (27)

is still 2z periodic in 6.

The answer is no. This is because in the presence of
the PSU(N) background gauge field, the gauge-invariant
topological charge Q = > » qp 18 in general quantized not
in units of 1 but in units of 1/N, so that the period of the 0
dependence is in general enlarged to 2z/N. More precisely,
we have

exp(27iQ) = exp(27iQ) exp(—2ziB/N)
= exp(—2#iB/N), (28)

(we have written B = » b,) and this phase factor, which
for arbitrary b, can be any Nth root of unity, is precisely the

factor by which the partition function is changed upon a
shift of @ by 2x:

Z[V.,b,0 + 2x] )

A exp(—2ziB/N). (29)
As already mentioned, the C invariance at € = 7 depends
crucially on the topological charge being an integer, and
so gauging PSU(N), which fractionalizes the topological
charge, explicitly breaks C invariance at 8 = x.

A nearly verbatim discussion applies to the
Grassmannian model, to which we now return. However,
the topological charge is not simply given by the Berg—
Liischer formula (19). In this case, it is convenient to write
the projector valued field as P, = ¢,¢,", where ¢, are
N x k complex matrices, such that ¢,’¢p, = 1,. The k
columns of ¢ specify a k-dimensional subspace onto which
P, projects. In this notation, the natural generalization of
the Berg—Liischer 6 term to this case is given by

exp(Zﬂ'iqp H |det¢x ¢) (30)

ey | detd ey

(See Appendix B for a derivation.) Note that for k = 1, the
determinant is the same as the trace, and therefore this
reduces to Eq. (19) for CP(N — 1).

With the correct definition of the topological charge in
hand, we can now detect the mixed anomaly between 27z
periodicity in @ and PSU(N) symmetry as before. We
introduce an SU(N) link field V, and a Z plaquette field
b, and modify the kinetic term to (21), and the topological
charge density to

exp(27iq,) = exp(2ziq,) exp(—2zikb,/N), (31)

where

det,f

H [deth, TV

(xy)ep

xy¢v

exp(27ig,) = o
xyPy

(32)

We note that in the last exponent of (31), the factor of k
appears because of the determinant of k x k matrices
in (30). After literal repetition of the preceding argument,
we find

Z[V.b,6 + 2x] :
—— = —2mikB/N). 33

g - eRRmkB/N). (33)
We note that the anomalous phase for the Gr;(N) models is
k times that of the CP(N — 1) model.

B. Lattice gauge theory formulation

We have given one lattice formulation of the two-
dimensional Gr;(N) model that explicitly exhibits the
anomaly, but we wish to emphasize that the anomaly
was inevitable given that the symmetries were realized
onsite. Thus, in this subsection, we present a different
lattice regularization in which the same is true. It is based
on the continuum action

s — /d2x|a p-ga s+l /TrdA (34)
where ¢ is a N x k complex matrix—valued scalar field
satisfying ¢'¢p = 1;, A, is a U(k) gauge field and we use
the notation |M|*> = TrM™M for matrices M. (The gauge
field is auxiliary and can be trivially integrated out to
write the action entirely in terms of ¢.) The relation to the
projector-valued field P is s1mp1y P = ¢g'.
The standard discretization' on a square lattice gives

S==pY Trp U, —i0> g, (35)
{xy) P

where the ¢, are complex N x k matrices defined onsites
such that ¢, "¢, = 1, the U, are elements of U(k) defined
on links, and the topological charge g, in a plaquette p is
defined by

[T detv, (36)

‘ep

exp(2ziq,) =

By taking the product of this last equation over all
plaquettes, we clearly see that Q = ¢, is an integer.
Moreover, it is clear that g, has the right continuum limit,

'For CP(N — 1) an alternative discretization via the modified
Villain formalism was given in Ref. [56], which can be shown to
also explicitly exhibit the anomaly.
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using the correspondence det U, (x) — exp(aTrA,(x))
(a is the lattice spacing). For CP(N — 1), this reduces to
the definition used in [81]. The lattice action has a gauge
symmetry under

¢x = ¢xux’ UXy = uXTU u (37)

XY=y

where u, € U(k). It also has a global symmetry under

¢x = U¢x’ Uf = Uf’ (38)
for v € SU(N). But for v in the center of SU(N), i.e.,
v = exp(2zin/N)1y, this transformation is equivalent to a
gauge transformation with u, = exp(2zin/N)1;, so as
before the true symmetry group is PSU(N). Finally, we
have charge conjugation, which acts as

C: ¢, ¢,*, Uy~ Us. (39)
In particular, we have C:g, + —¢q, so C invariance is
manifest at @ = 0 but not at d = x, as before.

The demonstration of the anomaly here more or less
follows the same lines as the above. We introduce an
external gauge field for the PSU(N) symmetry via a pair
consisting of a link-field V, € SU(N) and a plaquette-field
b, € Zy with the gauge transformation rule

Vi > vaxyvyT exp(2zin,,/N),
by > b,+ > ng (40)

452

where v, € SU(N) and n, € Z. These background fields
may be coupled to the dynamical fields in a gauge-invariant
fashion as follows. We replace the kinetic term by

Z Tr¢xT ny¢y ny ’ (4 1)

(xy)

which is invariant under the transformation (40) of the
background fields combined with the following transfor-
mation of the dynamical fields:

¢y > vy, Uy, — Ugexp(2ring/N). (42)

The nontrivial transformation rule for U, then forces us to
replace the topological charge density by

exp(27ig,) = exp(=2zikb,/N) [ [ detU,. (43
‘€p

Taking the product of the last equation over all plaquettes,
we get

exp(27iQ) = exp(—2zikB/N), (44)

from which the same anomaly (33) follows.

V. CONCLUSION

Anomalies have long been a powerful way to probe
nonperturbative aspects of QFTs. For lattice regularizations,
they imply constraints on the way anomalous symmetries
may be realized. Indeed, a QFT with an anomalous sym-
metry G is such that G cannot be gauged; the same must be
true for any symmetric lattice regulator thereof.

In this work, we have explored the connection
between discrete anomalies and lattice regularizations
for a class of NLoMs with target space given by the
Grassmannian manifold Gr;(N), which includes the well-
known CP(N — 1) models as the case with k = 1. These
models have a mixed anomaly between PSU(N) and C
symmetries. [39,67,77-79].

The question we have tried to address in this work is:
What do these anomalies imply for constructing a sym-
metric lattice regulator? Generally, it is thought that an
anomaly in a symmetry implies that on the lattice the
symmetry cannot be realized onsite, because then one could
always gauge the symmetry by introducing appropriate link
variables. However, this is incorrect—there is also the
possibility that the anomaly is explicitly reproduced on the
lattice. This can be surprising, since it is often remarked
that “there are no anomalies on the lattice.” Indeed, one of
the most well-known early constructions of the € term in
the (1 4 1)-dimensional CP(N — 1) NLoeM due to Berg and
Liischer [65], already exhibits this mixed anomaly between
PSU(N) and C, as we have demonstrated in this work.

We also noted that in some cases, strictly speaking, there
is no anomaly but a more subtle scenario referred to as a
“global inconsistency” [39,68,69]. In such cases, we argued
that the usual no-go theorem gets modified and presents a
new kind of obstruction, which prevents us from finding
lattice regulators with manifest onsite symmetry for the two
points of global inconsistency that can be continuously
connected to each other.

Of course, it is possible that the anomalous symmetry is
realized offsite, in which case it is not possible to gauge it in
the usual way. This is another way that an anomaly may be
reflected in a lattice regularization. We demonstrated
this possibility by constructing a new regularization for
the Gry(N) NLoM with a @ term, using the D-theory
formulation. This regularization uses SU(N) spins as
fundamental degrees of freedom with local antiferromag-
netic interactions on a two-dimensional spatial Ly x Ly
lattice. In the large-representation limit, the low-energy
limit can be shown to be that of (1 + 1)-dimensional
Gry(N) NLoM for a fixed Ly. Extending on recent work
for the O(3) NLoM [31], we argued that a similar con-
struction allows us to obtain the obtain continuum limit of
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the Gr;(N) NLoM at arbitrary nonzero 6, by keeping yLy
fixed as we take the Ly — oo limit.

For the CP(N —1) models, this provided the first
completely sign-problem free lattice regularization of the
0 vacua [7,31]. In the case of SU(N) antiferromagnets in
the (k, p) representation with k # 1, efficient sign-problem
free algorithms are not known. Even though a direct
numerical confirmation of our regularization is currently
limited due to this, it is interesting to note that the sign-
problem in SU(N) (k, p) antiferromagnets in general is of a
totally different character than the conventional Berg—
Liischer 0 term. After all, (k, p) SU(N) antiferromagnets
have a sign problem even at # = 0. Changing 6 by adding
staggered couplings does not make it more severe. This
suggests that if an efficient algorithm for SU(N) antiferro-
magnets with k # 1 representations can be found at 8 = 0,
we would also automatically have a sign-problem free
approach to arbitrary nontrivial € for the entire class of
Gr;(N) NLoM.

The discussion of anomalies and lattice regularizations
presented in this work is especially relevant in the context
of four-dimensional Yang—Mills theories. Indeed, at
0 =n, pure SU(N) Yang-Mills theory exhibits a
mixed anomaly involving time-reversal and center sym-
metry [39] that is quite analogous to the anomaly studied
here. There already exist proposals for qubit regulariza-
tions for Yang—Mills as quantum link models [6,15],
while the conventional lattice regularization admits a
topological construction for the 6 term [66]. There seems
to be a parallel discussion to be had in these cases. We
leave this for a future publication.
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APPENDIX A: PARAMETRIZATIONS OF THE
GRASSMANNIAN MANIFOLD

The Grassmannian Gry (N) is the manifold parametrizing
k-dimensional subspaces of a N-dimensional complex

vector space. Operationally, it can be defined as follows.
On an N-dimensional complex vector space, we pick a
reference k-dimensional hyperplane K. Let the hyperplane
K, be represented by k-orthonormal complex vectors
Ko =[Zi, ..., Z]. We may then denote the k-dimensional
plane with the projector matrix

Py = [Z0)(Z1] 4+ 4 [Zi) (Zil- (A1)
Now, we may get any other k-dimensional hyperplane by
performing an arbitrary U(N) rotation,

k
Por> P =UPU" =) |Uz)(Uz|.  (A2)
i=1

However, note that any unitary performed in the subspace
K orthogonal to K, will not yield a new hyperplane.
That’s U(N — k) worth of unitaries which leave Py, invari-
ant. Moreover, any unitary in the subspace K, will only
change our choice of reference vectors 7, ..., Z;, but will
not change the hyperplane they define. That is another U(k)
worth of unitaries. We say that U(k) x U(N — k) is the
isotopy group (or the little group) of the reference
vector P,. The elements of U(N) that actually generate a
new hyperplane are

U(N)
U(k) x UN — k)

(A3)

which is the precisely Grassmanian manifold Gry(N).

We can easily see from (Al) and (A2) that P satisfies
P2 =P = P*?, and TrP = k. Therefore, the Grasmannian
manifold can also be defined as the set of N x N complex
matrices such that
Gri(N) ={PeMy(C):P> =P =P, TrP =k}. (A4)
We note that Read and Sachdev [70] use the parametriza-
tion in terms of Q variables, where P =1 (1 + Q), such
that Q is a Hermitian N x N matrix with Q> =1 and
TrQ = N — 2k.

We can also represent the k vectors Z; as the columns of a
N x k complex matrix ¢ matrix such that ¢'¢p = 1,, which
allows us to rewrite Eq. (A1) as P = ¢p¢p". Note that if the
Gr(N) field theory is written in terms of the ¢ (or Z;) fields,
we must add a U(k) gauge field to account for the
redundancy in the choice of reference vectors Z;:

Z= / DPeSIPl = / DD DAe~S 194741 (A5)

It may also be useful to point out that the conventional
formulation of the Gr(2) = CP(1) or the O(3) model in
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terms a real unit vector 7 [as in Eq. (7)] is related to the
projector formalism by

1

=5 (1,+n-6), or n=Tr(Po). (A6)
Note that charge conjugation P + P* sends

(ny,n,n3) > (ny, —ny, n3), (A7)

which differs from the given in Eq. (4) (7 — —7i) by an
additional z-rotation about the second axis.

APPENDIX B: SOME PROPERTIES OF THE
BERG-LUSCHER LATTICE 6 TERM

In this section, we discuss some properties of the Berg—
Liischer lattice 6 term and provide its generalization for
Gr,(N) fields.

It will be convenient to use the redundant parametriza-
tion of Gry(N) by N x k complex matrices ¢ satisfying
¢'¢ = 1,. In this notation, the Berg—Liischer @ term for
CP(N = 1) = Gr{(N) reads

exp(2ziq,) =

H (d)m ¢v) , (Bl)

where in this section we use the notation (.,.) for the
Hermitian scalar product of vectors. We see that
exp(2riq,) takes the form of a product of link variables
in U(1) around the boundary of p. Thus, in taking the
product of this equation over all positively oriented pla-
quettes, the link variables cancel in pairs, so that

exp(27iQ) = Hexp(Zﬂiqp) =1L (B2)

Hence, the total topological charge Q is an integer.

We can now easily address an issue which was elided in
Sec. IV. There, background SU(N) link variables V, were
introduced, and the topological charge g, got replaced by
4, which depends on the V, as in (22). An important
property of g, (which was not explained in the main text)
is that O = Zp g, be integer-quantized. We can now
clearly see that this is so, as we can rewrite (22) in the
new notation as

exp(2zig,) = (B3)

¢X’ V.X\ ¢W
Al ovoa

Let us now find the generalization of (B1) for the Gry(N)
model. We first note that it is possible to realize Gry(N) as a

submanifold of the complex projective space P(AF CV) x
CP(} — 1) via the Pliicker embedding, which is given by

Gri(N) — P(AF CV)

21,z [ A Az (B4)
Here z;, ...,z is a set of orthonormal column vectors in
CV, so [zi, ..., 7] denotes the k-dimensional subspace of

CV generated by these vectors, and [z; A - - A z;] denotes
the I-dimensional subspace in AX CN generated by
LA A 2

This embedding is helpful here because it allows us to
define the topological charge of a Gry(N) field by mapping
it to a P(A* CV) field and then using the definition of the
topological charge for P(A% CV) fields. To see the validity
of this claim, consider a P(A* CV) field ® of the form
® =7y A--- Az with (2, z;) = §;;, which by the Pliicker
embedding corresponds to a Gry(N) field ¢ = (24, ..., 2¢)-
Then the topological charge Q of ® as a P(AF CV) field is
given by

2mQ = / d(®, dD)

:/d(z1/\---/\Zk,d{zl/\~~-/\zk})

k
—/d (I A A A AdZ A LA )
Jj=1
k
/d (zj,dz;)
j=1
- / dTr' dep. (B5)

In the fourth line, we have used the formula for the scalar
product in A¥ CV induced by the standard scalar product
in CV:

(Z] N N Zg, W AN e /\Wk> :detij(zhwj)- (B6)
The last line is just the topological charge of ¢ as a Gr(N)
field. Our claim is thus proved.

Back to the lattice, we see with the help of formula (B6)
that the Berg-Liischer definition (B1) (replacing there
CP(N — 1) by P(A* CN) and ¢, by ®,) gives the desired
definition of the topological charge for lattice Gry(N)
fields ¢, as

(B7)

detgp,
exp(2rziq,) = H | P 9y

detp, |

(xy)ep
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For completeness, we note that it is possible to give an
expression in terms of the projector-valued field P,:

_ Tr AR P AR P AR P,
C|Te AR P AR P ARP

exp(2ziq,) (B8)

where AF P is the operator on A¥ CV induced by the
operator P, on CV,

APPENDIX C: CONTINUUM PRESENTATION OF
THE Gr;(N) MODEL ANOMALIES

This appendix reviews the continuum presentation of
the mixed anomaly in the two-dimensional Gry(N) model
between PSU(N) symmetry and charge conjugation C [67],
which the lattice presentation in the main text mirrors
closely. The analysis is very similar to that of the two-
dimensional CP(N — 1) model [39,77-79].

We shall work with the continuum action

S—/|d¢—¢a|2+£/Trda.
2n

To detect the mixed anomaly, we shall need to activate a
background gauge field for the PSU(N) symmetry, which
can be regarded as a pair of fields consisting of a U(N)
gauge field A and a U(1) 2-form gauge field B that satisfy
the constraint NB = TrdA [82]. (In our conventions, B is
pure imaginary.) This pair transforms under a generalized
gauge transformation of the form

(C1)

A gAg' + gdg™' + 21y, B B+dl (C2)
where ¢ is a U(N)-valued function and 4 is a U(1) 1-form
gauge field. To couple these background fields to the
dynamical fields in a gauge invariant fashion, we replace

the action by

S:/|d¢+A¢—¢a|2—i—%/Tr(da—Blk). (C3)

This is invariant under the transformation (C2) of the

background fields provided we also make the following
transformation on the dynamical fields:

¢ — go, ar>a+ Al (C4)

It is now straightforward to find that the partition function

in the presence of the background fields satisfies

Z[A,B,0 + 2z] = Z[A, B, 0 exp(k[B), ~ (C5)

which indicates a mixed anomaly between the PSU(N)

symmetry and the 2z-periodicity in 6. An important

dynamical consequence of this result is that the theory
cannot be trivially gapped for all values of 6 € [0, 2z].
To go further, we consider the charge conjugation
symmetry at = 0, z. Charge conjugation acts by complex
conjugating all fields:
C:¢p—¢*, ara*, A—A*, Br—B*. (C6)
But in the action, complex conjugating the fields is
equivalent to reversing the sign of 6; i.e.,
S[¢*, a*, A*, B*,0) = S|, a,A, B, —0)] (C7)
Thus, at @ = 0, charge conjugation leaves the partition
function invariant, while at 6 =z, it is equivalent to
shifting @ by —2z, which by (C5) causes the partition
function to pick up the phase factor exp(—k [ B):

> Z[A, B, = 0],
> Z[A, B, 0 = n]exp(—k [ B).

_ (Z]A.B.6 =]

{ (c8)
Z|A,B,0 = 7]
From this, we see that at = 0, there is no anomaly, while
at @ = z, there may or may not be an anomaly. The reason
we cannot yet conclude that there is an anomaly at 8 = 7 is
that we have not yet considered the most general procedure
of gauging PSU(N). Said differently, we are free to add to
the action any gauge-invariant local “counterterm” depend-
ing only on the background fields. To have a genuine
anomaly, it must be impossible to choose a counterterm that
restores the symmetry.

Suffice it to say, the only candidate for such a counter-
term is of the form p [ B with p € Zy. If we therefore take
for the partition function

Z'=Zexp(p[B), (C9)
then we shall have
7'|A,B,0]— Z'|A,B,0]lexp{—2p [ B},
 {ZhBO- AR 2B, gy,
Z’[A,B,ﬂ]»—>Z’[A,B,7r}exp{—(2p+k)fB}.

Now, if there were a choice of p such that C invariance held
at both @ = 0 and 0 = =, that is, if there were an integer p
such that 2p =0 mod N and 2p + k =0 mod N, then
we would have kK = 0 mod N, which is a contradiction
(1 <k<N-1). In fact, with a slightly more detailed
argument [67], we find the following cases:

(1) If N is even and k is odd, there is no p that can
restore C invariance at = r, so we have a genuine
anomaly. To see this, note that if there were such a p
with 2p + k = 0 mod N, then since N is even, we
would have 2p + k even. But this would then imply
that 2p was odd, since k is odd—contradiction.

014507-13



MENDEL NGUYEN and HERSH SINGH

PHYS. REV. D 107, 014507 (2023)

(2) Otherwise, it is possible to choose p such that C
invariance is restored at € = z. Indeed,
(i) for N even and k even, choose p = N —%k,
(i) for N odd and k even, choose p = N —%k,
(iii) for N odd and k odd, choose p = (N — k).
But as we have already seen, we cannot repair C invariance
at @ = & without spoiling it at & = 0. In these cases,
therefore, while we do not have a genuine anomaly, we
do have a global inconsistency [39,68,69].
From this, we can make the following inferences about the
dynamics: In the cases with a genuine anomaly, the theory
cannot be trivially gapped at @ = z. In the cases with global
inconsistency, there must exist some value of 6 € [0, z] at
which the theory is not trivially gapped.

APPENDIX D: THE Gr,(N) MODEL FROM
AN SU(N) SPIN CHAIN

In this appendix, we show that the two-dimensional
Gry(N) model with a @ term arises as the large distance
effective field theory of the antiferromagnetic SU(N) spin
chain (see Fig. 4) given by the Hamiltonian

H=J_)" Sh(n)S§(n)+ 7. S(n)Sh(n+1). (DI)

where the % and S'/‘; are the SU(N) spin operators in the

(k,p) and (k, p) representations, respectively. (By the
(k, p) representation, we mean the representation corre-
sponding to the rectangular Young tableau with k rows and
p columns.)

For J, =J_, this was studied in Ref. [70], and in
particular the result & = zp was found. Our goal here is to
show that by staggering the couplings, one should be able
to achieve arbitrary values of 6. This derivation generalizes
a similar derivation for the CP(N — 1) model in appendix B
of Ref. [83].

1. Coherent states

Introduce N x k harmonic oscillators
[a®, aly] = 535, (D2)

where a,p=1,....N, i,j=1,....,k, to represent the
SU(N) spin operators by

Sh=al a. (D3)
J_ J_
Jy Jy Jy

FIG. 4. One-dimensional SU(N) Heisenberg antiferromagnetic
chain with staggered couplings. The even and odd sites have
conjugate representations of SU(N) as shown in Fig. 1, and the
bonds have alternating strength J, = J(1 £ 7).

The (k, p) representation of SU(N) is given by the sub-
space on which

(D4)

o= (k!)_%aj-lal e aj‘kakeil'”ik¢all e ¢akk
(Ds)

satisfies [N/, ®] = &/, so that ®|0) belongs to (k, 1). More
generally, we have
N/, @] = palar, (D6)

so that ®”|0) is in the representation (k, p).
We define coherent states for the representation (k, p) by

#) = (p!)207|0), (D7)

where ¢ is required to satisfy ¢'¢p = 1,. It can be verified
that these satisfy the following properties:

D¢ = det( ). (D8)
(BISlp) =2 (99", (D9)
/ a9\ 4] =1 (D10)

Let us now compute the coherent state path integral
representation for a single spin (k, p) with Hamiltonian

H= J;Sg. The transition amplitude for infinitesimal

imaginary time interval 67 in the coherent state basis is
given by

(@()|(I = 6cH)|¢(z — 67))

= (#(@)|p(z - 67)) = 6c({p()|H|p(z - 67)).  (D11)

The second term simply gives 7 J%(¢p¢")’,, while the first

a’

term gives

(#(1)|p(z = 67)) = det[p(7)"¢(z — 67)]7
~ det[1 — 5z¢p(7) 0,9 (7)]?
~ [ = 6tTrg () 0.¢(7)]”

~ 1 — pstTrg(t) 0.4 (7). (D12)
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We thus find the coherent state path integral Tre ¥ =
[ eSD¢pDp" where

L = pTe(¢'o.g) + 2I5(g4"V,. (DI3)

We will also need the coherent states for the conjugate
representation (k, p). Thus, we introduce an additional set

of N x k harmonic oscillators,

@', ay;] = 836, (D14)
in terms of which SU(N) spin operators may be given by
4= —a'"ay,. (D15)

The corresponding coherent states |y) are defined analo-
gously to (D7) and they satisfy the properties

#7) = det(7'7)r. (D16)
@S517) = =2 0oy (D17)
[winw ~1m@p.  ©)

The coherent state path integral for the single spin
Hamiltonian H = J{”,S; is obtained in the same way as
before, and one finds the Euclidean Lagrangian

p a
L=—pTr(y'oy) - EJQWT) 5 (D19)

Note that this is simply the negative of (D13).

2. Large distance effective field theory

Returning now to the spin chain (D1), we obtain via the
coherent state path integral the Euclidean Lagrangian

L= Tr(ph, 0cpy = pxn'ocs)

2 2
p ¥ p
- 2l i ) el (D20

We note that for J, = J_ this Lagrangian is invariant under
the offsite transformation
(D21)

¢n'_>)(n*v )(n'_>¢n+l*v

which we shall later interpret as charge conjugation. To
obtain the large-distance effective field theory, we expand
about a slowly varying Néel configuration by writing

(D22)

1
2

o= [+ LR 9 et (023

Here, ¢(x) is taken to be a slowly varying background, e(x)
a rapidly varying fluctuation, and we have introduced the
continuum coordinate x = an, a being the lattice spacing.
Inserting this into the Lagrangian, and keeping only terms
at most second order in € and 0, we find

P’ , 2 P 2
al = 2 J|D.g| “‘ﬁ(f— +J4)lel
2
~Tr {e* (’]Z—z al D+ pD,gb)}

oG sno):
aJ+Dx¢ pD‘[¢ €l

2 (D24)

where D,¢ = 0,¢ — ¢(¢'0,¢). Integrating out the fluc-
tuation field e yields

2 2
p? I J. , 1k )
L=a= D - D
CET i, Pt T 1P
t  eTr(D, "D, ). D25
+pJ_+J+e 1(D,¢"D, ) (D25)

This is the continuum Lagrangian of the Gry(N) model
with coupling given by

1 |
— = =—pl(l-y)(1 : (D26
=Py =Pl =nEnE (D26)
with a @ parameter given by
0=2 Iy (1+47y) (D27)
=2ip———F =1 ,
PJ_ nya p 4

where we have introduced the staggering parameter y
by J./J_=(1+4+7y)/(1=y). For y =0, we recover the
result @ = zp obtained in Ref. [70]. Thus the presence of
the lattice symmetry (D21) exactly coincides with the
presence of charge conjugation symmetry in the effective
field theory.
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