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Locally constant crossed field approximation (LCFA) is a powerful tool for theoretical and numerical
studies of various strong field quantum electrodynamical effects. We explore this approximation in detail
for photon emission by a spinless particle in a strong time-dependent electric field. This kind of
electromagnetic fields is of particular interest, because, in contrast to the comprehensively studied case of a
plane wave, they are not crossed. We develop an approach for calculating photon emission probability in a
generic time-dependent electric field, establish the range of applicability of LCFA, and calculate the

corrections to it.
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I. INTRODUCTION

Compton scattering has already been studied for almost
100 years since its discovery in 1923 [1]. However, the
interest in theoretical [2-18], numerical [19-26], and
experimental [27-33] research of this process has lately
significantly increased (see also the recent reviews [34,35]).
The reason is the appearance of a new generation of
powerful laser facilities, such as Astra Gemini [36] in
the UK, Hercules [37] in the USA, Apollon [38] in France,
ELI Beamlines [39,40] in Czech Republic, ELI NP [41,42]
in Romania, CoRELS [43] in Korea, SULF [44] in China,
and PEARL [45] in Russia (see the recent review of the
existing and forthcoming petawatt-class lasers in Ref. [46]).

These lasers are capable of producing strong fields with
dimensionless strength

eEO
ay = ——

> 1, (1)

maw

where —e, m are the electron charge and mass and £ and @
are the electric field amplitude and frequency (we use such
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units that the speed of light ¢ and Planck constant 7 are
equal to unity). In such a field an electron absorbs many
photons while it radiates, and this regime is called the
nonlinear Compton scattering (NCS).

Upon the condition (1) NCS can be used as a bright
source of gamma rays [47-53], which have a great number
of potential applications, in particular in nuclear spectros-
copy [50,54] and medicine [55,56]. A fundamental physics
effect based on NCS is QED cascades [57-70], which are
avalanchelike processes developing when hard photons,
recurrently emitted due to NCS, are in turn converted into
electron-positron pairs in the same strong field.

The usual Klein-Nishina description of the Compton effect
[71] s valid only if the electron interacts with a single photon
from the external field, thatis, if ¢, < 1[72]. Inthe nonlinear
regime (1) one has to take into account the interaction with an
arbitrary number of photons. This can be accomplished
analytically only if a complete set of analytical solutions to
the Dirac equation in the external field is derivable [73].

This approach has two issues. First, the Dirac equation
admits analytical solutions only in a few particular over-
simplified cases of external electromagnetic fields, such
as the Coulomb, constant uniform, and plane wave fields
[74-76], while the field configurations encountered in
realistic laser-matter interactions are much more intricate.
Second, even if such solutions can be constructed, the photon
emission probability is represented by multiple-fold integrals
over them, which are very challenging for calculations.

Fortunately, if the field is as strong as in (1) (formulation
of more precise conditions is one of the goals of this paper),
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then both issues can be overcome by using the locally
constant crossed field approximation (LCFA) [72,77]. The
essence of this approximation is that (i) the formation scale
of NCS ~ 1/ay is so small that an external field can be
considered as constant over it; (ii) the electron in such a
strong external field is typically ultrarelativistic, so that it
perceives the field in a proper reference frame as almost
crossed (|E* — B?| < E?, |EB| < E?). Because of (i) and
(ii), the emission probability in an arbitrary strong field is
about the same as in a constant crossed field (CCF) [72,77],
which depends on the Lorentz invariant quantum parameters

ey/~(FP")? /

e/~ (F,,P")?

T
e/ —(F, k")?
2 VT 2
m

containing the values of the electromagnetic tensor F*(x)
at a local position of the electron. Here P# and P'# are the
kinetic four-momenta of the electron before and after the
emission and k* is the four-momentum of the emitted
photon.

Photon emission probability in a CCF [72,77] is quite
handy and is implemented in the numerical codes, e.g., in
EPOCH [78], osIrIS [79], and sMILEI [80] (see also the
review [81] on the numerical implementation of strong field
QED processes). However, this approach relies on LCFA,
which has a limited range of applicability. For example, it
always fails for soft photon emission (small x’s), as well in
the wings of laser pulses (where ay, < 1). Therefore, it is
very important to determine the limits of applicability of
LCFA precisely, as well as the corrections to LCFA when
approaching or even going beyond these limits.

LCFA has been proven to be reliable in a strong field
limit for some specific external field configurations, nota-
bly for a monochromatic plane wave [72,77] and magnetic
fields [82]. It was also investigated for certain fields close to
a plane wave, such as focused laser beams [5,15]. However,
the list of potentially interesting field configurations is much
wider. In particular, colliding laser pulses produce standing-
wave-like fields that are more favorable for QED cascades
onset than a single pulse [57,58,62,64,66,70]. In an electric
field antinode of the standing wave the magnetic field
vanishes, and a purely time-dependent electric field serves
a model capable for quantitative estimates [58,60,63].

The corrections to LCFA in a plane wave were consid-
ered in [8,21,83] (see also [84] for an alternative approach
based on accounting for variation of the curvature of the
classical electron trajectory), and in [85] they were calcu-
lated in a pure magnetic field. Furthermore, since the
corrections were found to diverge in the limit x — 0, the
authors of Refs. [8,21] suggested the extensions of LCFA
for plane-wave-like fields to restore a reasonable agreement
with the exact result in the whole range of the emitted

photon energy. Besides, a recently developed locally
monochromatic approximation [13], which works well
for sufficiently long but not necessarily strong plane wave
pulses, was shown to reduce to LCFA in a strong field limit.

However, it is worth emphasizing that, as of now, a
rigorous derivation of LCFA in a general setting is still
missing. Moreover, sometimes the validity of LCFA for
strong fields is even doubted in general or questioned for
particular configurations of external field (see, e.g., [2,10]).
This is of both fundamental and practical importance, the
latter because of the mentioned extensive implementation
of LCFA in the modern numerical codes.

Here we investigate NCS in a uniform time-dependent
electric field with a focus on the validity of LCFA. The
particular case of such a configuration, a uniformly rotating
electric field, was considered in Refs. [2,7] (see also [3.,4]).
Note, however, that the NCS probability in [7] was
considered for a particular initial condition only, which
restricted the analysis in this case. On the contrary, our goal
is the calculation of the NCS probability in a generic time-
dependent electric field and for arbitrary initial conditions.
This allows one to establish a range of applicability for
LCFA, as well as to calculate the corrections to it. Note that,
unlike [83], our approach resolves the corrections to LCFA
over the emission angles.

For the sake of simplicity and clarity, here we restrict our
consideration to a field, which is periodic in time and is
confined to a plane (the uniformly rotating electric field
is a particular example of such a configuration). Also, to
avoid technical complications from the Dirac gamma matri-
ces algebra, we present our method for scalar QED.
Generalization to standard spinor QED is straightforward
and will be reported elsewhere.

We start with a general consideration of the NCS in scalar
QED in Sec. II. Since the Klein-Gordon equation cannot be
solved exactly in an arbitrary external time-dependent
electric field, we focus on Wentzel-Kramers—Brillouin
(WKB) solutions and show their validity for the field strength
of typical interest for this process. Next, we derive the LCFA
probability distribution for photon emission by a scalar
particle in Sec. IIl and establish its conditions of applicability
in Sec. IV. Section V includes the discussion of the
corrections to LCFA as well as testing our analytical results
against the numerical calculations for the particular case of a
uniformly rotating electric field. The total emission proba-
bility is considered in Sec. VI, and the conclusion is given in
Sec. VII. Technical details are collected in Appendix A, and
the derived analytical expression for the second-order
correction to LCFA is presented in Appendix B.

II. PHOTON EMISSION BY A SCALAR PARTICLE
IN A TIME-DEPENDENT ELECTRIC FIELD

Let us consider a spinless “electron” represented by a
scalar field @ interacting with an electromagnetic field.
Following [73], we split the total field into A}* = A, 4+ A,,
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where A, (x) is the quantized radiation field (representing
photons) and A, (@t) is a purely time-dependent background,
assumed periodic with the frequency . Scalar QED in such a
background is governed by the Lagrangian [86]

1 1
L = (D'®)*(D,®) - m>®+ @ — ZF’%" - Z]-"ﬁy,
where D, = 0, — ieA}}" is the gauge covariant derivative and
Fu=0,A —0,A,and F,, = 9,A, — d,A, are the respec-
tive field strength tensors. The interaction with the radiation
field is represented by the part

Liy = ieA(@TV,® — (V,0)T®) + ? A, AP D, (3)

where V, =0, —ieA, is the part of the gauge covariant
derivative including the external field only. The photon and
scalar fields are quantized in the Furry picture

A, (x) = /(zﬂ)f/—lzm(ckeﬂe_ikx + cfene™), (4)
o) = [ ooy + 5 @) (9

where k* = {k,k} and ¢ are the photon four-momentum
and polarization, respectively, k = |Kk|; p is the scalar particle
generalized momentum. By ¢y and ¢;f we denote the
annihilation and creation operators for photons, while a,,,
ay and by, b} stand for such operators for scalar particles and
antiparticles, respectively. The scalar field modes @, in
Eq. (5) are a complete set of solutions to the Klein-Gordon
equation in the external field A#

(VAV, + m2)®, (x) = 0, (6)

From now on, let us pass to the dimensionless time
variable ¢ without changing the notation, ot — t. As we
assume the background field is uniform, the gauge is fixed
by A¥(t) = {0,A(r)}, so that by substitution ®,(x) =
e, (1) Eq. (6) is reduced to

2
B)+ D gy0) =0, )
where
E(t) = \/PXt) +m2,  P()=p—-eAr) (8)

represent the energy and the kinetic momentum of the
scalar particle, respectively.

As Eq. (7) cannot be solved exactly in a general
background, we proceed further by applying the WKB
approximation. The WKB solutions read

C i [ I\ 4l
(£ o T GTu ) JEWdr (9)

As it is well known, this approximation is valid as long
as €2 > |€|, which in our case gives £ > ¢|EP|, where
E = —wA is the electric field. Taking into account that
& Z m,|P|, one concludes that the approximation (9) is
justified for arbitrary p if

m2

E<E,=—, (10)

e
where E, ~1.32x 10'® V/cm is the QED critical field
[87,88]. This implies that the external field should not be so
strong as to induce pair production from the vacuum. It is
fair to state that in the context of all practical applications of
NCS this restriction is so weak that it can always be taken
for granted.

Following [72,77], we normalize the wave function (9)
of the incoming particles to a particles density #, so that the
normalization constant C = /n for an incoming wave
function and C =1 for an outgoing one.

The scattering matrix element for the NCS to the leading
order reads

iT = <O|ap/cki/£imd4xa;|0>, (11)

where p and p’ are the generalized momenta of the scalar
particle before and after the photon emission.

Substituting Egs. (3), (4), (5), and (9) into Eq. (11) and
integrating over d*x, we obtain

T = (27)%e/nT 5(p — p' — k), (12)

where

T _ / eé[kt—fiw 5(t’)dt’+f:oo &(1)ar]

" L Pr(t) + PH(t) dt
N JEMEM) V2k

is the process amplitude; P*(7) = {&E(z),P(¢)}, P (1) =
{&€'(1),P'(1)}, and the primed quantities differ from Eq. (8)
by replacing p — p’ therein.

We can rearrange Eq. (13) by taking into account the
periodicity of £(7) and P(¢) in time. By introducing the
time-averaged energy

(13)

K, = / &(t)dr, (14)
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the exponent in the integrand in (13) is cast into the
following form:

(k — ICp + /Cp/)l‘

i

[0
. t t

—|—é |:— / g(l/)dl/ + ’Cpl + / gl(t/>dt/ - Kp’t:| s

where the term in the square brackets is periodic. Then the
total emission amplitude 7 is rewritten as a sum of partial
emission amplitudes M, each corresponding to an absorp-
tion of s photons from the external field:

s) . (15)

where the periodic part of Eq. (13) was expanded into a
Fourier series. Here,

2r k Ky K
T="0 Mies(—+—2-—"L2—
a)Z: u <w+ RO

and

W(t) = ——me, (17)

where the latter employs the relation e,(P* + P*) =
2e,Pr [T7].

The total photon emission rate is obtained by integration
and summation of the modulus-squared matrix element
(11) over the final states:

B dp' dk |,
W‘E/ @y @y

Since kﬂMé’ =0 on-shell, summation over polarization
states of the emitted photon is done by the usual sub-
stitution ) . €,e; — —1,,, where 7, is the Minkowski
metric tensor [86]. Thus we obtain

1 dw e’n
— = k
V, dk 47z2wR( )
kK Ky K
K)=-Y MJ*6(—+—L-"2_ 18
R(k) == _IM.| (w+w . ) (18)

where V, is the spacetime interaction volume.

Note that for %, le, ICpr > @ the summation over s in
Eq. (18) can be replaced by integration, which has an effect
of removing the § function:

R(k) =~ _M?M;w 5=

k+ K, -K

R TR (g
0]

Obviously, §> 1 has the meaning of the number of

“photons” absorbed from the external field.

III. LCFA IN A TIME-DEPENDENT
ELECTRIC FIELD

In what follows, we focus on the evaluation of M, and
R(k). As we discuss below, for a strong field the integrand
in Eq. (16) is a rapidly oscillating function. Therefore,
following the studies of the plane-wave case [72,77], we
calculate the integral over time using the stationary phase
approximation (SPA).

Let us solve the equation

Flto) < E(to) + k—E(ty) =0 (20)

for a (complex) stationary point 7, [obviously, Eq. (20)
looks like an energy conservation but not involving the
external field].

To that end it is convenient to decompose P = P, + P,
E =E, +E|, where the subscripts | and || refer to the
components that are transverse and parallel to k, respec-
tively. With this notation Eq. (20) explicitly reads

\/m2 + (P (to) — k)* + P (1) + k

—\fm 4 P10) + PR = 0. (21)

which simplifies to
P (1) = —m. (22)
Let ty = t| + it, (¢, , are the real and imaginary parts of

1o, respectively). Then, assuming ¢, < 1 (which is justified
a posteriori), we expand

P, (1o) %P, (1)) +ieE | (t)),/o — eE| (1) /20, (23)

and solve Eq. (22) iteratively by substituting this expan-
sion. At the leading order, the real part of Eq. (22) gives

P2 (¢
L 0:1+L21>, (24)
a| m
where
E (¢
aJ_:e J_( 1)’ (25)
mw
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and #; can be determined from the imaginary part of the
Eq. (22),

2

PL(fl)El(fl)N%EELUOEL(M)- (26)

To evaluate the integral in (16) we first shift the
integration limits (see the details in Appendix A) to get

M = I (t + t)el 04y, 27
277,'\/_ 1 ( )

Next, let us expand the exponent around the stationary
point 7, (assuming that both ¢ and #, are small) to the third
order,

G (t—it)3. (28)

f(t, +1) (t—ity)* +

“f(to)‘F@

Up to the leading order in a |, we have

2 3
f<z0>zf2=—“;f”, Flo) s =15 (29

so that [cf. (24)] t, = —if,/f3. Accounting for this, we can
rearrange the expansion (28) with the same accuracy as
follows:

[+ 0= fO1) = f(n) -2 +=—.  (30)

The reason we have to keep three terms in the expansions
(28) and (30) is that |f3/f>]| ~a; > 1, so that the second
and third terms are of the same order. As we show below,
f™)(ty) and higher-order derivatives are at most of the
order of « ai, and hence can be omitted in a leading-order
calculation.

Note that in deriving Eq. (29) we assumed that the
radiating scalar particle remains ultrarelativistic both
before and after the photon emission, and that it radiates
closely to the direction of its propagation, i.e., that
P> max{P ,m}, Ph > max{P’ ,m} (these conditions
will be analyzed in the next section). It is easy to see that
with such accuracy we also have

E(ty)a,w
prae o fae g
m m

By adjusting the integration contour in the complex
plane (see Appendix A) and expanding A* (¢, + t) around 7,
to the second order, the integral in Eq. (27) is evaluated to

1 (1. ,
My~ ——— < 25 () yAi
e { L A
i (2yy .
— W (1)) AT
+ () i)
1

- <2)f( > (1 1)Ai(y)}, (32)

where

and Ai(y) is the Airy function [89].
The resulting leading-order contribution to the squared
emission amplitude [see Eq. (19)] reads

o’ 200 \*3 .
RO = H ) AR(y)

2m%kyy x

+ (2)3( l>4/3<yAi2(y) +Ai'2(y))]- (34)

As expected, it coincides with the result in a constant
crossed field [72], which manifests the LCFA.

IV. LIMITS OF APPLICABILITY OF THE LCFA

To establish the limits of applicability of the LCFA, let us
recap and analyze one by one the approximations we had to
make in order to obtain for the squared emission amplitude
the expression Eq. (34).

(i) From the very beginning, we used the WKB
approximation to solve the Klein-Gordon equation
in an external field. As we have seen, this is justified
for subcritical electric fields [see Eq. (10)].

(ii) To evaluate the integral in Eq. (16), we expanded the
exponent f(¢) (as well as the preexponential 7*)
around the stationary point to the third order [see
Eq. (30)] and used the SPA. To justify this approxi-
mation, one has to check when the contributions
from the fourth and higher orders of such an
expansion are negligible.

The interval At (around f,), which contributes
to the integral in Eq. (16), is estimated from
|[f31(A) ~ 1 as

1 N\ 1/3
Ar~—<ﬁ> . (35)

Therefore, by considering

™ (1) =

3iad 2L [aldL_mall(g(tl)+g/(tl))
A a’ E(n)E(t) ’
(36)
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we conclude that the SPA applicability condition
|F™V)(2,)|(Af)* < 1 results in two inequalities:

1 2\ aa
_<)0(> i
aJ_ b 4 aJ_

2 \'3 ap mlE(ty) + E'(1))]
a1 1.

<z) o EnEm < B

To get an insight into their physical meaning, let
us for a moment set aside the geometrical factors
a,a,/at and aj/a,. Then the first condition in
Eq. (37) simply reads

& = S (21—)() v < 1. (38)

a| X

Notably, a similar constraint had been obtained in
Ref. [72] for the plane-wave case.! Since &, co-
incides with At [see Eq. (35)], Eq. (38) simply
means that the external field can be considered as
locally constant when the formation scale for the
integral in Eq. (16) is smaller than the field period.

The second condition in Eq. (37) (for now also
with the geometrical factor a|/a; omitted) leads to
the inequalities

29\ 1/3
&= - (”) <1,

E(ty) \ x
,oom (2p\13
om(e) <t o)

which restrict (from below) the Lorentz factors of
the charged particle before and after the emission.
By this, one ensures that the field looks as about
crossed in the reference frame of the particle during
the interaction. Such a condition could not appear in
the plane wave case, for which the field is precisely
crossed in any reference frame.

The geometrical factors a @, /a and aj/ay in
Eq. (37) can be large if a | , ay>ay, namely, when
the photon is emitted almost in parallel to the electric
field. In such a case, the original validity conditions,
Eq. (37), might be even stronger than Egs. (38) and
(39). We will explore the corresponding example in
Sec. V.

One may argue that the terms in square brackets
of Eq. (36) may cancel each other in some special
cases. As a result, the first correction to the phase

"The approximation used in Ref. [72] (in fact, the SPA as well)
was valid for #>> 1, whereas in our notations = ajx/(8xy’)
[see Eq. (40) in p. 512, p. 519, and Appendix B in Ref. [72]].

£© might become small even at high values of the
parameters (37). Nevertheless, we still conclude that
LCFA should fail for such cases, as the corrections
to the preexponential factor i* as well as higher-
order corrections to the phase are large (see the
explicit calculation of the corrections below).

(iii) The derivation assumes that the particle radiates
almost along its propagation direction, i.e., that
[P, (t;)] < P|(t;). Let us show that this holds
automatically under the already mentioned assump-
tions. Indeed, since the Airy function vanishes for
large argument, only the values y < 1 contribute to
the matrix element in Eq. (32). Therefore, we have

P (1) < <2)0/) v (40)

m x

By comparing this inequality with Eq. (39), we
arrive at £(1;) > P, (t,). In the ultrarelativistic case
E(t)) > m, this leads to Py(t;) > P, (t;).

V. CORRECTIONS TO THE LCFA

Next we turn to the corrections to the LCFA differential
probability rate. Specifically, let us focus on the squared
photon emission amplitude (19). As shown, in the leading
order the amplitude is given by Eq. (34). To calculate the
corrections, we recast the amplitude into the form

h(t) + 1) ef()ef(o()d’

MY
* 271\/

JNC(I)Zf(fo—lfz‘i‘f)—f(())(f), (41)
and expand h(t, + t) and exp[f(¢)] into powers of small ¢
and 1,, this time retaining higher orders. As in Sec. III, we
extend the integration limits to (—oo,00) (see also
Appendix A), so that the resulting integrals are reduced
to either Airy function or its derivatives (A5). This way the
squared emission amplitude (19) is represented as
R(k)=RO +RM + RE) 4., (42)
where R(? is the leading-order LCFA term as in Eq. (34)
and RUZY) are the jth-order corrections in small parameters

617 527 and 5/2

A. The first-order correction

When calculating the corrections, the stationary point
should also be found from Eq. (22) with higher accuracy.
For example, for the first-order correction, one should
expand P (7)) up to O(a7?). By doing so, for , = Imf,
we get
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] -

where 7 = P (#,;)/m. Notably, ¢; = Ret, remains unaf-
fected to this order. It is worth noting that the first-order
correction to the expressions (31) for y and ' also vanishes.

The second term in Eq. (43) corrects f(t,) and f(t),
which now read

Flto) ~ (1 +2 4 2)fz,

3 2
ftg) m (1 + vy + 1) f5, (44)
where
_eile (2P rar @y ,
a=olalay) Grrivera)
; 1/3
By noting that f™)(z) ~ v, f3/f, and
y 3/2
Ref(0) = Relf(1) - fO(0)] »5—.  (46)
we further obtain
y Y32
f(t)NE[Ul(VZ— 1)2+4U2r3], (47)

where r = (f3/f2)t = =it/ (&1\/Y)-

After substituting the following expansions:

s .
- - djhﬂ(t)t]
S0 1 1), Wt + 1) ~ ML
e + /(1) (t1 +1) T

into Eq. (41), one is in a position to calculate the integral
over t. By modulus squaring the resulting expression, we
finally extract the first-order correction:

R 12 o’ 2\ 43
3 2mlkyy \ x

- {SyAiz (y) 4+ 4Y*Ai(y)A'(y) + 4Ai”(y)

x \?3, ., : y
() ar) esaiaion]. )

Note that R(!) is proportional to the small parameter &, but
does not contain &, and &, which, however, appear in the
higher-order corrections, starting with R (%)

The above-described approach can be continued to
obtain systematically the corrections of any demanded

order. However, the resulting expressions (not to say, the
intermediate steps) turn out progressively more lengthy. For
this reason we only include final expressions for the second-
order correction R(? relegating them to Appendix B. Note
thatitis quadraticin &, &,, and &, thus substantiating them as
a complete set of expansion parameters in the problem.

B. Emission in a uniformly rotating electric field

Let us test the squared LCFA amplitude (34) and the
corrections to it, given by (42) and (48), against the
numerically evaluated initial semiclassical expression,
the latter obtained by inserting Eq. (16) into Eq. (19).
For brevity, we refer to the latter as the “exact” calculation.
To that end, we consider a particular case of the electric
field uniformly rotating in the xy plane:

= ap{cost,sint, 0},

and several cases of parameter selection. The results of the
calculations are presented in Figs. 1-3.

First, we set p oblique with respect to the xy plane (for
definiteness, let it lie in the xz plane) and assume p > may.
Notably, the kinetic momentum P(7) of the emitting particle
covers a conelike surface during the field rotation period. We
consider the emission probability rate of a photon with the
wave vector k = k{sin 6 cos ¢, sindsin ¢, cos 8} and ana-
lyze the dependence of R on the azimuthal angle 8 for ¢ = 0
(i.e., assuming that k also lies in the xz plane) and & is fixed.
Figure 1 provides such a dependence for different values of
ay. The particular choice of the parameters is given in the
caption to Fig. 1.

It follows from the numerical calculations that param-
eters &£; and &,, & are almost constant in the range of each
plot in Fig. 1. Moreover, for these plots &, and &, are small,
so we actually track the value of &; only.

In the case of the largest a, [ay = 200; see Fig. 1(a)] the
LCFA result R (almost) coincides with the exact
calculation. Here, one has &; ~0.046, so that the LCFA
works precisely as expected. For ay = 10 one has & = 0.26
and R deviates from the exact calculation as seen in
Fig. 1(b). However, with an account for the first-order
correction R a perfect agreement between the analytical
approach and the exact result is restored.

The case of ay =3 [see Fig. 1(c)] corresponds to
£, ~0.56. One can observe some discrepancies between
the exact calculation and the first-order result. But upon
including the second-order correction R (%), the shape of the
curve converges to the exact distribution.

Finally, for a, =1 [Fig. 1(d)], & =~ 1.17. In this case
accounting for even higher-order corrections is mandatory
to accurately reproduce the exact result.

It is interesting to note that, unlike R(l), the distribution
of R in Fig. 1 is symmetric. From a physical point of
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Squared emission amplitude R vs emission azimuthal angle € for various values of the field strength: (a) aq = 200,

(b) ag = 10, (c) ay = 3, and (d) ay = 1. In all plots: p = 200m{1,0, 1}, @ = 1073m, k = m, emission polar angle ¢ = 0.

view, the symmetry of the LCFA expression R(?) with
respect to @ (for a given fixed @) can be understood as
follows. The essence of LCFA is that the photon emission
is formed at a small time interval centered at t;, so that
variation of the vectors P(#) and E(7) is negligible. Under
such conditions the vectors P(#;) and E(z;) are the only
ones specific for the problem. If so, then radiation should be
symmetric with respect to the plane spanned by these
vectors.

When LCFA is violated, a broad interval of ¢ contributes
to the emission amplitude (16). Its central point #; may also
essentially vary with respect to the angles 8 and ¢. Due to
both reasons the mirror symmetry may break, as is seen in
the figures. We come back to this property in Sec. VI.

Now let us illustrate the accuracy of LCFA with regard to
the remaining parameters &, and &,. As already mentioned,
they are missing in the leading-order correction (48), but
show up in the expansion (42) starting from the second-
order correction R(?) onward.

Note that & > &, due to energy conservation, so that
smallness of &, should be enough to ensure the validity of
LCFA. Conversely, & = 1 should be enough for the LCFA
to fail. Let us consider the latter criterion in two particular
cases: (i) hard photon emission, when the emitted photon
carries away almost the entire energy of the radiating

particle, i.e., % ~ y > y'; (ii) emission of softer photon, for
which x <y ~y.

In case (i) we have ¥’ < y and the criterion £, = 1 can be
reformulated as

1 3/2
_/<_"i> > 1, (49)
X acr
where
m
== 50
ey = (50)

corresponds to ag for the critical field [see Eq. (10)].
In case (ii), ¥’ ~ y, large &, is achieved with

1o 3>}{,
X’ a(,'r ~

k

m a;
g/(tl) Acr “m

(51)
or equivalently
(52)

In Fig. 2 we show an example of the first case, namely,
hard photon emission violating the LCFA due to that the
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FIG. 2. Squared emission amplitude R vs azimuthal angle 0 for
ap = 2000, p =0, ® = 107 m, k = 1996m, polar angle ¢ = 0.

particle loses almost the entire energy so that the field
cannot be considered as almost crossed in the rest frame of
the particle after the emission. Here both parameters &; =~
& ~3x 107 are small, but & ~0.13 is such that the
corrections to LCFA are considerable. As previously, by
taking into account the corrections up to the second order,
we reinstate a good agreement with the exact calculation.

It is worth noting that the emission probability of such a
hard photon is small (see Fig. 2). Indeed, given that Eq. (49)
holds and y ~ x, the argument of the Airy functions in R/

1.x 10‘45000000000000000000\4 o
5.x107°f A
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e Exact

. R(O)
1 <106k RO+ RM 4R
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FIG. 3.

[see Eq. (33)] can be estimated as y > a,,./a; > 1, mean-
ing that the probability is exponentially suppressed.

Next consider the emission of a softer photon correspond-
ing to the condition in Eq. (52), which restricts from below
the energy £’ ~ £ of the particle. To illustrate this condition,
we choose p directed along x axis, so that it now lies in the
plane of the field. We set |p| ~ may and vary & from the
values satisfying Eq. (52) downward, so that £(¢,) ~ m for
certain emission directions k = k{sin @ cos ¢, sin 0 sin ¢,
cos6}.

First, let us consider the photon emission in the plane
6 = /2 of the rotating electric field [see Fig. 3(a)]. If the
photon is emitted along p (small polar angles ¢), then both
the particle energy £(7;) and the transverse component
a, (t;) of the field are large. Consequently, all the expan-
sion parameters &, &, & are small [see Fig. 3(b)], and
therefore the LCFA result coincides with the exact
calculation.

Next, let us study the case when the photon is emitted
transversely to p (¢ = z/2). The dependence of R on @ is
given in Fig. 3(c). It shows that the LCFA notably deviates
from the exact values. While all the parameters &;, &, &
remain relatively small, the geometrical factors in Eq. (37),
namely, a|/a, and |a,a,| /a%, appear to be large [see
Fig. 3(b)], as k is almost parallel to the electric field a. Note

> ‘ (b)
B $
»
v‘q‘ .
\'\
« . .
; JIeeettes
x ’ -
. §
.'.. g
04 0.6 0.6 -/
7.x1077
) (d)
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(a) Squared emission amplitude R vs polar angle ¢ at @ = z/2 for the emission direction k [inset: the same dependence on ¢

magnified in the range near ¢ = 0.5x]. (b) The expansion parameters [see Egs. (37), (38), (39)] vs ¢ for fixed 0 = z/2. (c) and (d) R vs
azimuthal angle 6 at ¢ = /2 and ¢ = =, respectively. For all the plots we set ay = 200, p = 198m{1,0,0}, ® = 1073m, k = 0.03m.
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that in this case the terms containing both &; and &,, &, [see
Eq. (B1)] contribute to the correction R,

Finally, assume the photon is emitted opposite to p
(¢ =~ ). This implies that k and P(7,) are (almost) parallel,
and since p ~ magy, one has &(t;) ~m. Therefore, for
certain values of k the LCFA breakdown condition in
Eq. (52) can be fulfilled. We show such an example in
Fig. 3(d). Notably, for this plot one has &(#;) < ma , so
that £; < 1. This means that in this case LCFA is violated
solely due to &, and &, approaching 1; i.e., the field can still
be considered as locally constant, albeit no longer crossed.

VI. TOTAL EMISSION PROBABILITY

Let us now briefly discuss the total photon emission
probability, which is obtained by integrating the distribu-
tion Eq. (18) over dk. In the present work, we consider only
the total LCFA probability and the leading-order correction
to 1t.

It is convenient to change the variables {k,, k,, k.} —
{u,z,t,;}, where )

X v :minﬂsign(a—é’). (53)

Note that for convenience we define 7z with an additional
sign(a — @) with respect to |z| defined after Eq. (43). Here
and in the following, we introduce the azimuthal and polar
angles (6,¢) and (a,f) for the vectors k and P(7;),
respectively, and the following additional notations: & for
an angle between P(z;) and k, n—between E(#;) and k,
{—Dbetween E(¢,) and x axis, and y—between E | (¢;) and
P, (1,) [see Fig. 4 for reference]. These angles are related as
follows:

FIG. 4. The electric field E, the momentum P(#,), its projection
to the (x,y) plane P, the wave vector k, and the angles involved.

sinacos(ff — {) = cosdcosn + sindsiny cos u,
cos 8 = cosacosf + sinasinfcos(f — @),

cosn = cos(p — {) sin6. (54)

Expressing k explicitly in terms of the new variables is
challenging. However, as long as the expansion Eq. (42) for
‘R is valid, it is enough to find such expressions only to the
same required order in £ parameters. For our first example,
consider the leading order obtained by inserting R(®) in
Eq. (34) into the probability Eq. (18). Correspondingly, we
keep the leading order in the variable change.

As the particles are assumed ultrarelativistic, we have
P (1) <P|(ty),la=0] < 1,[f—¢| < 1,and 5 < 1 and
can expand Eq. (54) in small arguments. It follows from
Eq. (26) that the term

ya,a,

sin d cos u ~ ==
H 51522 ai

0(£8). (55)

and therefore can be neglected. Thus we obtain

f—@=(a—80)cotacot(f—{) (56)

and

5%|¢9—a|\/1+coszacot2(ﬂ—C). (57)

With this, it is now possible to express the old variables
through the new ones explicitly as follows:

2

P
T+ wa,o

0 mt
T P/ +cos?acol(f—0)

o f— mz cotacot(f — ) (58)

P(1,)y/1+cos’aco?(f—¢)

This provides the Jacobian determinant of the transforma-
tion:

mzal

zP(z‘l)sinoc(l +u)? (59)

' (k. 0, p)
o(u,z,ty)

By taking into account that at the leading order 8 ~ a, we
arrive at the LCFA expression [72,77]

0~

/3

PYCEA(1))dly, (60)

Nl
T on

NIES

o —

where
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(s m
PLCRA(, ezm*n / du
27rP (1) 1+ u)

0 —P(t;)/m

Since P(t;)/m > 1, we can further extend the limits of the
integral over 7 to oo and evaluate it [72,77]. Thus we
obtain the spectral distribution of the emitted photon:

dPLCFA 2m2n
du

4P(1))

[Ail (z) + in’(z)] . (62)

where z = (u/y)*? and Ai(z) = [* Ai(y)dy.

Let us now consider the flrst order correction R(!
According to Egs. (48) and (45) it is proportional to the
scalar product

Ta, = |t|a; cosp,, (63)

where g, is the angle between P, (¢,) and E | (1;). Let us
introduce the angles ¢; between E(t,) and the x axis and 7,
between E(7;) and k. They satisfy the relation

sin@cos(p — ¢;) cos S + sinny sin §cos y;

=sinacos(f —¢;), (64)
which is analogous to Eq. (54). By using Eq. (63) in the
ultrarelativistic limit and taking into account that |a, | =
la(t,)| sinn, and Eq. (57), we arrive at

tla, (t)|cosa
sinny /1 + cos? acot?(f —{)
x [cos(p = £) — cot(p = ¢) sin(B - £))].

In virtue of (45) and (65), the first-order correction (48)
to the squared amplitude is odd in 7. This is the reason for
the asymmetric shape of the first-order correction in Fig. 1.
As the correction to the Jacobian determinant from Eq. (59)
is also odd, the first-order correction to the total probability
in Eq. (60) vanishes identically.

Another particular consequence of (65) is that RO s
proportional to cos a, meaning that it also vanishes if the
initial momentum p [hence also P(7;)] lies in the same
plane as the electric field.

~
~

de_

(65)

VII. CONCLUSIONS

We have calculated the probability distribution for photon
emission by a scalar particle in a strong time-dependent

u\i
d _
i (2)(>

a0+ (XY oare) Ao o

electric field, assuming the field is subcritical, periodic, and
planar. The result is represented by a power series in the
parameters &, &, and &, defined in Egs. (38) and (39). The
zeroth-order term coincides with the LCFA [see Eq. (34)],
and the corrections can be systematically calculated up to any
required order. In particular, we present the first- and the
second-order corrections to the LCFA modulus-squared
emission amplitude, which determine the differential dis-
tribution of photon emitted with momentum k [see Eqs. (48)
and (B1)].

The expansion parameters Egs. (38) and (39) depend on
the transverse (with respect to the emission direction)
component of the field strength, quantum dynamical
parameters, and energies of the incoming and outgoing
particles and have a clear physical meaning. Namely,
smallness of & is equivalent to stating that the time
interval, which contributes to the integral representing
the matrix element [see Eq. (16)], is much smaller than
the period of the external field. Obviously, in such a case
the field can be considered locally constant. The conditions
& < 1 and & < 1 mean that the particle is ultrarelativistic
both before and after photon emission, so that the field
appears almost as crossed in the particle reference frame.

We have tested the LCFA and the first two corrections to
it against the numerically evaluated squared emission
amplitude for the case of a uniformly rotating electric
field. In particular, we have investigated angular distribu-
tions at fixed photon energies. As long as the expansion
parameters &y, &, and & are small, the LCFA result is in
perfect agreement with the exact calculation. But as they
approach unity, the discrepancy in the shape of the
distributions becomes visible, and accounting for the
corrections is necessary. By doing so, an excellent agree-
ment with numerical calculations can be reestablished. A
significant deviation from the LCFA is observed for either
very soft or very energetic (those draining almost the entire
energy from the emitting particle) photons, or in emission
at large angles (including backwards) with respect to the
generalized momentum of the particle p. At higher energies
of the photon (yet such to maintain the outgoing particle
ultrarelativistic) LCFA remains a good approximation. The
latter observation is extremely important for simulation of
self-sustained QED cascades [7,60].

Our approach can be generalized for fermions in a
straightforward way. This, along with the analysis of
higher-order corrections to the photon energy spectrum
and the total emission rate, will be addressed elsewhere.
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APPENDIX A: CALCULATION OF M{

To evaluate the integral in Eq. (16), we first note that due
to the presence of the o function in Eq. (18) the integrand
is a periodic function along the horizontal lines in the
complex t-plane since

f(t+2n) = f(1) + 2xis. (A1)

For this reason we can shift the integration limits to arrive
at Eq. (27).
Then, using Eq. (30), we get

f(r)- 2j3t+ ﬁ

hA(ty + t)e (A2)

271\/—

Note that f(¢;) is imaginary, so that does not contribute to
the mode square, and that f3 = i|f3]| [see Eq. (29)].
According to Fig. 5,

/hﬂ(tl + t)efm)(t)dt — / hﬂ([l + [)ef(o)(t)dt

+ / Rt + 0)e’ " Ddr,  (A3)
C

where the integration path C = C;+ C, + C3+ C4+
C5 + C4. The integrals over the remote arcs C; and Cg

Q__ @

- miy kp?

SIERY + ERY + &R + £6RE +EERY + HERY).

FIG. 5. Integration contour for evaluation of the integral in
Eq. (A2). The lines C, and Cs make the angles 5z/6 and 7/6,
respectively, with the real axis.

vanish and the sum of the integrals over the vertical
segments C3 and C, is equal to zero because of the 2z
periodicity of the integrand along the real axis. Consider

Pl

3 /2/1 _Lﬂ

% ef(’l)—v}e‘ﬂ 27516 dp,

/ ]’l”(tl +t ef
Cs

(A4)

where t = pe'”/°. The value of the integral is formed at the
lower limit and is exponentially small for a3 > yy'/x.
Therefore, we neglect the contributions to M% from C,
and Cs.

Finally, by expanding /#*(t, + ) in Eq. (A2) around 7,
up to the second-order and using

o 'j2 ] s % koA
/ tkelﬂTzz\t-H@r dt = 27[(—i)k (i) v d AllE)’) , (AS)
J |f3] dy
where y = (77 m)l/ 3 A fz r corresponds to Eq. (33), we obtain
Eq. (32).

APPENDIX B: SECOND-ORDER CORRECTION

For completeness, let us provide the resulting expression
for the second-order correction to the squared emission
amplitude (a derivation goes along the same lines as
described for first-order correction in the main text):
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2) _ 1 30 a,a; _32‘1N¢
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aa; aa;
135 6
et ( ) o ai

+72 (%)2 — 40 (f—j)z(ﬁ + 10)} A (y)

A A
o) ) o)

2 (S2) DPA0) + HAIAD) + 07+ AR (52

R = o | (2) 1| o) - 2ar0n) - | (51) 62 - 9) + 8 + 6| aiar o)
o[ (A1) 1] a0+ anitaron ). (B3)
RE, = RE - | (L) 5] aiar) (B4)

{4l (-85 55558
=y S i)Y 0) + A0 (B5)
Riy = RE + LAI)AT). (B6)
R = H(—Dz T 1] (PAR(y) - yAI2(y)) + [16((5—)2 i 1)y3 18 (—D2 . 27] Ai()AY (7)

~aa[(£) 1] ar) + yaioat o . (57)

where p = (x/2yy")?*/>.
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