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We calculate the spin-averaged generalized parton distributions (GPDs) of sea quarks in the proton at
zero skewness from nonlocal covariant chiral effective theory, including one-loop contributions from
intermediate states with pseudoscalar mesons and octet and decuplet baryons. A relativistic regulator is
generated from the nonlocal Lagrangian where a gauge link is introduced to guarantee local gauge
invariance, with additional diagrams from the expansion of the gauge link ensuring conservation of electric
charge and strangeness. Flavor asymmetries for sea quarks at zero and finite momentum transfer, as well as
strange form factors, are obtained from the calculated GPDs, and results compared with phenomenological
extractions and lattice QCD.

DOI: 10.1103/PhysRevD.106.054006

I. INTRODUCTION

Reconstructing the three-dimensional structure of the
nucleon and other hadrons in terms of their fundamental
quark and gluon (or parton) constituents is one of the
defining problems in modern nuclear physics, and one
which is a major driver of experimental programs at
facilities such as Jefferson Lab and the future Electron-
Ion Collider (EIC) [1,2]. A central element of this endeavor
is the extraction of generalized parton distributions (GPDs),
which, as Fourier transforms of nonforward (and non-
diagonal) matrix elements of nonlocal operators, contain
rich information on the partonic structure of the nucleon.
GPDs interpolate between exclusive form factors, when
integrated over parton momentum fraction x, and parton
distribution functions (PDFs) in the forward limit, and
contain considerably more information about the nucleon’s
internal structure than do PDFs or form factors alone (for
reviews of GPDs see, e.g., Refs. [3,4]).

The mapping of nucleon GPDs requires a comprehen-
sive program of experimental studies of hard exclusive
processes, such as deeply-virtual Compton scattering
(DVCS) and hard exclusive meson production (HEMP),
over a broad kinematic range. While theoretical tools
have been developed to formally factorize GPDs from
the process-dependent, hard scattering amplitudes [5–7],
the reconstruction of the full functional dependence of the
GPDs, including their flavor and spin dependence, from
limited experimental data is a formidable challenge [8].
Experimental datawere obtained at theHERAcollider by the
H1 [9,10] and ZEUS [11,12] collaborations and by the
HERMES [13–15] fixed target experiment, as well as by
COMPASS at CERN [16,17]. A rich program of DVCS
and HEMPmeasurements is also underway at Jefferson Lab
with the 12 GeVenergy upgraded, high-luminosity CEBAF
accelerator [18–21].
In addition to the experimental efforts, considerable

progress has also been made on the theoretical front.
Because of the complex, nonperturbative properties of
QCD, it is extremely challenging to calculate GPDs from
first principles. Since parton distributions and other light-
cone correlation functions are defined inMinkowski space, it
has also been very difficult to simulate GPDs on the
Euclidean lattice. Recent breakthroughs, however, have
enabled the x dependence of PDFs to be inferred from
matrix elements of nonlocal operators on the lattice, in the
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form of quasiparton distributions using the large momentum
effective theory [22], pseudo-PDFs [23], and lattice good
cross sections [24,25].
As with PDFs, the simulation of GPDs on the lattice is

still at a relatively early stage of development. Much of the
work on GPDs has focused on finding effective ways to
parametrize their dependence on kinematic variables [26].
From more phenomenological perspectives, characteristics
of GPDs have been studied within nonperturbative
approaches, such as the MIT and cloudy bag models
[27,28], the constituent quark model [29,30], the NJL
model [31], the light-front quark model [32,33], the color
glass condensate model [34], the chiral quark-soliton model
[3,35–39], and the Bethe-Salpeter approach [40,41].
In addition to the phenomenological models, more

systematic approaches using heavy baryon and relativistic
chiral effective field theory (EFT) have been widely used to
study hadron structure at small momentum transfer [42,43].
Perturbative calculations in chiral EFT expand observables
as series in the pseudoscalar meson mass Oðmϕ=ΛχÞ or
small external momentum Oðq=ΛχÞ, where Λχ ∼ 1 GeV is
the scale associated with the chiral EFT.
Historically,most formulations ofEFThave beenbasedon

dimensional or infrared regularization. Recently, a nonlocal
chiral effective Lagrangian was proposed [44–46], which
makes it possible to extend the range of momentum transfers
over which hadron properties can be described. The method
is a relativistic extension of finite range regularization, which
has been applied extensively to extrapolate lattice QCD
calculations of quantities such as the vector meson mass,
magnetic moments, magnetic and strange form factors,
charge radii, and moments of PDFs and GPDs [47–55] from
unphysically large quark masses to the physical region. The
nonlocal interaction generates both the regulator which
makes the loop integral convergent and the momentum
dependence of the form factors at tree level. The electro-
magnetic and strange form factors of the nucleon obtained in
this approach have been found to be in excellent agreement
with experiment up to values of the four-momentum transfer
squared of ≈1 GeV2 [45,46]. Recently, the method has also
been applied to calculate the d̄ − ū flavor asymmetry in the
proton [56], the strange–antistrange PDF asymmetry s − s̄
[57–60], and the sea quark Sivers function [61] in the proton.
In this paper we apply the nonlocal chiral effective

theory for the first time to GPDs of sea quarks in the proton.
The study is timely, given the ongoing experimental pro-
gram of DVCS and HEMP measurements at Jefferson Lab,
and plans for future studies of high-Q2 exclusive reactions
at the EIC. We begin in Sec. II by introducing the local and
nonlocal chiral Lagrangian, including a derivation of the
currents which couple to the external vector field. The
GPDs may be written as convolutions of splitting functions,
describing the nucleon to meson plus baryon process, with
the GPDs of the bare hadrons. The one-loop nucleon →
meson plus octet and decuplet baryon splitting functions

are derived in Sec. III from the full set of rainbow, Kroll-
Ruderman [62], tadpole, and bubble diagrams. Unlike
the one-dimensional splitting functions relevant for PDFs,
the splitting functions for nonforward GPDs also depend
on the momentum transfer squared, in addition to the
dependence on the longitudinal momentum fraction vari-
able. Taking moments of the nonforward splitting functions
and expanding in powers of the pseudoscalar meson mass,
in Sec. IV we derive their nonanalytic behavior, which
serves as a model-independent constraint on phenomeno-
logical models. The convolution formalism is discussed in
Sec. V, where we present explicit expressions for the
unpolarized electric (H) and magnetic (E) GPDs in terms
of the splitting functions and GPDs of the pseudoscalar
mesons and intermediate state baryons. Numerical results
are presented in Sec. VI for the nonperturbative sea quark
contributions to the H and E GPDs for light quark and
strange flavors, interpolating the corresponding constraints
from the sea quark contributions to PDFs and form factors.
Finally, Sec. VII summarises our results and anticipates
future extensions of this analysis. Explicit formulas for
splitting function integrals are compiled in Appendix.

II. THEORETICAL FRAMEWORK

In this section we introduce the basic chiral Lagrangian
which defines the theoretical basis of our calculations, aswell
as its nonlocal generalization which generates the ultraviolet
regulator for loop integrals in a natural way, respecting
Lorentz and gauge invariance. The nonlocal formulation
relevant for PDFs was presented in Refs. [59,60]; here we
generalize the formalism to the case of nonforward matrix
elements needed to compute GPDs.

A. Local chiral effective Lagrangian

We begin by introducing the lowest-order local
Lagrangian of chiral SUð3ÞL × SUð3ÞR effective theory
that describes the interaction of pseudoscalar mesons (ϕ)
with octet (B) and decuplet (Tμ) baryons [63,64],

L ¼ Tr½B̄ði=D −MBÞB� −
D
2
Tr½B̄γμγ5fuμ; Bg�

−
F
2
Tr½B̄γμγ5½uμ; B�� þ Tijk

μ ðiγμναDα −MTγ
μνÞTijk

ν

−
H
2
ðTμÞijkγαγ5ðuαÞklðTμÞijl − C

2
½ϵijkTilm

μ ΘμνðuνÞljBmk

þ H:c:� þ f2

4
Tr½DμUðDμUÞ†�; ð1Þ

whereMB andMT are the octet and decuplet masses, D, F,
C andH are the baryon-meson coupling constants, and f ¼
93 MeV is the pseudoscalar decay constant. The octet-
decuplet transition operator Θμν is given by
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Θμν ¼ gμν −
�
Z þ 1

2

�
γμγν; ð2Þ

where Z is the decuplet off-shell parameter, chosen here to
be 1=2 [65]. We define the tensors γμν ¼ 1

2
½γμ; γν� ¼ −iσμν

and γμνα ¼ 1
2
fγμν; γαg, and ϵijk is the antisymmetric tensor

in flavor space. The SU(3) baryon octet fields Bij and
decuplet fields Tijk

μ are represented by the matrix

B ¼

0
BBB@

1ffiffi
2

p Σ0 þ 1ffiffi
6

p Λ Σþ p

Σ− − 1ffiffi
2

p Σ0 þ 1ffiffi
6

p Λ n

Ξ− Ξ0 − 2ffiffi
6

p Λ

1
CCCA ð3Þ

and by symmetric tensors with components

T111¼Δþþ; T112¼ 1ffiffiffi
3

p Δþ; T122¼ 1ffiffiffi
3

p Δ0; T222¼Δ−;

T113¼ 1ffiffiffi
3

p Σ�þ; T123¼ 1ffiffiffi
6

p Σ�0; T223¼ 1ffiffiffi
3

p Σ�−;

T133¼ 1ffiffiffi
3

p Ξ�0; T233¼ 1ffiffiffi
3

p Ξ�−;

T333¼Ω−; ð4Þ

respectively. The operator U is defined in terms of the
matrix of pseudoscalar meson fields ϕ,

U≡ u2 ¼ exp

�
i

ffiffiffi
2

p
ϕ

f

�
; ð5Þ

where the matrix

ϕ ¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA ð6Þ

represents the π, K and ηmesons. The covariant derivatives
of the octet and decuplet baryon fields in Eq. (1) are given
by [66,67]

DμB ¼ ∂μBþ ½Γμ; B� − ihλ0iυ0μB; ð7Þ

DμT
ijk
ν ¼ ∂μT

ijk
ν þ ðΓμ; TνÞijk − ihλ0iυ0μTijk

ν ; ð8Þ

respectively, where υ0μ denotes an external singlet vector
field, λ0 is the unit matrix, and h� � �i represents a trace in
flavor space. For the covariant derivative of the decuplet
field, we employ the shorthand notation

ðΓμ; TνÞijk ¼ ðΓμÞilTljk
ν þ ðΓμÞjlTilk

ν þ ðΓμÞkl Tijl
ν : ð9Þ

For the meson fields, the covariant derivative is given by

DμU ¼ ∂μU þ ðiUλa − iλaUÞυaμ: ð10Þ

The mesons couple to the baryon fields through the vector
and axial vector combinations

Γμ ¼
1

2
ðu∂μu† þ u†∂μuÞ −

i
2
ðuλau† þ u†λauÞυaμ; ð11Þ

uμ ¼ iðu†∂μu − u∂μu†Þ þ ðu†λau − uλau†Þυaμ; ð12Þ

where υaμ corresponds to an external octet vector field, and
λa (a ¼ 1;…; 8) are the Gell-Mann matrices.
While the unpolarized twist-two GPD H receives con-

tributions from each quark flavor from the lowest-order
Lagrangian in Eq. (1), to compute the effects of meson
loops on the magnetic GPD E requires an additional
contribution to the Lagrangian for the magnetic interaction,
which enters at a higher order. The magnetic Lagrangian at
Oðq2Þ for the octet, decuplet and octet-decuplet transition
interaction is given by [45,46,68–70]

Lmag ¼
1

4MB
ðc1Tr½B̄σμνfFþ

μν; Bg� þ c2Tr½B̄σμν½Fþ
μν; B��

þ c3Tr½B̄σμνB�Tr½Fþ
μν�Þ

þ i
4MB

c4FμνðϵijkðλqÞilB̄j
mγμγ5ðTνÞklm

þ ϵijkðλqÞliðTμÞklmγνγ5Bm
j Þ

þ FT
2

2MT
ðTμÞabcσρσ∂συqρðλqÞaeðTμÞebc; ð13Þ

where we adopt the notation c1, c2 and c3 for the octet
baryon interaction from Ref. [68] and c4 for the octet-
decuplet transition, which corresponds to the constant μT in
Refs. [45,46], and following Refs. [45,46] denote by FT

2 the
coupling for the decuplet interaction. In Eq. (13) the
electromagnetic interaction with the individual quark fla-
vors is introduced by the field strength tensor

Fþ
μν ¼

1

2
ðu†Fq

μνλquþ uFq
μνλqu†Þ; ð14Þ

where Fq
μν ¼ ∂μυ

q
ν − ∂νυ

q
μ for the external field υqμ interact-

ing with the quark flavor q ¼ u, d, s with unit charge,
and the matrix λq is the diagonal quark flavor matrix
defined as λq ¼ diagfδqu; δqd; δqsg. At this order, the
magnetic Lagrangian Lmag generates the following quark
flavor decomposition for the proton anomalous magnetic
moment, given by the proton’s Pauli form factor Fp

2 ðtÞ at
t ¼ 0,

FpðuÞ
2 ð0Þ ¼ c1 þ c2 þ c3; ð15aÞ
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FpðdÞ
2 ð0Þ ¼ c3; ð15bÞ

FpðsÞ
2 ð0Þ ¼ c1 − c2 þ c3: ð15cÞ

Since at tree level there is no strange quark contribution to
the proton, we take c3 ¼ c2 − c1. Furthermore, from SU(3)
symmetry one also obtains relationships between the octet
and decuplet constants [45,46],

c4 ¼ 4c1; ð16aÞ

FT
2 ¼ c1 þ 3c2: ð16bÞ

Within the flavor SU(3) framework, the magnetic moments
of the octet and decuplet baryons, and the transition
moments between the octet and decuplet baryons, can be
expressed in terms of quark magnetic moments, μq. For
example, for the proton and neutron one would have μp ¼
4
3
μu − 1

3
μd and μn ¼ 4

3
μd − 1

3
μu, respectively, while for the

Δþþ baryon μΔþþ ¼ 3μu.
If we include the higher order magnetic Lagrangian Lmag

in Eq. (13), for consistency in the power counting we also
need to consider the next-to-leading order Lagrangian for the
baryon-meson interaction. Generalizing Eq. (1), and using
the notation from Ref. [71], we therefore include the addi-
tional baryon contribution involving two derivatives [71]

L0
Bϕ ¼ i

2
σμνðb9Tr½B̄uμ�Tr½uνB� þ b10Tr½B̄f½uμ; uν�; Bg� þ b11Tr½B̄½½uμ; uν�; B��Þ; ð17Þ

where the values of the coefficients have been determined to be b9 ¼ 1.36 GeV−1, b10 ¼ 1.24 GeV−1, and b11 ¼
0.46 GeV−1 [71]. Expanding the Lagrangians L in Eq. (1) and L0

Bϕ in Eq. (17), the lowest order baryon-meson interaction
involving the proton can then be written as

Lint ¼
ðDþ FÞ

2f
ðp̄γμγ5p∂μπ0 þ

ffiffiffi
2

p
p̄γμγ5n∂μπþÞ −

ðD − 3FÞffiffiffiffiffi
12

p
f

p̄γμγ5p∂μη

þ ðD − FÞ
2f

ð
ffiffiffi
2

p
p̄γμγ5Σþ

∂μK0 þ p̄γμγ5Σ0
∂μKþÞ − ðDþ 3FÞffiffiffiffiffi

12
p

f
p̄γμγ5Λ∂μK0

þ Cffiffiffiffiffi
12

p
f
ð−2p̄ΘνμΔþ

μ ∂νπ
0 −

ffiffiffi
2

p
p̄ΘνμΔ0

μ∂νπ
þ þ

ffiffiffi
6

p
p̄ΘνμΔþþ

μ ∂νπ
−

− p̄ΘνμΣ�0
μ ∂νKþ þ

ffiffiffi
2

p
p̄ΘνμΣ�þ

μ ∂νK0 þ H:c:Þ
þ i
4f2

p̄γμp½ðπþ∂μπ− − π−∂μπ
þÞ þ 2ðKþ

∂μK− − K−
∂μKþÞ þ ðK0

∂μK0 − K0
∂μK0Þ�

þ i
f2

p̄σμνpð2ðb10 þ b11Þ∂μπþ∂νπ− þ ð4b11 þ b9Þ∂μKþ
∂νK− þ 2ðb10 − b11Þ∂μK0

∂νK0Þ: ð18Þ

For the interactions with the external field υaμ, from the Lagrangian L in Eq. (1) one can obtain the vector current

Jμa ¼ 1

2
Tr

�
B̄γμ½uλau† þ u†λau; B� þD

2
Tr½B̄γμγ5fuλau† − u†λau; Bg�

þ F
2
Tr½B̄γμγ5½uλau† − u†λau; B�

�

þ 1

2
Tνγ

ναμðuλau† þ u†λau; TαÞ þ
C
2
½TνΘνμðuλau† − u†λauÞBþ H:c:�

þ f2

4
Tr½∂μUðU†iλa − iλaU†Þ þ ðUiλa − iλaUÞ∂μU†�: ð19Þ

For the SU(3) flavor singlet case, the current coupling to the external field υ0μ can be written

Jμ0 ¼ hλ0iTr½B̄γμB� þ hλ0iTνγ
ναμTα: ð20Þ

The magnetic current coupling to the external field υqμ can be obtained from the magnetic Lagrangian in Eq. (13),
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Jμq;mag ¼ ∂ν

4MB
ðc1TrB̄σμνfu†λquþ uλqu†; Bg þ c2TrB̄σμν½u†λquþ uλqu†; B�

þ c3TrB̄σμνBTrðu†λquþ uλqu†ÞÞ −
FT
2

2MT
∂σððTνÞabcσμσðλqÞaeðTνÞebcÞ

−
ic4
4MB

ðgμν∂σ − gμσ∂νÞðϵijkðλqÞilB̄j
mγσγ5Tklm

ν þ ϵijkðλqÞliTσ;klmγνγ5Bm
j Þ; ð21Þ

which satisfies current conservation, ∂μJ
μ
q;mag ¼ 0. The quark flavor currents can be written in terms of the SU(3) singlet

(a ¼ 0) and octet (a ¼ 3, 8), and quark magnetic currents,

Jμu ¼ 1

3
Jμ0 þ

1

2
Jμ3 þ

1

2
ffiffiffi
3

p Jμ8 þ Jμu;mag; ð22aÞ

Jμd ¼
1

3
Jμ0 −

1

2
Jμ3 þ

1

2
ffiffiffi
3

p Jμ8 þ Jμd;mag; ð22bÞ

Jμs ¼ 1

3
Jμ0 −

1ffiffiffi
3

p Jμ8 þ Jμs;mag: ð22cÞ

Using Eqs. (19), (20), and (22), the quark flavor currents can be written more explicitly in the form

Jμu ¼ 2p̄γμpþ n̄γμnþ ΛγμΛþ 2ΣþγμΣþ þ Σ0γμΣ0 −
1

2f2
p̄γμpðπþπ− þ 2KþK−Þ

þ 3Δþþ
α γαβμΔþþ

β þ 2Δþ
α γ

αβμΔþ
β þ Δ0

αγ
αβμΔ0

β þ 2Σ�þ
α γαβμΣ�þ

β þ Σ�0
α γαβμΣ�0

β

þ iðπ−∂μπþ − πþ∂μπ−Þ þ iðK−
∂
μKþ − Kþ

∂
μK−Þ

−
iðDþ FÞffiffiffi

2
p

f
p̄γμγ5nπþ þ iðDþ 3FÞffiffiffiffiffi

12
p

f
p̄γμγ5ΛKþ −

iðD − FÞ
2f

p̄γμγ5Σ0Kþ

þ iCffiffiffiffiffi
12

p
f
ð

ffiffiffi
6

p
p̄ΘμνΔþþ

ν π− þ
ffiffiffi
2

p
p̄ΘμνΔ0

νπ
þ þ p̄ΘμνΣ�0

ν Kþ þ H:c:Þ

þ 1

4MB
∂νðp̄σμνpÞ

�
4c2

�
1 −

1

2f2
KþK−

�
−
ðc1 þ c2Þ

f2
πþπ−

�
þ c2 − c1

2MB
∂νðn̄σμνnÞ

þ 3c2 − 2c1
6MB

∂νðΛσμνΛÞ þ
c1

2
ffiffiffi
3

p
MB

∂νðΛσμνΣ0Þ þ c2
MB

∂νðΣþσμνΣþÞ þ c2
2MB

∂νðΣ0σμνΣ0Þ

þ ic4
4

ffiffiffi
3

p
MB

∂
ν

�
p̄ðγνγ5Δþμ − γμγ5Δþ

ν Þ þ n̄ðγνγ5Δ0μ − γμγ5Δ0
νÞ − Σþðγνγ5Σ�þμ − γμγ5Σ�þ

ν Þ

−
ffiffiffi
3

p

2
Λðγνγ5Σ�0μ − γμγ5Σ�0

ν Þ þ 1

2
Σ0ðγνγ5Σ�0μ − γμγ5Σ�0

ν Þ
�

−
FT
2

6MT
∂ν½3Δþþ

α σμνΔþþα þ 2Δþ
α σ

μνΔþα þ Δ0
ασ

μνΔ0α þ 2Σ�þ
α σμνΣ�þα þ Σ�0

α σμνΣ�0α�; ð23aÞ

Jμd ¼ p̄γμpþ 2n̄γμnþ 2Σ−γμΣ− þ Σ0γμΣ0 þ ΛγμΛþ 1

2f2
p̄γμpðπþπ− − K0K0Þ

þ Δþ
α γ

αβμΔþ
β þ 2Δ0

αγ
αβμΔ0

β þ 3Δ−
α γ

αβμΔ−
β þ Σ�0

α γαβμΣ�0
β þ 2Σ�0−

α γαβμΣ�−
β

− iðπ−∂μπþ − πþ∂μπ−Þ þ iðK0
∂
μK0 − K0

∂
μK0Þ

þ iðDþ FÞffiffiffi
2

p
f

p̄γμγ5nπþ −
iðD − FÞffiffiffi

2
p

f
p̄γμγ5ΣþK0

−
iCffiffiffi
6

p
f
ð

ffiffiffi
3

p
p̄ΘμνΔþþ

ν π− þ p̄ΘμνΔ0
νπ

þ þ p̄ΘμνΣ�þ
ν K0 þ H:c:Þ
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þ 1

4MB
∂νðp̄σμνpÞ

�
ðc2 − c1Þ

�
2 −

1

f2
K0K0

�
þ ðc1 þ c2Þ

f2
πþπ−

�
þ c2
MB

∂νðn̄σμνnÞ

þ 3c2 − 2c1
6MB

∂νðΛσμνΛÞ þ
c2
MB

∂νðΣ−σμνΣ−Þ þ c2
2MB

∂νðΣ0σμνΣ0Þ − c1
2

ffiffiffi
3

p
MB

∂νðΛσμνΣ0Þ

−
ic4

4
ffiffiffi
3

p
MB

∂
ν

�
p̄ðγνγ5Δþμ − γμγ5Δþ

ν Þ þ n̄ðγνγ5Δ0μ − γμγ5Δ0
νÞ − Σ−ðγνγ5Σ�−μ − γμγ5Σ�−

ν Þ

−
ffiffiffi
3

p

2
Λðγνγ5Σ�0μ − γμγ5Σ�0

ν Þ − 1

2
Σ0ðγνγ5Σ�0μ − γμγ5Σ�0

ν Þ
�

−
FT
2

6MT
∂ν½3Δ−

α σ
μνΔ−α þ 2Δ0

ασ
μνΔ0α þ Δþ

α σ
μνΔþα þ 2Σ�−

α σμνΣ�−α þ Σ�0
α σμνΣ�0α�; ð23bÞ

Jμs ¼ ΣþγμΣþ þ Σ0γμΣ0 þ ΛγμΛþ 1

2f2
p̄γμpð2KþK− þ K0K0Þ

þ Σ�þ
α γαβμΣ�þ

β þ Σ�0
α γαβμΣ�0

β − iðK−
∂
μKþ − Kþ

∂
μK−Þ − iðK0

∂
μK0 − K0

∂
μK0Þ

þ iðD − FÞffiffiffi
2

p
f

p̄γμγ5ΣþK0 þ iðD − FÞ
2f

p̄γμγ5Σ0Kþ −
iðDþ 3FÞffiffiffiffiffi

12
p

f
p̄γμγ5ΛKþ

−
iCffiffiffiffiffi
12

p
f
ðp̄ΘμνΣ�0

ν Kþ −
ffiffiffi
2

p
p̄ΘμνΣ�þ

ν K0 þ H:c:Þ

þ 1

4MBf2
∂νðp̄σμνpÞ½2c2KþK− þ ðc2 − c1ÞK0K0� þ ðc1 þ 3c2Þ

6MB
∂νðΛσμνΛÞ

þ ðc2 − c1Þ
2MB

∂νðΣþσμνΣþÞ þ ðc2 − c1Þ
2MB

∂νðΣ−σμνΣ−Þ þ ðc2 − c1Þ
2MB

∂νðΣ0σμνΣ0Þ

−
ic4

4
ffiffiffi
3

p
MB

∂
ν½Σ0ðγνγ5Σ�0μ − γμγ5Σ�0

ν Þ þ Σ−ðγνγ5Σ�−μ − γμγ5Σ�−
ν Þ − Σþðγνγ5Σ�þμ − γμγ5Σ�þ

ν Þ�;

−
FT
2

6MT
∂ν½Σ�−

α σμνΣ�−α þ Σ�0
α σμνΣ�0α þ Σ�þ

α σμνΣ�þα�; ð23cÞ

for the u, d and s quark flavors, respectively. As in Ref. [59], terms involving the doubly strange Ξ0;− and Ξ�0;− hyperons
and the triply strange Ω− baryon do not couple directly to proton states and are not included here.

B. Nonlocal chiral Lagrangian

In this section we outline the generalization of the effective local chiral Lagrangian to the case of nonlocal interactions.
Taking the traces in Eqs. (1), (13), and (17) in Sec. II A, we can write the local Lagrangian density in the form

LðlocalÞðxÞ ¼ B̄ðxÞðiγμDμ −MBÞBðxÞ þ
CBϕ

f
½p̄ðxÞγμγ5BðxÞDμϕðxÞ þ H:c:�

þ TμðxÞðiγμναDα −MTγ
μνÞTνðxÞ þ

CTϕ

f
½p̄ðxÞΘμνTνðxÞDμϕðxÞ þ H:c:�

þDμϕðxÞðDμϕÞ†ðxÞ þ
iCϕϕ†

2f2
p̄ðxÞγμpðxÞ½ϕðxÞðDμϕÞ†ðxÞ −DμϕðxÞϕ†ðxÞ�

þ
iC0

ϕϕ†

2f2
p̄ðxÞσμνpðxÞDμϕðxÞðDνϕÞ†ðxÞ

þ
Cmag
ϕϕ†

4MBf2
p̄ðxÞσμνpðxÞFμνðxÞϕðxÞϕ†ðxÞ þ Cmag

B

4MB
B̄ðxÞσμνBðxÞFμνðxÞ

þ iCmag
BT

4MB
B̄ðxÞγμγ5TνðxÞFμνðxÞ −

Cmag
T

4MT
TαðxÞσμνTαðxÞFμνðxÞ þ � � � ; ð24Þ
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where the dependence on the space-time coordinate x is
shown explicitly, and for the interaction part we show only
those terms that contribute to the proton GPDs. The
covariant derivatives in Eq. (24) are given by

DμBðxÞ ¼ ½∂μ − ieqBA μðxÞ�BðxÞ; ð25aÞ
DμTνðxÞ ¼ ½∂μ − ieqTA μðxÞ�TνðxÞ; ð25bÞ
DμϕðxÞ ¼ ½∂μ − ieqϕA μðxÞ�ϕðxÞ; ð25cÞ

where A μ is the electromagnetic gauge field, and eqB, e
q
T

and eqϕ denote, respectively, the quark flavor charges of the
octet and decuplet baryons, B and T, and meson ϕ. In the
case of the proton, for instance, one has the flavor charges

eup ¼ 2edp ¼ 2, esp ¼ 0, while for the Σþ hyperon euΣþ ¼
2esΣþ ¼ 2, edΣþ ¼ 0, and similarly for the other baryons. For
the pion and kaon, the flavor charges are euπþ ¼ −edπþ ¼ 1,
eq
π0

¼ 0 for all q, and euKþ ¼ −esKþ ¼ 1, edKþ ¼ 0, with the
values for other mesons obtained by charge conjugation.
The coefficients CBϕ, CTϕ, Cϕϕ† , C0

ϕϕ† , C
mag
B , Cmag

BT , Cmag
T

and Cmag
ϕϕ† in Eq. (24) are given explicitly in Table I for the

various processes discussed in this work.
Following Ref. [59], we sketch here the derivation of the

nonlocal Lagrangian from Eq. (24). Details of the meth-
odology used here can be found in Refs. [45,46,72–75].
The nonlocal analog of the local Lagrangian (24) can be
written as

LðnonlocÞðxÞ ¼ B̄ðxÞðiγμDμ −MBÞBðxÞ þ TμðxÞðiγμναDα −MTγ
μνÞTνðxÞ

þ p̄ðxÞ
�
CBϕ

f
γμγ5BðxÞ þ

CTϕ

f
ΘμνTνðxÞ

�
Dμ

Z
d4aGq

ϕðx; xþ aÞFðaÞϕðxþ aÞ þ H:c:

þ iCϕϕ†

2f2
p̄ðxÞγμpðxÞ

Z
d4aGq

ϕðx; xþ aÞFðaÞϕðxþ aÞDμ

Z
d4bGq

ϕðxþ b; xÞFðbÞϕ†ðxþ bÞ

þ
iC0

ϕϕ†

2f2
p̄ðxÞσμνpðxÞDμ

Z
d4aGq

ϕðx; xþ aÞFðaÞϕðxþ aÞDν

Z
d4bGq

ϕðxþ b; xÞFðbÞϕ†ðxþ bÞ

þ Cmag
B

4MB
B̄ðxÞσμνBðxÞFμνðxÞ þ

iCmag
BT

4MB
B̄ðxÞγμγ5TνðxÞFμνðxÞ −

Cmag
T

4MT
TαðxÞσμνTαðxÞFμνðxÞ

þ
Cmag
ϕϕ†

4MBf2
p̄ðxÞσμνpðxÞ

Z
d4a

Z
d4bFμνðxÞGq

ϕðxþ b; xþ aÞFðaÞFðbÞϕðxþ aÞϕ†ðxþ bÞ

þDμϕðxÞðDμϕÞ†ðxÞ þ � � � ; ð26Þ

TABLE I. Coupling constants CBϕ and CTϕ for the pBϕ and pTϕ interactions, respectively, and Cϕϕ† and C0
ϕϕ† for the ppϕϕ†

coupling, and the tree level magnetic moments Cmag
B , Cmag

T , Cmag
BT and Cmag

ϕϕ† , respectively, for all the allowed flavor channels.

B p n Σþ Σ0 Σ− Λ ΛΣ0

Cmag
B

1
3
c1 þ c2 − 2

3
c1 1

3
c1 þ c2 1

3
c1 1

3
c1 − c2 − 1

3
c1 1ffiffi

3
p c1

T Δþþ Δþ Δ0 Δ− Σ�þ Σ�0 Σ�−

Cmag
T

2
3
FT
2

1
3
FT
2 0 − 1

3
FT
2

1
3
FT
2 0 − 1

3
FT
2

BT pΔþ Δ0 ΣþΣ�þ Σ0Σ�0 ΛΣ�0 Σ−Σ�−

Cmag
BT − 1ffiffi

3
p c4 − 1ffiffi

3
p c4

1ffiffi
3

p c4
1

2
ffiffi
3

p c4
1
2
c4 0

Bϕ pπ0 nπþ ΣþK0 Σ0Kþ ΛKþ

CBϕ
1
2
ðDþ FÞ 1ffiffi

2
p ðDþ FÞ 1ffiffi

2
p ðD − FÞ 1

2
ðD − FÞ − 1ffiffiffiffi

12
p ðDþ 3FÞ

Tϕ Δ0πþ Δþπ0 Δþþπ− Σ�þK0 Σ�0Kþ

CTϕ − 1ffiffi
6

p C − 1ffiffi
3

p C 1ffiffi
2

p C 1ffiffi
6

p C − 1ffiffiffiffi
12

p C

ϕϕ† πþπ− K0K0 KþK−

Cϕϕ† 1
2

1
2

1
C0
ϕϕ† 4ðb10 þ b11Þ 4ðb11 − b10Þ 8b11 þ 2b9

Cmag
ϕϕ† − 1

2
ðc1 þ c2Þ 0 −c2
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where the gauge link Gq
ϕ is introduced for local gauge

invariance,

Gq
ϕðx; yÞ ¼ exp

�
−ieqϕ

Z
y

x
dzμA μðzÞ

�
; ð27Þ

and FðaÞ is the meson–baryon vertex form factor in
coordinate space. Note that both the nonlocal Lagrangian
in Eq. (26) and the local Lagrangian in Eq. (24) are
invariant under the gauge transformations,

BðxÞ → B0ðxÞ ¼ BðxÞ exp½ieqBθðxÞ�; ð28aÞ

TμðxÞ → T 0
μðxÞ ¼ TμðxÞ exp½ieqTθðxÞ�; ð28bÞ

ϕðxÞ → ϕ0ðxÞ ¼ ϕðxÞ exp½ieqϕθðxÞ�; ð28cÞ

for the baryon and meson fields, and

A μðxÞ → A 0μðxÞ ¼ A μðxÞ þ ∂
μθðxÞ ð28dÞ

for the electromagnetic field, where θðxÞ is an auxiliary
function.
The gauge link (27) can next be expanded in powers of

the charge eqϕ,

Gq
ϕðxþ b; xþ aÞ ¼ exp

�
−ieqϕða − bÞμ

Z
1

0

dtA μðxþ atþ bð1 − tÞÞ
�

¼ 1þ δGq
ϕ þ � � � ; ð29Þ

using a change of variables zμ → xμ þ aμtþ bμð1 − tÞ,

δGq
ϕ ¼ −ieqϕða − bÞμ

Z
1

0

dtA μðxþ atþ bð1 − tÞÞ: ð30Þ

This allows the nonlocal Lagrangian LðnonlocÞ in Eq. (26) to be further decomposed into free and interacting parts, with the

latter consisting of purely hadronic (LðnonlocÞ
had ), electromagnetic (LðnonlocÞ

em ), and gauge link (LðnonlocÞ
link ) contributions. The

hadronic and electromagnetic interaction parts of LðnonlocÞ are obtained from the first term in Eq. (29), and given by

LðnonlocÞ
had ðxÞ ¼ p̄ðxÞ

�
CBϕ

f
γμγ5BðxÞ þ

CTϕ

f
ΘμνTνðxÞ

� Z
d4aFðaÞ∂μϕðxþ aÞ þ H:c:

þ iCϕϕ†

2f2
p̄ðxÞγμpðxÞ

Z
d4a

Z
d4bFðaÞFðbÞ½ϕðxþ aÞ∂μϕ†ðxþ bÞ − ∂μϕðxþ aÞϕ†ðxþ bÞ�

þ
iC0

ϕϕ†

2f2
p̄ðxÞσμνpðxÞ

Z
d4a

Z
d4bFðaÞFðbÞ½∂μϕðxþ aÞ∂νϕ†ðxþ bÞ − ∂μϕðxþ aÞ∂νϕ†ðxþ bÞ�; ð31Þ

and

LðnonlocÞ
em ðxÞ ¼ eqBB̄ðxÞγμBðxÞA μðxÞ þ eqTTμðxÞγμναTνðxÞA αðxÞ

þ ieqϕ½∂μϕðxÞϕ†ðxÞ − ϕðxÞ∂μϕ†ðxÞ�A μðxÞ

− ieqϕp̄ðxÞ
�
CBϕ

f
γμγ5BðxÞ þ

CTϕ

f
ΘμνTνðxÞ

� Z
d4aFðaÞϕðxþ aÞA μðxÞ þ H:c:

−
eqϕCϕϕ†

2f2
p̄ðxÞγμpðxÞ

Z
d4a

Z
d4bFðaÞFðbÞϕðxþ aÞϕ†ðxþ bÞA μðxÞ

−
C0
ϕϕ†

f2
p̄ðxÞσμνpðxÞ

Z
d4a

Z
d4bFðaÞFðbÞϕðxþ aÞ∂νϕ†ðxþ bÞA μðxÞ

þ Cmag
B

4MB
B̄ðxÞσμνBðxÞFμνðxÞ þ

iCmag
BT

4MB
B̄ðxÞγμγ5TνðxÞFμνðxÞ −

Cmag
T

4MT
TαðxÞσμνTαðxÞFμνðxÞ

þ
Cmag
ϕϕ†

4MBf2
p̄ðxÞσμνpðxÞ

Z
d4a

Z
d4bFðaÞFðbÞϕðxþ aÞϕ†ðxþ bÞFμνðxÞ; ð32Þ
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respectively. The second term in Eq. (29), which explicitly depends on the gauge link, gives rise to an additional
contribution to the Lagrangian density that can be expanded as

LðnonlocÞ
link ðxÞ ¼ −ieqϕp̄ðxÞ

�
CBϕ

f
γργ5BðxÞ þ

CTϕ

f
ΘρνTνðxÞ

�

×
Z

1

0

dt
Z

d4aFðaÞaμ∂ρðϕðxþ aÞA μðxþ atÞÞ þ H:c:

þ eqϕCϕϕ†

2f2
p̄ðxÞγρpðxÞ

Z
1

0

dt
Z

d4a
Z

d4bFðaÞFðbÞða − bÞμ

× ½ϕðxþ aÞ∂ρϕ†ðxþ bÞ − ∂ρϕðxþ aÞϕ†ðxþ bÞ�A μðxþ atþ bð1 − tÞÞ: ð33Þ

Finally, the quark current for the nonlocal theory can be written as a sum of two terms, from the usual electromagnetic
current obtained from Eq. (32) with minimal substitution, Jμq;em, and from the additional term associated with the gauge
link, δJμq,

Jμq;emðxÞ≡ δ
R
d4yLðnonlocÞ

em ðyÞ
δA μðxÞ

; δJμqðxÞ≡ δ
R
d4yLðnonlocÞ

link ðyÞ
δA μðxÞ

; ð34Þ

where, explicitly,

Jμq;emðxÞ ¼ eqBB̄ðxÞγμBðxÞ þ eqTTαðxÞγανμTνðxÞ þ ieqϕ½∂μϕðxÞϕ†ðxÞ − ϕðxÞ∂μϕ†ðxÞ�

− ieqϕ

�Z
d4aFðaÞp̄ðxÞ

�
CBϕ

f
γμγ5BðxÞ þ

CTϕ

f
ΘμνTνðxÞ

�
ϕðxþ aÞ þ H:c:

�

−
eqϕCϕϕ†

2f2

Z
d4a

Z
d4bFðaÞFðbÞp̄ðxÞγμpðxÞϕðxþ aÞϕ†ðxþ bÞ

þ Cmag
B

2MB

Z
d4aFðaÞ∂νðp̄ðxÞσμνpðxÞÞ −

Cmag
T

2MT

Z
d4aFðaÞ∂νðTαðxÞσμνTαðxÞÞ

þ iCmag
BT

4MB
ð∂νðp̄ðxÞγνγ5TμðxÞÞ − ∂νðp̄ðxÞγμγ5TνðxÞÞ

þ
Cmag
ϕϕ†

2MBf2

Z
d4a

Z
d4bFðaÞFðbÞ∂νðp̄ðxÞσμνpðxÞϕðxþ aÞϕ†ðxþ bÞÞ; ð35Þ

δJμqðxÞ ¼ ieqϕ

Z
1

0

dt
Z

d4aFðaÞaμ∂ρ
�
p̄ðx − atÞ

�
CBϕ

f
γργ5Bðx − atÞ þ CTϕ

f
ΘρνTνðx − atÞ

��
ϕðxþ at̄Þ þ H:c:

−
eqϕCϕϕ†

2f2

Z
1

0

dt
Z

d4a
Z

d4bFðaÞFðbÞða − bÞμ

× ½∂ρðp̄ðx − at − bt̄Þγρpðx − at − bt̄Þϕðxþ ða − bÞt̄ÞÞϕ†ðx − ða − bÞtÞ
− ∂ρðp̄ðx − at − bt̄Þγρpðx − at − bt̄Þϕ†ðx − ða − bÞtÞÞϕðxþ ða − bÞt̄Þ�; ð36Þ

with t̄≡ 1 − t. Compared with the local theory, Eqs. (18)
and (23), the nonlocal formulation in Eqs. (31)–(36)
includes the regulator function FðaÞ. In the limit where
FðaÞ → δð4ÞðaÞ, which corresponds to taking the momen-
tum space form factor to unity, the local limit can be
obtained from the nonlocal result. In the next section we
will apply the nonlocal interaction derived here to compute

the hadronic splitting functions for protons transitioning to
baryons and pseudoscalar mesons.

III. NONFORWARD SPLITTING FUNCTIONS

The GPDs for a quark flavor q in a proton with initial
momentum p and final momentum p0 are defined by the

GENERALIZED PARTON DISTRIBUTIONS OF SEA QUARKS IN … PHYS. REV. D 106, 054006 (2022)

054006-9



Fourier transform of the matrix elements of the quark
bilocal field operators ψq as [6]

Z
∞

−∞

dλ
2π

e−ixλhp0jψ̄q

�
1

2
λn

�
=nψq

�
−
1

2
λn

�
jpi

¼ ūðp0Þ
�
=nHqðx; ξ; tÞ þ iσμνnμΔν

2M
Eqðx; ξ; tÞ

�
uðpÞ;

ð37Þ

where nμ is the light-cone vector which projects the “plus”
component of momenta and λ is a dimensionless parameter.
From Lorentz invariance, the Dirac (Hq) and Pauli (Eq)
GPDs are typically written as functions of the light-cone
momentum fraction x of the proton carried by the initial
quark with momentum kq and the skewness parameter ξ,
which are defined as

x≡ kþq
Pþ ; ξ≡ −

Δþ

2Pþ ; ð38Þ

where

P ¼ 1

2
ðpþ p0Þ; Δ ¼ p0 − p; ð39Þ

are the average of the initial and final proton momenta and
the momentum difference, respectively. The light-cone
components kþ and k− of any four-vector kμ are defined
as kþ ¼ 1ffiffi

2
p ðk0 þ k3Þ and k− ¼ 1ffiffi

2
p ðk0 − k3Þ. The GPDs are

also functions of the hadronic four-momentum transfer
squared, t≡ Δ2. The dependence of the GPDs on the fourth
variable, typically taken to be the four-momentum transfer
squared from the incident lepton, Q2, is suppressed.
Integrating the Hq and Eq GPDs over x, one obtains the

Dirac and Pauli form factors for a given quark flavor q,
respectively,

Fq
1ðtÞ ¼

Z
1

−1
dxHqðx; ξ; tÞ; Fq

2ðtÞ ¼
Z

1

−1
dxEqðx; ξ; tÞ;

ð40Þ

and summing over the quark flavors gives the nucleon
Dirac, FN

1 , and Pauli, FN
1 , form factors,

FN
1;2ðtÞ ¼

X
q

eqF
q
1;2ðtÞ: ð41Þ

The combination of these form factors can generate the
usual Sachs electric and magnetic form factors as

GN
E ðtÞ ¼ FN

1 ðtÞ þ
t

4M2
FN
2 ðtÞ; GN

MðtÞ ¼ FN
1 ðtÞ þ FN

2 ðtÞ:
ð42Þ

In our calculations we consider only non-skewed GPDs,
and henceforth set ξ ¼ 0, in which case the hadron
momenta are parametrized as [76]

pμ ¼
�
Pþ; P−;−

1

2
Δ⊥

�
; p0μ ¼

�
Pþ; P−;

1

2
Δ⊥

�
; ð43Þ

where the momentum transfer Δμ is purely in the transverse
direction.
In the application of our nonlocal EFT framework to

GPDs, we need to compute the nonforward splitting
functions defined by the matrix elements of the hadronic
level currents derived in the previous section. The electro-
magnetic vertex is given by

hNðp0ÞjJμjNðpÞi ¼ ūðp0Þ
�
γμFN

1 ðtÞ þ
iσμνΔν

2M
FN
2 ðtÞ

�
uðpÞ

≡
Z

d4keΓμðkÞ; ð44Þ

where the integrand eΓμðkÞ depends on the internal meson
momentum, k. Defining the light-cone momentum fraction
of the target nucleon carried by the interacting hadron,
y ¼ kþ=Pþ, the Dirac-like splitting function fðy; tÞ and
Pauli-like splitting function gðy; tÞ are related to the
vertex by

ūðp0Þ
�
γþfðy; tÞ þ iσþνΔν

2M
gðy; tÞ

�
uðpÞ

¼
Z

d4keΓþðkÞδ
�
y −

kþ

Pþ

�
≡ Γþ: ð45Þ

One can easily verify that the integral of the splitting
functions over y leads to the corresponding form factors
in (44).
The diagrams that are relevant for the calculation of the

one-meson loop contributions to GPDs up to the fourth
chiral order are shown in Fig. 1. In the following we outline
the calculation of the corresponding splitting functions,
beginning with the diagrams involving only octet baryons
[Figs. 1(a)–1(l)], and then presenting results for contribu-
tions with intermediate decuplet baryons. Since the final
results, after integration, for the latter are rather lengthy, we
collect the complete expressions for these in Appendix.

A. Octet baryon intermediate states

Startingwith the octet baryon rainbowdiagram inFig. 1(a),
in which the external field couples to the meson, the
contribution of this diagram to the matrix element Γþ in
Eq. (45) is given by
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Γþ
ðaÞ ¼ ūðp0ÞC

2
Bϕ

f2

Z
d4k
ð2πÞ4 ð=kþΔÞγ5eFðkþΔÞ i

DϕðkþΔÞ2k
þ

×
i

DϕðkÞ
ið=p−=kþMBÞ
DBðp−kÞ γ5=keFðkÞδ

�
y−

kþ

pþ

�
uðpÞ ð46Þ

≡ūðp0Þ
�
γþfðrbwÞϕB ðy; tÞ þ iσþνΔν

2M
gðrbwÞϕB ðy; tÞ

�
uðpÞ; ð47Þ

where the propagator factorsDϕðkÞ andDBðpÞ are defined as

DϕðkÞ ¼ k2 −m2
ϕ þ iϵ; DBðpÞ ¼ p2 −M2

B þ iϵ; ð48Þ

and mϕ is the meson mass. The function eF regulates the
ultraviolet divergence in the loop integration, and for sim-
plicity is chosen to be a function of the meson momentum
only (see Sec. VI below). After simplifying the combinations

of Dirac γ matrices in Eq. (46), the “Dirac” fðrbwÞϕB ðy; tÞ and
“Pauli” gðrbwÞϕB ðy; tÞ splitting functions can be written as

(a)

(d)

(g)

(f)

(c)

(i)(h)

(e)

(b)

(u)(t)

(r)

(o)(m)

(p)

(s)

(q)

(n)

(k) (l)(j)

FIG. 1. One-loop diagrams for the proton to pseudoscalar meson (dashed lines) and octet baryon (solid lines) or decuplet baryon
(double solid lines) splitting functions up to the fourth chiral order: (a)–(c) octet baryon rainbow diagrams, (d)–(g) octet baryon Kroll-
Ruderman diagrams, (h)–(j) tadpole diagrams, (k)–(l) bubble diagrams, (m)–(o) decuplet baryon rainbow diagrams, (p)–(q) octet-
decuplet transition rainbow diagrams, (r)–(u) decuplet baryon Kroll-Ruderman diagrams. The crossed circles represent the interaction
with external vector field from the minimal substitution, filled circles denote additional gauge link interaction with the external field,
black squares represent the magnetic interaction in Eq. (13), and gray squares denote the interaction in Eq. (17).
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fðrbwÞϕB ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

−iFðrbwÞ
ϕB

DBðp − kÞDϕðkþ ΔÞDϕðkÞ
eFðkÞeFðkþ ΔÞδ

�
y −

kþ

pþ

�
; ð49aÞ

gðrbwÞϕB ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

−iGðrbwÞ
ϕB

DBðp − kÞDϕðkþ ΔÞDϕðkÞ
eFðkÞeFðkþ ΔÞδ

�
y −

kþ

pþ

�
; ð49bÞ

where the trace factors in the numerator of the integrand are given by

FðrbwÞ
ϕB ¼ 1

2
yk2ð4k · Pþ 4MMB þ ytÞ − yð2ðk · pÞ2 −MMBð2k · Δþ ytÞÞ þ k · pð2k · p0 þ ytÞ; ð50aÞ

GðrbwÞ
ϕB ¼ −2yMð2yM2MB þ ðMB þ 2yMÞðk2 − 2k · pÞÞ; ð50bÞ

with MB ≡M þMB.
For the baryon rainbow diagram in Fig. 1(b), the photon couples to the intermediate octet baryon through an electric

vertex. The contribution of this diagram to the nonforward matrix element Γþ is given by

Γþ
ðbÞ ¼ ūðp0ÞC

2
Bϕ

f2

Z
d4k
ð2πÞ4 =kγ5

eFðkÞ i
DϕðkÞ

iðp0 − =kþMBÞ
DBðp0 − kÞ γþ

ið=p − =kþMBÞ
DBðp − kÞ γ5=keFðkÞδ

�
y −

kþ

pþ

�
uðpÞ: ð51Þ

Using a similar projection as in Eq. (47), the splitting functions fðrbwÞBϕ ðy; tÞ and gðrbwÞBϕ ðy; tÞ are obtained as

fðrbwÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

−iFðrbwÞ
Bϕ

DBðp0 − kÞDBðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð52aÞ

gðrbwÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

−iGðrbwÞ
Bϕ

DBðp0 − kÞDBðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð52bÞ

where the trace factors in the integrand are given by

FðrbwÞ
Bϕ ¼ −k · pð4k · p0 þ yMBΔBÞ þ k2ð4k · PþMBðMB − 2yMÞÞ − 1

2
yMBðyMBtþ 2ΔBk · p0Þ − k4; ð53aÞ

GðrbwÞ
Bϕ ¼ −

2MMB

t
ð2ðk · ΔÞ2 þ ytð4k · pþ k · p0 − k2 − yMMBÞÞ; ð53bÞ

with ΔB ≡MB −M.
The diagram in Fig. 1(c) involves the magnetic photon-baryon interaction. The contribution of this diagram to Γþ can be

written as

Γþ
ðcÞ ¼ ūðp0ÞC

2
Bϕ

f2

Z
d4k
ð2πÞ4 =kγ5

eFðkÞ iðp0 − =kþMBÞ
DBðp0 − kÞ

iσþνΔν

2MB

ið=p − =kþMBÞ
DBðp − kÞ

i
DϕðkÞ

γ5=keFðkÞδ
�
y −

kþ

pþ

�
uðpÞ: ð54Þ

The splitting functions fðrbwmagÞ
Bϕ ðy; tÞ and gðrbwmagÞ

Bϕ ðy; tÞ in this case are given by

fðrbwmagÞ
Bϕ ðy; tÞ ¼ C2

Bϕ

2f2

Z
d4k
ð2πÞ4

−iFðrbwmagÞ
Bϕ

DBðp0 − kÞDBðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð55aÞ

gðrbwmagÞ
Bϕ ðy; tÞ ¼ C2

Bϕ

2f2

Z
d4k
ð2πÞ4

−iGðrbwmagÞ
Bϕ

DBðp0 − kÞDBðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð55bÞ
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where

FðrbwmagÞ
Bϕ ¼ MB

MB
ð2ðk · ΔÞ2 þ ytð2k · P − k2 − yMMBÞÞ; ð56aÞ

GðrbwmagÞ
Bϕ ¼ −

2M
MBt

ð2M2
Bðk · ΔÞ2 þ 2yMBð2M þMBÞtk · P − 2y2M2M2

Bt

− 4tk · pk · p0 þ tk2ð4k · P −MBðMB þ 2yMÞ þ k2ÞÞ: ð56bÞ

The magnetic coupling constant Cmag
B does not appear in the splitting functions, but rather is included in the input GPDs.

The photon couples to the pseudoscalar meson and nucleon in Figs. 1(d) and 1(e), as first pointed out by Kroll and
Ruderman in their study photo-meson production near threshold [62]. The contribution of these two diagrams to the matrix
element Γþ is given by

Γþ
ðdÞþðeÞ ¼ ūðp0ÞC

2
Bϕ

f2

Z
d4k
ð2πÞ4

�
=kγ5

iðp0−=kþMBÞ
DBðp0−kÞ iγ5γþ− iγþγ5

ið=p−=kþMBÞ
DBðp−kÞ γ5=k

�
i

DϕðkÞ
eF2ðkÞδ

�
y−

kþ

pþ

�
uðpÞ: ð57Þ

The corresponding Kroll-Ruderman splitting functions fðKRÞBϕ ðy; tÞ and gðKRÞBϕ ðy; tÞ are then defined as

fðKRÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

� −iFðKR 1Þ
Bϕ

DBðp0 − kÞ þ
−iFðKR 2Þ

Bϕ

DBðp − kÞ
�

1

DϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð58aÞ

gðKRÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

� −iGðKR 1Þ
Bϕ

DBðp0 − kÞ þ
−iGðKR 2Þ

Bϕ

DBðp − kÞ
�

1

DϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð58bÞ

where the trace factors in the integrands are given by

FðKR 1Þ
Bϕ ¼ k2 − 2k · p0 þ yMMB; ð59aÞ

FðKR 2Þ
Bϕ ¼ k2 − 2k · pþ yMMB; ð59bÞ

GðKR 1Þ
Bϕ ¼ þMMB

t
ð2k · Δ − ytÞ; ð59cÞ

GðKR 2Þ
Bϕ ¼ −

MMB

t
ð2k · Δþ ytÞ: ð59dÞ

The additional Kroll-Ruderman diagrams generated from the expansion of the gauge link terms are shown in Figs. 1(f)
and 1(g), and are important to ensure that the renormalized charge of the proton (neutron) is 1 (0). The contribution of these
two additional diagrams with intermediate octet baryons is expressed as

Γþ
ðfÞþðgÞ ¼ ūðp0ÞC

2
Bϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ�=kγ5 iðp0 − =kþMBÞ
DBðp0 − kÞ

i
DϕðkÞ

ð=k − ΔÞγ5
2ikþ

2k · Δ − t
ðeFðk − ΔÞ − eFðkÞÞ

þ ð=kþ ΔÞγ5
−2ikþ

2k · Δþ t
ið=p − =kþMBÞ
DBðp − kÞ

i
DϕðkÞ

=kγ5ðeFðkþ ΔÞ − eFðkÞÞ�δ�y − kþ

pþ

�
uðpÞ: ð60Þ

The respective splitting functions for these gauge link diagrams, δfðKRÞBϕ ðy; tÞ and δgðKRÞBϕ ðy; tÞ, can be written as

δfðKRÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ 1

DϕðkÞ
δ

�
y−

kþ

pþ

��
iδFðKR1Þ

Bϕ

DBðp0 − kÞ
eFðk−ΔÞ− eFðkÞ

−2k ·Δþ t
þ iδFðKR2Þ

Bϕ

DBðp− kÞ
eFðkÞ− eFðkþΔÞ

2k ·Δþ t

�
; ð61aÞ
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δgðKRÞBϕ ðy; tÞ ¼ C2
Bϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ 1

DϕðkÞ
δ

�
y−

kþ

pþ

��
iδGðKR1Þ

Bϕ

DBðp0 − kÞ
eFðk−ΔÞ− eFðkÞ

−2k ·Δþ t
þ iδGðKR2Þ

Bϕ

DBðp− kÞ
eFðkÞ− eFðkþΔÞ

2k ·Δþ t

�
; ð61bÞ

where the numerator factors are given by

δFðKR 1Þ
Bϕ ¼ y

2
ð4ðk · pÞ2 − k2ð4k · Pþ 4MMB þ ytÞ þ 2MMBð2k · Δ − ytÞ þ 2k · p0ð2k · pþ ytÞÞ; ð62aÞ

δFðKR 2Þ
Bϕ ¼ −

y
2
ð4ðk · pÞ2 − k2ð4k · Pþ 4MMB þ ytÞ − 2MMBð2k · Δþ ytÞ þ 2k · pð2k · p0 þ ytÞÞ; ð62bÞ

δGðKR 1Þ
Bϕ ¼ −2MyðMBð2k · p0 − 2yM2Þ − k2ðMB þ yMÞ þ 2yMk · p0Þ; ð62cÞ

δGðKR 2Þ
Bϕ ¼ 2MyðMBð2k · p − 2yM2Þ − k2ðMB þ yMÞ þ 2yMk · pÞ: ð62dÞ

The contribution to Γþ from the tadpole diagram in Fig. 1(h) is given by a relatively simple expression,

Γþ
ðhÞ ¼ ūðp0ÞCϕϕ

f2

Z
d4k
ð2πÞ4

i
DϕðkÞ

γþeF2ðkÞδ
�
y −

kþ

pþ

�
uðpÞ: ð63Þ

The splitting function fðtadÞϕ ðy; tÞ in this case can be easily read off from Eq. (63), and is given by

fðtadÞϕ ðy; tÞ ¼ Cϕϕ

f2

Z
d4k
ð2πÞ4

i
DϕðkÞ

eF2ðkÞδ
�
y −

kþ

pþ

�
: ð64Þ

There is no contribution to a Pauli-like splitting function gðtadÞϕ ðy; tÞ from this diagram. The related tadpole diagram that is
associated with the gauge link in Fig. 1(i) makes a contribution to the Γþ matrix element that can be written as

Γþ
ðiÞ ¼ ūðp0ÞCϕϕ

f2

Z
d4k
ð2πÞ4 2=k

eFðkÞ i
DϕðkÞ

2kþ

−2k · Δþ t
ðeFðk − ΔÞ − eFðkÞÞδ�y − kþ

pþ

�
uðpÞ; ð65Þ

with the corresponding splitting function δfðtadÞϕ ðy; tÞ given by

δfðtadÞϕ ðy; tÞ ¼ iCϕϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ yð4k · Pþ ytÞ
DϕðkÞð−2k · Δþ tÞ ð

eFðk − ΔÞ − eFðkÞÞδ�y − kþ

pþ

�
: ð66Þ

The tadpole diagram in Fig. 1(j) associated with the magnetic interaction makes a contribution

Γþ
ðjÞ ¼ ūðp0ÞC

mag
ϕϕ

f2

Z
d4k
ð2πÞ4

i
DϕðkÞ

iσþνΔν

2M
eF2ðkÞδ

�
y −

kþ

pþ

�
uðpÞ; ð67Þ

which gives rise to a Pauli-like magnetic tadpole splitting function given by,

gðtadmagÞ
ϕ ðy; tÞ ¼ Cmag

ϕϕ

f2

Z
d4k
ð2πÞ4

i
DϕðkÞ

eF2ðkÞδ
�
y −

kþ

pþ

�
uðpÞ: ð68Þ

The contributions of the bubble diagrams are illustrated in Figs. 1(k) and 1(l). For the regular bubble diagram in Fig. 1(k),
one has

Γþ
ðkÞ ¼ −ūðp0ÞCϕϕ

2f2

Z
d4k
ð2πÞ4 ið2=kþ ΔÞeFðkþ ΔÞeFðkÞ i

Dϕðkþ ΔÞ 2k
þ i
DϕðkÞ

δ

�
y −

kþ

pþ

�
uðpÞ: ð69Þ
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As with the tadpole diagrams, this also generates only a Dirac-like splitting function, fðbubÞϕ ðy; tÞ, which is expressed as

fðbubÞϕ ðy; tÞ ¼ iCϕϕ

4f2

Z
d4k
ð2πÞ4

yð4k · Pþ ytÞ
Dϕðkþ ΔÞDϕðkÞ

eFðkþ ΔÞeFðkÞδ�y − kþ

pþ

�
: ð70Þ

Finally, for the bubble diagram derived from the Lagrangian L0
Bϕ in Eq. (17) and illustrated in Fig. 1(l), the contribution can

be written as

Γþ
ðlÞ ¼ ūðp0ÞC

0
ϕϕ

2f2

Z
d4k
ð2πÞ4 iσ

λνΔλkνeFðkþ ΔÞeFðkÞ i
Dϕðkþ ΔÞ 2k

þ i
DϕðkÞ

δ

�
y −

kþ

pþ

�
uðpÞ; ð71Þ

and produces a Pauli-like magnetic bubble splitting function given by

g0ðbubÞϕ ðy; tÞ ¼ iC0
ϕϕ

2f2

Z
d4k
ð2πÞ4

yMð4k · Pþ ytÞ
Dϕðkþ ΔÞDϕðkÞ

eFðkþ ΔÞeFðkÞδ�y − kþ

pþ

�
: ð72Þ

B. Decuplet baryon intermediate states

The splitting functions for the diagrams involving decuplet baryons in the intermediate state in Figs. 1(m)–1(u) are
computed in a similar way, although because of the higher spin of the decuplet baryons the expressions are typically
somewhat more involved. Here we give the basic expressions for the contributions from each diagram to the matrix element
Γþ, with the full results for the numerator trace factors in the decuplet splitting functions given in Appendix.
Beginning with the decuplet baryon rainbow diagram in Fig. 1(m), the contribution to Γþ is expressed in a similar form to

that for the octet baryon rainbow diagram Fig. 1(a) in Eqs. (46)–(47),

Γþ
ðmÞ ¼ −ūðp0ÞC

2
Tϕ

f2

Z
d4k
ð2πÞ4 ðkþ ΔÞλΘλαeFðkþ ΔÞ i

Dϕðkþ ΔÞ 2k
þ

×
i

DϕðkÞ
i

=p − =k −MT
Sαβðp − kÞΘβρkρeFðkÞδ

�
y −

kþ

pþ

�
uðpÞ ð73Þ

≡ūðp0Þ
�
γþfðrbwÞϕT ðy; tÞ þ iσþνΔν

2M
gðrbwÞϕT ðy; tÞ

�
uðpÞ; ð74Þ

where the octet-decuplet transition operator Θμν is defined in Eq. (2), and the spin-3=2 projection operator Sαβ for a particle
of momentum k is given by

SαβðkÞ ¼ −gαβ þ
γαγβ
3

þ 2kαkβ
3M2

T
þ γαkβ − γβkα

3MT
: ð75Þ

The corresponding Dirac and Pauli decuplet rainbow splitting functions, fðrbwÞϕT ðy; tÞ and gðrbwÞϕT ðy; tÞ, can be written as

fðrbwÞϕT ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

iFðrbwÞ
ϕT

DTðp − kÞDϕðkþ ΔÞDϕðkÞ
eFðkþ ΔÞeFðkÞδ�y − kþ

pþ

�
; ð76aÞ

gðrbwÞϕT ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

iGðrbwÞ
ϕT

DTðp − kÞDϕðkþ ΔÞDϕðkÞ
eFðkþ ΔÞeFðkÞδ�y − kþ

pþ

�
; ð76bÞ

respectively. The explicit expressions for the numerator factors FðrbwÞ
ϕT and GðrbwÞ

ϕT are given in Eqs. (A1) of Appendix.
In Fig. 1(n), the photon couples to the decuplet baryon in the intermediate state with an electric vertex. The contribution

of this diagram is given by
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Γþ
ðnÞ ¼ −ūðp0ÞC

2
Tϕ

f2

Z
d4k
ð2πÞ4 kλΘ

λσeFðkÞ i
DKðkÞ

i
p0 − =k −MT

Sσαðp0 − kÞγαβþ

×
i

=p − =k −MT
Sβρðp − kÞΘρνkνeFðkÞδ

�
y −

kþ

pþ

�
uðpÞ; ð77Þ

where the corresponding splitting functions fðrbwÞTϕ ðy; tÞ and gðrbwÞTϕ ðy; tÞ are

fðrbwÞTϕ ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

iFðrbwÞ
Tϕ

DTðp0 − kÞDTðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð78aÞ

gðrbwÞTϕ ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

iGðrbwÞ
Tϕ

DTðp0 − kÞDTðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
: ð78bÞ

The factors FðrbwÞ
Tϕ and GðrbwÞ

Tϕ in the numerators here are given in Eqs. (A2). For the magnetic photon-decuplet baryon
interaction in Fig. 1(o), the contribution to Γþ is expressed as

Γþ
ðoÞ ¼ −

C2
Tϕ

f2
ūðp0Þ

Z
d4k
ð2πÞ4 kλΘ

λσeFðkÞ i
DKðkÞ

i
p0 − =k −MT

Sσαðp0 − kÞ −i
2MT

σþβΔβ;

×
i

=p − =k −MT
Sαρðp − kÞΘρνkνeFðkÞδ

�
y −

kþ

pþ

�
uðpÞ; ð79Þ

where the corresponding splitting functions fðrbwmagÞ
Tϕ ðy; tÞ and gðrbwmagÞ

Tϕ ðy; tÞ are given by

fðrbwmagÞ
Tϕ ðy; tÞ ¼ C2

Tϕ

f2

Z
d4k
ð2πÞ4

iFðrbwmagÞ
Tϕ

DTðp0 − kÞDTðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð80aÞ

gðrbwmagÞ
Tϕ ðy; tÞ ¼ C2

Tϕ

f2

Z
d4k
ð2πÞ4

iGðrbwmagÞ
Tϕ

DTðp0 − kÞDTðp − kÞDϕðkÞ
eF2ðkÞδ

�
y −

kþ

pþ

�
; ð80bÞ

and the factors FðrbwmagÞ
Tϕ and GðrbwmagÞ

Tϕ are written out in Eqs. (A3).
In Figs. 1(p) and 1(q), the photon couples to the octet-decuplet transition vertex, whose contribution to the matrix element

Γþ can be written as

Γþ
ðpÞþðqÞ ¼

CBϕCTϕ

4MBf2
ūðp0Þ

Z
d4k
ð2πÞ4

eF2ðkÞ
�
−=kγ5

i
p0 − =k −MB

Δγ5
i

=p − =k −MT
Sþρðp − kÞΘρνkν

þ =kγ5
i

p0 − =k −MB
γþγ5Δλ i

=p − =k −MT
Sλρðp − kÞΘρνkν

− kλΘλν i
p0 − =k −MT

Sνρðp0 − kÞΔργþγ5
i

=p − =k −MB
=kγ5

þ kλΘλν i
p0 − =k −MT

Sνþðp0 − kÞΔγ5
1

=p − =k −MB
=kγ5

�
i

DϕðkÞ
δ

�
y −

kþ

pþ

�
uðpÞ: ð81Þ

The corresponding Dirac and Pauli splitting functions fðrbwmagÞ
BT ðy; tÞ and gðrbwmagÞ

BT ðy; tÞ are in this case given by

fðrbwmagÞ
BT ðy; tÞ ¼ CBϕCTϕ

4f2

Z
d4k
ð2πÞ4

eF2ðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

��
iFðrbwmag 1Þ

BT

DBðp0 − kÞDTðp − kÞ þ
iFðrbwmag 2Þ

BT

DTðp0 − kÞDBðp − kÞ
�
; ð82aÞ
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gðrbwmagÞ
BT ðy; tÞ ¼ CBϕCTϕ

4f2

Z
d4k
ð2πÞ4

eF2ðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

��
iGðrbwmag 1Þ

BT

DBðp0 − kÞDTðp − kÞ þ
iGðrbwmag 2Þ

BT

DTðp0 − kÞDBðp − kÞ
�
; ð82bÞ

with the four numerator factors Fðrbwmag 1;2Þ
BT and Gðrbwmag 1;2Þ

BT given in Eqs. (A4).
For the KR diagrams with decuplet baryon intermediate states in Fig. 1(r) and 1(s), the contribution to Γþ is given by the

expression

Γþ
ðrÞþðsÞ ¼ −

C2
Tϕ

f2
ūðp0Þ

Z
d4k
ð2πÞ4

eF2ðkÞ
�
kνΘνσ i

p0 − =k −MT
Sσρðp0 − kÞiΘρþ − iΘþσ i

=p − =k −MT
Sσρðp − kÞΘρνkν

�

×
i

DϕðkÞ
δ

�
y −

kþ

pþ

�
uðpÞ; ð83Þ

where the corresponding KR splitting functions fðKRÞTϕ ðy; tÞ and gðKRÞTϕ ðy; tÞ are given by

fðKRÞTϕ ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

�
iFðKR 1Þ

Tϕ

DTðp0 − kÞ þ
iFðKR 2Þ

Tϕ

DTðp − kÞ
�eF2ðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

�
; ð84aÞ

gðKRÞTϕ ðy; tÞ ¼ C2
Tϕ

f2

Z
d4k
ð2πÞ4

�
iGðKR 1Þ

Tϕ

DTðp0 − kÞ þ
iGðKR 2Þ

Tϕ

DTðp − kÞ
�eF2ðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

�
; ð84bÞ

and the numerator functions Fðrbwmag 1;2Þ
BT andGðrbwmag 1;2Þ

BT are in Eqs. (A5). Similarly, the additional KR diagrams generated
from the gauge link terms with decuplet intermediate states are shown in Figs. 1(t) and 1(u), and their contribution can be
written as

ΓðtÞþðuÞ ¼
C2
ϕT

f2
ūðp0Þ

Z
d4k
ð2πÞ4

�
kνΘνσ i

p0 −=k−MT
Sσρðp0 − kÞΘρλðk−ΔÞλ

2ikþ

−2k ·ΔþΔ2
ðeFðk−ΔÞ− eFðkÞÞ

þ ðkþΔÞνΘνσ −2ikþ

2k ·ΔþΔ2
ðeFðkÞ− eFðkþΔÞÞ i

=p−=k−MT
Sσρðp− kÞΘρλkλ

�
i

DϕðkÞ
eFðkÞδ�y− kþ

pþ

�
uðpÞ: ð85Þ

where the gauge link dependent KR splitting functions δfðKRÞTϕ ðy; tÞ and δgðKRÞTϕ ðy; tÞ are given by

δfðKRÞTϕ ðy; tÞ ¼ −
C2
Tϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

��
iδFðKR 1Þ

Tϕ

DTðp0 − kÞ
eFðkÞ − eFðk − ΔÞ

2k · Δ − Δ2
þ iδFðKR 2Þ

Tϕ

DTðp − kÞ
eFðkÞ − eFðkþ ΔÞ

2k · Δþ Δ2

�
;

ð86aÞ

δgðKRÞTϕ ðy; tÞ ¼ −
C2
Tϕ

f2

Z
d4k
ð2πÞ4

eFðkÞ 1

DϕðkÞ
δ

�
y −

kþ

pþ

��
iδGðKR 1Þ

Tϕ

DTðp0 − kÞ
eFðkÞ − eFðk − ΔÞ

2k · Δ − Δ2
þ iδGðKR 2Þ

Tϕ

DTðp − kÞ
eFðkÞ − eFðkþ ΔÞ

2k · Δþ Δ2

�
;

ð86bÞ

The complete expressions for the numerator func-
tions δFðKR 1;2Þ

Tϕ and δGðKR 1;2Þ
Tϕ are presented in Eqs. (A6)

of Appendix.

IV. NONANALYTIC BEHAVIOR
OF SPLITTING FUNCTIONS

While certain features of the hadronic splitting functions
derived in the previous section depend on short-distance

physics that in the current framework is controlled by the
regulator function eF, some aspects of their calculation are
in fact model independent. In particular, the moments of the
splitting functions, which can be expanded as a series in the
pseudoscalar meson mass, mϕ, contain terms that do not
depend on the regularization method [59,77–79]. These are
the coefficients of the leading nonanalytic (LNA) terms,
that are determined by the low-energy properties of the
nucleon, such as the hadronic couplings and masses. Since
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the LNA behavior is derived solely from the long-distance
characteristics of the chiral effective theory, understanding
these can place constraints on models of the splitting
functions consistent with the symmetries of QCD.
To explore the LNA terms further, we define the lowest

moments of the splitting functions fðxÞðy; tÞ and gðxÞðy; tÞ
for the diagram in Fig. 1 (“x”), where “x” ¼ “a”;…“u”, as

FðxÞ
1 ðtÞ ¼

Z
1

0

dy fðxÞðy; tÞ; ð87aÞ

FðxÞ
2 ðtÞ ¼

Z
1

0

dy gðxÞðy; tÞ; ð87bÞ

which correspond to the Dirac and Pauli electromagnetic
form factors of the nucleon, respectively. Taking the values
at zero four-momentum transfer squared, t ¼ 0, we expand

the form factors FðxÞ
1;2ðt ¼ 0Þ in mϕ, keeping only the

nonanalytic (NA) terms in m2
ϕ, from which the LNA

behavior can be extracted.
For the rainbow diagram in Fig. 1(a), the NA contribu-

tions can be written as

FðaÞ
1 ð0Þ

����
NA

¼ 3C2
Bϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
BÞ logm2

ϕ

þ 2ΔBRB log
ΔB − RB

ΔB þ RB

�
; ð88aÞ

FðaÞ
2 ð0Þ

����
NA

¼ 4C2
Bϕ

ð4πfÞ2
�
ðMΔB þ 2Δ2

B þ 2R2
BÞ logm2

ϕ

− ðM þ 4ΔBÞRB log
ΔB − RB

ΔB þ RB

�
; ð88bÞ

where RB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

B −m2
ϕ

q
. If ΔB < mϕ, RB will be an

imaginary number and the log term will become an
arctangent, according to its definition [59]. The NA terms

of FðaÞ
1 are the same as those reported in Eq. (62) of

Ref. [59] if one sums the NA contributions from the on-
shell and δ terms of Eqs. (114) and (117) of [59].
For the baryon rainbow diagram in Fig. 1(b), the NA

behavior is given by

FðbÞ
1 ð0ÞjNA ¼ 3C2

Bϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
BÞ logm2

ϕ

þ 2ΔBRB log
ΔB − RB

ΔB þ RB

�
; ð89aÞ

FðbÞ
2 ð0ÞjNA ¼ −

4C2
Bϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
BÞ logm2

ϕ

þ 2ΔBRB log
ΔB − RB

ΔB þ RB

�
: ð89bÞ

Note that the NA terms of FðbÞ
1 ð0Þ are identical to those of

FðaÞ
1 ð0Þ. For the diagram in Fig. 1(c), there is no NA term

for FðcÞ
1 ð0Þ, while the NA part of FðcÞ

2 ð0Þ can be written as

FðcÞ
2 ð0ÞjNA ¼ −

C2
Bϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
BÞ logm2

ϕ

þ 2ΔBRB log
ΔB − RB

ΔB þ RB

�
: ð90Þ

For the KR diagrams in Figs. 1(d) and 1(e), the NA
contributions to the Dirac form factor is given by

FðdÞþðeÞ
1 ð0ÞjNA ¼ 2C2

Bϕ

ð4πfÞ2
R3
B

M
log

ΔB − RB

ΔB þ RB
: ð91Þ

There is no NA contribution from these two diagrams to the
Pauli form factor. For the tadpole diagrams in Figs. 1(h) and
1(j), the NA terms contain only the LNA contributions,

FðhÞ
1 ð0ÞjLNA ¼ Cϕϕ†

ð4πfÞ2m
2
ϕ logm

2
ϕ; ð92Þ

FðjÞ
2 ð0ÞjLNA ¼

Cmag
ϕϕ†

ð4πfÞ2 m
2
ϕ logm

2
ϕ; ð93Þ

for the Dirac an Pauli form factors, respectively. For the
bubble diagram in Fig. 1(k), the NA behavior also reflects
the simple LNA form for the Dirac form factor,

FðkÞ
1 ð0ÞjLNA ¼ Cϕϕ†

ð4πfÞ2m
2
ϕ logm

2
ϕ; ð94Þ

and is in fact identical to the LNA contributions from the
tadpole diagram, Eq. (92), as required by gauge invariance.
The bubble diagramwith themagnetic interaction in Fig. 1(l)
gives rise to a contribution to the Pauli form factor given by

FðlÞ
2 ð0ÞjLNA ¼ −

C0
ϕϕ†

ð4πfÞ2Mm2
ϕ logm

2
ϕ: ð95Þ

Note that themass dimensions of the couplingsC0
ϕϕ† here are

inverse mass, in contrast to all the other couplings which are
dimensionless (see Table I in Sec. II above). As discussed in
Ref. [59], the additional diagrams in Figs. 1(f), 1(g), and 1(i)
generated from the gauge link yield no NA terms for either
the Dirac or Pauli form factors.
The NA terms for the splitting functions involving

intermediate decuplet baryon states can be obtained in a
similar manner. For the rainbow diagram Fig. 1(m), the NA
behavior is given by
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FðmÞ
1 ð0ÞjNA ¼ 2C2

Tϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2ΔTRT log
ΔT − RT

ΔT þ RT

�
; ð96aÞ

FðmÞ
2 ð0ÞjNA ¼ −

C2
Tϕ

3ð4πfÞ2
�
ð11m2

ϕ þ 4MΔT − 6Δ2
TÞ logm2

ϕ − 4MRT log
ΔT − RT

ΔT þ RT

�
: ð96bÞ

The NA behavior for the decuplet baryon coupling rainbow diagram in Fig. 1(n) can be analogously written as

FðnÞ
1 ð0ÞjNA ¼ 2C2

Tϕ

ð4πfÞ2
�
ðm2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2ΔTRT log
ΔT − RT

ΔT þ RT

�
; ð97aÞ

FðnÞ
2 ð0ÞjNA ¼ −

8C2
Tϕ

9ð4πfÞ2
�
ðm2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2ΔTRT log
ΔT − RT

ΔT þ RT

�
: ð97bÞ

As in the octet case, the NA term for the Dirac form factor contribution from Fig. 1(n) is identical to that from Fig. 1(m). For
the additional magnetic interaction decuplet baryon rainbow diagram in Fig. 1(o), the contribution to the F2 form factor is
given by

FðoÞ
2 ð0ÞjNA ¼ 10C2

Tϕ

9ð4πfÞ2
�
ðm2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2ΔTRT log
ΔT − RT

ΔT þ RT

�
; ð98Þ

while there is no NA term for the Dirac F1 form factor.
For the magnetic octet-decuplet baryon transition diagrams in Figs. 1(p) and 1(q), the combined NA contribution to the

Pauli form factor can be written as

FðpÞþðqÞ
2 ð0ÞjNA ¼ CBϕCTϕ

6ð4πfÞ2
�
ð8m2

ϕ − 5Δ2
B − 6ΔBΔT − 5Δ2

TÞ logm2
ϕ þ RT

6m2
ϕ − ΔTðΔB þ 5ΔTÞ

ΔB − ΔT
log

ΔT − RT

ΔT þ RT

− RB

6m2
ϕ − ΔBðΔT þ 5ΔBÞ

ΔB − ΔT
log

ΔB − RB

ΔB þ RB

�
; ð99Þ

with again no NA contributions to F1ð0Þ. Finally, for the KR diagrams with decuplet intermediate states in Figs. 1(r)
and 1(s) the NA behavior of the Dirac and Pauli form factors is given by

FðrÞþðsÞ
1 ð0ÞjNA ¼ 4C2

Tϕ

3Mð4πfÞ2
�
ΔTðm2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2R3
T log

ΔT − RT

ΔT þ RT

�
; ð100aÞ

FðrÞþðsÞ
2 ð0ÞjNA ¼ −

16C2
Tϕ

9Mð4πfÞ2
�
ΔTð3m2

ϕ − 2Δ2
TÞ logm2

ϕ þ 2R3
T log

ΔT − RT

ΔT þ RT

�
: ð100bÞ

As for the octet baryon case, the additional diagrams
derived from the gauge link for the decuplet baryons do
not give rise to any NA terms. Our results for the LNA
terms of the various loop diagrams are consistent with the
results for the Dirac form factor discussed in Ref. [59].
There have also been some attempts made to resum the
leading chiral logarithms to all orders [80,81].

V. CONVOLUTION FORMALISM

Having derived the full set of splitting functions for the
diagrams in Fig. 1 involving the SU(3) octet and decuplet

baryon intermediate states, in this section we discuss the
calculation of the GPDs in the proton arising from these
contributions. We derive expressions for the GPDs in terms
of convolutions of the splitting functions andGPDs of quarks
in the various hadronic configurations. Using flavor sym-
metry constraints, we discuss relations for the GPDs in the
hadronic configurations among the various SU(3) baryons.

A. GPDs as convolutions

The nth Mellin moments of the generalized quark
distributions Hqðx; ξ; tÞ and Eqðx; ξ; tÞ are given by [5]
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HðnÞ
q ðξ; tÞ≡

Z
1

−1
dx xn−1Hqðx; ξ; tÞ ¼

Xn−1
i¼0;even

ð−2ξÞiAðnÞi
q ðtÞ þ ð−2ξÞnCðnÞ

q ðtÞjn even; ð101aÞ

EðnÞ
q ðξ; tÞ≡

Z
1

−1
dx xn−1Eqðx; ξ; tÞ ¼

Xn−1
i¼0;even

ð−2ξÞiBðnÞi
q ðtÞ − ð−2ξÞnCðnÞ

q ðtÞjn even; ð101bÞ

where AðnÞi
q ðtÞ, BðnÞi

q ðtÞ and CðnÞ
q ðtÞ are the generalized form factors of rank n. The generalized form factors can be related to

the matrix elements of local twist-2 operators Ofμμ1���μn−1g
q between nucleon states [5],

hNðp0ÞjOfμμ1���μn−1g
q jNðpÞi ¼ ūðp0Þ

� Xn−1
i¼0;even

AðnÞi
q ðtÞγfμΔμ1 � � �ΔμiPμiþ1 � � �Pμn−1g

−
i

2M

Xn−1
i¼0; even

BðnÞi
q ðtÞΔνσ

νfμΔμ1 � � �ΔμiPμiþ1 � � �Pμn−1g

þ 1

M
CðnÞ
q ðtÞjn evenΔfμ � � �Δμn−1g

�
uðpÞ; ð102Þ

where the symmetric and traceless operators are defined as

Ofμμ1���μn−1g
q ¼ in−1ψ̄qγ

fμ
D
↔μ1 � � �D↔μn−1g

ψq; ð103Þ

with D
↔ ¼ 1

2
ðD⃗ − D⃖Þ. The braces f� � �g represent symmet-

rization over the indices μμ1 � � � μn and subtraction of
traces.
In an effective field theory, these quark operators are

matched to hadronic operators with the corresponding set
of quantum numbers [79],

Ofμμ1���μn−1g
q ¼

X
j

Qðn−1Þ
j Ofμμ1���μn−1g

j ; ð104Þ

where the subscript j labels different types of hadronic

operators. The coefficients Qðn−1Þ
j can be defined through

the nth moments of the generalized parton distributions in
the hadronic configuration j (see Sec. V B below). Matrix

elements of the hadronic operators Ofμμ1���μn−1g
j can be used

to define the moments of the Dirac-like and Pauli-like
hadronic splitting functions fj and gj, respectively, intro-
duced in Eq. (45),

fðnÞj ¼
Z

1

−1
dy yðn−1Þfjðy; tÞ; ð105aÞ

gðnÞj ¼
Z

1

−1
dy yðn−1Þgjðy; tÞ; ð105bÞ

where y is the light-cone momentum fraction of the
nucleon carried by the hadronic state j. Taking the matrix
elements of the matched operators in Eq. (104) between
nucleon states with unequal initial and final momenta, and

contracting both sides with light-cone vector nμnμ1 � � � nμn−1,
we then arrive at a relation for the GPD moments in terms
of the moments of the hadronic splitting functions,

HðnÞ
q ūðp0Þ=nuðpÞ þ i

2M
EðnÞ
q ūðp0ÞnμσμνΔνuðpÞ

¼
X
j

Qðn−1Þ
j

�
fðnÞj ūðp0Þ=nuðpÞ

þ i
2M

gðnÞj ūðp0ÞnμσμνΔνuðpÞ
�
: ð106Þ

Since Eq. (106) is valid for all moments n, we deduce that
the corresponding convolution relation exists also for the
GPDs as a function of x. Specializing to the case of zero
skewness, ξ ¼ 0, we can write the contributions to the Hq

and Eq GPDs from the hadronic configurations in the form

Hqðx; tÞ≡Hqðx; ξ ¼ 0; tÞ ¼
X
j

½fj ⊗ qvj �ðx; tÞ

≡X
j

Z
1

0

dy
Z

1

0

dz δðx − yzÞfjðy; tÞqvj ðz; tÞ;

ð107aÞ
Eqðx; tÞ≡ Eqðx; ξ ¼ 0; tÞ ¼

X
j

½gj ⊗ qvj �ðx; tÞ

≡X
j

Z
1

0

dy
Z

1

0

dz δðx − yzÞgjðy; tÞqvj ðz; tÞ;

ð107bÞ
where we define qvj ðx; tÞ≡ qjðx; ξ ¼ 0; tÞ − q̄jðx; ξ ¼ 0; tÞ
as the GPD of the valence quark q in the hadronic
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configuration j evaluated at zero skewness. We should
mention that the above convolutions are only valid when
ξ ¼ 0. The nonzero skewness GPDs have additional
properties, such as Hqðx; ξ; tÞ and Eqðx; ξ; tÞ being even
under the transformation ξ → −ξ. The proof of the poly-
nomiality properties in Eqs. (101) will also be an important
check for the convolution equations in the nonzero skew-
ness case. Such a proof has been demonstrated in some
nonperturbative approaches [37].
Since the total Hq and Eq GPDs can each receive

contributions from both Dirac-like and Pauli-like GPDs
of the hadronic configurations, the sum over j in Eqs. (107)
includes both electric and magnetic couplings, qj → Hq

j or
Eq
j . Note also that crossing symmetry, qjð−x; ξ ¼ 0; tÞ ¼

−q̄jðx; ξ ¼ 0; tÞ, in direct analogy to that for forward
(t ¼ 0) parton distributions, has been used to write the
integrals in Eqs. (107) over the interval 0 to 1.
To illustrate the application of Eqs. (107) to chiral loop

contributions to sea quark GPDs in the proton, in this paper
we focus on the asymmetries between the GPDs for d̄ and ū
quarks, and between the s and s̄ quark flavors. Assuming
that the intermediate state octet and decuplet baryons are
flavor symmetric, with mesons ϕ the only source of
antiquarks, the convolution form for the antiquark electric

and magnetic GPDs in the proton involves contributions
only from the diagrams in Figs. 1(a), (k), (l), and (m).
Specifically, for the Hq̄ and Eq̄ GPDs at zero skewness, we
have

Hq̄ðx;tÞ¼
X
ϕBT

½ðfðrbwÞϕB þfðrbwÞϕT þfðbubÞϕ Þ⊗Hq̄
ϕ�ðx;tÞ; ð108aÞ

Eq̄ðx;tÞ¼
X
ϕBT

½ðgðrbwÞϕB þgðrbwÞϕT þg0ðbubÞϕ Þ⊗Hq̄
ϕ�ðx;tÞ; ð108bÞ

whereHq̄
ϕ is the electric GPD for quark flavor q̄ in the meson

ϕ. The splitting functions fðrbwÞϕB and gðrbwÞϕB for Fig. 1(a) are
given in Eqs. (49a) and (49b), respectively, the decuplet

recoil splitting functions fðrbwÞϕT and gðrbwÞϕT for Fig. 1(m) are
given in Eqs. (76a) and (76b), respectively, and the functions

fðbubÞϕ and g0ðbubÞϕ for Figs. 1(k) and (l) are given in Eqs. (70)
and (72), respectively.
The convolution form for the quark GPDs received

contributions from all other diagrams in Fig. 1, and so
has a more complicated structure,

Hqðx; tÞ ¼ Z2H
q
0ðx; tÞ þ

X
ϕBT

½ðfðrbwÞϕB þ fðrbwÞϕT þ fðbubÞϕ Þ ⊗ Hq
ϕ þ f̄ðrbwÞBϕ ⊗ Hq

B þ f̄ðKRÞBϕ ⊗ HqðKRÞ
B þ δf̄ðKRÞB ⊗ HqðKRÞ

B

þ f̄ðrbwÞTϕ ⊗ Hq
T þ f̄ðKRÞTϕ ⊗ HqðKRÞ

T þ δf̄ðKRÞTϕ ⊗ HqðKRÞ
T þ f̄ðrbwmagÞ

Bϕ ⊗ Eq
B þ f̄ðrbwmagÞ

Tϕ ⊗ Eq
T þ f̄ðrbwmagÞ

BT ⊗ Eq
BT

þ f̄ðtadÞϕ ⊗ HqðtadÞ
ϕϕ† þ δf̄ðtadÞϕ ⊗ HqðtadÞ

ϕϕ† �ðx; tÞ; ð109aÞ

Eqðx; tÞ ¼ Z2E
q
0ðx; tÞ þ

X
ϕBT

½ðgðrbwÞϕB þ gðrbwÞϕT þ g0ðbubÞϕ Þ ⊗ Hq
ϕ þ ḡðrbwÞBϕ ⊗ Hq

B þ ḡðKRÞBϕ ⊗ HqðKRÞ
B þ δḡðKRÞB ⊗ HqðKRÞ

B

þ ḡðrbwÞTϕ ⊗ Hq
T þ ḡðKRÞTϕ ⊗ HqðKRÞ

T þ δḡðKRÞTϕ ⊗ HqðKRÞ
T þ ḡðrbwmagÞ

Bϕ ⊗ Eq
B þ ḡðrbwmagÞ

Tϕ ⊗ Eq
T þ ḡðrbwmagÞ

BT ⊗ Eq
BT

þ ḡðtadmagÞ
ϕ ⊗ EqðtadÞ

ϕϕ† �ðx; tÞ; ð109bÞ

whereHq
0 andE

q
0 are the quark GPDs of the bare proton, and

Z2 is the wave function renormalization constant associated
with the dressing of the bare proton by the meson loops in
Fig. 1. As shorthand, in Eqs. (109) we use the notation
f̄jðyÞ≡ fjð1 − yÞ and ḡjðyÞ≡ gjð1 − yÞ for the electric and
magnetic splitting functions involving couplings to baryons.
Note that both the electric and magnetic operators contribute
toHqðx; tÞ andEqðx; tÞ at zero and finitemomentum transfer.
At zero momentum transfer, however, there is no contribu-
tion from the magnetic term to the matrix element, even
though the GPD Eqðx; 0Þ itself is nonzero.

The expressions for the quark and antiquark GPDs in
Eqs. (108) and (109) form the basis for our calculations of
the meson loop contributions to the GPD flavor asymme-
tries. For the case of u and d quarks, the intermediate states
include the nucleon and Δ baryons and π mesons. For the
strange quark, on the other hand, the intermediate states
that contribute are the hyperons Λ, Σ and Σ� and K mesons.
To compute the quark and antiquark GPDs numerically, we
require information on the GPDs for the various hadronic
configurations that contribute in Eqs. (108)–(109), which
we turn to next.
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B. GPDs of hadronic configurations

The twist-two operators associated with the PDFs of the hadronic configurations have been discussed in detail in
Refs. [58,60]. For GPDs at finite momentum transfer t, the operators are somewhat more complicated, and we consider first
the intermediate octet baryons as the hadronic configuration as an example. The relevant operator here can be written as

Oμμ1…μn−1
qB ¼

Xn−1
i¼0;even

1

2
ðαðnÞiA Tr½B̄γμfðu†λquþ uλqu†Þ; Bg� þ βðnÞiA Tr½B̄γμ½ðu†λquþ uλqu†Þ; B��

þ σðnÞiA Tr½B̄γμB�Tr½ðu†λquþ uλqu†Þ�ÞΔμ1 � � �ΔμiPμiþ1 � � �Pμn−1

þ
Xn−1

i¼0;even

i
4MB

ðαðnÞiB Tr½B̄σμνfðu†λquþ uλqu†Þ; Bg� þ βðnÞiB Tr½B̄σμν½ðu†λquþ uλqu†Þ; B��

þ σðnÞiB Tr½B̄σμνB�Tr½ðu†λquþ uλqu†Þ�ÞΔνΔμ1 � � �ΔμiPμiþ1 � � �Pμn−1

þ 1

2MB
ðαðnÞC jn¼evenTr½B̄fðu†λquþ uλqu†Þ; Bg� þ βðnÞC jn¼evenTr½B̄½ðu†λquþ uλqu†Þ; B��

þ σðnÞC jn¼evenTr½B̄B�Tr½ðu†λquþ uλqu†Þ�ÞΔμΔμ1 � � �Δμn−1 : ð110Þ

Contracting both sides of Eq. (110) with the light-front unit vectors nμnμ1 � � � nμn−1 then gives

nμnμ1 � � �nμn−1Oμμ1…μn−1
qB ¼ 1

2
αðnÞTr½B̄=nfðu†λquþ uλqu†Þ;Bg� þ

1

2
βðnÞTr½B̄=n½ðu†λquþ uλqu†Þ;B��

þ 1

2
σðnÞTr½B̄=nB�Tr½ðu†λquþ uλqu†Þ� þ

iαðnÞmag

8MB
Tr½B̄nμσμνΔνfðu†λquþ uλqu†Þ;Bg�

þ iβðnÞmag

8MB
Tr½B̄nμσμνΔν½ðu†λquþ uλqu†Þ;B�� þ

iσðnÞmag

8MB
Tr½B̄nμσμνΔνB�Tr½ðu†λquþ uλqu†Þ�; ð111Þ

where for shorthand we define by XðnÞ and XðnÞ
mag, where

X ¼ α, β or σ, the following combinations,

XðnÞ ¼
Xn−1

i¼0;even

ð−2ξÞiXðnÞi
A þ ð−2ξÞnXðnÞ

C

���
n¼even

; ð112aÞ

XðnÞ
mag ¼

Xn−1
i¼0;even

ð−2ξÞiXðnÞi
B − ð−2ξÞnXðnÞ

C

���
n¼even

: ð112bÞ

The nth moments of the GPDs in octet baryons can then be

related to the coefficients XðnÞ and XðnÞ
mag. By expanding the

matrices in Eq. (111), one can derive relations between the
quark GPDs of different flavors in the octet baryons. Since
such relations are independent of the momentum transfer
and structure of the γ-matrices of the operator, the relations
between the Dirac-like GPDs Hqðx; tÞ will be the same as
those for PDFs obtained in Refs. [58,60]. In the following,
we therefore focus on the derivation of the relations for the
spin-flip GPDs, Eqðx; tÞ, and examine whether the relations
between the different flavors are the same as those for
the PDFs.
For the magnetic operator, the contraction with the light-

front unit vectors gives

nμnμ1 � � � nμn−1Oμμ1…μn−1
qmag ¼ iαðnÞmag

4MB
Tr½B̄nμσμνΔνfðu†λquþ uλqu†Þ; Bg� þ

iβðnÞmag

4MB
Tr½B̄nμσμνΔν½ðu†λquþ uλqu†Þ; B��

þ iσðnÞmag

4MB
Tr½B̄nμσμνΔνB�Tr½ðu†λquþ uλqu†Þ� −

iθðnÞmag

2MT
Tabc
α nμσμνΔνðλþq ÞaeTebc

α

−
iρðnÞmag

2MT
Tabc
α nμσμνΔνTabc

α Tr½λþq � þ
ωðnÞ
mag

4MB
½ϵijkðλþq ÞilB̄j

mΔγ5nμTμ;klm − ϵijkðλþq ÞilB̄j
m=nγ5ΔνTν;klm�

þ H:c: ð113Þ
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The coefficients fαðnÞmag; β
ðnÞ
mag; σ

ðnÞ
mag; θ

ðnÞ
mag; ρ

ðnÞ
mag;ω

ðnÞ
magg are

related to the nth magnetic moments of the quark distri-
butions in the corresponding hadronic configurations. With
the simplification of the flavor matrices, the contracted
magnetic operator can be rewritten in the form

nμnμ1 � � � nμn−1Oμμ1���μn−1
qmag

¼ Qðn−1Þ
BmagOBmag þQðn−1Þ

TmagOTmag þQðn−1Þ
BTmagOBTmag

þQðn−1Þ
ϕϕ† magOϕϕ† mag; ð114Þ

where the hadronic operators are given by

OBmag ¼
i

2MB
B̄nμσμνΔνB; ð115aÞ

OTmag ¼ −
i

2MT
TαnμσμνΔνTα; ð115bÞ

OBTmag ¼ −
ffiffiffi
3

p

2
ffiffiffi
2

p
MB

ðB̄Δγ5nμTμ − B̄=nγ5ΔνTνÞ; ð115cÞ

Oϕϕ† mag ¼ −
i

2MBf2
B̄nμσμνΔνBϕϕ†: ð115dÞ

The coefficients Qðn−1Þ
jmag of each of the operators are

defined in terms of the Mellin moments of the correspond-
ing distribution functions in the intermediate hadron
states,

Qðn−1Þ
Bmag ¼

Z
1

−1
dx xn−1Eq

Bðx; tÞ; ð116aÞ

Qðn−1Þ
Tmag ¼

Z
1

−1
dx xn−1Eq

Tðx; tÞ; ð116bÞ

Qðn−1Þ
BTmag ¼

Z
1

−1
dx xn−1Eq

BTðx; tÞ; ð116cÞ

Qðn−1Þ
ϕϕ† mag

¼
Z

1

−1
dx xn−1Eq

ϕϕ†ðx; tÞ; ð116dÞ

where the GPDs correspond to those appearing in the
convolution expressions on the right-hand sides of
Eqs. (109).

The moments Uðn−1Þ
Bmag, D

ðn−1Þ
Bmag and S

ðn−1Þ
Bmag of the u, d and s

quark GPDs in the octet baryons can be expressed in terms

of the coefficients αðnÞmag, βðnÞmag and σðnÞmag, as listed in
Table II. Solving for the coefficients, one can write these
as linear combinations of the quark GPD moments in the
proton,

αðnÞmag ¼ 1

2
ðUðn−1Þ

pmag þ Sðn−1ÞpmagÞ −Dðn−1Þ
pmag; ð117aÞ

βðnÞmag ¼ 1

2
ðUðn−1Þ

pmag − Sðn−1ÞpmagÞ; ð117bÞ

σðnÞmag ¼ Dðn−1Þ
pmag: ð117cÞ

Furthermore, assuming the strangeness in the bare nucleon
state to be zero, we have

σðnÞmag ¼ βðnÞmag − αðnÞmag: ð118Þ
In particular, for n ¼ 1 the relation Eq. (118) is consistent
with the Lagrangian for the magnetic interaction, Eq. (13),
where c3 ¼ c2 − c1.
The moments of the GPDs in the decuplet baryons,

Qðn−1Þ
Tmag, for u, d and s quarks can be expressed in terms of

the coefficients θðnÞmag and ρ
ðnÞ
mag, which are listed in Table III.

Solving for the coefficients θðnÞmag and ρðnÞmag in terms of the
GPD moments in the Δþ baryon, one has

θðnÞmag ¼ 3ðDðn−1Þ
Δþ − Sðn−1ÞΔþ Þ ¼ 3

2
ðUðn−1Þ

Δþ − Sðn−1ÞΔþ Þ; ð119aÞ

ρðnÞmag ¼ Sðn−1ÞΔþ : ð119bÞ

TABLE II. Moments Qðn−1Þ
Bmag of the u, d and s quark GPDs in

octet baryons arising from the magnetic interaction.

B Uðn−1Þ
Bmag Dðn−1Þ

Bmag Sðn−1ÞBmag

p αðnÞmagþβðnÞmagþσðnÞmag σðnÞmag αðnÞmag−βðnÞmagþσðnÞmag

n σðnÞmag αðnÞmagþβðnÞmagþσðnÞmag αðnÞmag−βðnÞmagþσðnÞmag

Σþ αðnÞmagþβðnÞmagþσðnÞmag αðnÞmag−βðnÞmagþσðnÞmag σðnÞmag

Σ0 αðnÞmagþσðnÞmag αðnÞmagþσðnÞmag σðnÞmag

Σ− αðnÞmag−βðnÞmagþσðnÞmag αðnÞmagþβðnÞmagþσðnÞmag σðnÞmag

Λ 1
3
αðnÞmagþσðnÞmag

1
3
αðnÞmagþσðnÞmag

4
3
αðnÞmagþσðnÞmag

ΛΣ0 1ffiffi
3

p αðnÞmag − 1ffiffi
3

p αðnÞmag 0

TABLE III. Moments Qðn−1Þ
Tmag of the u, d and s quark GPDs in

decuplet baryons arising from the magnetic interaction.

T Uðn−1Þ
Tmag Dðn−1Þ

Tmag Sðn−1ÞT mag

Δþþ θðnÞmag þ ρðnÞmag ρðnÞmag ρðnÞmag

Δþ 2
3
θðnÞmag þ ρðnÞmag

1
3
θðnÞmag þ ρðnÞmag ρðnÞmag

Δ0 1
3
θðnÞmag þ ρðnÞmag

2
3
θðnÞmag þ ρðnÞmag ρðnÞmag

Δ− ρðnÞmag θðnÞmag þ ρðnÞmag ρðnÞmag

Σ�þ 2
3
θðnÞmag þ ρðnÞmag ρðnÞmag

1
3
θðnÞmag þ ρðnÞmag

Σ�0 1
3
θðnÞmag þ ρðnÞmag

1
3
θðnÞmag þ ρðnÞmag

1
3
θðnÞmag þ ρðnÞmag

Σ�− ρðnÞmag
2
3
θðnÞmag þ ρðnÞmag

1
3
θðnÞmag þ ρðnÞmag
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Proceeding in analogy with the nucleon case, we assume no
strange quark contribution in the undressed Δ baryons,
which enables the decuplet coefficients to be written in
terms of the u and d quark GPD moments in the Δþ,

θðnÞmag ¼ 3Dðn−1Þ
Δþ ¼ 3

2
Uðn−1Þ

Δþ ; ρðnÞmag ¼ 0: ð120Þ

This is also consistent with the effective Lagrangian of
Eq. (13), where only one term for the decuplet magnetic
interaction is included.
The moments of quark GPDs for the octet-decuplet

transition, Qðn−1Þ
BTmag, can be expressed in terms of the

coefficient ωðnÞ
mag defined in Eq. (113), and are given in

Table IV for the allowed configurations. One can write

ωðnÞ
mag in terms of the proton–Δþ transition GPDmoments as

ωðnÞ
mag ¼ 3

ffiffiffi
2

p
Uðn−1Þ

pΔþ ¼ −3
ffiffiffi
2

p
Dðn−1Þ

pΔþ ; ð121Þ

with relations for the other octet-decuplet transitions in
Table IV.
The moments of the distributions generated by the

tadpole vertex are listed in Table V, where the correspond-

ing moments Qðn−1Þ
ϕϕ† mag

of the u, d and s quark GPDs are

expressed in terms of the αðnÞmag and βðnÞmag coefficients in
Eq. (117). Note that combinations involving K0K̄0 mesons
do not contribute to the u-quark moments, while those
involving KþK− do not contribute to the d-quark moments,
and contributions from πþπ− configurations to the s-quark
moments also vanish.
Since the above relations for the GPD moments are valid

for all values of n, one can derive from the moments explicit
relations between the input valence GPDs for different quark
flavors in various hadrons. Focusing still on the magnetic
GPD Eq, we relate the valence GPDs in the octet baryons to
the GPDs in the proton, denoted by Eq ≡ Eq

pðx; tÞ≡
Eq
pðx; ξ ¼ 0; tÞ, using the results from Table II,

Eu
n ¼ Ed; Ed

n ¼ Eu; Es
n ¼ Es; ð122aÞ

Eu
Σþ ¼ Eu; Ed

Σþ ¼ Es; Es
Σþ ¼ Ed; ð122bÞ

Eu
Σ0 ¼ 1

2
ðEu þEsÞ; Ed

Σ0 ¼ Eu
Σ0 ; Es

Σ0 ¼ Ed; ð122cÞ

Eu
Σ− ¼ Es; Ed

Σ− ¼ Eu; Es
Σ− ¼ Ed; ð122dÞ

Eu
Λ ¼ 1

6
ðEu þ 4Ed þ EsÞ; Ed

Λ ¼ Eu
Λ;

Es
Λ ¼ 1

3
ð2Eu − Ed þ 2EsÞ; ð122eÞ

Eu
ΛΣ0 ¼ 1

2
ffiffiffi
3

p ðEu−2EdþEsÞ; Ed
ΛΣ0 ¼−Eu

ΛΣ0 ; Es
ΛΣ0 ¼0:

ð122fÞ
For the GPDs in the SU(3) decuplet baryons, using the
relations inTable III these can bewritten in termsof theGPDs
in the Δþ baryon, which we denote by Eq

Δ ≡ Eq
Δþðx; tÞ≡

Eq
Δþðx; ξ ¼ 0; tÞ,

Eu
Δþþ ¼Eu

ΔþEd
Δ−Es

Δ; Ed
Δþþ ¼Es

Δ; Es
Δþþ ¼Es

Δ; ð123aÞ

Eu
Δ0 ¼ Ed

Δ; Ed
Δ0 ¼ Eu

Δ; Es
Δ0 ¼ Es

Δ; ð123bÞ

Eu
Σ�þ ¼ Eu

Δ; Ed
Σ�þ ¼ Es

Δ; Es
Σ�þ ¼ Ed

Δ; ð123cÞ

Eu
Σ�0 ¼ Ed

Δ; Ed
Σ�0 ¼ Ed

Δ; Es
Σ�0 ¼ Ed

Δ; ð123dÞ

Eu
Σ�− ¼ Es

Δ; Ed
Σ�− ¼ Eu

Δ; Es
Σ�− ¼ Ed

Δ: ð123eÞ

Interestingly, the relations between the Eq GPDs between
different flavors in the SU(3) octet and decuplet baryon
configurations are identical to those for the PDFs derived in

TABLE IV. Moments Qðn−1Þ
BTmag of the u, d and s quark

distributions arising from the magnetic interactions for the
octet-decuplet transition.

BT Uðn−1Þ
BTmag Dðn−1Þ

BT mag Sðn−1ÞBTmag

pΔþ 1

3
ffiffi
2

p ωðnÞ
mag − 1

3
ffiffi
2

p ωðnÞ
mag 0

nΔ0 1

3
ffiffi
2

p ωðnÞ
mag − 1

3
ffiffi
2

p ωðnÞ
mag 0

ΣþΣ�þ − 1

3
ffiffi
2

p ωðnÞ
mag 0 1

3
ffiffi
2

p ωðnÞ
mag

Σ0Σ�0 1

6
ffiffi
2

p ωðnÞ
mag

1

6
ffiffi
2

p ωðnÞ
mag − 1

3
ffiffi
2

p ωðnÞ
mag

Σ−Σ�− 0 1

3
ffiffi
2

p ωðnÞ
mag − 1

3
ffiffi
2

p ωðnÞ
mag

ΛΣ�0 − 1ffiffiffiffi
24

p ωðnÞ
mag

1ffiffiffiffi
24

p ωðnÞ
mag 0

TABLE V. Moments Qðn−1Þ
Bϕϕmag of the u, d and s quark GPDs

arising from the magnetic interactions involving the BBϕϕ

tadpole vertex. For shorthand we define ΓðnÞ
� ≡ αðnÞmag � βðnÞmag.

Uðn−1Þ
ϕϕmag Dðn−1Þ

ϕϕmag Sðn−1Þϕϕmag

B πþπ− KþK− πþπ− K0K0 K0K0 KþK−

p 1
2
ΓðnÞ
þ βðnÞmag − 1

2
ΓðnÞ
þ − 1

2
ΓðnÞ
−

1
2
ΓðnÞ
− −βðnÞmag

n − 1
2
ΓðnÞ
þ − 1

2
ΓðnÞ
− 1

2
ΓðnÞ
þ βðnÞmag −βðnÞmag

1
2
ΓðnÞ
−

Σþ
βðnÞmag

1
2
ΓðnÞ
þ −βðnÞmag

1
2
ΓðnÞ
− − 1

2
ΓðnÞ
− − 1

2
ΓðnÞ
þ

Σ0 0 1
2
αðnÞmag

0 1
2
αðnÞmag − 1

2
αðnÞmag − 1

2
αðnÞmag

Σ− −βðnÞmag
1
2
ΓðnÞ
− βðnÞmag

1
2
ΓðnÞ
þ − 1

2
ΓðnÞ
þ − 1

2
ΓðnÞ
−

Λ 0 − 1
2
αðnÞmag

0 − 1
2
αðnÞmag

1
2
αðnÞmag

1
2
αðnÞmag

ΛΣ0 1ffiffi
3

p αðnÞmag
1

2
ffiffi
3

p αðnÞmag − 1ffiffi
3

p αðnÞmag − 1

2
ffiffi
3

p αðnÞmag
1

2
ffiffi
3

p αðnÞmag − 1

2
ffiffi
3

p αðnÞmag
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Refs. [58,60]. Similar relations will therefore follow also for
the electric Hq GPDs.
For the octet-decuplet transition GPDs, from Table IV

one can write each of the transition GPDs in terms of the
u-quark GPD for the p − Δþ transition,

Eu
nΔ0 ¼Eu

pΔþ ; Ed
nΔ0 ¼−Eu

pΔþ ; Es
nΔ0 ¼ 0; ð124aÞ

Eu
ΣþΣ�þ ¼−Eu

pΔþ ; Ed
ΣþΣ�þ ¼0; Es

ΣþΣ�þ ¼Eu
pΔþ ; ð124bÞ

Eu
Σ0Σ�0 ¼ 1

2
Eu
pΔþ ; Ed

Σ0Σ�0 ¼ 1

2
Eu
pΔþ ; Es

Σ0Σ�0 ¼ −Eu
pΔþ ;

ð124cÞ

Eu
Σ−Σ�− ¼0; Ed

Σ−Σ�− ¼Eu
pΔþ ; Es

Σ−Σ�− ¼−Eu
pΔþ ; ð124dÞ

Eu
ΛΣ�0 ¼ −

ffiffiffi
3

p

2
Eu
pΔþ ; Ed

ΛΣ�0 ¼
ffiffiffi
3

p

2
Eu
pΔþ ; Es

ΛΣ�0 ¼ 0:

ð124eÞ

Finally, for the GPDs associated with the tadpoles, the
distributions can be expressed in terms of GPDs in the
proton. For the case of the nucleon, from Table V we have

EuðtadÞ
πþπ− ¼ 1

2
ðEu−EdÞ; EdðtadÞ

πþπ− ¼ 1

2
ðEd−EuÞ; EsðtadÞ

πþπ− ¼ 0;

ð125aÞ

EuðtadÞ
KþK− ¼1

2
ðEu−EsÞ; EdðtadÞ

KþK− ¼0; EsðtadÞ
KþK− ¼1

2
ðEs−EuÞ;

ð125bÞ

EuðtadÞ
K0K0 ¼ 0; EdðtadÞ

K0K0 ¼ 1

2
ðEd−EsÞ; EsðtadÞ

K0K0 ¼ 1

2
ðEs−EdÞ:

ð125cÞ

The tadpole GPDs for the other baryons can also be derived
from the relations in Table V.
Turning now to the Dirac-like Hq

j ðx; tÞ GPDs for the
various hadronic configurations j, we observe that these
have the same relationships as for PDFs [58,60]. Taking the
strange quark flavor as an example, for the strange GPDs in
octet baryons we have

Hs
Σþ ¼ Hs

Σ0 ¼ Hs
Σ− ¼ Hd; ð126aÞ

Hs
Λ ¼ 1

3
ð2Hu −Hd þ 2HsÞ; ð126bÞ

while for the strange GPDs in decuplet baryons,

Hs
Σ�þ ¼ Hs

Σ�0 ¼ Hs
Σ�− ¼ Hd

Δ; ð127Þ

with the strange GPDs in all other baryons vanishing.
For the strange GPDs associated with the tadpole

diagram, we find

HsðtadÞ
KþK− ¼ 1

2
ðHs −HuÞ; HsðtadÞ

K0K̄0 ¼ 1

2
ðHs −HdÞ: ð128Þ

The strange electric GPDs for the KR diagrams are related
to the magnetic GPDs, which for the octet baryons are
given by

HsðKRÞ
Σþ ¼ HsðKRÞ

Σ0 ¼ 1

F −D
ðeHd − eHsÞ; ð129aÞ

HsðKRÞ
Λ ¼ 1

3F þD
ð2eHu − eHd − eHsÞ; ð129bÞ

and for the decuplet baryons by

HsðKRÞ
Σ�þ ¼ HsðKRÞ

Σ�0 ¼ 1

2D
ðeHu − 2eHd þ eHsÞ; ð130Þ

where eHq ≡ eHqðx; ξ ¼ 0; tÞ are the corresponding spin-
dependent GPDs in the proton. Finally, for the antiquark
GPDs in pions and kaons that enter in the convolution
formulas, we have the relations

Hs̄
Kþ ¼Hs̄

K0 ¼Hd̄
πþ ¼Hd

π− ¼Hū
π− ¼ 2Hū

π0
¼ 2Hd̄

π0
: ð131Þ

In our numerical calculations, we will assume valence
quark dominance for the undressed states, so that for the
proton Hs ¼ Es ¼ 0. The decuplet and transition GPDs
Hq

Δ, E
q
Δ and Eq

pΔþ can be related to the proton GPDsHq and
Eq using SU(3) flavor symmetry, which constrains the

coefficients according to θðnÞmag ¼ αðnÞmag þ 3βðnÞmag. Since Hq

and Eq have the same flavor symmetry, the decuplet GPDs
can then be written as

Hu
Δ ¼ 2Hd

Δ ¼ 4

3
Hu −

2

3
Hd; ð132Þ

Eu
Δ ¼ 2Ed

Δ ¼ 4

3
Eu −

2

3
Ed: ð133Þ

Similarly, the constraint ωðnÞ
mag ¼ 4αðnÞmag leads to the relations

for the transition GPDs,

Eu
pΔþ ¼ −Ed

pΔþ ¼
ffiffiffi
2

p

3
ðEu − 2EdÞ: ð134Þ

With these relations, all the GPDs used in the calculation in
the next section can be expressed in terms of the GPDs in
the proton. Note that because the magnetic coefficients
Cmag
j (j ¼ B; T; BT) are not included in the splitting
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functions, the GPDs Eq
j ðx; t ¼ 0Þ need to be normalized to

their magnetic moments with unit charge obtained from c1
and c2.

VI. NUMERICAL RESULTS FOR SEA
QUARK GPDs

In this section we present the numerical results of our
calculation of the meson loop contributions to the sea quark
GPDs of the proton. We begin first by summarizing the
inputs used in the calculation, followed by discussions of
the results for the light antiquark contributions and the
strange quark contributions to the GPDs.

A. Theoretical inputs

For the meson–baryon couplings in our numerical calcu-
lations we use the valuesD ¼ 0.76 andF ¼ 0.5 for the octet
baryon couplings (with gA ¼ Dþ F ¼ 1.26), and C ¼ −2D
for the octet-decuplet transition coupling under the
assumption of SU(6) symmetry. The loop integrals are
regularized using a covariant regulator of dipole form,

eFðkÞ ¼ �Λ2 −m2
ϕ

Λ2 − k2

�2

; ð135Þ

with Λ a mass parameter. Such a regulator can suppress the
short distance physics and improve the chiral convergence
[47]. On the other hand, the Taylor expansion of eFðkÞ is a
series in k2, which can be regarded as the resummation of
contributions from higher order meson–baryon interactions.
From previous analyses of nucleon electromagnetic and
strange from factors, we take Λ ¼ 1.0ð1Þ GeV [45,46].
The parameters c1 and c2 are determined by fitting to the
nucleon anomalous magnetic moments, and we find c1 ¼
1.40 and c2 ¼ 0.54 reproduce the empirical values μp ¼
2.79μN and μn ¼ −1.91μN in units of the nucleon magne-
ton, μN ¼ eℏ=2M.
For the valence quark GPDs in the proton, we follow

Diehl et al. [82] and parametrize the GPDs as products of
forward distributions and t-dependent exponential factors,

Hqðx; tÞ ¼ qvðxÞ exp½tfqðxÞ�; ð136aÞ

Eqðx; tÞ ¼ eqðxÞ exp½tfqðxÞ�; ð136bÞ

eHqðx; tÞ ¼ ΔqvðxÞ exp½tf̃qðxÞ�: ð136cÞ

Here the unpolarized qvðxÞ, helicity-flip eqðxÞ, and hel-
icity-dependent ΔqvðxÞ PDFs for the valence quarks are
taken from the parametrizations in Refs. [82–84]. The
profile functions fqðxÞ and f̃qðxÞ parametrize the x
dependence of the average impact parameter of the corre-
sponding quark distribution, which can be seen after
performing a Fourier transform to coordinate space [82].

The valence quark GPD in the pion is parametrized
as a simple factorized product of a pion valence PDF and a
t-dependent elastic form factor,

Hq
πðx; tÞ ¼ qπvðxÞFπðtÞ; ð137Þ

where qπvðxÞ is the pion valence quark PDF. For illustration
purposes we use the parametrization of qπv from Ref. [85],
while more recent analyses have studied the large-x
behavior in the presence of next-to-leading-log threshold
resummation effects [86]. For the pion elastic electromag-
netic from factor FπðtÞ we use a monopole form,

FπðtÞ ¼
1

1 − t=Λ2
π
: ð138Þ

The cutoff parameter Λπ is tuned to be 0.79 GeV, corre-
sponding to the average of the charge radii for the pion and
kaon [87] (since we use the same inputs for all the meson
valence quark GPDs). The valence quark GPDs in other
hadronic configurations are obtained through the SU(3)
symmetry relations in Sec. V B. With the calculated
splitting functions and the valence quark distributions as
input, we can proceed to evaluate the GPDs of the sea
quarks from the convolution expressions (108)–(109).

B. Light antiquark GPDs

The electric Hq̄ and magnetic Eq̄ GPDs for the light
antiquarks in the proton arising from the meson loop
diagrams in Fig. 1 are presented in Fig. 2 as a function of
the parton momentum fraction x andmomentum transfer−t,
for the q̄ ¼ ū and d̄ flavors at the input scale Q0 ¼ 1 GeV.
For ū quarks, the function xHū is positive and peaks at
x ≈ 0.1, roughly independent of thevalue of t. For any fixed x
value, xHū falls off monotonically with increasing values of
−t. In contrast, the magnetic xEū distribution is negative,
peaking in absolute value at slightly smaller x comparedwith
xHū, and againdecreasing inmagnitudewith increasing−t at
fixed x. For the d̄ quarks, the shape of the xHd̄ GPD is similar
to that of the xHū distribution, although at any given x and t
theGPD for the d̄ is larger. This flavor asymmetry stems from
the fact that the contribution toHd̄ comes from both the octet
and decuplet intermediate states, while only the decuplet
intermediate states contribute to the Hū GPD.
The shapes of the magnetic Eq̄ GPDs reflect the

important role played by the orbital angular momentum
of the meson in the intermediate state. For octet baryons,
the meson orbital angular momentum tends to be þ1,
resulting in positive values of Ed̄. For ū quarks, on the other
hand, since the intermediate baryons can only be decuplets,
the orbital angular momentum of the meson tends to be −1,
resulting in negative values for Eū. The absolute value of
xEd̄ is also much larger than xEū. Note that the δ-function
term in the splitting functions does not contribute to the Hq̄
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and Eq̄ GPDs, although it does contribute to the lowest
moment of these functions.
Turning now to the light flavor asymmetry of the GPDs,

in Fig. 3 we show the distributions xHd̄−ū and xEd̄−ū versus
x and −t. Both asymmetries are observed to be positive for
all x values, with a peak at x ≈ 0.1 that decreases with
increasing four-momentum transfer squared. At the peak,
the magnitude of the magnetic GPD asymmetry xEd̄−ū is
about 4 times larger than the electric asymmetry xHd̄−ū.
To more clearly illustrate the shape and magnitude of the

d̄ − ū asymmetry, in Fig. 4 we plot the xHd̄−ū and xEd̄−ū

distributions at t ¼ 0, with the error bands corresponding to
the 10% uncertainty on the cutoff parameter Λ that was set
to 1 GeV. The calculated electric asymmetry is compared
with a recent parametrization of the xðd̄ − ūÞ PDF from the
JAM global QCD analysis of world data [88] at a scale
Q ¼ mc ¼ 1.3 GeV. The numerical results are in good
agreement with the phenomenological parametrization of
xðd̄ − ūÞ, which is driven mostly by the Drell-Yan proton-
proton and proton-deuteron scattering data [89,90], and has
a maximum of ≈0.3–0.4 at x ≈ 0.05–0.10. Within our
framework, for a cutoff parameter Λ ¼ 1.0ð1Þ GeV we

FIG. 2. Electric and magnetic GPDs for light antiquarks: (a) xHū, (b) xEū, (c) xHd̄, and (d) xEd̄, versus parton momentum fraction x
and four-momentum transfer squared −t, for cutoff mass Λ ¼ 1 GeV at a scale Q0 ¼ 1 GeV.

FIG. 3. Light antiquark flavor asymmetry for (a) the electric xHd̄−ū and (b) magnetic xEd̄−ū GPDs, versus parton momentum fraction x
and four-momentum transfer squared −t, for Λ ¼ 1 GeV.
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find for the integrated values
R
1
0 dxH

d̄−ūðx; 0Þ ¼ 0.11ð2Þ
and

R
1
0 dx xH

d̄−ūðx; 0Þ ¼ 0.009ð2Þ. The magnetic GPD

asymmetry xEd̄−ū at t ¼ 0 has a similar shape, but is ≈4
times larger than xHd̄−ū at the peak. The fact that xEd̄−ū

exceeds xHd̄−ū is also consistent with the prediction in the
large-Nc limit [3]. After integrating over x, we findR
1
0 dxE

d̄−ūðx;0Þ¼1.1ð2Þ and
R
1
0 dxxE

d̄−ūðx;0Þ¼0.034ð6Þ.
A large magnitude for the magnetic asymmetry augurs
well for future efforts to determine this asymmetry
experimentally.
The xHd̄−ū and xEd̄−ū GPD asymmetries at finite t are

also shown in Fig. 4, for −t ¼ 0.25 GeV2. As expected
from the 3-dimensional plots in Fig. 3, the distributions are
suppressed at larger −t values, with the magnitudes of the
functions about half of those at t ¼ 0. This is consistent
with the GPD inequality Hqðx; tÞ ≤ Hqðx; 0Þ [91,92].
The peaks in both functions also shift to slightly larger
x values with increasing four-momentum transfer squared.
We also compare the GPD Ed̄−ūðx; t ¼ −0.25 GeV2Þ with
Hd̄−ūðx; 0Þ in Fig. 5, and find that our results satisfy the
additional inequality Eqðx; tÞ ≤ 2Mffiffiffiffi

−t
p Hqðx; 0Þ [91].

C. Strange quark GPDs

The kaon loop contributions to the strange quark GPDs
are shown in Fig. 6. Compared with the GPDs for the light

antiquarks, the strange GPDs are smaller in magnitude, but
display some interesting features. As for the light antiquark
GPDs, the signs of the electric GPDs Hs and Hs̄ are both
positive. While the shapes of the s and s̄ distributions are
expected to be almost identical perturbatively [93], the
kaon loop contributions to these can be quite different due
to their different origins. Assuming the SU(3) symmetric
relations for the GPDs in the hadronic intermediate states
discussed in Sec. V B, the s̄ antiquark GPD arises from
diagrams with a direct coupling to the kaon, as in Fig. 1(a),
while contributions to the s quark GPD come from
couplings to the intermediate state hyperons, such as in
Fig. 1(b) [94,95].

FIG. 4. Light antiquark asymmetries for the electric xHū−d̄ (red bands) and magnetic xEū−d̄ (blue bands) GPDs versus parton
momentum fraction x at four-momentum transfer squared of t ¼ 0 [(a), (b)] and t ¼ −0.25 GeV2 [(c), (d)], for cutoff parameter
Λ ¼ 1.0ð1Þ GeV. The asymmetries are shown at the input scale Q0 ¼ 1 GeV, except for the electric asymmetry at t ¼ 0, which is
compared with the xðd̄ − ūÞ PDF asymmetry from the JAM global QCD analysis [88] (yellow band) evolved to the scale Q ¼ mc.

FIG. 5. Comparison of the GPDs 2Mffiffiffiffi
−t

p xHd̄−ūðx; 0Þ (red band)
and xEd̄−ūðx; tÞ (blue band) at −t ¼ 0.25 GeV2.
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As evident from Fig. 6, at small values of x the strange
Hs GPD is larger than the antistrangeHs̄, while for larger x
values, x≳ 0.5, the antistrange contribution exceeds the
strange. However, the x integrals of Hs and Hs̄ at zero
momentum transfer can be shown to be identical with the
inclusion of the δ-function term, as is necessary for the
requirement of zero net strangeness in the nucleon. Since
the t dependence ofHs is different from that ofHs̄, at finite
values of t the lowest moments of the strange and
antistrange GPDs need not be the same, which corresponds
to nonzero values of the strange electric form factor at
−t > 0. The behaviors of the magnetic GPDsEs and Es̄ are,
on the other hand, rather different. While the sign of Es̄ is

the same as that of Ed̄ because of the positive orbital
angular momentum of the meson, the strange GPD Es

changes sign with x, from negative at small x values to
positive at x≳ 0.3.
In Fig. 7 we show the strange–antistrange asymmetries

xHs−s̄ and xEs−s̄ versus x and −t, for a fixed value of
Λ ¼ 1 GeV. At nonzero values of x, the xHs GPD is
generally larger than xHs̄, with a maximal asymmetry at
x ≈ 0.2–0.3. Unlike the individual s and s̄ contributions, for
a given value of x the asymmetry xHs−s̄ does not decrease
monotonously with −t, and in fact increases at higher −t in
some cases. For the magnetic asymmetry xEs−s̄, the change
of sign with x is driven by the behavior of the strange

FIG. 6. Electric and magnetic GPDs for the strange and antistrange quarks: (a) xHs, (b) xEs, (c) xHs̄, and (d) xEs̄ versus the parton
momentum fraction x and four-momentum transfer squared −t, for Λ ¼ 1 GeV, at the scale Q0 ¼ 1 GeV.

FIG. 7. The strange quark asymmetry for (a) the electric xHs−s̄ and (b) magnetic xEs−s̄ GPDs, versus momentum fraction x and four-
momentum transfer squared −t, for Λ ¼ 1 GeV.
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contribution, xEs. Generally, the s − s̄ asymmetry is much
smaller than the d̄ − ū asymmetry in the nucleon for both
the electric and magnetic GPDs.
In analogy with the d̄ − ū asymmetry in Fig. 4 above, in

Fig. 8 we show the xHs−s̄ and xEs−s̄ asymmetries at t ¼ 0

and −t ¼ 0.25 GeV2 for varying cutoff parameters
between Λ ¼ 0.9 GeV and 1.1 GeV. The change in sign
of xHs−s̄ is evident, with the asymmetry being positive at
small x, before turning negative at x≳ 0.5. The calculated
asymmetry is compared with recent PDF parametrizations
of xðs − s̄Þ from the JAM [88] and NNPDF [96] global
QCD analyses, which show very large uncertainties relative
to the magnitude of the computed result. For the lowest

nonzero moment, we find
R
1
0 dx xH

s−s̄ðx; 0Þ ¼ 0.0009ð5Þð4Þ
for Λ ¼ 1.0ð1Þ GeV, which is comparable with other
recent estimates of the strange asymmetry [58,60,97].
For the magnetic asymmetry xEs−s̄, the situation is
reversed, with the asymmetry trending negative at small
x and becoming positive at larger x values, x≳ 0.3. For
comparison, the analogous integrated magnetic GPD asym-

metry is
R
1
0 dx xE

s−s̄ðx; 0Þ ¼ 0.0009ð12Þð8Þ for the x-weighted

moment, while for the lowest moment, which corresponds
to the strange quark contribution to the proton’s magnetic

moment, we find
R
1
0 dxE

s−s̄ðx; 0Þ ¼ μs ¼ −0.033ð11Þð13Þ.
At nonzero values of t, the strange asymmetry is not as

strongly suppressed as the nonstrange d̄ − ū asymmetry. At
−t ¼ 0.25 GeV2, for instance, as also shown in Fig. 8, the
magnetic GPD asymmetry xEs−s̄ðx; tÞ is only slightly
smaller in magnitude than that at t ¼ 0, while for electric
GPD asymmetry the peak value of the magnitude of
xHs−s̄ðx; tÞ at −t ¼ 0.25 GeV2 is even larger than that
at t ¼ 0.
A more direct representation of the x-integrated strange

GPD asymmetries is given in Fig. 9, where the strange
quark contributions to the proton’s electric and magnetic
form factors as in Eqs. (40)–(42) are plotted versus t. The
uncertainty bands for the computed Gs

E;MðtÞ form factors
correspond to the results with Λ ¼ 1.0ð1Þ GeV, and the
form factors are compared with recent lattice simulations at
the physical pion mass [98]. While the strange electric form
factor in Fig. 9(a) at t ¼ 0 is normalized to zero, at finite
momentum transfer Gs

EðtÞ is positive and saturates at

FIG. 8. Strange quark asymmetry for the xHs−s̄ (red bands) and xEs−s̄ (blue bands) GPDs versus x at squared momentum transfers
t ¼ 0 [(a), (b)] and −t ¼ 0.25 GeV2 [(c), (d)], with the bands corresponding to cutoff mass Λ ¼ 1.0ð1Þ GeV. The asymmetries are
shown at Q0 ¼ 1 GeV, except for the strange electric asymmetry at t ¼ 0, which is compared with PDF parametrizations of xðs − s̄Þ
from JAM [88] (yellow band) and NNPDF [96] (green band) evolved to Q ¼ mc.
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around þ0.004 over the range −t < 1 GeV2. The strange
charge radius can be evaluated from the slope of the
electric form factor at t ¼ 0,

hðrsEÞ2i ¼ 6
dGs

EðtÞ
dt

����
t¼0

: ð139Þ

The value found in the present calculation, hðrsEÞ2i≈
−0.003 fm2, is very similar to that reported from the lattice
simulation in Ref. [99].
The strange magnetic form factor Gs

MðtÞ is shown in
Fig. 9(b) as a function of t, also compared with the lattice
calculation from Ref. [98]. As for Gs

EðtÞ, the absolute
value of the strange magnetic form factor increases with
increasing values of the cutoff Λ, and decreases with −t,
consistent with the lattice simulations from Ref. [98]. The
radius associated with the strange magnetic form factor is
defined as

hðrsMÞ2i ¼ 6
dGs

MðtÞ
dt

����
t¼0

; ð140Þ

and is estimated to be hðrsMÞ2i ¼ −0.023ð7Þ fm2 for
Λ ¼ 1.0ð1Þ GeV. Our results are also consistent with the

direct calculation of the strange form factors with a non-
local chiral Lagrangian from Ref. [46].
In Fig. 10, we separate the contributions of different

intermediate hadronic configurations to the strange electric
and magnetic form factors for Λ ¼ 1.0 GeV. Specifically,
the contributions from intermediate state octet and decuplet
baryons are shown, for the regular diagrams and the
additional gauge link interaction diagrams in Fig. 1. For
the strange electric form factor, there is a cancellation
between the contributions from the regular and gauge link
diagrams when t ¼ 0, which is guaranteed in fact by the
gauge invariance of the nonlocal Lagrangian. The result is
that the net strange charge in the proton is zero. For the
strange magnetic form factor, the gauge link contributions
are actually larger in magnitude compared with the regular
diagrams, and some cancellation is found between the
negative octet and positive decuplet terms, resulting in an
overall negative Gs

M.

VII. SUMMARY

This paper has presented a detailed account of unpolar-
ized GPDs of sea quark and antiquarks in the proton arising
from pseudoscalar meson loops whose interactions with

FIG. 9. Strange quark contributions to the (a) electric Gs
E and (b) magnetic Gs

M form factors of the proton versus four-momentum
transfer squared −t, with the uncertainty band corresponding to cutoff values Λ ¼ 1.0ð1Þ GeV, compared with the lattice simulation
from Ref. [98].

FIG. 10. Contributions from different intermediate hadronic configurations to (a) the strange electric Gs
E and (b) strange magnetic Gs

M
form factors, with Λ ¼ 1.0 GeV, including the octet (dashed lines) and decuplet (dotted lines) states and total (solid lines), for the
regular (red lines) and additional gauge link (blue lines) diagrams.
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octet and decuplet baryons are described within a nonlocal
chiral effective theory with a finite range regularization. We
have restricted this initial study to the special case of zero
skewness, ξ ¼ 0, although the calculation can be straight-
forwardly extended to the ξ > 0 case. Within the con-
volution formulation, the dependence of the electric
Hq ≡Hqðx; ξ ¼ 0; tÞ and magnetic Eq ≡ Eqðx; ξ ¼ 0; tÞ
sea quark GPDs on the parton momentum fraction x and
four-momentum transfer squared t has been computed from
the derived nonforward hadronic splitting functions and
input GPDs of hadronic configurations constrained by
SU(3) flavor symmetry.
For all light and strange quark flavors the electric, spin-

nonflip GPDs Hq are positive. For the magnetic spin-flip
GPDs, the Ed̄ and Es̄ distributions are positive, while the Eū

GPD is negative. The strange magnetic GPD Es, on the
other hand, displays nontrivial x dependence with changes
of sign as a function of x. The electric and magnetic
sea quark flavor asymmetries for the light quarks con-
sequently remain positive across all x values, decreasing in
magnitude with increasing momentum transfer squared −t.
Interestingly, the magnetic asymmetry Ed̄−ū is some four
times greater than the corresponding electric asymmetry
Hd̄−ū, which presents opportunities for phenomenological
studies of this function with future experiments. The shape
of the electric asymmetry is constrained at t ¼ 0 by Drell-
Yan and other measurements, and is quite comparable with
the d̄ − ū PDF asymmetry from global QCD analysis [88].
For the strange quark GPDs, both the electric and

magnetic s − s̄ asymmetries are significantly smaller than
for the nonstrange case, and change signwith x. The integral
of xHs−s̄ favors positive values, and has amagnitude at finite
t that may be even larger than the value at t ¼ 0. The results
are also qualitatively consistent with current phenomeno-
logical determinations from global QCD analyses, although
within rather large uncertainties. The electric and magnetic
s − s̄ GPD asymmetries, integrated over x, are also broadly
consistent with the strange electromagnetic form factors
as a function of t, obtained from recent lattice QCD

simulations [98] as well as from direct calculations within
nonlocal chiral effective theory [46].
While the present analysis has been performed at zero

skewness, ξ ¼ 0, in the future it will be important to extend
the GPD calculations to nonzero skewness. Such calcu-
lations will naturally be rather more complicated, but
should provide further insights into the three-dimensional
structure of the nucleon. The current analysis can also be
easily extended to the case of spin-dependent GPDs of sea
quarks in the proton, where we know from similar studies
of helicity PDFs [100] that chiral loops play a somewhat
different role for polarized and unpolarized distributions.
Experimentally, while facilities such as Jefferson Lab are
expected to provide information on GPDs in the valence
quark region at larger values of x, distributions of sea
quarks will be ideally suited for study at the future
Electron-Ion Collider [101].
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APPENDIX: SPLITTING FUNCTION INTEGRALS

In this Appendix, we list the complete set of formulas for
the numerators appearing in the integrals of the splitting
function for the intermediate decuplet states. Starting with

the rainbow diagram in Fig. 1(m), the functions FðrbwÞ
ϕT and

GðrbwÞ
ϕT in Eqs. (76) are given by

FðrbwÞ
ϕT ¼ −

y
12M2

T
f4k · pk · p0½4k · P − 2Mð2M þ 3MTÞ þ ð1þ yÞt� þ 4Mðk · p0Þ2ðΔT −MÞ

þ 4ðk · pÞ2½Mð2M þMTÞ þ t� þ 2k · p0½8M3MT þ ð1þ yÞMðΔT −MÞtþ 3M2
Tt − 4M2k2�

− 2k · p½8M3MT þ ð1þ 11yÞMMTt − 3M2
Ttþ 4M2k2 − ytð5M2 þ tÞt� þ 4MMTð4M2 − 3ð1 − yÞtÞ

− 12yMM2
TΔTtþ 3yM2

Tt
2 þ 4ð1 − 2yÞM2tk2 − yMMTð4M2 þ 5tÞtk2g; ðA1aÞ

GðrbwÞ
ϕT ¼ yM

3M2
T
f4k · p½k · p0ðyM þMTÞ þ k · pð2MT þMTÞ� þ 3MM2

Tytþ 4k · P½3M2
TðMT − 2MÞ þ ðM − 3MTÞk2�

þ 2k · p0M2½ð3þ yÞMT − 3yM� þ 2k · p½yMð5M2 þ tÞ −MTðð1þ 11yÞM2 − tÞ� þMTð4ð1þ 3yÞM2 − 3tÞk2
−Mð8yM2 − tÞk2 − yM2MTð4M2 − 12MTð2M −MTÞ þ 5tÞg; ðA1bÞ

where MT ≡MT þM and ΔT ≡MT −M.
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For the electric part of the photon coupling to the decuplet baryon in Fig. 1(n), the functions FðrbwÞ
Tϕ andGðrbwÞ

Tϕ in Eqs. (78)
are given by

FðrbwÞ
Tϕ ¼ 1

36M4
T
f16k ·pk ·p0ðk ·ΔÞ2þ16k ·P½ððk ·p0Þ2þðk ·pÞ2Þð3MT −2MÞMT

−k ·pk ·p0ð2MðMT −2MÞþ3ð2þyÞM2
T −2yt2Þ�þ16ðk ·ΔÞ2M2M2

T þ48ðk ·PÞ2yM2
Tk

2

þ4k ·pk ·p0½4ð4M−3MTÞMTM2
T −y2ð8MMT þ3M2

TÞtþ6yMTΔTtþ2M2
Ttþ6yð3M−MTÞM2

TMT

þ2ð4Mþ9MTÞMTk2−2ð1þyÞtk2þy2t2�þ4ððk ·p0Þ2þðk ·pÞ2Þ
× ½MTM2

Tð9MT −8MÞ−2yð2M−3MTÞMTt−3yM2
TMTΔT −4MMTk2�þ4k ·P½2yð2M2þ3MTMTÞtk2

−12MTMTtk2−12ð3M−MTÞM2
TMTk2−3y2ð3M2þM2

TÞMTΔTt2þ2yð2M2−7MMT þ6M2
TÞM2

Tt

−y2ð2M−3MTÞMTt2þ12yMM2
TM

2
TΔT −12M2

Tk
4þ4y2M2tk2þ3yMTðMþMTÞðyt−4MMTÞk2�

þ48yM3M2
TMTk2−2y2Mð8M2MT −3M3

TÞtk2þð2M−3MTÞ2M2
Tðy2t−2k2Þt

þ2yð4M3MT −3M2
Tð5M2þ3M2

T −2MMTÞÞtk2þ24ðM−2MTÞMM2
TM

2
Tk

2

−2y2Mð8M2ðM−2MTÞþ3ð2MþMTÞM2
TÞM2

Ttþ2ð1−yÞð2Mþ3MTÞ2tk4þ24MM2
Tð3Mþ2MTÞk4g; ðA2aÞ

GðrbwÞ
Tϕ ¼ M

9M4
Tt
f−32k · pk · p0ðk · ΔÞ2MT þ 8k · P½ðk · ΔÞ2ð2M þ 3MTÞk2 − 3ððk · p0Þ2 þ ðk · pÞ2Þð2M þMTÞMTΔT

− 2k · pk · p0ðMTð3MTMT − 6M2 − tÞ þ yð3M þ 2MTÞtÞ� − 2ðk · ΔÞ2½ð8M2MT − 3ð2M þMTÞM2
TÞk2

þ ð8M3 þ ð3ð2M þMTÞMT − 16M2ÞMTÞM2
T � þ 4k · pk · p0t½3yð4M2 − ðM þ 2MTÞMTÞMT −MTM2

T

− yMTtþ y2Mð8MMT þ 3M2
TÞ þ yð4M þ 3MTÞk2 þ ð8M þ 9MTÞk2 − y2Mt�

þ 2ððk · p0Þ2 þ ðk · pÞ2Þt½yð10M2 − 3ð3M þMTÞMTÞMT þ ð2M − 3MTÞM2
T þ ð1þ yÞð2M þ 3MTÞk2�

− 2k · Pt½−6y2Mð4M2 þ 2MMT þM2
TÞMTΔT þ yð2M − 3MTÞð8M2 − 4MMT − 3M2

TÞM2
T

− yð2MyþMTÞð2M −MTÞMTtþ ð4k2 − ytÞðMT þ 2MTÞk2 þ 2y2Mð4M2 þ 3ðM þMTÞMTÞk2
þ yð24M3 þ 32M2MT − 9M3

TÞk2 þ 2ð8M3 þ 2M2MT − 21MM2
T − 15M3

TÞk2�
þ t½2yMMTð4M3 − 9M2

TMTÞk2 þ 2y2M2ð8M2MT − 3M3
TÞk2 − yð4M2 − 9M2

TÞMTtk2

þ ð2M − 3MTÞ2M2
Tð2MTk2 − y2MtÞ þ 2y2M2ð8M3 þ ð3MTðM þMTÞ − 16M2ÞMTÞM2

T

þ 2ð4M3 − 15MM2
T − 9M3

TÞk4 þ 2yMðMT þ 2MTÞ2k4�g: ðA2bÞ

For the magnetic photon-decuplet baryon diagram in Fig. 1(o), the functions FðrbwmagÞ
Tϕ and GðrbwmagÞ

Tϕ in Eqs. (80) are
given by

FðrbwmagÞ
Tϕ ¼ 1

36M5
T

f8k · pk · p0½MTðk · ΔÞ2 þ yk · Pð2ð1þ yÞM þ 5MTÞt�

þ 8k · Pðk · ΔÞ2½ð2M þ 3MTÞk2 −Mð2M þMTÞMTÞ�
þ 2ðk · ΔÞ2½4M3M2

T þ 3ðM − 2MTÞM2
TM

2
T − 2M2MTM2

T −MTð4M2 −MMT − 12M2
TÞk2

− ð2M þ 3MTÞðytþ 2k2Þk2� − 2ððk · p0Þ2 þ ðk · pÞ2Þt½yð2M2 þ 5MMT − 9M2
TÞMT þ ð2M − 3MTÞM2

T

− ð2M þ 3MTÞk2 þ 2y2M2ð2M −MTÞ� − 4k · pk · p0t½yð4M2 þ 2MMT − 5M2
TÞMT − yð1þ yÞMTt

− ð2M −MTÞM2
T þ 2y2Mð3M − 2MTÞMT þ ð2M þ 5MT þ yð2M þ 3MTÞ þ 2y2MÞk2�

− 2k · Pt½12M2
TMTk2 þ y2ð4M2 − 2MMT − 3M2

TÞMTtþ yð2M − 3MTÞM2
Tt

− yðM − 2MTÞð4M2 þ 6MMT − 3M2
TÞM2

T − 2y2M2ð8M3 − 9MM2
T −M3

TÞ
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− yðð2M þ 3MTÞð2k2 − tÞ − 8yM3 þ ð15MM2
T þ 12M3

T − 16M2MTÞÞk2�
− tk2½4MMTðyMð2M − 5MTÞ þMTð2M − 3MTÞÞ − 2y2M3ð4M2 −M2

TÞ − yð4M2 − 9M2
TÞMTt

þ 4MðyM −MTÞð2M þ 3MTÞk2� þ y2Mð4M2 − 8MMT þ 3M2
TÞM2

Tðt − 2M2Þtg; ðA3aÞ

GðrbwmagÞ
Tϕ ¼ M

18M5
Tt
f8k · pk · p0½ððk · pÞ2 þ ðk · p0Þ2Þð4MTΔT þ ð1þ yÞt − 2ðM2 þ k2ÞÞ þ 4ðk · ΔÞ2k · P

þ 2k · pk · p0ð3MMT − 4MTΔT − ð1 − yÞtþ 2k2Þ� − 8ððk · p0Þ4 þ ðk · pÞ4ÞMð2M −MTÞ
þ 8k · P½4ðk · PÞ2ð4M2ð2M2 þ k2Þ −MM2

Tð9M þMTÞÞ
þ k · pk · p0tð2ð5MT −MÞMT þ 2yð5M2 þ 4MMT − 2M2

TÞ þ 4y2M2 − ytþ 2ð1þ yÞk2Þ
− ððk · p0Þ2 þ ðk · pÞ2Þtð2ð1þ yÞM2 −MTðð1þ yÞM þ 3MTÞÞ�
− 4ðk · ΔÞ2M2½ð4M2 − 8MMT þ 3M2

TÞM2
T þ ð4M2 −M2

TÞk2�
þ 2ððk · p0Þ2 þ ðk · pÞ2Þt½ð8MMT þ 9M2

TÞk2 þ yMð12M2 − 6MMT − 13M2
TÞMT − yð2M − 3MTÞMTt

þ 4MðM − 2MTÞM2
T þ 2yMð4M þ 3MTÞk2 þ 4y2M3ð2M −MTÞ�

þ 4k · pk · p0t½12yMMTk2 þ 4y2M2ð3M − 2MTÞMT þ yMð16M2 − 4MMT − 5M2
TÞMT

− 2ðM2 − 5MMT þ 3M2
TÞM2

T − ð2y2M þ yð4M −MTÞ þMTÞMTtþ ð12M2 þ 22MMT þ 9M2
TÞk2

þ 4y2M2k2 − tk2 þ 2k4� − 2k · Pt½2yð4M − 3MTÞM2
TΔTt − 2y2Mð4M2 − 2MMT − 3M2

TÞMTt

þ 4yMð4M3 − ð5M2 − 3MTΔTÞMTÞM2
T þ 4y2M3ð8M3 −M2

Tð9M þMTÞÞ þ 16y2M4k2

þ 4ð6M3 − 4MM2
T − 9M3

TÞMTk2 − 8MMTtk2 þ 4yMð5M þ 6MTÞð2M2 −M2
TÞk2

− yð4M2 þ 10MMT þ 3M2
TÞtk2 þ 12ð2M2 þ 4MMT þ 3M2

TÞk4 þ 4yMð2M þ 3MTÞk4�
þ t½2y2M2ð2M2 − tÞð4M2 − 8MMT þ 3M2

TÞM2
T − ð2M − 3MTÞ2M2

Ttk
2

þ 2ð2M − 3MTÞð2M3 −M2MT − 3M3
TÞM2

Tk
2 þ 4y2M4ð4M2 −M2

TÞk2 − 2yMð4MMT − 9M2
TÞMTtk2

þ 8yM3ð2M2 þMTðM − 5MTÞÞMTk2 þ 8yM3ð2M þ 3MTÞk4 þ ð2k2 − tÞð2M þ 3MTÞ2k4
þ 4ð4M4 þ 6M3MT − 12MM3

T − 9M4
TÞk4�g: ðA3bÞ

For the magnetic octet-decuplet transition diagrams in Figs. 1(p) and 1(q), the numerator functions Fðrbwmag 1;2Þ
Tϕ and

Gðrbwmag 1;2Þ
Tϕ in Eqs. (82) are expressed as

Fðrbwmag 1Þ
BT ¼ 1

12MBM2
T
f8k · pk · Δ½k · p0ð3MT þ ΔTBÞ − k · pMB� þ 8k · pk · p0

× ½ðMB þMTÞk2 þ ðM2 þMBΔT − 3M2
T þ tÞMT þ yðð1 − yÞM þ ΔTBÞt�

− 4ðk · p0Þ2½ð2M − 3MTÞð2MT − ΔBÞMT þ 2ð2M þ 3MTÞk2�
þ 4ðk · pÞ2½MTMBMT þ 2ð2MT − ΔBÞk2� − 2k · pt½yMBðytþ 2MTMTÞ
þ 2y2MðM þ 3MTÞMB þ 2yð2M þMTÞk2 þ 2ðΔTB − y2MÞk2�
þ 4k · p0t½yMTð2MΔB þ ðM − 3MBÞMTÞ − ð2M þ 3MTÞk2 þ y2M2ð2M −MTÞ�
þ 4k · Δ½ð2M þ 3MTÞk4 − ð2MΔTMT þ 3MTΔTMT þ 2MMTΔTBÞk2�
þ ð2y2MMTð4M − 3MTÞ − ð2k2 − y2tÞð2M − 3MTÞÞMBMTt

þ 2yMð2MTMB − 4ΔTMT þ yðMBð2M þ 3MTÞ þ 4MMTÞÞtk2 þ ð4M þ 6MTÞtk4g; ðA4aÞ

HE, JI, MELNITCHOUK, THOMAS, and WANG PHYS. REV. D 106, 054006 (2022)

054006-34



Gðrbwmag 1Þ
BT ¼ −

M
6MBM2

Tt
f16k · pk · p0ðk · ΔÞ2 − 8ðk · pÞ2k · p0½Mð4M þ 5MTÞ þ 2MBðM þ 3MTÞ þ ð3 − yÞt − 2k2�

þ 8ðk · p0Þ2k · p½Mð5M þMTBÞ þ 3MBMT þ ð1þ yÞt − k2� þ 8ðk · pÞ3½ðM þ 3MTÞMB − k2�
− 8ðk · p0Þ3½Mð2M −MTÞ� − 4ðk · ΔÞ2½ð4M − 3MTÞMTMBMT þ ðMBð2M þ 3MTÞ þ 4MMTÞk2�
− 4k · pk · p0t½ðMB þ 5ΔTÞMT þ 4y2M2 − ytþ ð1þ yÞk2 þ yðMBðM − 3MTÞ −MðM þ 8MTÞÞ�
− 4ðk · p0Þ2t½ð2M − 3MTÞMT þ yMð2M −MTÞ� þ 4ðk · pÞ2t½ð3 − yÞk2 − ð1 − 3yÞMBMT �
− 4k · Pytk2½MBð2M þ 3MTÞ þ 4MMT � − 6k · ΔMTΔTBtk2

− 2k · p0t½yð2M − 3MTÞMTtþ 2Mð2ΔT þ ΔTBÞk2 − 4y2M3ð2M −MTÞ þ yMTð2Mð3M þ 5MBÞMT

− 3M2
TMB − 4M2ΔBÞ� − 2k · pt½4y2M2ðM þ 3MTÞMB þ yMBMTðMTð2M − 3MTÞ þ tÞ

þ 2y2MMBtþ 2MTð2M −MTBÞk2 þ yð4MðMT − yMÞ þ tÞk2� þ 2Mð2y2MMTð4M − 3MTÞ
þ y2ð2M − 3MTÞtþ 4MTk2ÞMBMTtþ 4yM2ðyMBð2M þ 3MTÞ þ 4yMMT −MTBMT − 2MMBÞtk2
þ yð2MðMB þMTÞ − 3MTΔTBÞt2k2 þ 8MMTtk4g; ðA4bÞ

Fðrbwmag 2Þ
BT ¼ 1

12MBM2
T
f−8k · p0k · Δ½k · pð3MT þ ΔTBÞ − k · p0MB� þ 8k · pk · p0

× ½ðMB þMTÞk2 þ ðM2 þMBΔT − 3M2
T þ tÞMT þ yðð1 − yÞM þ ΔTBÞt�

− 4ðk · pÞ2½ð2M − 3MTÞð2MT − ΔBÞMT þ 2ð2M þ 3MTÞk2�
þ 4ðk · p0Þ2½MTMBMT þ 2ð2MT − ΔBÞk2� − 2k · p0t½yMBðytþ 2MTMTÞ
þ 2y2MðM þ 3MTÞMB þ 2yð2M þMTÞk2 þ 2ðΔTB − y2MÞk2�
þ 4k · pt½yMTð2MΔB þ ðM − 3MBÞMTÞ − ð2M þ 3MTÞk2 þ y2M2ð2M −MTÞ�
− 4k · Δ½ð2M þ 3MTÞk4 − ð2MΔTMT þ 3MTΔTMT þ 2MMTΔTBÞk2�
þ ð2y2MMTð4M − 3MTÞ − ð2k2 − y2tÞð2M − 3MTÞÞMBMTt

þ 2yMð2MTMB − 4ΔTMT þ yðMBð2M þ 3MTÞ þ 4MMTÞÞtk2 þ ð4M þ 6MTÞtk4g; ðA4cÞ

Gðrbwmag 2Þ
BT ¼ −

M
6MBM2

Tt
f16k · pk · p0ðk · ΔÞ2 − 8ðk · p0Þ2k · p½Mð4M þ 5MTÞ þ 2MBðM þ 3MTÞ þ ð3 − yÞt − 2k2�

þ 8ðk · pÞ2k · p0½Mð5M þMTBÞ þ 3MBMT þ ð1þ yÞt − k2� þ 8ðk · p0Þ3½ðM þ 3MTÞMB − k2�
− 8ðk · pÞ3½Mð2M −MTÞ� − 4ðk · ΔÞ2½ð4M − 3MTÞMTMBMT þ ðMBð2M þ 3MTÞ þ 4MMTÞk2�
− 4k · pk · p0t½ðMB þ 5ΔTÞMT þ 4y2M2 − ytþ ð1þ yÞk2 þ yðMBðM − 3MTÞ −MðM þ 8MTÞÞ�
− 4ðk · pÞ2t½ð2M − 3MTÞMT þ yMð2M −MTÞ� þ 4ðk · p0Þ2t½ð3 − yÞk2 − ð1 − 3yÞMBMT �
− 4k · Pytk2½MBð2M þ 3MTÞ þ 4MMT � − 6k · ΔMTΔTBtk2 − 2k · pt½yð2M − 3MTÞMTt

þ 2Mð2ΔT þ ΔTBÞk2 − 4y2M3ð2M −MTÞ þ yMTð2Mð3M þ 5MBÞMT − 3M2
TMB − 4M2ΔBÞ�

− 2k · p0t½4y2M2ðM þ 3MTÞMB þ yMBMTðMTð2M − 3MTÞ þ tÞ þ 2y2MMBtþ 2MTð2M −MTBÞk2
þ yð4MðMT − yMÞ þ tÞk2� þ 2Mð2y2MMTð4M − 3MTÞ þ y2ð2M − 3MTÞtþ 4MTk2ÞMBMTt

þ 4yM2ðyMBð2M þ 3MTÞ þ 4yMMT −MTBMT − 2MMBÞtk2 þ yð2MðMB þMTÞ − 3MTΔTBÞt2k2
þ 8MMTtk4g; ðA4dÞ

where we define ΔTB ¼ MT −MB and MTB ¼ MT þMB.
Finally, for the KR diagrams with decuplet baryon intermediate states in Figs. 1(r) and 1(s), the numerator functions

FðKR 1;2Þ
Tϕ and GðKR 1;2Þ

Tϕ in Eqs. (84) are expressed as
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FðKR 1Þ
Tϕ ¼ 1

12M2
T
f−4k · p0½2yk · Pþ 3k · p0 − k · p� þ 2k · p0½4k2 þ 5yMMT þ 6ð1þ yÞM2 − 3MTΔT þ yð1 − yÞt�

− 2k · p½ð1 − yÞMð2M −MTÞ − 3M2
T � − 8MMTk2 − yð1 − yÞMð2M −MTÞtþ yð3M2

Tt − 8M3MTÞg; ðA5aÞ

GðKR1Þ
Tϕ ¼ M

3M2
Tt
f2k ·p0k ·Δð4Mþ 5MTÞ− k ·Δ½2Mð2k2 − 3M2

TÞþ 6MTðk2 −M2
TÞþ 4M2MT �

− k ·p0t½2yð2− yÞMþ 3yMT þ 2MT �− t½3yMM2
T − ð2Mþ 3MTÞk2 − yðð1þ yÞM2MT þ 2ð2− yÞM3Þ�g; ðA5bÞ

FðKR 2Þ
Tϕ ¼ 1

12M2
T
f−4k · p½2yk · Pþ 3k · p − k · p0� þ 2k · p½4k2 þ 5yMMT þ 6ð1þ yÞM2 − 3MTΔT þ yð1 − yÞt�

− 2k · p0½ð1 − yÞMð2M −MTÞ − 3M2
T � − 8MMTk2 − yð1 − yÞMð2M −MTÞtþ yð3M2

Tt − 8M3MTÞg; ðA5cÞ

GðKR2Þ
Tϕ ¼ M

3M2
Tt
f−2k ·pk ·Δð4Mþ 5MTÞ þ k ·Δ½2Mð2k2 − 3M2

TÞ þ 6MTðk2 −M2
TÞ þ 4M2MT �

− k ·pt½2yð2− yÞMþ 3yMT þ 2MT �− t½3yMM2
T − ð2Mþ 3MTÞk2 − yðð1þ yÞM2MT − 2ðy− 2ÞM3Þ�g: ðA5dÞ

For the additional gauge link generated KR diagrams in Figs. 1(t) and 1(u), the functions δFðKR 1;2Þ
Tϕ and δGðKR 1;2Þ

Tϕ in
Eqs. (86) are given by

δFðKR 1Þ
Tϕ ¼ y

12M2
T
f−16k · pk · p0k · Pþ 4k · pk · p0½2Mð2M þ 3MTÞ − ð1þ yÞt�

− 4ðk · p0Þ2½MðMT þ 2MÞ þ t� − 4ðk · pÞ2MðMT − 2MÞ þ 4k · P½4M2k2 − 3M2
Tt� þ 4k · ΔM2ð4MMT − tÞ

þ 2k · p0t½6yM2 − ð5 − 11yÞMMT − yt� þ 2k · pMt½2yM − ð1þ yÞMT �
þ t½12yMMTðMTMT − k2Þ þ 2M2ðytþ 2ð2 − yÞk2Þ þMMTð12k2 − ytÞ�
− 8M3MTð2k2 þ ytÞ − 3yM2

Tt
2g; ðA6aÞ

δGðKR 1Þ
Tϕ ¼ yM

3M2
T
f4k · p0½k · p0ð2M þ 3MTÞ þ k · pðyM þMTÞ� þ 4k · P½3M2

TMT − ð2M þ 3MTÞk2�

þ 2k · p0½ðyM þMTÞt − ð4þ 11yÞM2MT − 2ð2þ 3yÞM3�
þ 2k · pyM2ðMT − 2MÞ þ 2yM2½MTð4M2 − 6M2

TÞ þMð2k2 − tÞ�
þ 4M2MTk2 þMtð3yM2

T − 2k2Þ þ yM2MTð12k2 þ tÞ − 3MTtk2g; ðA6bÞ

δFðKR 2Þ
Tϕ ¼ y

12M2
T
f−16k · pk · p0k · Pþ 4k · pk · p0½2Mð2M þ 3MTÞ − ð1þ yÞt� − 4ðk · pÞ2½MðMT þ 2MÞ þ t�

− 4ðk · p0Þ2MðMT − 2MÞ þ 4k · P½4M2k2 − 3M2
Tt� − 4k · ΔM2½4MMT − t�

þ 2k · pt½6yM2 − ð5 − 11yÞMMT − yt� þ 2k · p0Mt½2yM − ð1þ yÞMT �
þ t½12yMMTðMTMT − k2Þ þ 2M2ðyt − 2ðy − 2Þk2Þ þMMTð12k2 − ytÞ�
− 8M3MTð2k2 þ ytÞ − 3yM2

Tt
2g; ðA6cÞ

δGðKR 2Þ
Tϕ ¼ yM

3M2
T
f4k · p½k · pð2M þ 3MTÞ þ k · p0ðyM þMTÞ� þ 4k · P½3M2

TMT − ð2M þ 3MTÞk2�

þ 2k · p½ðyM þMTÞt − ð4þ 11yÞM2MT − 2ð2þ 3yÞM3� þ 2k · p0yM2ðMT − 2MÞ
þ 2yM2½MTð4M2 − 6M2

TÞ þMð2k2 − tÞ� þ 4M2MTk2 þMtð3yM2
T − 2k2Þ

þ yM2MTð12k2 þ tÞ − 3MTtk2g: ðA6dÞ
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