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Electroweak precision fit and new physics in light of the W boson mass
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The W boson mass is one of the most important electroweak precision observables for testing the
Standard Model (SM) or its extensions. The very recent measured W boson mass at the Collider
Detector at Fermilab (CDF) shows about 7¢ deviations from the SM prediction, which may
challenge the internal consistency of the SM. By performing the global electroweak fit with the new
W boson, we present the new values of the oblique parameters: S = 0.06 +0.10, 7T =0.11 £0.12,
U=0.13£0.09, or § =0.14+£0.08, T = 0.26 = 0.06 with U = 0 and the corresponding correlation
matrices, which strongly indicates the need for the nondegenerate multiplets beyond the SM. As a
proof-of-concept, we show that the new results can be accommodated in the two-Higgs doublet
model, where the charged Higgs boson has to be either heavier or lighter than both two heavy
neutral Higgs bosons. The collider search for these non-SM Higgs bosons will provide a
complementary way to test the new physics for W boson mass anomaly.

DOI: 10.1103/PhysRevD.106.035034

I. INTRODUCTION

The electroweak (EW) precision observables can
assess the validity of the Standard Model (SM) [1]
but also provide a sensitive probe of uncovering new
physics beyond the SM [2,3]. Historically, the precision
experiments at Large Electron-Positron (LEP) have
established or supported the framework of renormaliz-
able gauge field theories. Then, the global fit of the SM
to the electroweak precision data indirectly predicted
the top quark and the Higgs boson masses before their
respective discoveries at the Tevareon and LHC [4].
Now, in the era of post-Higgs boson, the new particles
have not been discovered at the LHC, but there exist
some intriguing tensions in the precision measurements,
such as the muon anomalous magnetic moment and
the Cabibbo-Kobayashi-Maskawa unitarity triangle.
Therefore, as history has happened, we may again
observe the hints of new physics first in EW precision
measurements [5-7].
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In the framework of the global EW fit, the predicted W
boson mass is given by (81"

mSM = 80.357 4 0.006 GeV, (1)

whose precision is better than that of previous direct
measurements at LEP, Tevatron, and LHC. Thus, the
sensitivity of EW fit on new physics is limited by the
experimental precision of my, [6]. Therefore, improving
the precision of the direct measurement of myy, is essential
for the test of the SM. Very recently, with an unprecedented
precision (accuracy of ~1 x 10™), the Collider Detector at
Fermilab (CDF) collaboration has reported the world’s best
direct measurement of the W boson mass [9],

mSPF = 80.4335 4 0.0094 GeV, (2)

which is on the same level of precision with the EW fits and
shows about 7¢ deviation from Eq. (1).

The W boson mass in the SM is related with the Z-boson
mass, my, the fine structure constant, @, and the Fermi
constant, G,, by

m%V< ‘Z_iv) _ J;Z;ﬂ“ + A7), (3)

"This quoted value appears in the review on “Electroweak
Model and Constraints on New Physics” by Erler and Freitas of
the Particle Data Group (PDG) volume.
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Here Ar includes the quantum corrections to my,, which
depends on the top quark mass, m,, quadratically and the
Higgs mass, my, logarithmically. Since the relation in
Eq. (3) is of central importance to the precision tests of
the electroweak sector of the SM, the theoretical prediction
of my in the SM has been calculated at the one-loop
[10,11] and two-loop level [12-22], as well as leading
three- and four-loop corrections [23-32]. The my, contain-
ing all known higher-order corrections in the on-shell
scheme has been given in Refs. [33,34], where the
unknown higher order contributions have also been esti-
mated to be about 4-6 MeV. Then, including these
theoretical corrections, there is still about 5.1¢ discrepancy
from Eq. (1). This may be an underestimation of the high
order corrections or systematic errors, or a hint of the new
physics beyond the SM.

In this work, we first calculate the theoretical values of
electroweak precision observables (EWPOs) by performing
the global EW fit with the newly measured W boson mass
and show the new tensions between the EW fit results
and the direct measurements. Then we derive the model-
independent constraints on the new physics, such as the
oblique parameters S, T, and U, and discuss the implications
for new physics models. Finally, we draw our conclusions.

II. ELECTROWEAK FITS

The global EW fit is a powerful tool to explore the
correlations among observables in the SM and predict the
direction of new physics [5,6,35-39]. Since the EW
parameters in the SM are closely related to each other,
we can expect some observables in the global EW fits may

TABLE L. The input parameters and the best points in the global EW fit. The Fermi constant G = 1.1663787(6) x 107 [GeV~2] and
fine-structure constant @ = 1/137.035999074(44) [8] are fixed in our calculation. Correlations among (my, Tz, 69, R%, A% ) and

among (Agg ,Ag’é’ A, Ay, R%, RY) are also taken into account [4]. The value of “Pull” is defined as (Og — Opeasure) /0, Where o is the
combined error of each input observable from fitted value and measurement.

PDG 2021 CDF 2022
22, (dof) = 18.74(16) 22, (dof) = 62.58(16)

Parameter Input value Fit result Pull Fit w/o input Pull Fit result Pull Fit w/o input Pull Refs
my [GeV] 80.379(12) 80.361(6) —1.34  80.357(6) —1.65 [8]

80.4335(94) 80.380(5) —5.00  80.357(6) —6.83 [9]
Aa}gﬂa 0.02761(11) 0.02756(11) =031  0.02717(38)  —2.85 0.02747(10) =095 0.0260936) —3.99 [39-41]
my, [GeV] 125.25(17) 125.25(17) —0.01 92%; —1.56  125.24(17) —0.04 445;?) —7.96 [8]
m, [GeV] 172.76(58) 173.02(56) 0.33 176.2(2.0) 1.65  173.97(55) 1.51 184.1(16) 6.47 [8]
as(my) 0.1179(9) 0.1180(9) 0.10 0.1193(9) 0.46 0.1177(9) —0.17  0.1155(29) —0.80 [8]
I'y [GeV] 2.085(42) 2.0905(5) 0.13 2.0905(5) 0.13 2.0918(5) 0.16 2.0918(5) 0.16 [8]
I'; [GeV] 2.4952(23) 2.4942(6) —0.43  2.4940(7) -0.49 2.4946(6) —0.27  2.4945(7) —0.31 [4]
myz [GeV] 91.1875(21) 91.1882(21) 0.24 91.2037(90) 1.75 91.1907(20) 1.11 91.2386(79) 6.28 [4]
Ag*g 0.0992(16) 0.1031(3) 2.39 0.1033(3) 2.48 0.1035(3) 2.65 0.1037(3) 2.75 [4]
Agg 0.0707(35) 0.0737(3) 0.85 0.0737(3) 0.85 0.07401(25) 0.94 0.07402(25) 0.94 [4]
A(F)'g 0.0171(10) 0.01623(10) —-0.87 0.01622(10)  —0.88 0.01636(10)  —-0.74  0.01635(10)  —-0.75 [4]
Ay 0.923(20) 0.93462(4) 0.58 0.93462(4) 0.58 0.93464(4) 0.58 0.93464(4) 0.58 [4]
A, 0.670(27) 0.6679(2) —0.08  0.6679(2) —0.08 0.6682(2) —0.07  0.6682(2) —0.07 [4]
A,(SLD) 0.1513(21) 0.1471(5) —1.95  0.1469(5) -2.05 0.1477(5) —1.68  0.1475(5) -1.76 [4]
A,(LEP) 0.1465(33) 0.1471(5) 0.18 0.1469(5) 0.12 0.1477(5) 0.36 0.1475(5) 0.30 [4]
R‘b’ 0.21629(66) 0.21583(10)  —-0.69  0.21582(10)  —-0.70 0.21580(10)  —-0.73  0.21579(10)  -0.75 [4]
RY 0.1721(30) 0.17222(6) 0.04 0.17222(6) 0.04 0.17223(6) 0.04 0.17223(6) 0.04 [4]
R(} 20.767(25) 20.735(8) —-1.22 20.732(8) —1.33 20.733(8) —-1.29  20.730(8) —-1.41 [4]
02 [nb] 41.540(37) 41.491(8) —1.30  41.489(8) -1.36 41.490(8) —1.32  41.488(8) —1.36 [4]
sinzefﬁ.(QFB) 0.2324(12) 0.23151(6) —0.74  0.23151(6) -0.74 0.23144(6) —0.80 0.23143(6) —0.80 [4]
sin? 6;"[[ (Teva) 0.23148(33) 0.23151(6) 0.10 0.23151(6) 0.10 0.23144(6) —0.13  0.23144(6) —0.13 [42]
m. [GeV] 1.27(2) 1.27(2) 0.00 1.27(2) 0.00 [8]
iy, [GeV] 4_138 4_1383 0.00 4,138 0.00 (8]

“Scaled with a,(my).
°0.5 GeV theoretical uncertainty is included.
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suffer from new tensions once the myy, is changed. We use
Gfitter [5,6,35-37] with data from Refs. [4,8,39-42] and
two benchmark myy, values: (1) 80.379 £ 0.012 GeV [PDG
(2021)], (2) 80.43354+0.0094 GeV [CDF (2022)] to
investigate the variations of these observables. The numeri-
cal results are presented in the Table I and Fig. 3.

It can be found that the PDG (2021) has y2. (dof) =
18.74(16), which is generally in good agreement with
the SM predictions. However, the new CDF (2022) has
x2: (dof) = 62.58(16), which means the sizable discrep-
ancies between the best points from EW fits and input
parameters, especially for my,, m,, my, and the hadronic
contribution to the shift in the fine structure constant Aa}(ljazi
compared with the PDG (2021) ones.

To be specific, the relation between my and m; in

the MS scheme can be written as my, = mzp'/?cy, where

p~1+ ;\G/FE’:E and ¢y = /1 — sin? @y, (my) is the cosine of
the Weinberg angle. As shown in Table I, the global EW fits
of sin? 67 is consistent with the measured value, so we can
only increase the m; and m, to enhance the my,. However,
even the differences between the best points of m, and m,
are already about 20 from the input parameters; the best
points still cannot reach to the new CDF measured myy.
This explains the large and negative Pull in the second row
of Table I. We also note that there was a 2.8¢ discrepancy
between the two most precise top quark mass measure-
ments, 174.98 £0.76 GeV (D@) [43] and 172.25+
0.63 GeV (CMS) [44]. While the global EW fit with the
new CDF (2022) predicts the heavier top quark mass. From
m3, in Eq. (3), we can find the m3, is anticorrelated with the
fine structure constraint. Hence, the enhanced my, value

reported in CDF (2022) is related to the smaller Aa}(izi in the

EW fits. In addition, the decrease of Aaf‘?d can be translated
to the smaller hadronic vacuum polarization contributions
to the muon anomalous magnetic moment, a;;"" [45,46].
Therefore, the difference between a, (Exp) and a,(SM) can

be enlarged if the a}f¥" is extracted from Aaﬁzfj of the global

EW fits. Besides, the old tension for Als (A;) in PDG
(2021) is increased (decreased) in the EW fits with new

CDF measured my,. Hence, the measurement of A% needs
special treatment in the future. On the other hand, we also
show the predictions of each observable by removing its
input value once a time in the EW fits in the fourth and sixth
columns in the Table I. As expected, m,, my, and Aoc}(lsazi are
sensitive to the change of my,. Moreover, if the Higgs mass
my, measured by LHC is removed, its best point from the
global EW fits is dramatically reduced. It is because the W
boson mass can be written as [33]

my =m—CyInr,+Co(r? =1)=Cslnr, (rF = 1)+,
(4)

where m), is the leading order value of W boson mass, and
r, =my,/ (100 GeV), r, =m,/(173.4 GeV). Cy, C,, and
Cj; are positive coefficients. Once the my, is increased, the
prediction of m; without its input values in the EW fits will
be decreased to compensate for the difference between myy
and mY),. Note that without the LHC input for m;,, the CDF
(2022) measurement of my together with other EWPOs
indicates an extremely light Higgs m;, = 44f§0 GeV, which
is considerably inconsistent with current measurement.
If the CDF (2022) measurement is confirmed by other
experiments, it strongly indicates that there is unknown
correction to my from m,, in SM or there is new physics in
the scalar sector. When both m, and m;, are not used in the
EW fits, the antagonistic effect between m, and m; makes
the allowed regions oblique. In order to fit the my, value
and minimize the total y2, heavier m, and m,, are preferred
as the best point. The above numerical results are visualized
in Figs. 4 and 5 in the Appendix. Besides, we also use both
values of my, in PDG (2021) and CDF (2022) as the input
parameters in the global EW fits, but find that the best
points are just slightly different from that only using the
CDF (2022).

III. NEW BOUNDS AND NEW PHYSICS

The EWPOs generically impose stringent constraints on
any theory of electroweak symmetry breaking. Most of the
new physics effects on precision measurements can be
described by the oblique parameters S, 7, and U? [52]. In
Table II, we provide the allowed values of S, 7', and U, and
the correlation matrix by using the EW fit with the W mass
from CDF (2022) and PDG (2021), respectively. The main
differences are that the central value of U parameter
predicted by CDF (2022) is much larger than that predicted
by PDG (2021), and the correlations between U and S or T
are mildly strengthened as well. If making U > S, T, one
may need to introduce some new large multiplet with
sufficient low masses of the components beyond the SM
[53]. We note that the ;(rznin in Table I can be reduced to
15.44 from 62.58 if including S, 7, and U in the fit, which
demonstrates that the oblique parameters can describe the
main effects caused by newly measured W boson mass. On
the other hand, since the values of U parameter are found to
be very small in many new physics models, we also present
the results for S and 7 with AU = 0 in Table III and Fig. 1.
Without the extra freedom of the U parameter, one can only
increase both S and T parameters to fit myy. It can be seen
that the SM value is within the 20 allowed region by the
PDG (2021), however, which is far away from that given by
CDF (2022). The overlap between the PDG (2021) and
CDF (2022) results only appears in the 20 allowed region in

’Besides, there are other equivalent constraints from the
EWPOs, such as (My, p, sin?O) and (e, €,, €3) parameters
[47-51].
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TABLE IL

The values of S, 7', and U and the correlation matrix allowed by the EW fit with the W boson mass

from CDF (2022) and PDG (2021), respectively. m;, = 125 GeV and m, = 172.5 GeV are used as the SM

reference point.

PDG 2021 CDF 2022
Result Correlation Result Correlation
13 dof Hin = 1542 S T i = 15.44 S T U
S 0.06 +0.10 1.00 0.90 -0.57 0.06 +£0.10 1.00 0.90 -0.59
T 0.11 £0.12 1.00 -0.82 0.11 £0.12 1.00 -0.85
U —-0.02 £0.09 1.00 0.14 £+ 0.09 1.00

the S-T plane. Hence, if interpreted in the new physics, the
newly measured my, by CDF may favor introducing the
additional multiplets beyond the SM. With this observation,
we take the two Higgs doublet model (2HDM) [54,55] as
an example to show the parameter space allowed by new
oblique parameters.

In the 2HDM, there are five massive spin-zero states in
the spectrum (h, H, A, H*) after the electroweak symmetry
breaking (EWSB). As an illustration, we consider the
alignment limit in which one of the two neutral CP-even
Higgs mass eigenstates aligns with the direction of the
scalar field vacuum expectation values (vevs) [56-61].
We assume m; = 125 GeV and then the alignment limit
corresponds to cos(ff — a) — 0. The new contributions to
the oblique parameters in the 2HDM arise from the non-SM
Higgs loops. A brief review of the 2HDM in the alignment
limit and the analytic formulas of the oblique parameters S,
T, and U are given in the Appendix. Note that the two-loop
corrections to the p parameter in the 2HDM have been
discussed in [62,63] and may bring some uncertainties to
our results in Fig. 2. However, since these higher-order
contributions are highly involved, we only consider the
one-loop corrections in our study.

Given the U parameter is much smaller than the S
and T parameters in our considered parameter space
(c.f. Fig. 7). Thus, we use the allowed values of S and
T in Table III to perform a fit by defining y*(0) =
(y — u(0))TC~!(y — u(0)), where y is the vector of central
values and C is the covariance matrix. In Fig. 2, we show
1- and 2-0 region allowed by S and T parameters in the
plane of Am, — Amy using the PDG 2021 data set with the
old value of my, and the new CDF value of my,. We find
the results are symmetric about my = m, axis because the

TABLE III. Same as Table II, but for S and 7 with AU = 0.
PDG 2021 CDF 2022

U=0 Result Correlation Result Correlation

14 dof y2,, =1548 § T 2. =1782 S T

S 0.05+0.08 1.00 092 0.15£0.08 1.00 0.93

T 0.09 £+ 0.07 1.00 0.26 +0.06 1.00

S and T parameters are unchanged under the exchange of
my and my [c.f. Eq. (B7)]. In the fit, the T parameter is
dominant because of its quadratic dependence on the
masses of the new particles. However, if the mass splitting
between the charged Higgs bosons and neutral Higgs
bosons is too large, it will overenhance the 7' parameter.
Besides, in general, there is a perturbative bound on the
mass splittings between these scalars, e.g., m%, A= mlzqi~
Jv? < 47v?, where v is the vev of the Higgs field and 4 is a
combination of the quartic couplings in 2HDM (c.f. (B3).
Compared with the result in our PDG (2021) fit, the
degenerate case my+ = my = my in new CDF (2022) fit
is strongly disfavored. Besides, when mpy: = my or
my+ = my, T parameter vanishes because these conditions
lead to an exact custodial SU(2) symmetry; namely, one
of the neutral scalars joins the charged scalars to form an
SU(2) triplet. On the other hand, if the charged Higgs
mass mpy+ lies between the masses of the two neutral
scalars, m, and my, the T parameter is negative. Thus, only
My+ > my, my or myx < my, my are allowed. However,
in the former case, S parameter is inclined to be negative
(c.f. Fig. 7) because of S ~ log(my 4 /my=). This makes the
best points lie in the latter case. Therefore, the charged

T
04F Fixed U =0 -

0.3} R ]
0.2F 4
&~
0.1F b
0.0F b
—0.1 1 1 1 1 1
—0.1 0.0 0.1 0.2 0.3
S
FIG. 1. The 1- and 2-¢ allowed regions in S-T plane from the

electroweak fits using the PDG 2021 data set with the old value of
my (green region) and the new CDF value of my, (red region).
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400 cos(B—a)=0, mp-=1TeV
PDG 2021
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|
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§ p—
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\
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FIG. 2. The 1-and 2-¢ regions allowed by the oblique parameter
fit for 2HDM in the alignment limit in the plane of Am, versus
Amy, where Amy =my —mpy= and Amy = my — my:. The best
points: (Amy, Amy)=(24,396) = (396,24) GeV with y2. =
3.04, S=0.01 and T = 0.173 [CDF (2022)]; (Amy, Amy) =
(8,400) = (400,8) GeV with y2. =024 and S=0.01,
T = 0.058 [PDG (2021)], respectively.

Higgs boson mass my+ has to be nondegenerate with two
neutral Higgs boson masses m, and my. It should be noted
that there are other experimental constraints on the 2HDM
(see recent examples [60,61]), such as the flavor observ-
ables, the Higgs data, and the LHC bounds. However, by
performing a comprehensive global fit with the new W
boson mass, the authors in Refs. [63—-65] found that the
parameter space for the non-SM Higgs bosons with the
mass from 100 GeV to about 1 TeV in the 2HDM is still
allowed, and their results are consistent with ours.

Including these constraints will not change our explanation
for CDF-II W boson mass measurement. In more general
cases, although the Higgs doublets can mix, this will not
change our main conclusion (c.f. Fig. 8). Depending on the
spectrum of the heavy Higgs bosons, one may probe them
in some cases at the LHC or future higher energy colliders.
For example, if H* is the lightest new Higgs boson, it can
be searched for through the process gg — thH* — tibb
[66,67]. While if H or A is the lightest new Higgs boson,
one can look for them through the process gg — tH/A —
117 [68,69]. In the regions of large |Amy — Amy|, the
same-sign charged Higgs boson pair production provides a
promising way to test our scenario [70].

IV. CONCLUSION

The very recent measurement result of 1y, at CDF deviates
from the SM prediction by about 7o, which leads to deviations
in the electroweak fit. Based on our analysis, we pointed out
that there are new mild tensions between the predicted Z
boson mass, the top quark mass, and the hadronic contribution
to the shift in the fine structure constant, and the correspond-
ing experimental measurements. Furthermore, we derived the
new results of the oblique parameters S, T, and U from the
electroweak fit, which strongly implies the SM extensions
with new nondegenerate multiplets and their mass sequence
in the spectrum. Using 2HDM as an example, we demon-
strated that the charged Higgs boson, being nondegenerate
with two heavy neutral Higgs bosons is required, and it has to
be either heavier or lighter than both of them. The search for
these non-SM Higgs bosons can be used to probe the new
physics for W boson mass anomaly at the LHC and future
colliders.
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APPENDIX A: ELECTROWEAK FIT PLOTS

In Appendix A, we visualize the numerical results from
Table I in Fig. 3 and also provide the one-dimensional fit
results of m,, my, Aafa)d x 10%, and m, in Fig. 4, two-
dimensional fit results in m, — m,, plane in Fig. 5 and three-
dimensional fit results in S-7-U space for the SM in Fig. 6.
In Appendix B, we give the analytic formulas and numeri-
cal results of the oblique parameters S, 7', and U in the two

Higgs doublet model.
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FIG.3. The comparison of the “pull” defined in Table I between
EW fits using the PDG 2021 data set with the old value of my,
and the new CDF value of my in the SM.

APPENDIX B: THE OBLIQUE PARAMETERS
IN 2HDM

The renormalizable and CP invariant scalar potential for
a general two Higgs doublet model (2HDM) with a softly
broken Z, parity is given by

V(®),®,) = m?, @ D) + md,®]®, — m3,(®]®, + ®iD,)
A A
+51(¢I‘D1)2 +52(‘D§‘D2)2

+13(D] @) (D] D) + Ay (O] D, ) (DL D))

A
+35[(<DT‘1>2)2+ (@37, (B1)
where ®@;_, , are two scalar SU(2) doublets,
oF )
@, = : (B2)
< (vi + @) +iG))/V2

After the electroweak symmetry breaking, there are five
physical Higgs bosons: two charged Higgs H*, two neutral
Higgs H and &, and one neutral pseudoscalar A, whose
masses are as follows:

2 mi, 2
=——>=—sin*(f—a
H® " sin B cos 8 (h—a)

+ v? {Alcoszacoszﬁ + Apsin®asin®f

s +A+ 1
+3+4+5

> sin 2 sin 2,6]

2
m
2 2
=——*=—¢o
W sin fcos

s*(B - a)

+ 2v? {ﬂlsinzacoszﬂ + Jycos?asin’f

A+A+ 4
—%sinZasinZﬂ]
2
2 M™Mn o0
Mo sin ff cos 8 5¢
2
2 my datis o
pu— -_ . B3
M sin fcos 8 2 ! (B3)

The mixing of the neutral and charged Higgs fields is
described by the angles a and 3, which meet the following
relations:

v
tanﬁ:—z,
Uy

2(—m, 4 (A3 + Ay + As)v1v2)

tan 2o = .
miy(vy/ vy — v1/v2) + 4 v — A0}

(B4)

These two mixing angles at tree level control the couplings
of the scalars with other SM particles (using Type-I as an
example for Yukawa coupling):

Groyy o« sin(f —a) groyy x cos(f—a) (BS)
Gwosp % =sin(f—a) + Lst(i; ?)
Gy Z’%‘ — cos(f—a) — W (B6)

Under current experimental limits, the coupling of h° (or
H°) should be close to the SM-like Higgs boson, which can
be achieved by considering the situation around alignment
limit where cos(f—a) =0 [or sin(f—a)=0]. In the
alignment limit, one of the neutral Higgs (either h° or
HO) is aligned with the vacuum expectation values and
hence its coupling to gauge bosons tends toward the SM
limit. The alignment limit can be easily achieved in the
decoupling limit where all but the SM-like Higgs boson in
the model are heavy. On the other hand, the alignment limit
can also be attained when the other scalars are still light.
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FIG. 5. Same as Fig. 3, but for 2D EW fit results in m,-m,, plane.
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FIG. 6. Same as Fig. 3, but for 3D S/T/U fit results (old value of my,: green region) and (new CDF value of my,: red region) in S-7-U
“space” in the SM. The projections into individual two-dimension plane are also shown.

400 400 400
200 200 200

S o S ¢ S o

£ £ £

S S S

-200 -200 -200 \x@

-400D% -400! -4008%; oS
-400 -200 0 200 400 -400 -200 0 200 400 -400 -200 0 200 400

Amy[GeV] Amgy[GeV] Amy[GeV]

FIG. 7. Contour plots of S, T, and U for my+= = 1 TeV and cos(ff — ) = 0 in Amy and Am, plane.
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FIG. 8. Same as Fig. 7, but for cos(ff — a) = 0.3.
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The oblique parameters in 2HDM are given by

1
AS =

2

[Bzz(mz» mh’ mA) Bzz(mz’ My, My

) + B2Z(mZ’ m%’ mH)

—2{[522(’"%2 my my) = By (mz;my. my. )]

BZZ(mZ’ m%» ml%)

- szO(mz§ mg, mH) + szO(mz§ mg, mh)]cos (B—a)}

1
AT = 5 {[F(méi,mA)—ﬁ—F( P

162m3, 53,
+ [F(mi... mj)
+ F(miy. my;) —

- F(qui, m%)

+ 4m3By(m3, my;, m;) —

AU

2 [Bzz(m%v, mf\, m%,i)

+ [Boa (miy, mi, m3,. ) = Bos (miy, myy, m3,

- mWBO(mW, m%% mH) + mwBO(mw’ m

mi)

4mWB0(mW, m

%v’ mj)]cos? (B -

= F(mj. m)]

— F(mj, m3) + F(mj, mj;)
F(mw, mh) F(mz, mH) +F(mzy mh)

H» m%l)]cosz(ﬁ

@)}

- 2522(’”%4/, m%{i9 m%_[i) + Bzz(m%v’ m%, m%_]i)]

+) + By (miy, miyy, myy;) — By (miy,, miy,, my)

a)}, (B7)

where the loop functions are provided in Ref. [71] and can be numerically calculated with LoopPTOOLS [72].
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