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We study, in the imaginary time formalism, the relation between loops and on-shell forward scattering
tree amplitudes in thermal field theories. This allows for an efficient evaluation, at all temperatures, of
Green’s functions with causal retarded boundary conditions. We present an application of this relation in
quantum gravity coupled to scalar matter fields. We show that at one or two loops, involving planar
diagrams, the 1PI retarded thermal Green’s functions may respectively be expressed in terms of connected
forward scattering tree amplitudes of one or two on-shell particles.
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I. INTRODUCTION

The connections between tree amplitudes and loop inte-
grals play an important role in quantum field theory. In a
pioneering work [1], Feynman has shown that one can relate
one-loop integrals in gauge theories to on-shell forward tree
scattering amplitudes. Such relations are useful due to the
simplicity of these amplitudes, which may be obtained by
contour integrations containing the poles of the propagators.
There has been a lot of effort in the literature to find out how
unitarity methods, which rely on the fact that the loop
amplitudes are determined by their singularities, can be used
to evaluate higher order loops. These methods have been
developed in a series of papers and successfully applied to
loop computations in the standardmodel [2–6]When a single
propagator in a one-loop graph is cut, the integrand leads to a
tree-level amplitude.BydevelopingFeynman’smethod, some
QCD amplitudes have been computed just from single cuts.
This approach has been extended, in the real time formulation
at zero temperature, to higher-order loops, both for time-
ordered [7–10] and for retarded boundary conditions [11].
In the present work, we consider the retarded thermal

Green’s functions that appear as causal response functions,
which are most conveniently studied in the framework of

the imaginary time formalism. In this formulation, in
momentum space, a quantum field theory in 3þ 1 dimen-
sions involves a 3-dimensional Euclidean theory with a
summation over the discrete Matsubara frequencies Q0 ¼
2πinT where T is the temperature [12–14]. This allows one
to separate the usual T ¼ 0 part from the finite temperature
contribution. The main purpose of this work is to give a
unified treatment of the relation between one- and two-loop
graphs and on-shell forward scattering tree amplitudes,
which is valid both at zero as well as at finite temperature.
This method, which greatly simplifies computations at
finite temperature in thermal gauge theories, has been
previously used in connection with particular thermal
amplitudes [15–18]. Using appropriate analytic continua-
tions of the external energies, one can recover the corre-
sponding results obtained in the real time formalism.
In Sec. II we describe the forward scattering amplitude

method, at one loop order, in the imaginary time formalism.
An application of this approach to the calculation of the
lowest order retarded Green’s functions in quantum gravity
at zero temperature is given in Sec. III. The computations
are done in D space-time dimensions using dimensional
regularization [19]. The extension of this analysis to finite
temperature is presented in Sec. IV. A workable two loop
example of this formulation in a scalar theory is examined
in Sec. V. In Sec. VI, we summarize the results and discuss
a generalization of this approach at two-loop order. Some
details of the calculations are given in the Appendices.

II. THE FORWARD SCATTERING METHOD

In the imaginary time formalism, the one-loop integral
associated with diagrams such as the one shown in Fig. 1 is
given by [12,13]
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μ4−D
X
α;a;s

Z
dD−1Q
ð2πÞD−1

�
T
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n¼−∞

fðQ0; Q⃗; k10; k⃗
1;…; kL0 ; k⃗

LÞ
�
;

ðk1 þ k2 þ � � � þ kL ¼ 0Þ ð2:1Þ

where D is the space-time dimension, Q0 ¼ iπð2nþmÞT
are the Matsubara frequencies, and m ¼ 0 or m ¼ 1 for

bosons or fermions, respectively (
P

α;a;s represents a sum
over Lorentz, internal and spinor indices of the loop
particle). The bosonic (fermionic) Matsubara summations
can be done using the relation

T
X∞
n¼−∞

fðQ0Þ ¼
I
C

dQ0

2πi
fðQ0Þ

1

2

�
coth

�
Q0

2T

���1

¼
Z

i∞þδ

−i∞þδ

dQ0

2πi
fðQ0Þ þ fð−Q0Þ

2

×

�
1� 2

eQ0=T ∓ 1

�
ð2:2Þ

[the equivalent contours are shown in Figs. 2(a) and 2(b)]
which clearly allows us to separate the T ¼ 0 part from the
finite-temperature contribution.
Using Eq. (2.2), one-loop diagrams containing L internal

lines, as shown in Fig. 1, can be expressed as

1

2

X
μ;a;s

Z
dD−1Q
ð2πÞD−1

Z
i∞þδ

−i∞þδ

dQ0

2πi
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eQ0=T ∓ 1

�

¼ 1
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X
μ;a;s

Z
dD−1Q
ð2πÞD−1

Z
i∞þδ

−i∞þδ

dQ0

2πi
½fðQ0; Q⃗; k1; k2;…; kLÞ þQ ↔ −Q�

�
1� 2

eQ0=T ∓ 1

�
; ð2:3Þ

where we have replaced Q⃗ by −Q⃗ in the second term of the integrand. In general fðQ0; Q⃗; k1; k2;…; kLÞ has the following
structure

fðQ0; Q⃗; k1; k2;…; kLÞ ¼ 1

Q0
2 − E2ð0; Q⃗Þ

1

ðQ0 þ k10Þ2 − E2ðk⃗1; Q⃗Þ
� � � tðQ; k1; k2 � � � kLÞ

ðQ0 − kL0 Þ2 − E2ð−k⃗L; Q⃗Þ
; ð2:4Þ

(a) (b) (c)

FIG. 2. Figures (a) and (b) show the equivalent integration contours in Eq. (2.2). Figure (c) shows the contour on the right hand side
complex plane. Dots on the real Q0 axis indicate the poles of Eq. (2.5).

FIG. 1. A generic one-loop diagram.
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where k1þk2þ�� �þkL ¼ 0, Eðk⃗i; Q⃗Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jQ⃗þ k⃗ij2þm2

q
,

and tðQ; k1; k2 � � � kLÞ is a tensor (or a scalar in the case of a
scalar field theory) which is determined by the interaction
vertices of the theory. Using a partial fraction decompo-
sition like

1

ðQ0 þ k0Þ2 − E2ðk⃗; Q⃗Þ

¼ 1

2Eðk⃗; Q⃗Þ

�
1

Q0 þ k0 − Eðk⃗; Q⃗Þ
−

1

Q0 þ k0 þ Eðk⃗; Q⃗Þ

�

ð2:5Þ

[ðk0; k⃗Þ represents any of the following possibilities:
ð0; 0⃗Þ; ðk10; k⃗1Þ; ðk10 þ k20; k⃗

1 þ k⃗2Þ;…; ð−kL0 ;−k⃗LÞ] the Q0

integral can be done upon closing the integration
contour on the right hand side of the complex plane
and using Cauchy’s integral formula (assuming that
fðQ0; Q⃗; k1; k2;…; kLÞ vanishes on the curve C2 in
Fig. 2(c), when C2 is stretched to infinity).
Performing shifts in the loop momentum1 and taking into

account that the external frequencies are integer multiple of
i2πT so that expðQ0 þ i2πlTÞ=T ¼ expQ0=T one can
show that

ð2:6Þ

(the overall minus sign arises from the clockwise contour on the right hand complex plane) where EQ ¼ Eð0; QÞ and

ð2:7Þ

The tree amplitude Aðk1; k2;…; kL;QÞ is a forward scattering amplitude which describes the scattering of an on-shell
particle of momentum Q by external particles of momentum k1, k2, …, kL.
The analytic continuation of some external energy kj0 → kj0 þ iηj, where ηj is a positive infinitesimal quantity, with all

other analytic continuations involving negative infinitesimals, yields the jth retarded amplitude. In the following, we shall
not need to explicitly indicate this leg.
As a simple example, we consider the self-energy in massless gϕ3 theory. In this case, the forward scattering tree

amplitude is (where the on-shell condition Q0 ¼ Eð0; Q⃗Þ ¼ jQ⃗j is to be understood)

Aðk;QÞ ¼ g2
�

1

k2 þ 2k ·Q
þ 1

k2 − 2k ·Q

�
ð2:8Þ

[we have taken into account the combinatorial factor 1=2 and also added the permutation as indicated in Eq. (2.7)], so that
the one-loop scalar self-energy can be written as

1When these shifts occur in a linearly divergent integral in four dimensions, a surface term must also be included. This is needed to
recover the usual axial anomaly [20].
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ΠðkÞ¼−
g2

2
μ4−D

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗j

�
1

k2þ2k ·Q
þ 1

k2−2k ·Q

�
:

ð2:9Þ

In the Appendix A, we compute the integral in (2.9)
using the retarded analytic continuation of the external
energy with k0 → k0 þ iη. This basic integral is also
relevant for the self-energies of gauge fields and gravitons
as we will see in the next section.

III. SCALAR LOOPS IN
A GRAVITATIONAL FIELD

The action for a scalar field in curved space-time is
simply

S ¼ 1

2

Z
dDx

ffiffiffiffiffiffi
−g

p ðgμν∂μϕ∂νϕ −m2ϕ2Þ: ð3:1Þ

For simplicity, let us set m ¼ 0. Defining the gravitational
field φμν

κφμν ¼ ffiffiffiffiffiffi
−g

p
gμν − ημν; ð3:2Þ

where κ ¼ ffiffiffiffiffiffiffiffiffiffiffi
16πG

p
is related to Newton’s constant G, the

action becomes

S ¼ 1

2

Z
dDxð−ϕ∂2ϕþ κφμν∂μϕ∂νϕ:Þ: ð3:3Þ

From (3.3) we obtain the following momentum space
Feynman rules:

ð3:4aÞ

ð3:4bÞ

where p1
μ and p2

ν are the momenta of the scalar field.
In terms of the forward scattering amplitude,

ð3:5Þ

the graviton self-energy at zero temperature can be written as

Πμν;αβðkÞ ¼ −
1

2
μ4−D

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗jAμν;αβðk;QÞ; ð3:6Þ

where we have used the T ¼ 0 part of the general expression given in Eq. (2.6). Upon using the Feynman rules given in
Eqs. (3.4), we obtain

Aμν;αβðk;QÞ ¼ κ2

4

�½QμðQþ kÞν þQνðQþ kÞμ�½ðQþ kÞαQβ þ ðQþ kÞβQα�
k2 þ 2k ·Q

þ ½QαðQ − kÞβ þQβðQ − kÞα�½ðQ − kÞμQν þ ðQ − kÞνQμ�
k2 − 2k ·Q

�
ð3:7Þ

[we have included the combinatorial factor 1=2 and also added the permutation indicated in Eq. (2.7)].
After integration, (3.7) can be expressed (by covariance) in terms of the five tensors shown in Table I, so that

Πμν;αβðkÞ ¼
X5
i¼1

T i
μν;αβðkÞCiðkÞ: ð3:8Þ

The coefficients Ci can be obtained solving the following system of five algebraic equations

X5
i¼1

T i
μν;αβðkÞT jμν;αβðkÞCiðkÞ¼Πμν;αβðkÞT jμν;αβðkÞ¼−

1

2
μ4−D

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗jAμν;αβðk;QÞT jμν;αβðkÞ; j¼1;…;5: ð3:9Þ
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Using simple identities such as

ðk ·QÞ2
k4 − 4ðk ·QÞ2 ¼

1

4

k4

k4 − 4ðk ·QÞ2 −
1

4
ð3:10Þ

and setting equal to zero any dimensional regularized
integrals that are independent of jQ⃗j, then all the integrals
on the right-hand side of Eq. (3.9) can be reduced to the
following basic scalar integral

IðkÞ ¼ κ2μ4−D
Z

dD−1Q
ð2πÞD−1

1

2jQ⃗j

�
1

k2 þ 2k ·Q
þ 1

k2 − 2k ·Q

�

¼ −κ2μ4−D
1

ð4πÞD=2 Γð2−D=2ÞΓ
2ðD=2− 1Þ
ΓðD− 2Þ

× ½−iηsgnðk0Þ− k2�D=2−2; ð3:11Þ

where we have used the result given in Eq. (A8) (up to an
overall factor).
Solving the linear system of equations in Eq. (3.9), we

obtain

C1ðkÞ ¼
DðD − 2Þ
32ðD2 − 1Þ k

4IðkÞ; ð3:12aÞ

C2ðkÞ ¼
k4

32ðD2 − 1Þ IðkÞ; ð3:12bÞ

C3ðkÞ ¼ C2ðkÞ ¼ −C5ðkÞ; ð3:12cÞ

and

C4ðkÞ ¼
D

32ðD2 − 1Þ k
4IðkÞ ð3:12dÞ

Substituting (3.12) into (3.8), we obtain

Πμν;αβðkÞ ¼
�
DðD−2Þkμkνkαkβ

k4
þ ημνηαβ þ ημαηνβ þ ημβηνα

þD
k2
ðημνkαkβ þ ηαβkμkνÞ

−
ημαkνkβ þ ημβkνkαþ ηναkμkβ þ ηνβkμkα

k2

�

×
k4IðkÞ

32ðD2− 1Þ : ð3:13Þ

This result satisfies the Ward identity

ðημρkν þ ηνρkμ − ημνkρÞΠμν;αβ ¼ 0; ð3:14Þ

which is stronger than the identity of the pure gravitational
case in the Eq. (3.36) of [21] (see also [22]). This can be
understood since there is no BRST symmetry in the scalar
case. There is only the classical diffeomorphism invariance
of (3.1) under

δg̃μν ¼ κδðϕμνÞ ¼ g̃μρ∂ρθ
ν þ g̃νρ∂ρθ

μ − ∂ρðg̃μνθρÞ;
g̃μν ¼ ffiffiffiffiffiffi

−g
p

gμν: ð3:15Þ

associated with the coordinate transformations xμ →
xμ − θμ.

IV. GRAVITON THERMAL SELF-ENERGY

Let us now consider the thermal part of Eq. (2.6) which
contains the Bose-Einstein distribution. When the external
momenta k are such that k ≪ T the loop integral is
dominated by the hard thermal loop region. Using expan-
sions like

1

k2 þ 2k ·Q
¼ 1

2k ·Q
−

k2

ð2k ·QÞ2 þ � � � ; ð4:1Þ

(k2 ≪ k ·Q) the tree amplitude in Eq. (3.7) reduces to

AHTL
μν;αβðk;QÞ¼ κ2

2
jQ⃗j2

�
kμQ̂νQ̂αQ̂β

k · Q̂
þ Q̂μkνQ̂αQ̂β

k · Q̂

þ Q̂μQ̂νkαQ̂β

k · Q̂
þ Q̂μQ̂νQ̂αkβ

k · Q̂
−
k2Q̂μQ̂νQ̂αQ̂β

ðk · Q̂Þ2
�

ð4:2Þ

to leading order in the high temperature expansion
(Q̂ ¼ Q=jQ⃗j).
Inserting Eq. (4.2) into the thermal part of Eq. (2.6) we

obtain the following expression for the thermal scalar loop
contribution to the graviton self-energy

TABLE I. The five independent tensors built from ημν and kμ,
satisfying the symmetry conditions T i

μν;αβðkÞ ¼ T i
νμ;αβðkÞ ¼

T i
μν;βαðkÞ ¼ T i

αβ;μνðkÞ.

T 1
μν;αβðkÞ ¼ kμkνkαkβ

k4

T 2
μν;αβðkÞ ¼ ημνηαβ

T 3
μν;αβðkÞ ¼ ημαηνβ þ ημβηνα

T 4
μν;αβðkÞ ¼ ημνkαkβþηαβkμkν

k2

T 5
μν;αβðkÞ ¼ ημαkνkβþημβkνkαþηναkμkβþηνβkμkα

k2
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ΠHTL
μν;αβ ¼−

κ2

4

μ4−DTD

ð2πÞD−1

Z
∞

0

uD−1du
eu−1

Z
dΩ

�
kμQ̂νQ̂αQ̂β

k · Q̂
þ Q̂μkνQ̂αQ̂β

k · Q̂
þ Q̂μQ̂νkαQ̂β

k · Q̂
þ Q̂μQ̂νQ̂αkβ

k · Q̂
−
k2Q̂μQ̂νQ̂αQ̂β

ðk · Q̂Þ2
�
: ð4:3Þ

Upon integrating over u we obtain

ΠHTL
μν;αβ ¼−

κ2

4

μ4−DTD

ð2πÞD−1ΓðDÞζðDÞ
Z

dΩ
�
kμQ̂νQ̂αQ̂β

k · Q̂
þ Q̂μkνQ̂αQ̂β

k · Q̂
þ Q̂μQ̂νkαQ̂β

k · Q̂
þ Q̂μQ̂νQ̂αkβ

k · Q̂
−
k2Q̂μQ̂νQ̂αQ̂β

ðk · Q̂Þ2
�
; ð4:4Þ

where Γ and ζ denote respectively the Gamma and Zeta functions. For D ¼ 4, we obtain

ΠHTL
μν;αβ ¼ −

κ2π2T4

120

Z
dΩ
4π

�
kμQ̂νQ̂αQ̂β

k · Q̂
þ Q̂μkνQ̂αQ̂β

k · Q̂
þ Q̂μQ̂νkαQ̂β

k · Q̂
þ Q̂μQ̂νQ̂αkβ

k · Q̂
−
k2Q̂μQ̂νQ̂αQ̂β

ðk · Q̂Þ2
�

ð4:5Þ

which is half the result in the case of pure gravity (A
graviton loop produces a factor of two, which is associated
with the extra degree of freedom of a massless spin 2
particle).
At finite temperature, the tadpole diagram shown in

Fig. 3(a) does not vanish. Taking into account the sym-
metry factor 1=2 and the Feynman rules in (3.4) Fig. 3(b)
yields

Aμνðk;QÞ ¼ −κQμQν: ð4:6Þ

We can verify that the amplitudes in Eqs. (4.2) and (4.6) are
related by the Ward identity

ðημρkν þ ηνρkμ − ημνkρÞAHTL
μν;αβðk;QÞ

¼ −κηνρðkαδμβ þ kβδ
μ
αÞAμνðQÞ: ð4:7Þ

Since this identity is verified at the level of the tree
amplitude, the thermal self-energy and the one-graviton
are also related by the same identity, namely

ðημρkν þ ηνρkμ − ημνkρÞΠHTL
μν;αβ

¼ −κηνρðkαδμβ þ kβδ
μ
αÞΠtadpole

μν ; ð4:8Þ

in the hard thermal loop limit. Notice that at T ¼ 0
Eq. (3.14) is consistent with the absence of tadpoles.

In fact, it is straightforward to verify that the exact
amplitude in Eq. (3.7) satisfy the same Ward identity as the
hard thermal loop case, namely

ðημρkν þ ηνρkμ − ημνkρÞAμν;αβðk;QÞ
¼ −κηνρðkαδμβ þ kβδ

μ
αÞAμνðQÞ; ð4:9Þ

At T ¼ 0,

−
1

2

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗jAμνðQÞ ¼ 1

4

Z
dD−1Q
ð2πÞD−1

QμQν

jQ⃗j
¼ 0 ð4:10Þ

and at finite T we have

− μ4−D
Z

dD−1Q
ð2πÞD−1

1

2jQ⃗j
AμνðQÞ
ejQ⃗j=T − 1

¼ μ4−D
κ

2

Z
dD−1Q
ð2πÞD−1

1

jQ⃗j
QμQν

ejQ⃗j=T − 1

¼ Cμ4−DTDðDuμuν − ημνÞ; ð4:11Þ

where C, is a constant, u ¼ ð1; 0; 0;…; 0Þ is a rest frame
four-velocity and we have used that the result is traceless,
since Q2 ¼ 0. From the 00 component

μ4−D
κ

2

Z
dD−1Q
ð2πÞD−1

jQ⃗j
ejQ⃗j=T − 1

¼ ðD − 1ÞCμ4−DTD; ð4:12Þ

we obtain [23]

C ¼ μ4−D
κ

2ðD − 1Þð2πÞD−1
2π

D−1
2

ΓðD−1
2
ÞΓðDÞζðDÞ

¼ μ4−Dκ

2D−1π
D−1
2

ΓðD − 1Þ
ΓðD−1

2
Þ ζðDÞ: ð4:13Þ

For D ¼ 4 we obtain,

(a) (b)

FIG. 3. The one-graviton thermal amplitude and the corre-
sponding forward scattering amplitude.
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C ¼ κ

8ππ1=2Γð3=2ÞΓð3Þζð4Þ ¼
κπ2

180
; ð4:14Þ

which is half the result obtained in pure gravity.

V. RETARDED AMPLITUDES AT TWO LOOPS

In order to study higher-order thermal loop contributions
in the imaginary time formalism, we consider, for simplic-
ity the scalar ϕ4 field theory, described by the Lagrangian

L ¼ 1

2
∂μϕ∂μϕ −

m2

2
ϕ2 −

λ

4!
ϕ4 ð5:1Þ

and examine the retarded self-energy of the scalar field
which can be obtained by the prescription k0 → k0 þ iη.
The one-loop contribution can be expressed in terms of a
forward scattering amplitude for a on-shell particle as
discussed in Eqs. (2.6) and (2.7).
In going at two loops, we note that there are two types of

Feynman diagrams, as shown in the Figs. 4(a) and 4(b).
We can evaluate the summations over the discrete

frequencies Q0 ¼ i2πnT and q0 ¼ i2πsT with the help
of the relation (2.2). Next, we proceed to evaluate the Q0

and q0 integrals by contour integrations in the right-hand
side of their complex planes.

In the case of Fig. 4(a), according to Eq. (2.6) this opens
successively the Feynman propagators, and sets the Q and
q particles on their mass-shell, with positive energies Q0 ¼
EQ and q0 ¼ Eq. In Fig. 4(a’), which has a double pole, one
can do the q0 integral by using Cauchy theorem, leading to
a graph like that shown in Fig. 4(a”). This diagram, which
corresponds to the forward scattering amplitudes of two on-
shell particles is multiplied by a phase-space integral,
leading to a k-independent result given by

λ2

4

Z
dD−1Q
ð2πÞD−1

1

2EQ

Z
dD−1q
2Eq

�
1

2
þ 1

eEQ=T − 1

�

×

�
1

2
þ 1

eEq=T − 1

�
−1

jq⃗j2 þm2
ð5:2Þ

We will next apply this method to the diagram shown in
Fig. 4(b), which yields a k-dependent contribution given by

−
λ2

3!

Z
dD−1Q
ð2πÞD−1

Z
dD−1q
ð2πÞD−1 T

2

×
X
n;s

1

Q2 −m2

1

q2 −m2

1

ðkþQþ qÞ2 −m2
; ð5:3Þ

where Q0 ¼ i2πnT, q0 ¼ i2πsT and k0 ¼ i2πlT.
Performing the summations with the help of Eq. (2.2)
and replacing Q⃗ → −Q⃗ and q⃗ → −q⃗ in some terms, we
obtain for the integrand of (5.3) the result

I ¼
Z

i∞

−i∞

dq0
2πi

�
1

2
þ Nðq0Þ

�

×
Z

i∞

−i∞

dQ0

2πi

�
1

2
þ NðQ0Þ

�
1

Q2 −m2

1

q2 −m2

×

�
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

þ 1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�
; ð5:4Þ

where NðωÞ denotes the statistical factor

NðωÞ ¼ 1

eω=T − 1
: ð5:5Þ

We first perform the Q0 integration along the contour
shown in Fig. 2(c) by using Cauchy’s theorem. Making
appropriate shifts and using the fact that k0 is an inte-
ger multiple of i2πT we obtain the following two
contributions

(b)

(b’)

(b”)

(a)

(a’)

(a”)

FIG. 4. Two-loop self-energy diagrams (a,b) and the corre-
sponding forward amplitudes obtained by opening, successively,
the Q (a’, b’) and q (a”, b”) internal lines.
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I1 ¼ −
1

2EQ

Z
i∞

−i∞

dq0
2πi

�
1

2
þ Nðq0Þ

�
1

q2 −m2

�
1

2
þ NðEQÞ

�

×

�
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2
þ 1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�
Q0¼EQ

; ð5:6Þ

and

I2 ¼ −
1

2EQ

Z
i∞

−i∞

dq0
2πi

�
1

2
þ Nðq0Þ

�
1

q2 −m2

×

��
1

2
þ NðEQ − q0Þ

��
1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�

þ
�
1

2
þ NðEQ þ q0Þ

��
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

��
Q0¼EQ

: ð5:7Þ

This procedure opens the Q-propagator and sets the Q-particle on-shell with a positive energy Q0 ¼ EQ. This leads to
diagrams of the form shown in Fig. 4(b’), where graphs obtained by permutations of vertices as well as by the replacement
Q → −Q are to be understood.
We can similarly integrate over q0 by using Cauchy’s theorem. The contribution at the pole q0 ¼ Eq coming from the

Eq. (5.6) is

I11 ¼
1

2EQ

1

2Eq

�
1

2
þ NðEQÞ

��
1

2
þ NðEqÞ

�

×

�
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2
þ 1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�
Q0¼EQ;q0¼Eq

: ð5:8Þ

The contribution coming from (5.6) at the other poles may be combined with that obtained from (5.7) at the pole q0 ¼ Eq, to
give

I12 þ I21 ¼
1

2EQ

1

2Eq

��
1

2
þ NðEQÞ

���
1

2
þ NðEq − EQÞ

��
1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�

þ
�
1

2
þ NðEQ þ EqÞ

��
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

��
þ fQ ↔ qg

�
Q0¼EQ;q0¼Eq

: ð5:9Þ

Finally, the contribution obtained from the poles of the other propagators in (5.7) is given by

I22 ¼
1

2EQ

1

2Eq

1

2

��
1

2
þ Nð−EqÞ

��
1

2
þ NðEQ þ EqÞ

��
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

�

þ
�
1

2
þ NðEqÞ

��
1

2
þ NðEq − EQÞ

��
1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�
þ fQ ↔ qg

�
Q0¼EQ;q0¼Eq

; ð5:10Þ

where we have symmetrized under the interchange Q ↔ q.
The above expressions can be simplified by using the following identities involving the statistical factors

NðEQ − EqÞ þ NðEq − EQÞ ¼ −1 ð5:11aÞ

NðEQ − EqÞ − NðEq − EQÞ ¼
NðEQÞ þ NðEqÞ þ 2NðEQÞNðEqÞ

NðEqÞ − NðEQÞ
ð5:11bÞ

NðEQ þ EqÞ ¼
NðEQÞNðEqÞ

1þ NðEQÞ þ NðEqÞ
: ð5:11cÞ
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In this way, the expressions given in Eqs. (5.9) and (5.10) may, respectively, be written as

I12 þ I21 ¼
1

2EQ

1

2Eq

1

2

�
½NðEQÞ þ NðEqÞ þ 2NðEQÞNðEqÞ�

�
1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

�

þ ½1þ NðEQÞ þ NðEqÞ þ 2NðEQÞNðEqÞ�
�

1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

��
Q0¼EQ;q0¼Eq

: ð5:12Þ

and

I22 ¼ −
1

2EQ

1

2Eq

1

4

�
½1þ NðEQÞ þ NðEqÞ þ 2NðEQÞNðEqÞ�

�
1

ðkþQþ qÞ2 −m2
þ 1

ðk −Q − qÞ2 −m2

�

þ ½NðEQÞ þ NðEqÞ þ 2NðEQÞNðEqÞ�
�

1

ðkþQ − qÞ2 −m2
þ 1

ðk −Qþ qÞ2 −m2

��
Q0¼EQ;q0¼Eq

: ð5:13Þ

The above procedure opens the q-propagator in the one-
loop vertex correction shown in Fig. 4(b’) and sets the q
particle on-shell with a positive energy q0 ¼ Eq. This leads
to diagrams of the form shown in Fig. 4(b”), where graphs
obtained by permutations and by making q ↔ −q are to be
understood.
We still must take into account the contributions coming

from the poles of the statistical factors NðEQ ∓ q0Þ in the
Eq. (5.7). These arise at the points q0 ¼ �EQ þ i2πjT,
where j is an integer, along two lines parallel to the
imaginary q0 axis. Upon using Eq. (2.2) and the identities

)5.11 ), one can similarly evaluate such contributions which
should be added to those given in Eqs. (5.8), (5.12) and
(5.13). Proceeding in this way, and using partial fraction
decompositions like (2.5) it turns out that the complete
contribution of the diagram shown in Fig. 4(b) may be
written in the form

λ2

3!

Z
dD−1Q
ð2πÞD−1

1

2EQ

Z
dD−1q
ð2πÞD−1

1

2Eq

1

2E

× ½F0 þ 3NðEQÞF1 þ 3NðEQÞNðEqÞF2�; ð5:14Þ

where E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗þ Q⃗þ q⃗Þ2 þm2

q
and

F0 ¼ fðEQ; Eq; EÞ ð5:15aÞ

F1 ¼ fðEQ; Eq; EÞ þ fð−EQ; Eq; EÞ ð5:15bÞ

F2 ¼ fðEQ;Eq; EÞ þ fð−EQ; Eq; EÞ
þ fðEQ;−Eq; EÞ − fðEQ; Eq;−EÞ; ð5:15cÞ

where [compare with Eq. (A12)]

fðEQ; Eq; EÞ ¼
1

k0 þ iηþ EQ þ Eq þ E

þ 1

−k0 − iηþ EQ þ Eq þ E
: ð5:16Þ

The above form of the retarded self-energy is quite con-
venient, especially for the calculation of its imaginary part
which is related to various physical processes. In particular,
the imaginary part of F0 is related to the probability that the
external field creates three scalar particles at zero temper-
ature. This can be seen from Eq. (5.16) as well as by cutting
the propagator in Fig. 4(b”). (Performing the Q and q
integrations in Eq. (5.14), one obtains in the massless case at
zero temperature the result given in the Appendix C).
The result (5.14) agrees with the one obtained in the

Ref. [24] in the imaginary time formalism, by an elaborate
evaluation of the loops appearing in Fig. 4(b) An alternative
derivation in the real time formulationwas given inRef. [18].
In this formalism, the2 × 2matrix propagator is a sumof two
parts, one of which represents an on-shell thermal contri-
bution that involves a factor Nðjp0jÞδðp2 −m2Þ, where p is
the four-momentum of the line. Such factors naturally lead
to the opening of loop diagrams at nonzero temperature.
However, this property does not elucidate the fact that
forward scattering tree amplitudes exist as well at zero
temperature.
Based on the present formulation, we may interpret the

contributions coming from the thermal self-energy diagram
(4(b)) at two loops as follows. F0 corresponds to a forward
scattering amplitude of two on-shell particles at zero
temperature; the contribution linear in the statistical factor
might be thought as a forward scattering amplitude of a on-
shell thermal particle and of a forward scattering amplitude
of a single, on-shell particle at zero temperature. Finally,
the contribution quadratic in the statistical factor may be
interpreted as the forward scattering amplitude of two
on-shell thermal particles (for a related approach, see
Refs. [25,26]).
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VI. DISCUSSION

Using the imaginary-time formalism, we have obtained
the relation (2.6) between general one-loop diagrams and
on-shell forward scattering tree amplitudes which holds at
all temperatures T in D space-time dimensions. We note
that the right-hand side of Eq. (2.6) has been obtained by
performing first theQ0 integral by contour integration. This
has the effect of opening one propagator in the loop which
leads to a tree, on-shell forward scattering amplitude. At
high temperatures, this relation provides an efficient way
for computing the retarded thermal contributions in gauge
theories.
As an application of Eq. (2.6), we have calculated in

quantum gravity (coupled to scalar fields) the lowest orders
retarded graviton amplitudes at all temperatures. At zero
temperature there occurs a subtlety due to the fact that the
contribution from the arcs at infinity [see Fig. 2(c)], which
arise when first performing the Q0 integration, is linearly
divergent. However, when performing first the Q⃗ integra-
tions, it turns out that the remaining Q0 integration
converges for D < 0 (see Appendix B), in which case
the contributions from the arcs at infinity vanish. Thus, by
using a consistent analytic continuation, we see that the
neglect of the contributions from the arcs at infinity can be
justified in dimensional regularization. At high temper-
atures, the leading contributions of all 1PI retarded func-
tions are proportional to TD. This is required by the Ward
identities which reflect the gauge invariance of the theory
under coordinate transformations.

We have applied the above method to the evaluation, in a
scalar theory, of the retarded self-energy at two loops in the
imaginary time formalism. But one can show that, by using
an integral reduction procedure in dimensional regulariza-
tion [27], one can express any loop integral as a linear
combination of scalar loop integrals. An example of this
procedure in quantum gravity was given in Sec. III. Based
on these calculations, we point out some features which
may hold for more generic one-particle irreducible dia-
grams at two loops. In this case, there are two independent
internal energies which can be integrated out by contour
integrations. This leads, by successive openings of the
internal lines, to two cut lines which set the corresponding
particles on-shell. In this way, a 1PI two-loop diagram may
be opened to a connected tree-level graph. We also note
here that in the imaginary time formalism, one can have at
most one statistical factor for each loop [see Eq. (2.2)].
However, a new feature occurs due to the presence, in
intermediate calculations at two loops, of statistical factors
like NðEq − EQÞ which yield non-vanishing contributions
in the zero temperature limit. These add up with the usual
T ¼ 0 contributions that might be naively expected (see
Eqs. (5.8)–(5.10), respectively). This combination is nec-
essary in order to get a result consistent with unitarity,
which corresponds to a forward physical tree scattering
amplitude.
Using the above properties, a simple generalization of

the Eq. (2.6) (for bosonic fields) at two loop order may be
written in the form

Γðk1;…; kL; TÞ ¼
Z

dD−1Q
ð2πÞD−1

1

2EQ

Z
dD−1q
ð2πÞD−1

1

2Eq
½A0ðk1;…; kL;Q; qÞ

þNðEQÞA1ðk1;…; kL;Q; qÞ þ NðEQÞNðEqÞA2ðk1;…; kL;Q; qÞ�Q0¼EQ;q0¼Eq
; ð6:1Þ

where A0 is related to a forward scattering amplitude of
two on-shell particles Q and q at zero temperature. The
contribution linear in the statistical factor NðEQÞ describes
a forward scattering amplitude of a thermal on-shell particle
Q, and of an on-shell particle q at zero temperature. The
term quadratic in the statistical factors represents a forward
scattering amplitude of two on-shell thermal particles.
Making in Eq. (6.1) appropriate analytic continuations of

the external energies [28], one can verify that we get for
planar 1PI retarded two and three point Green’s functions at
two loops, the same result as obtained in the real time
formalism [18]. The representation given in Eq. (6.1) also
holds for more generic planar amplitudes at two loops. The
issue of nonplanar amplitudes has been examined at zero
temperature in Ref. [11]. However, a proper extension of
the relation (6.1) in the case of non-planar retarded thermal

Green’s functions at two loops is more involved and
requires further investigation.
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APPENDIX A: FORWARD SCATTERING
AMPLITUDE FOR THE SCALAR SELF-ENERGY

We give here some details on the calculation of the
retarded amplitude at T ¼ 0. Using Eq. (2.9) and making
the analytic continuation k0 → k0 þ iη, we obtain,
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Πr
IðkÞ ¼−

g2μ4−D

2

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗j

�
1

k2þ 2ðk0jQ⃗j− k⃗ · Q⃗Þþ iηðk0þjQ⃗jÞ
þ 1

k2− 2ðk0jQ⃗j− k⃗ · Q⃗Þþ iηðk0− jQ⃗jÞ

�
: ðA1Þ

When computing the imaginary parts of this amplitude, for kinematical reasons it turns out that one must have jQ⃗j < jk0j.
Using this condition, denoting by u the cosine of the angle between k⃗ and Q⃗ and doing all other angular integrations, we
then obtain

Πr
IðkÞ ¼ −

g2μ4−D

2

πðD−2Þ=2

ð2πÞD−1
1

ΓðD=2 − 1Þ
Z

1

−1
duð1 − u2ÞðD−4Þ=2

×
Z

∞

0

djQ⃗jjQ⃗jD−3
�

1

k2 þ 2jQ⃗jðk0 − jk⃗juÞ − iηθð−k0Þ
þ 1

k2 − 2jQ⃗jðk0 − jk⃗juÞ þ iηθðk0Þ

�
: ðA2Þ

Let us take for example, k2 > 0, in which case imaginary contributions occurs. Then, we can rescale jQ⃗j ¼
xk2=2ðjk0j − jk⃗juÞ≡ xk2=2jk⃗jðβ − uÞ, with β ¼ jk0j=jk⃗j, so we get

Πr
IðkÞ ¼ −

g2μ4−D

2

πðD−2Þ=2

ð2πÞD−1
1

ΓðD=2 − 1Þ
ðk2ÞD−1

ð2jk⃗jÞD−2

Z
1

−1
duð1 − u2ÞðD−4Þ=2ðβ − uÞ2−D

×
Z

∞

0

dxxD−3
�

1

1þ xsgnðk0Þ − iηθð−k0Þ
þ 1

1 − xsgnðk0Þ þ iηθðk0Þ
�

ðA3Þ

where sgn is the sign function. One can write the expression in the square brackets as

θðk0Þ
1þ x

þ θð−k0Þ
1 − x − iη

þ θð−k0Þ
1þ x

þ θðk0Þ
1 − xþ iη

¼ 2θðk0Þ
1 − x2 þ iη

þ 2θð−k0Þ
1 − x2 − iη

ðA4Þ

and perform the x integration which leads to

Πr
IðkÞ¼−

g2μ4−D

2

23−D

ð4πÞD=2Γð2−D=2Þ
�

θðk0Þ
ð−1þ iηÞðD−2Þ=2þ

θð−k0Þ
ð−1− iηÞðD−2Þ=2

�ðk2ÞD−1

jk⃗jD−2

Z
1

−1
duð1−u2ÞðD−4Þ=2ðβ−uÞ2−D: ðA5Þ

Similarly, doing the u-integration we obtain (the x- and u-integrations were done using the formulas 3.241 and 3.199 of
[23], respectively)

Πr
IðkÞ ¼ −

g2μ4−D

2

1

ð4πÞD=2 Γð2 −D=2ÞΓ
2ðD=2 − 1Þ
ΓðD − 2Þ ðk2ÞD=2−2

�
θðk0Þ

ð−1þ iηÞðD−2Þ=2 þ
θð−k0Þ

ð−1 − iηÞD=2−2

�
: ðA6Þ

Rationalizing the denominators in the square bracket and recalling that we have taken k2 > 0, we obtain the result

Πr
IðkÞ ¼

g2μ4−D

2

1

ð4πÞD=2 Γð2 −D=2ÞΓ
2ðD=2 − 1Þ
ΓðD − 2Þ ½θðk0Þð−iη − k2ÞD=2−2 þ θð−k0Þðiη − k2ÞD=2−2�: ðA7Þ

A similar result is found when k2 < 0 except that in this case there are no imaginary terms. Thus, we may write the above
expression in the alternative form

Πr
IðkÞ ¼

g2μ4−D

2

1

ð4πÞD=2 Γð2 −D=2ÞΓ
2ðD=2 − 1Þ
ΓðD − 2Þ ½−iηsgnðk0Þ − k2�D=2−2: ðA8Þ

This agrees with the result obtained by using standard Euclidean space techniques
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ΠRðkÞ ¼
g2

2

1

ð4πÞD=2 Γð2 −D=2ÞΓ
2ðD=2 − 1Þ
ΓðD − 2Þ

�
−
k2

μ2

�
D=2−2

ðA9Þ

together with the appropriate analytic continuation k0 → k0 þ iη.
Similarly, by making in Eq. (A9) the analytic continuation k0 → k0 þ iηsgnðk0Þ, one recovers the result obtained in the

real time formalism with time-ordered boundary conditions.
We now write Eq. (2.9) in the form [using Q0 ¼ jQ⃗j and making Q⃗ → −Q⃗ in the second term of (2.8)]

ΠðkÞ ¼ −
g2

2
μ4−D

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗j

�
1

ðk0 þQ0Þ2 − ðk⃗þ Q⃗Þ2
þ 1

ðk0 −Q0Þ2 − ðk⃗þ Q⃗Þ2
�

ðA10Þ

and define Q⃗0 ≡ −ðk⃗þ Q⃗Þ so that

ΠðkÞ ¼ −
g2

2
μ4−D

Z
dD−1QdD−1Q0

ð2πÞD−1
1

2jQ⃗j
1

2jQ⃗0j δðk⃗þ Q⃗þ Q⃗0Þ

×

�
1

k0 þ jQ⃗j þ jQ⃗0j −
1

k0 − jQ⃗j − jQ⃗0j þ
1

k0 − jQ⃗j þ jQ⃗0j −
1

k0 þ jQ⃗j − jQ⃗0j

�
: ðA11Þ

The last two terms cancel, being antisymmetric in jQ⃗j and jQ⃗0j leaving us with

ΠðkÞ ¼ −
g2

2
μ4−D

Z
dD−1Q
ð2πÞD−1

1

2jQ⃗j
1

2jk⃗þ Q⃗j

�
1

k0 þ jQ⃗j þ jk⃗þ Q⃗j
þ 1

−k0 þ jQ⃗j þ jk⃗þ Q⃗j

�
: ðA12Þ

This form of ΠðkÞ will be useful when discussing the sunset diagram in Sec. V.

APPENDIX B: ORDER OF INTEGRATION IN D DIMENSIONS

Let us consider an integral of the form

IDðKÞ ¼
Z

∞

−∞
dQ0

Z
dD−1Q

Qp
0

ðQ2
0 −Q2 þ K2Þα ; ðB1Þ

where α and p are some integers and Q ¼ jQ⃗j. Performing the angular integrations, we get

IDðkÞ ¼
2πðD−1Þ=2

ΓðD−1
2
Þ

Z
∞

−∞
Qp

0dQ0

Z
∞

0

QD−2dQ
ðQ2

0 −Q2 þ K2Þα : ðB2Þ

Integrating first over Q0, we see that the Q0 integral diverges for p > 2α − 1. On the other hand, evaluating first the Q
integral with the help of the formula 3.241 of [23]

Z
∞

0

QD−2dQ
ðQ2 −Q2

0 − K2Þα ¼
1

2ΓðαÞ
ΓðD−1

2
ÞΓðα − D−1

2
Þ

½−ðQ2
0 þ K2Þ�α−D−1

2

ðB3Þ

which converges for D < 2αþ 1, we obtain

IDðKÞ ¼ ð−1ÞðD−1Þ=2ðπÞðD−1Þ=2 Γðα − D−1
2
Þ

ΓðαÞ
Z

∞

−∞

Qp
0dQ0

ðQ2
0 þ K2Þα−ðD−1Þ=2 : ðB4Þ

Here the Q0 integration converges provided D < 2α − p. For the graviton self-energy, one has α ¼ 2 and p ¼ 0;…; 4.
In this case, the Q0 integral becomes convergent for D < 0.
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For example, for α ¼ 2 and p ¼ 4, the Q0 integration
yields the expression

Z
∞

−∞

Q4
0dQ0

ðQ2
0 þ K2Þ2−ðD−1Þ=2 ¼

3

4

Γð1=2ÞΓð−D=2Þ
Γð5−D

2
Þ ðK2ÞD=2;

ðB5Þ

which is convergent forD < 0. Substituting (B5) into (B4),
we obtain

IDðKÞjα¼2;p¼4 ¼
3i
4
πD=2Γð−D=2Þð−K2ÞD=2: ðB6Þ

This result may be analytically continued to positive
values of D, where it exhibits poles for D ¼ 2n. The above
relation agrees with that obtained by using Euclidean space
techniques and the retarded boundary condition is selected
by the prescription K0 → K0 þ iη.

APPENDIX C: THE SUNSET DIAGRAM

The two-loop graph shown in Fig. 4(b) may be evaluated
at zero temperature, for massless particles, as follows.
Using the result given in Eq. (A9), we obtain the con-
tribution

i
λ2

3!

Γð2 −D=2Þ
ð4πÞD=2 BðD=2 − 1; D=2 − 1Þ

×
Z

dDq
ð2πÞD

1

q2
1

½−ðqþ kÞ2�2−D=2 : ðC1Þ

Using Feynman’s parametrization, combining denomina-
tors and setting p ¼ qþ xk, we get

i
λ2

3!

Γð3 −D=2Þ
ð4πÞD=2 BðD=2 − 1; D=2 − 1Þ

Z
1

0

dxx1−D=2

×
Z

dDp
ð2πÞD

1

½−p2 − xð1 − xÞk2�3−D=2 : ðC2Þ

Performing the p integration in Euclidean space, we
arrive at

−
λ2

3!

Γð3−DÞ
ð4πÞD

Γ2ðD=2−1Þ
ΓðD−2Þ ð−k2ÞD−3

Z
1

0

dxxD=2−2ð1−xÞD−3:

ðC3Þ

With the help of Eq. (8.380) in [23] one can do the x
integration which leads to

−
λ2

3!

Γð3 −DÞ
ð4πÞD

Γ3ðD=2 − 1Þ
Γð3D=2 − 3Þ ð−k

2ÞD−3: ðC4Þ

Such a form may be expected on Lorentz invariance and
dimensions grounds. Making in Eq. (C4) the analytic
continuation k0 → k0 þ iη, one obtains the retarded sunset
self-energy at zero temperature. Setting in the above
equation D ¼ 4 − 2ϵ, one obtains the known result for
the massless sunset self-energy function. In this case, for
timelike k, the corresponding imaginary part of the retarded
self-energy is given by

λ2

3!

iπ
2

k2

ð4πÞ4 sgnðk0Þ: ðC5Þ

This result agrees with that obtained from the imaginary
part of F0 in Eq. (5.14), after integrating over the momenta
Q and q.
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